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Category theory 1s now playing a fundanental role ln tbeoretical

conputor science (cf. [cog89] ). one of the branches of getegory theory

whlch ler lsost used ln soxae recent deveLopenents of theoretlcal conpu-

ter sclence ls sonad theory (cf. BnB5r coe8g] ).

the fundanental ala of our paper ls to glve a generallzation of

equationaL loglc ln the categorical .frasework of p.onads. The Lo9lcal

oystee tbus obtained ls naned itsonadic equational loglc" and ne show

that thls togical eysten is an inst i tut lon (cf.  [Cm:l )r  tberefore

it  f i ts in the general frasework of "ebetract nodeL theory for coBpu-.

ter sclenc,e',. There are aliso proved. soue coropletene8s results for thls

typo of equational loglc"

Ae slgRaturos for rsonad.lo oquatlonal log1c we take nsnade without

roepect to thei underlying catogory in whlch thoy are d'of lned' This

ideea Leads to the extension of the classlcaL notlon of Bonad raorphlsm

(eee [Hac1,?t, I,lan?6] for ths claesical notlon of qonad. norphisn)' the

node1s of sonadic equational loglc are deflned to be Ellenberg-l' loore

algebras,

A brief ly exposit ion of the baslc facts ln both nonad theory and

the theory of inst i tut ions are the subject of tbe prel iuiuary chapter.

In the second. chapter, af,ter the fornal deflniti.on of uonadlc in-

st i tut lons vlr ich ls basei l  on the generaLizat lon of the classlcal no-

t ion of eonad norphtsn, we d. iscuss 6ox0e exanples. The exanple of 'nany-

-sorted algebras is the loading one because of l ts inportance for the-

oretlcar conputer scleuce and lt le exposed 1n groat detall. Thls €x&tt-

p1e clearly suggests tbat Our !4ore general notion of uonad' norphlsnr

corresponds to the categorlcal passing fron the honogenuous to the he-



' terogenuous case ln univereaL algebra'

try nild eonillt ions one Eay conglder lnternaL equattons a8' 
Untler v(

gentences ln nonadic inst i tut ions. This can be done due to the fact that

the neatisfact ion condlt ionn holds for internal equations. l l {e bel ive that

this theoren is the heart of the eecond chapter '  The sat isfact lsn condi-

tion for nnany-sorted eguatlonal logic (whlch was first prov.etl in [cnar] )

appears as a set-theoretical corollary of thls theorer'

T b o t h i r d c h a p t e r l g d e v o t e d t o t h e s t u d y o f c o n p l e t e n e s s o f n o n a d i c

equational roglc by using the categorical generalizatton.of sone fund'anen-

t a l n g t i o n s i n u n i v e r s a l a l g e b r a l i k e r e l a t i o n , e q u i v a l e n e e ' c o n g r u e n c e

and. fully invari-ant congruence" We give bere a general categorical coo-

struct ion of the congruence and. the ful ly invariant congruence generated

by a re la t ion.  The completeness of  monadic  equat ional  log ic  extends the '

.  \ r i

classical equational conptreteness theoren which is due to Blrkhoff

(cf.  [Cra?91) and also the compl-etenes' of many-sortecl equational logic

of [cna5l c

The append ix  i s  ded ica ted  to  those readerg  wh ich  are  faml l ia r  w i th

the  abet rac t  a lgebra ic  ins t l tu t ions  o f  ra r leck l  ( in t roduced in  [ ta r85 '  86 ] )

There we show (vi thout proofs) that  undor sone mi ld and natural  concl i -

t lons  nonad lc  ins t i tu t ions  becone abs t rac t  a lgebra ie '

4"" lIIlUUxA4lEg

Throughout the paper lgl  d.enotes the ol 'ass of objects of the catogo-

rV 9,  r r ,h i lo for  any objects A,B<gl  the set  of  arrows (norphisnns) A- ' r -B

ls d,enoted by g(arn) .  coaposi t lon of  arrows ls wr i t ten tn the dlagrarnmat lc

orderl  i .e." l f  f ;d.-.-a'--$r 8!3 .  c then fg:A-- '*-Q' The composit iOn between

a functor ancl a natural transformation ls the only exception of this rulo

(because chaslng diagrans needs the use of conponents of natural transfor-



rattong), for oxa.npLc l f  f  €!4(ArB) ,  GrG'e ge!.(Btc) and es C--r r-Gt le &

natural trensfornatlon then gF:FGj*?Gr. (Eere the bypercatcgory of a1'r

categorlos ls denoted bV !.s!)

I,or the baslc notlons of eategory theory (functor, natural transfor;

nrat lon, L1nlt ,  coLfualt ,  adJunctlon, Kan extenslon ote. )  te use tho sase

ternlnology as [Macl?t] .

