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The first part of this paper is devoted to the computation of

the integer homology and cohomology of v"eighted projective

spaces P(a0,a,,...,an).These spaces are defined as follows:denote by (,

the l-th root of unity exp(2nrfl).Let the goup C=AaF O AarZ @ ...O

zlaoz aits on CnF by

k k k
(ko,k 

1,. . ., kn ) (z 
,z r,. . .,2 n) 

= ( ( 
ao 

o, 
o,e u, 

I z r,. ..,(, u n' 
z n)

Then P(a) is the quotient CP/G where a denotes the n-tuple

(ao,ar,...,an).An entirely elementary computation of their integral

homology was carried out for n=2 in [ + ] .

Next we shall consider a quasi-smooth complete intersection Y E P(a)

coming from an isolated singularity.We shall obtain some informations

about its cohomology Z-algebra from which we can get a topological

invariant of our singularity computable in terms of weights only.
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l.Weighted projective spaces

Our first result is a generalization of those proved in [a J :

THBOREM 1.1: The integral homology and cohomology groups of P(a) are

torsion free.In fact there are isomorphic as graded abelian groups to

those of CPn.



Proof: We can assume gcd(a0,a,,...,an)=1 without loss of generality

since the obvious projection P(a) P(ca) is an homeomorphism (see

[l I ).We shall use induction over n.The begin n=0 is trivial because

any weighted projective space is then a point.Consider now the following
push-out:

C r  5zn-t-Q -  gPn-t

d l  t c
C =D2o v . 'cF,n

fuhere S(zo,zr,...,zn-r)=(zo,zr,...,zn-1) and

t4t(zo,zr,...,zo-r)=(zo,zr,...,zn-r,1-(I 
oSSr-t I ", f 

)t' )

and i denotes the inclusion.Let G acts on D2n c C by
* -k^ -k -k. -k -k

(lr)(z)=((" n(, uz t nf t, r ^ 
'(^ 

"'tz .)*n *0 
-ot=un tu, -lt""ban =un-, "n-r'

and by restriction on S2n-l.Then (0,V) becomes a G-equivariant

push-out.This implies

H*(P(a),P(a^))= H* (D2YG,S2"-|IG)

where an is the (n-l)-tuple which omits an.But Dz"lC is contractible

hence we have:

H* (D2?G,s2n- t/G)=H*, (s2n-l/G)

Now the G-action on 52n-l e*tends to a G-action on C*.Consider also the

following ZlanZ-acion on C* which invaries 52n-l'

k (z)=((a 
-n'oro,(u'*"rr,,...,eu -*'o-r"n_r)

Then the map ,,*- -* C* giv-en by r1z1=@io,z, ',...,rn-r'-')

induces an homeomorphism C*/c * g* 11Zlan).On the other hand observe

that we have the retractions
gl*/C --.--- 52n'176,. e* l{ZlunZ) * 52"4 llzlanzl

Since the ZlanZ-action on C* extends to a Sl-action 
'itrt 

Z,/anZ-action

induced in homology is trivial.Now the usual properties of the transfer

map (see [ 1 I ) imply that the natural maps

Zla Z
H*1S2'-l; s H*(Stn-t)' n ==1P'* H*(52*rKZlanZ))



satify:

p  "  r  =  u o .  I

' r o P =  
Z g e z r " r ( \ t  = a n ' I

n

Therefore

^ - l  F  -

H.1s2*t\Zla,z))@ z[tlr"1 = 
{o 

, for i}o,2n-t

I t[tl."l , for i=0,2n-1

. We derive from inspecting . the long homology sequence of the pair

(P(a),P(a^)) and the induction hypothesis the following exact sequence

Q - H,(P(a^)) -p H,(l(a)) € H.-r(s2"-rl(zla,z))---o 0

for 0 < i < 2n and the isomorphism

Hr,(P(a)) = Hrn_,(Sz"'r rqzlanz!)