I,IONADS

The rol,e played by nonads ln unl.versal. elgebra 1s weLL known (there

&re sevorar sonographles devoted to the subject , for exanple [uanro] ). The

incrsaslng role played by monads ln theoret lcal conputer gclence w"8 rec€r-

t ly tho subjssf -of a survey ;ma:J. Here we shal l  br lef ly recaLl sono

baeto facts concerni.ng nonads, an introd.uct lon ts tho eubJect belng th:

cbapter devoted. to nonads in ftact?l] '
. t a

A noned ( t ryr1)  ln  the category X ls  a  nonold ln  the s t r lc t  nonoida l

category of endofunetore of x (see [uacr,?{]  )  r  otherwleo eaid, l t  conslsts

of a functor T:X *x and two naturaL transforpatlone 7tT2-------*t and

qlzL--:-*.T lrhl  ch sat lsf ies
I J 1 ,

the assoclat ive law:

and the unit  law:

/fif * ry,f
\r.t = Y\'t = 41.

Bach adjunct lon (FoG t \ t1) lX-- - -x- [  6 ives r ise to  the uonad ( f6 tCefrT)

in x i l ldr Convorsely, these are al l  the Bonads. MOre precisely, glven a

nonacl (Trtr l  )  ln a category x one nay bul l t  Ei lenberg-l ' loore T-algebrao

categ'ry, t*hich ls t lenoted XTe having T-algebras (xr( )  *s obJects (xclXl

being the underlylng objeet of algebra, TtTx+xt subJect to tT't=frT

a:rd Uf 
=L*, being the structure trap of algebra) and f-norphlsns

h :  ( x ,  
f ) * ( x ' rZ ' )  

as  a r rows  ( t reX(x rx r )  couau tes  w l th  the  a l "gebra i c  s t ru -

c ture;  1 .  € .  Th .7 ,=7,h)  ,  The forget fu l  functor  GT:  xT- . -  X has a le f t -

-adJolnt FT:X - XT, FT:<= (Trrt*) on obJocts and FTh=Th on arrows' The uo-

nad deflned by this adjunct lon X-'-XT ls Just (Trfr \) ,
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lt a rlght-adJolnt functor Q3{+X behaves ltke a Gr (nodulo an

lsonorphlsn, of course) C ls sald to be aonatllc ln [r'racl?l] or aLgebralc

i1 [,fan?6] . Honadlc functors have a l-ot of tnportant propertles whlch are

diecussed in the books devoted to the subJect.

A lot of exaaples of aonadlc functors could bo fsund ln Ftan?6] r an

inportant one.for theoret lcal conputer science being the forgetful  frou

gny varlety of aany-sorted algebras to nany-gorted. sote. Thls notlon ls aQ

general that it lncludes sone surprlsing exanpl-ese one of then belng the

forgetfuL fron conpact spaces to sete.

. INSTITUTI-ONS

Tho theory of inet l tut lons was staried in [G385] as

theory for coraputer science" Sono recent developenents of

inst l tut ions.ars orlented. . through 
puro nodel theory (see

Ihe notlon of.  lnst l tut lon is an elegant eategorlcal

the ln tu l t lvo not lbn of  " log lca l  systenrr .  t r t  cons is te  of

an abstract model

the thoory of

fTar86o B?l )  s

fornal lzat lon of

& category Slgn of  s lgEaturoso

a functor I ' lodlSigno'----@ giving uodels,

a funct,or Sen:Sign------o-9gL giving sentences axd proofs (usualy

a sat ls fact lon reLat lon Frc l t toal lx fsenEl eor each .D€ls ignl

such that for each Ar€lir iodD | , Tcls.bnll  and Qe Sirn(IrI '  )

A? Fr '  (seuQ)q i f f  (mooQ)a'F;g

Thls  ls  ca l lec l  the sat is fact lon condi t ion and i t  express

our lnslght that the trut lr  does not depend on the actual

notat ion.

Sen;Slgn-+-Set for the seloantic-oriented appr6aches)

1s an lnst i tut ion" ls the thosis forsulated in ths

, where there are also explored. soBe exanplesr the

of nany-sorted' e.quatlonaL 't 'oglc (whlch ls reLevant

ttAny loglcaL sYsten

ploneerlng article [GBS5]

loading ones belng those



for theorotlcal couputer eclenee) and nany-sorted flret-order Loglc

(reLevant for c asslsal nodel theory)" A further serle of artlcles on

thls subJect ( [cnaen TarB5, 86, BT] etcn) devel,ops thls notlon wlth the

aln of applying tho resultlng theory to abstraet data types, artiflcl'al

iutellgence or podel- theory (for the nodel,-theoretlc orlented develo-

poaents, abstraet algebraic institutlons [Tar85r 86 ] &re especlal ly nole-

vant ) ,

At tbe goneraL

E 6 ls lgn l  '  the wel l

Ievelr enY_ instttuti.on ylelde, for any slgnature

known Galols connection between sodels and sent-enees

?lmoall =**l lsenrl

defined by E4 = {aelUodfl :  A=.2P fsr arry gen} for anv E ClSenIl I  and

1,1* = {9e lSenll : AHp.? for any A €l{} for any M clt{odff '

A  presgntat ton in  the inst t tu t lon I  t *  a  pa i r  ( f ru) ,  f  e lSfgn l  and

n  G lSen l l ,  A  E lo rph isq .  g f  p rosen ta t i ons  ( f rE )  2 ' - ( I n  rE ' )  i , s  Jus t  a  s igna -

turo raorphlen f -A* ; r  * rh lch naps E to  Brs laore prec lse ly  (Senl )nGEt"

T h l s y i e l d s a c a t e g o r S , P r e s , o f a l l p r e s e n t a t l o n s i n l . . T h e f u l ] . e u b c a t e -

gory of al l"  prerentat lons (frE) whlch are cLosed under senanbical col lse-

- * f  -quence! , ,  =,rr is car-rod. the category of thoories ln !  arrd l t  ls d'en'oted

,nl,  Sor*e results in thls area could be found in [CnB5J.

2 .

The bas ic  i r leea  wh ich  l ies  beh lnd  t i re  no t ion  o f  nonad ic  lns t i tu t ion

is  to roor< af ter  nonads as s lgnatures for ' roglcar $ystens".  r t  ls  thus

necessar i ly  to  cons ider  norphisns betweon monads def ined !n  d i f fs rent

categorieo. this is done by the general izat ion of the classical" not lon

of nonad norPhlsn.
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(-,

[t'tan?61 ).

2.4 Dsfl4tt ion tret (TrJrrl) be a nonad in the category x end (T'nrt tntt )

nonad. 1n other catogory Xr. A eorphlon (Trfr\)--- ' -*-(Tt t f t ' l t  )  1g a'

(ArC), with GlXr--. ,-X functor and ):GT-:+Tt0 natural transforeatlon

4lc.^ = cT

b e a

palr

8 .  t h n

Claestcalyr Ponacl norPhlsns aro

nonoldal category of endofunctors of

Just nonold norphlsno ln thc str lct

sonie category (ses [lacl?{ or

nonactr ltorphloms ls doftnod bY

, / ' r 1 "  )  =  ( 2 G r ' c 2 t r G f  c ) .  m

Obgervo that

the preeeed. ln6 one

2;--lggpg-q!-Ugg. L,et (Irtr\ ) and (T' ,l ' ,nl') be nonade ln X and X? respee-
:-:-..--

t lvely, Bvery nonad roorphlsi* ( l rC) z(Trtr l  )- ' ---"-*-(T'r t '11')r  glves a functor

m l  T

l !g(2rG); X' ' '  o-- X' def lned bY

(at roct )t-_-.+- (Cat r)u,. Gd! ) otr, algebras and f f-.-+Gf on norphis&ts

funnedlately

and  by  the ,

proof :  The fact  that  (Gat r \ r '  G{t  )  f  
"  

lndeed T-a1gebra

^ ^ r  - ^ + n L i  n n  - r n v ' a p i . {  n o  
" r f  

( : l - O )  ( n e g  d . g f  . 2 . L )

and /c 
,) = *, r)r', where 72 = t^'}T I iGT?--b't'2G" El

the c lasslcal  not lon of  monad norphiss is obtalned'  f rom

when kxt  and C ls the ldent i ty functor '  '

\ .

2"?-  Def ln i t lon The conPost t lon of
:

/r n\ lltrCt) tn)l(Tr1rr11 \zrrt'l (T' ,t'r",1' ) -):-::-:-"- [t"

A ehor t  d lagran c lase ehows us that  th ts  conpost t lon le  assoc iat lve

and thu.s we have built the hypercategory l '1ol!- of Att the sonads (withoul:

respect  to  the category they are def lned in)  '

At bhe end of [BRB5] ono can f lnd a brief dlscusslon on the re]evanee

of  def in l t ion 2"4.  for  theoret i .ca l  computer  sc lence

The fo lLoytng proposi t lon ls  cruc la l  for  tho r ie f in l t lon of  nonadtc

lns t i t u t l ons :



;l.ct that (af r/t ) f e a Ti-algebrao Addtng the naturallty o f  7 t o

:-€

We

r-norphtsls property of f we obtal.n T-norphlsn property for Gf. 4!9(rrc)

f,e a functor stnce G ls a functor. Sl

obsorve that A!e. is a functo" Uqg0-"*g-a-t, otherwlse eald Ar'Q- ts a

MoN-indexed eategory (eeo [rncea].for tho notion of lnd.exod category).

are now read.y to 6ive the deflnltion of ponadte' tnstltutlone"

2"4 DefLnit lon An inst i tut lon (sIsrr,  Mod, SenrF ) !s cal led' monadic i- t f

Stgn ts a eubcategory of SQN and Mod ls the restr lot lon of ALq to S18n' f f i

The very senantie nature of thie def lnl t . ion.ts obvlorss gtnce i" t  says

nothlng about eyntax. Nevertbeloss, the dlecusslon coneernlng oyntax ln

nonadlc instt tut lons wl l l  be the subJoct of the last paragraph of thtrs

secbion"  r i ,

Sone exanples of  th ls  genera l  def in l t ion are d lecussod ln  the next

paraSraph, The noet important of thene le thab of nany-sorted' algebralc

theor loe "