This implies that H*(P(a)) has no torsion if we can invert ao.But this

is true for all a.'s.Since gcd(a0,a,,...,an)=l holds we' have shown that

H*(P(a)) contains no torsion.Now from [3 ] we have

H*(P(a),Q)=Hi.(CP,Q)

thus the theorem follows.o

Fix now a prime p,and write u.=pt' c. with gcd(c,p)=l.Choose a
i '

permutati o n o of { 0,1,2,...,nJ .such that

toal ) too)

Define then :r

\0)= tro=,n poo
and

b' = [n 
n*" 

b'(n)

Set i gi for the generator of H2i(P(a)).we may state:

THEOREM 1,2 :The cohomology Z-algebra of P(a) is determined by the

foltowing relations:

g, u g: = (b, b /b,.j) g,*j , fo all ij with i+j S n

i{,



Proof:The projection gP ..- P(n)

their homology $oups of dimension

them is to consider the transfer maps

induces the morphisms p. between
^  t l

2i.An alternative way to describe

that the G-action may

dimension n.Then we

ti

the claim is' trivial.Now since a

the operation of Z/a-Z on 52n-l 
'it

pi

of

k (z) = (eu!ro,rr...,Zn-r)

This can be extended to a ZlaZ-action on C*.The map

un
given b.y v(z)=(zon,zr,...,zn) induces an

- *
C" r C l(zla-z).The exact sequence used in the proof

H2i(C[F) = Ur(CPF)c + Hr.(P(a))

where the isomorphism is a consequence of the fact

be extended to a f-action ,f being the torus of

have :

r  o p  =  l c l ' r
p . r  =  t c l . l  i

Thus there is some positive integer d, for which

r.
4i= p t for i=0,1r...,n , uo=l and

shall use induction over n.For n{

divide &, for all i > 1 and uo=1

given by the following formula:

sends the generator

H2i(CFF) to d-times, the generator of Ho(P(a)).Notice that this

would imply that gi u (dd.,/d*)S,*..So it remains to check that

d, equals b.We can assume without loss of generality that

gcd(a0,a,,...,an)=1 hence totofl holds.Now observe that do=l and

dr=uour...u .In fact the projechon S2"'l ----. tzn-t7G is around

(1hr2,..J/ntn) a nonramified covering of degree I G I since G acts

orientation preserving on 52n-l*6 the considered value is regular with

distinct lC I preimages.Now the whole projection map which is a ramified

covering will have degree dn= lG \ hence dn=bn.On the other hand the

projection CP * P(a) factorizes into the composition of projections
'Cp" 

e p(pto(o),...,pto") --F-{F p(a).Notice that the second

projection is the quotient map of an action of a gloup whose order is

prime to p.Hence from transfer arguments it induces an isomorphism in

homology if we localize at p.Therefore it suffice to prove the theorem

under the assumption that the c.'s are all l.We may also suppose that

v,f* -+ g"*

homeomorphism

of theorem 1.1



give us the following isomorphisms induced by inclusion

Hr.(P(a^)) 3- H, (P(a)) for i S 2n-2

The argument above given for d and the induction hypothesis applied

to P(a") estabiishes our claim.s

Consider now the following arrow associated to the a.'s : in the first

column we put all the primes p dividing some &, in increasing

order; after that we put on the row begining to p the exponents which

appears in the a.'s in decreasing order i.e.the r.'s.Denote this arrow

by R(a).

COROLLARY 1.3:If P(a) and P(c) have the same homotopy type then

R(a)=R(c) .For n=2 the converse is also valid.