MAI'IY:SQRJED AtcIBRAIC TITEORIBS

Bvory u,orplr isro of nany-sorted al.gebralc theorles ls seen as & (gone-

raL lzcd -  Ln the senso of  def ln i t lon 2,L)  nonad norphlsnn vrh l le  morphisns

of hor:aogenuous (one-sorteci) aLgebraic theorlos &ra seon as clsssj"cal- mo*

nad morphlslus. This is pet: l raps an argurnent to sea the extension of the c1a-

ssleal *o{, ion of mona.d norphisr,r  (def" 2.L) &s a categorlcaL passlng from the

hoiaogenuous to the heterogenuous cas€r

Irct,s-gL be the category of al l  sets. For any set s we have the functor

category . l -g!s of S-sorted. sets. Any funct lon G:S----+s? lnduces a functor

FG-:sg-!s-'---'*' gglt (the }eft-conpositlon wlth G)'

A:-ffq!gs$1q!- For anY G:S*S'

has a l-eft  and a r ight-adJoint '  The

the tnduced functor a:ge'Lq: ---- g-qLs

lef t-adiolnt ofi ; '  I  naps any S-sclrted



J,,*t X to the 9t-eortedl set

x1, = lL x-
B ' d F s r s

proof: Slnco $ ls eaal l"  (dlecrete) catogory and SgL le snalL compLete

and eoconplete any G;s-->sr has'a rlgbt and a left Kan-extenslon along

any S-sorted set X (ses ftnacltn-] )" Ths expreasion of the l-eft adJolnt of

g ts gtrven by the oonstruct lon of left  Kan-extenslons as polntwise co}l-

ntts (cf. [r,lacr?t] ). ffi

A $-eorted slgnatulq ls a ranked, set f  f  t  S*x S of operat lon syrr*

bo rs  ( the  f ree  nono id  genera ted  by  g  t s  deno ted .  by  s * ) .  r ( v ' )= (s lo . . snus )

ls  o f ten d.enoted as f :s l . .oBD-->s,  the ln torprotat lon vA of  F ln  any

S-sortecl l -algobra (ao (v(n)nat )  Ueing a funct lon A"tf  Ae2' .- 'xAriE+ A{3'

Algebra. lc elgnatul: .eg- aro palrs of the forn ($, I '  
f ,  -S*xS)r where

' a t '

s le i l ro se-t of eorte an<1 r 
F,*Soxs ls a s-sortecl signatureo An al"ge*

bra lo  s lgnature Borphls la  f roe (S,  ;J*S*x S)  to  (St  n  'L , '  I t  o-  Stxx5t  )

eonsr.sts of a renanlng of eorts Q3 g->- sr and a renamlng of opt lrat ion

oyrabols )35----* g! preservlng thelr ranke, 1'e" 2'Fr-1'  (g*xG)

x! deflnetl bY

r " -
I

I
2 l

I

g#x g
I

I

I co*c
Y

g r x y g tr f , t

Let 4!6gie be the category of aLgeirraic slgnatures (eee [CnSi] )"

Thers le a functor A18:4LSs:L&o---*-Qgut which reapo any al6epra*c si8natrrre

(Srf) to OlSf the category of S-sorted f*algebrae and wh*ch reaps &i1y

slgrrature raorpir isn (Gra): (srI)--- ' , -(st r t t  )  to the functor

Ale(cr ) ) :  A lsr ,  
,  

*  A lg I  def ined ae

, (vl, )r, et ) r---*. (cA', ( (ar)a, ) trer) on algobras

f F--'- fG on norPhisns.

( A t

and
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AIg le often ilenotsd as l- (sss [Cnetr TsrB5, 86] and otbere).

Clven an S-gorted slgnature I and an S-sorted eot X tet ?E(X) be the

free l-algebra genorateil by X (the eet of l-terns over the varlablos X).

Following FBBS] or [cma:1 (or others) a S-eorteil equatlon ln varlables X

l e  a  pa l r  (1 r r )e r r ( x )2 .

A l-algebra eatlefies this equatloa, ln synbolo

(A'  ( fe)rrr  ) t r1=rr t f f

for any rrvaluat isnn of varlablese l :X---*-f in 
(1rr) boLongs to the kernel

of v#, where v#:Tr(X)-----+*(ar(fA)f€I) le the unique extenslon of v to a

I -norphlg*'

LeN (Cr) )  bo an a lgebra le  o lgr ra turo morphlsm (Suf) - - - - - (S ' r I ' ) .

Us lng the uotat ions

unlque oxterielon of

T D ( x ) -  [ ] g ( c , ^ ) T I r

o f  p ropos l t i on  2 . !  de f l ne  [ - ] ;T r (X )  f f '  (X ' )  as  the

X.  ,  GXt  r *  A le(C12)Trr  (X '  )  to  a  l , -norphlep

rr(x)

L]

I
A l e ( c , 2 ) T f  ,  ( X ' )

We thus obtain a translat lon of any t-equation ln varlabl-es X to a

L , *equa t lon  i n  va r lab les  X '  by  (1 r r )  f ->  (  [ 1 ]  ,  [ r ] ) .