Proof:The comparison of their Z-cohomology algebras and some

arithmetical considerations would yield the first claim.In case when n4

we may apply Whitehead.'s theorem about the classification of

CW-complexes since r,(P(a)=0.o

REMARK L.4: Let us call a

of it have their greatest common

bt=%<<, u, for j2k-1
C*l such that 52n+1 is slREMARK 1.5: Consider . a linear C -action on

invariant which diagrinalizes hence takes the form

[ + diagqtao,...,tan;

with integer a.'s.With no essential changes in the above proofs it can

be obtained the isomorphism

H*(s'n*t/st) = H*(p(l aol,Ia,\,...,Ian\ ))
These spaces correspond to quotients (by the usual weighted G-action) of

some homotopy projective spaces CF'"x which c'an be defined as the

quotients 5zn+1751 under the following Sl-action:
--,,> oiag1lt,i1, ...,t-1,t,...,r)

k
Then a specral sequence argument shows that

n-tuple (a) to be k-prime if every k elements

divisor 1.A simple computation give us

CPF* has the same

Z-cohomology algebra as CPF,and because it is a 1-connected compact

manifold Whitehead's theroem implies that it would have the same

homotopy type.If 0<k<n+1 then the above action may be extended to a

stable C*-action on C*t and therefore P(6n*I)/C* = CPk-l x CFF-k.

Indeed it is easy to see that Cfro,...,rnltt i, the ring of Cd'lx CIF'k

under the Segre embedding.Therefore CF'"J' are not pairwise homeomorphic

if 2k<n+l.On the other hand for n=2 all of them are diffeornorphic to



Cf as result from the theorem of Freedmann and the uniqueness of
differentiable structures on Cf.

'
2.Weighted intersections and singularities

Let now (V,0) be an isolated singularity of complete intersection
in CP*l defined by the weighted homogeneous polynomials f, of degree d,
with respect to the positive integer weights w(zr)=a, 0=0,m) for
i=l,p.There are two spaces naturally associated to , the singularity
(v,O):the link K=vns2**l and the quasi-smooth weighted complete
intersection Y"o defined by the polynomials f. in P(a).Set n=m-p.Notice
that K is a smooth compact oriented (2n+1)-dimensional manifold which is
(n-1)-connected(see i S ] ).The middle Betti numbers of K could be
computed in tenns of the a.'s and d.'s as Dimca shown ( | 2 I ).A
delicate question is the determination of the torsion subgroup of

more

H"(K)
m*(which can be identified with the torsion subgroup

being the monodrorhy in case when- p equals l).Our

of

aim

coker(1-m*),

is to say
something about the Z-cohomology algebra of Yoo.

Consider F.(z)=f.1ro 0,...,r.u'), i=l,p and set Z^ for the

complete intersection defined bt the polynomials F. in Cp'.fG*t observe

that the G-action on CP^ invaries Z* and. we have Z*1C=Y*.

PROPOSITION 2.1:Let G be a finite groiip ,A and B be G-spaces and f:A-B

be a G-equivariant map.Suppose that for p prime and P a maxinal p-group

in G the induced map f*:H*1BP,Z lpz) J H* lLP,ZlpZ'1 satifies the

condition:(*) it is an isomorphism in rank less than q and a monomorphism

in rank q .Then the map flG:H*(n/G,ZlpZ) -H*(NG',zlpz) satisfies
\

(*).Furthermore if this holds for any p prime and also the map
* * * *

f:II (B) < H (4) satifies (*) then the map f/G: H (B/G) € H (A/G)

satifies (*) .
The proof may be found in [t I .
THEOREM 2.2:Suppose that (a) is k-prime.Then the -foltowing

H'(P(a),Y".)=0
holds for i3r-k+1.

P r o o f : P E G i s  a  p - g o u p
o.

p ' divides a..Therefore' l

(cp')t= I %r,{

hence p = Upooz @... @ zlpa^z

for all i ]

6

where



Since Z
oo

O \ P
' oo-

i s a

=Z*A  {o , t=O fo r  a i l  i J
complete intersection (Z*)' will be too.Also the number

of non-zero o.'s cannot exceed (k-1) because (a) is k-prime.Then

Lefschetz's theorem for complete intersections give us:

n{{cPm)P,(2"")P;=o for i3-k+1

and all p-$oups PGG so proposition 2.1 applies.o

COROLLARY 2.3: Suppose that (a) is k-prime .Then the set of integers

R..=b.b/b. . with 03jsi+j< (n-k+1)/2
r J  l J  r + J

is a topological invariant of the isolated singularity (V,0).