A1l the facts preseuted, frora tho beginlng of that ps,ragraph are tho

ingredients  o f  nany-sor ted equal , ional  log lc  [Cm51 .  The above def in l t lons

(algebralc sig;natures, ther functor A18r equations etc. )  could be organised

as an lnst l tut iou as fol lows:

-the category of signatures 1s that of algebratc signatures

ilsgis-

( x ' )
x

I
G X t

- ths sodel functor is AIg



, l u

-the Bentenco functor 3US1g-*'$,g! maps a'ny slgnature (S':)

to the get of 9-Borted' f-equatlone' for any elgnature norphlsn the lndu-

ced transLatlone of equations being above definod.

-the sat isfact lon relat isn f  ie ths ususl one (betng above
.t

presen ted ) .

A beautlful but erpected result pna5] says that Eany-sorted equatie*

nal  Logic  is  an inst i tu t ion ( i .e .  the sat ls fact i .on condl t ion ho lds) .

A na{ry:sqrted algebralc theory (algebraLc thoory for short) j -s Juet

a theory in tho lnst i tut ion of nany-sortecl equational logie"

Ths theories of any inst i tut lon can be viewed as signaturos i 'n other

lnst l tut ions in the folLowlng !Iay3

Given an inst l tu t ion I  =  (S ienn Mocl ,  Seno F)  lo t? - , 6

Modt ' tOL Qa!  be def lned bY

piodt ( f rg)  is  the fu l l  subcategory of  HodI  hav ing Es as obJecte

and for  any theory norphlsEa ( IoE)- -  * ( ; t rg t  ) t  t ' iodt )  ts  the

rost r ic t ion of  l {od} '

Then Mocl t  1s ve lL  def inod.  ( in  the v l r tue of  sat is fact ton cond ' l t lon)o thue

Modt could play a mode1 functor role'  f i l

one reay thus conslder inst i tut lons havlng algebralc theorles as sig-

natures and var le t ies of  a lgebras as Hodelsn This  ldgea seens ts  bo c l0ee

rel-ated. to Lawvere algebraic theorieg [ ,aw5]].

2"7 Ptoqosi . t ion

and ve.r iet les of

Proof:  The f l rs t  s teP

couLd be naturallY vievted'

2 . 1 )

r , e t  ( s r r r u l  (G '7 ) - , * n

Any inst i tut ion }raving algebraio theories as slgnatures

algebras as uodels is a nonad.le in.st l tut lon'

ls to shovr hor'r algebralc theories norphlsms

as uonad uorphlsms ( in the senso of def lnl t ion

, I t  rEt  )  be an algebrale theory norphlsra.  As
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knovn (eee [uan?6] or [BI1B5] for exanp]s), tho forgotfu1 funetor

.  , -

AlgIuE*ggS ls aonadlc (algebrato), the nonad (Tgugr/tJ) thus itoflned

fo gg!.S buildlng (ErE)-terae (1.e. ol"asses of l-terws whloh are oquLva-

. lent under the congruence generated by E), and AlStrU belng Just tihe cate*

.. 
gory of rrru-argebras r" d. Let ,tliu, ,/t' ,\ ) be the monad d'eflned 1n

- e f

ggft by thu forgetful Alg'u,--'o-g!o

(cr l )  induces a norphlsn (Zrg)z ( t rou , f  ; \ ) -+ ( t : lu  , ' fn ' \ ' )  ln  the foLlow-

lng ne,nner:

gsgsi-*g$s ie G- (see ProP '2.5)

Trgf frn*TtlgrG 
!s the natural transfornatlon having ),,.c

Xel5elst l  ,  as componenten 2X f.  def iued to be the unlque extension of

' l{e have now to check that

we have i

4ls(x)
rr,u (g (x) )

g?i
,,

l " \/ L X
/ '

/
/r

e(T r r  o ,  x )=A18(c , l )  (  t r ,  u ,  x )
L r b

The funclanental  fact  whlc l i  has to be observed here ls that  9(Tf lgtX) 2

=  A l g ( C r 2 )  ( f r U , X )  i s  l n d e e d  a  ( E r l ) - a l g e b r a  ( s l n c e  S e n ( G ' ] ) E  e  E t  )  I  e r l d

thus  the  un lversa l  p roper ty  o f  T f rE(gx)  can be  app l led '

}  l s  na tura l  ln  the  v i r tue  o f  na tura l i t y  o f  \  
and 

1"

t  n Y  S r - s o r t e d  s o t  X
lg'L=A'' gt' ' rndeed ' for a

l rr,B(g(x)) r lrnlx '  Zrrl ' ,x gfi = (natural"ltv of l t  )

= Zx. nlg(rr lu,x)  .  ] r r l ' ,x  9/ i  = (aef lnt t lon of  a )

9a?i to a f-norPhlsn'

= lx .  gnl ir l ' ,x '#i  = (nonad propert les) ]X = (nonad ProPert les)



, e r$ J:a't:t $',{E../li/

t  tr,r(q(r)) ' f t tx) 'xx'

slnce trru4')rrruox' #i *d 
&t*l '21 

are f-norphlsns (as conpooitoo

of f=Eolphlene) 1t foLlor'rs that they are equaL..

The. repark tbat ALg:algebralc theorl@B.--+Qs-! te Just tho restr j-c-

,  t{qp 6f &g (eee prop. 2.3) w111 f lntrsh the proof of t 'h*s propost tton" Sl

t then one-sorted (honogenuous) algebralc theories morphisms are invol*

renark that the lnd.uced. nonad morphtsR &re claseical sonad. morphlems

ln [t,tacl?t, t'tan?6] )'

Instea4 of nany-sorted algebrae one rap.y conslder Bany-sorted conti-

Duous algebrao (eee [UnB5] or ;en,lff] ) " Here aonade ovsr categorles of

eorted, complete part lal  crders havo to be ctprcelderod, I t  ls also posslblo

to eonslder mlxtures between ordinary al-gebras and contlnuous algebrael"
t .

An ln torest lng exanple of  nonadto lnst* tu t lon 1s prov lded by l lnear

ved

(ae

algebra:

An inst i tut lon (9Elg'  Modulet

te6ory of conrautat lve r lngsr 9nt6o

The modet functor }lodule: q4ng0-------

Senrl-  )  tn l lnear algebra has the sa-

&s slgnatures ccr.togorY.

Cat gives for any comnutat ive r ing R  i t s

i.r
corresponding nodule category R-ti l4 and f,or any ring morphisw ft*--->Rl

glves the natural translatlon R'-t[p-4--*ff-i[qd" cBng c'an be erabedded ln

Ug* Uy RF-*>(f ftnotn), 
t"rhere tf ly'u,lo) ls the Fonad deflned bv the

(monadlc) forgetful R-l'foi - ggj'

I{odul-e ls iust the restrlotion of AT.,ti to g8gg'

This exaraple 1s only a partlcul'ar ease of a nore genoraL orroo That

one ls  const l tu ted.  by act ions over  obJects  i .n  nonolda l  categor les and"  i t

le strougly connoctod to catogorical automata theory'



UONADIC EQUATI0aAL- Ioclc

The categorlcal approach of syntax of equatlonal" loglc has a long

story (eee [Hat?g, HR?2, Man?6] or Eoro rercentJ-y pne:] ); The contral" r0*

t lon of this approach ta given by the, fol lowtng ttef lntt ionl

'  2"Q Deslnlt ton Lot ( f  t f  , \  )  bo a nonad' ln a category X'

A T-_eqjlatlon havlng x€lxl *u the llob3oct of varlablesil i8 a para}l,eI"

1  r  / r  - - - \  - -  . r  - \
palr k:tsTx ln X (a.lso denotecl ae (lcr) or 1"=r)

Thls T*equatlon 1s sat ief led by a T-al.gebra (as*) Hor.t .  the varia.b-

les vaLuatlon v;x-*-a ( ln synbol-s (ard) Ff=r;vi  )  i f f  l "vLt#, where

ut (  T*rt*).--r ,-  ("0/) ls the untquo l-norphisn extension of v '

The equat ion !=r  is  sat is f ied by (ar . f )  t f f  i t  is  sat j -e f ied by (ar f )

w"r" t "  a ly  va luat lon of  var lab les '  m[

.

Clear l -y"  the k ind. of  l .oglc lnvo1-ved. by thts def ln l t lon ls an equat io-

na l  one.  However ,  obsorvo  tha t  the  gentences  ehaped 1n  r lo f ln l t f sn  2 .8

socrm to  be  fami l ies  o f  equat j "ons  over  the  saEte  se t  s f  var lab les  ra ther

than c lase lca l  equat lons ,  k  p lay tng  the  ro le  o f  t to 'bJeet  o f  lnd ices"o  The

a in  o f  th ie  paragraph is  to  inveet tga to  the  cond. l t ions  r ' rh lch  nake th is

type o f  lo6 ic  an  ins t i tu t ion ,  r t  l s  obv ious  tha t  t l i e  ins t i |u t ions  in r ro lved '

here  r . r i l l  be  nonad ic  ones  ( in  t5e  sen 'CI  o f  de f in i t ion  2"4)

@ j , e t ( l , c ) z ( T , f , 4 0 _ - ( f ' t f , , ] , ) b e a r E o n a d m o r p h | e n r s u c h

tha t  e ; { ' - - - -+ . -X  has  a  le f t -ad jo i .n t  F rX- - * *X ' .  I f  $C is  the  un i t  o f  ad jun-

c t ion  X- - - . - - . " *x r  and -CI :X(x r0a)_* . *X t (Fx ,a)  i s  the  na tura l  b i jec t ion .  < le f  lned