Set now L (respectively l,K) for the link of F (respectively for the
d.

9r= Fiz_nr t i=l,p and

1 (the global Milnor

z is in fact the quasi

links defined by the p-tuples of functions
d

&i=fir^*-').Consider Z the fibre of F ovei

fibre) .and 7. its projective closure.Observe that

smooth weighted intersection associated to g and Zoo may be identified

with |-Z.Denote by (u*) the - (m+1)-tuple (a',a,,...,o*,1).The G-action

on CPt*r' which leads us to p(a*) is compatible with the usual weighted

G-actions on Cl*l and CP*.On the orher hand C*l/G is biholomorphic to

d*l (see 6 ) such that p(a*) may be viewed as the compactification of

CP*I whose locus at infinity is precisely P(a).Set 9 for the

quasi-smooth weighted intersection associated to I .In the same vein the

global Milnor fibre of f ,Y can be identified with v-Y^- .We have in fact

. (Z,Z,Z*)|C = (9,Y,Yoo) '

But the projective objects may be obtained also from the iinks as

follows : consider the Sl-action on (St'*',s'**l; given by
a a

p (z) = 1p 
ozo,...,p 'r*,r_*,)

Therefore (x,K) is Sl-invariant and it can be checked that

(x,K;7sr=1v,Yoo).Yoo is called strongly smooth lsee [ 2 ] ) if the

Sl-action on K is semi-free.

THBOREII{ 2.4: Suppose that Yoo is strongly smooth.Then H*(K) is torsion

free and the Milnor lattice of f is equivalent to the cup product

pairing H'*l(fi,K)e Hn*r(fi,K) ----+' g2n+2(t{,K) = Z.Moreover if p equals

I then this may be expressed also as the cup product pairing

H*(S2**l,K)o H-1S2**I,K) - H2*1S2**1,K1 = Z lalso the integral

monodromy operator satisfies m*d = 1.

Proof:The Smith-Gysin sequence associated to the Sl- action on K ' give



us
H"(Y"")=H"(K)O H,(CFF)

Hj(Y"")=Hj(CFF) for j ln
H"(K) is torsion free

Observe that Yoo is stongly smooth if and only if y is stronly smooth
and therefore the Sl-action on (X,K) will be semi-free.From the long

sequence associated to the pair (fi,K) it can be derived

rf1r,K;= g tor if n+l,n+2,2n+2,2n+3
t*"*'71<,K1=7
t{'*tqx,K1=z

Since Y has the homotopy type of a bouquet of (n+1)-spheres (see[6 ] ) we

have

If(v,y".)= 0 for jfn+l

from Lefschetz duality,Then the Smith-Gysin sequence associated to the

St-acrion on (x(K) yields:

0= #"1v,yoo)=ker p*:H2n*21v,yoo) H2n*21fi,K1

o= H2n*l(v,Yoo)=coker p*

Hnn21x{,K;= Hnnllv,Y"o)

p*:Hn*t1v,Y) - H"-'?x,x) is an isomorphism

U s i n g t h e f u n c t o r i a l i t y o f L e f s c h e t z d u a l i t y t h e f i r s t p a r t o f t h e

theorem follows.If p equals I then ,{-K is a non-ramified ZldZ-covenng

of S2'"*l-K and the Alexander duality gives the second claim.Otherwise

t{-K is the total space of a fibre bundle over 51 with fibre Y. and whose

characteristic map is *o (where m is the geometric monodromy [ 7 I ).The
Wang sequence of this fibration leads us to

ker(1-m*d)=H*(Y)
J

coker(1-m*')=H*(Y)

hence il*d= 1.o

REMARK 2.5: If we consider the Wang sequence with Q-coefficients we

obtain that .*od=l for arbitrary quasi-homogeneous f with isolated n

singularity i.e.the result of Dimca [ 2l
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