'  
by  th ls  ad junc t ion ,  t i ren  we de f ine  

_ , .  n
r  t { ' x :x (k ,Tx)  *x r  (Fk , r r (Fx)  )  bv  hF_-*  (h 'TQ; ' }Fx) - '  f f i
s _ J  

I

I f  UQNo ls the subcategory of SQN of al l  nonad norphlsms ( l 'C)

having r ight-adjoir i t  functors as functor components Gn thon bne nay define

a . f u n c t o r E l N . : s s o * j l g L w h l c h w i l l p l a y t h e g e n t o n c e - f u n c t o r r o l o "



e.rc: Deftnltlon S$tWI"-*9$ ls defined as followe:

for any xsnad (Trtra| havlng X as i.te untlerlylng categoryt

-Ug!- (t ,f ,\ ) = {rc:ft rx ; k, x€ tx } ' arrd,

, for  any !*oRad naorphisn ( l#r"( ) l&-g (T ' r t ' rn l ' )  ia  MQ$o:

(4g(auc)11r.-pt"l = (t lf* '*, ["] l '*) for any (1nr)€gg$-(rf,1). ff i

The fol lowlng lemma proves the eorroctness of the previouo doflni t ion;

Zr-tg-!-esqa L,et (r,t,I) ()'cL (T' ,t ',1') 3i92* (Tu,/rn,nt) ue nonad mor-

phisns in  EQI.o.  Us ing notat ions of  def ln i t ion 2.9 we havo

thfl ' ' lr l f 'rx = [ 'J[;f. *0, ror anv h €x(k,rx) .

?roof ;  The unl t  of  the conposed, adiu:rcblon x -  * 'xr  .  *xt t  i$

0G'G-$G. GOGi (see compoei t ion ot '  adJoints [ t ' ract? l ]  ) "

, rG ^A,Gt  nyk  ' * yFk  ' .  u (c ' [ [ h ]a  lX  )  =  (de f ln i t l on  o r  [ -qT 'u " )
-  - l

= 0[  .c [ i ' la '  c ( r 'd$; )  '  c ] f r  ( r * )  =  (aer tn t t i .on or  [ - ] ; ' " )

.  - , 1 , G  \  '  n r  '  1 1  1 * ^ r - . . - a ^ 1 . i  $ c  ^ €  ) '= h  . rE ; '  )o r '  c ( r '0 ; * )  '  G2f r r ( rx )  =  (na tura l l t v  o f  7 )

.  (2c ' .  Gl t  )pr  ( rx) .  s ince f f , "  is  an un iversa l  ar roh l  wo havet  that

l [ r r lo lo  =  (h ,  r0 :  t . ( l r ' .  c ] '  )pr  (Fx) )o  = l t 'hcr .c ] ,

Def ln i t lon Z.LO couLd be a l ,so regarded as ths ln terna l lzat ion of ,  the

not lon of  ec luaNion ln  m,onadlc  rn ,g t i tu t lons '  te t  4 ! ! "0  b"  the rest r ic t ion

of 4!g to I{Q{ " The maln reeult  of thls paragraph } les in tho fol lorui-ng

-  theoren:

e=X?-:I!sOiEt-1 (!l-Oio r 418r, EQS, l- ) ls a monad'lc lnstltutton"

Proof: t{o have to chock that eat lsfact lon condit lon ho}ds' that ls

=  h .  r 0 : . r ( c 4 $ * ) . 7 r o 1 p r ( r x ) ) .  c l i r ( r x )  =  ( a e f t n t t t o n  o r  0 c ' c )

=  h . r 0 : ' *

for any (frC) t(Trlrqp ---- .b,.(Tr r f ' r \o) fn i5So, for any Tr-algebra (art)  and
't

for any T-oqu{rtion k-i-PTx



(a1r)F [lJr* [t ]A 1f f (0ar]a; cc) F r=r '

Uslng the notet lons of deftnft lon 2,9t obsorvo that

J X(xlGa)--.*"Xr (fxra) en be re6arded as an one*ona correspondence bet*

ween the valuatlons Fx----r-a ancl the valuatlone 3--*-G&. It thue suffices

to show that for anY x v*Ga

(ar,r)F [r1o*gr1O[vtr] iff (ca' 4,'af)F ]=r [v]'

" f !
Tho flret etep ie to prove that TCI;, )I,* iu T*norphlsu

(rxf*) --->(Aag (1, c> ) ( r s (Fx)'/ir) .

T'0: . Tlr,*. 2r,(rx) . Glri*

= r20: . lrc(Fx) . tF* = (lL natural ) t*" t01 ' )r* c

Let ut (r*r#. ' )----- .* (Gar)* '  Gd) and uo#, (Ts (rx) ' /$*)* (nr*) be the
l . , q '

unlque extenslone of v and' vo to norphlems'

"l* 
. t0: '  )r,*' Gvo# = t1 le natural )

= $g'a lc(r*)  '  2 '* '  Gvtr#= (  7 is  nonad'  morphlsm)

= OX .  cn? i* .  Gvo#= O: '  Gvu = v  =  n l * '  t4

$ince TQX.2f" .  cvn# is  a  T-morphism (a.s  cornposl t lon of  T-morphlsnrs)

i t  ls iust v* (41* ueing unlversal arrou') o

It  fott  ovs that (Car 2a. C{)F- L=r[v] .1f f  1v4F=rvJF l f f

t '  t01.  2F* .  cv t r {F = r '  T0: '  }F* '  cvo# i f f

0[ .  * [ r ] r '  Gv t r# -  0 [  '  c [ t ]a '  ov t r#  t r r

[ r ] ;vn{ i= [ r ] ioon ( the unlvorsal  property o* 0[)  r r r

(*,r)F [1]a=[t]r [no]" m

This thooren could be consldered as a categorlcal general lzat lon of

tho qatn theore* concerning lrany-sortod equational loglc in [cnsl l  (assor-

t lng that nany-eorted oquat, ' ional loglc ls an lnsi; l tut lon) '  Thls renark

= (d.ef in t t ion s f  * l

- rtO:' )3* . Gli,*= ( ( l rc) ls mona& norphis4)



; jr?

J.g due to propooltlon 2'5" l'toreovor, the restrlctton of FiE to $Igp"$S fs

Juet the translatlon of, equatlons &,s r{'efine& tn [cn851'

-qq$!!ETESEES-

The study of completenoss cif l-oglcaL eyetems plays a' centr r0l"8 ln

a n y k f n d ' o f n o d e } t h e o r y . E q u a t l o n a l . l . o g l c h a s l t e o w n c o r a p } o , t e n C I s g t h e o r y .

Tho firet resur-t was obtained. in tho fierd of horaogenuous universal algo*

bra by Birkho ft(Lgl i l  (eee [cre?9]) " Thrs resul-t  was recontly extended to

Beny*sorted universal algebra in Sf ' f451" Tho purpoee of thls chapter is

to extend. theee results to monad.ie equational 1091c.

THtr TIILLY TNVARIANT CONCRU

7,

The

re)-attonu

Tire)t are

@
,

t i o n  o n  a  1 8

fo l lo rv ing  th ree  do f in i t lons  aSree to  the  ee t - thoore t lc  nGt lc rn  o f

equlvalenee and congruonce ln use in c lassical  unlversal"  a l6ebra'

nart  of  the fs lk loro of  categor ieal  unlversal  a lgebrao

Let  X bs & categorY and le t

1 - -
a paral lel  Palr  k---?ao LJI

RocaLL (cf. Inacl?{"] or It ' tan?6]) that glven

nel l  pair  (kernelo for  short)  ls  tho pul lback cr f

3"2  De f ln i . t i on  A  re la t i o r i  r c$a  on  thc  ob iec t  a
-i__- e

an ggl l ivalence i f f  ther:e is s 'n arrow a- j*-b $"bh"

o f  f ,  i " e "  ( 1 r r ) = k e r f '  [ 3

& be an obJect ln X" A r_el_g*

arroll * -J-'*-5 i1g ker*

p a l . r  ( f , f ) '

ln tho cat,ogorY X is

(  1 ,  r  )  is  the ker i :e l .

any

the

i "1 t )af in l t igg Let  ( t r f , \ )  be
3-:--=*---

the und.er lYing object  & of  a

ls  a T*norPhlen (o 'x)L(b 'P )

a monad. in X.  A roLat lon k+#(a'd)  on

T-a lgebra  (a r l )  1g  a  conAruenco l f f  there

s .  th .  (1 ,  r ) -ker f  .  [3

Observe that any congruence ts alr  equlvalence (s ince the forgetful



{ 't'

functor fron algebrae to the underlylng category x preservos linlts &B &

rlght-adJotnt funetor) o

7"4 Def]ni t iog Let x-|r" and. r ' {}*a bo rslattons on bhe Eane
!--t--:- - --

e b J e c t ,  & .  T h o n  ( l n r r t  )  l n d u d e s s  ( I r r ) ,  l n  e p u b o l o  ( 1 r r )  s ( L t , F u ) t  i ' f f

there ls h:k -kr e. th. l -bl t  and r=hrf "  [ f f i

The fol lowing deflnl t lon ts

sot-thesret lc incluslon t 'e{ween

Observe that c

r*hich are equlvalent

i "5  l : lepar l<  l ,e t  (Tr l to . l )  be  &
::-:-:---"---- '/ 

|

the obJect  o f  var fab lee x  ls

only a categorlcal. fornoellzat$"on of the

rolat long c

ie a preord.er and that tre Bay identlfy r"elatlons

under  the  equ iva lence QnA "

nonad. in a category X. Any T-equation over

jus t  a  re la t l on  oR Tx '

Given .a T-al-gebra (ar{)  e for  any va1uat loa of  var lsblee x- '  Y- '  ap i f

.  I  l t  I  r \ L - 1 r = r r [ u l  i n p l l e s  ( a & ) F [ = p [ v ] ,
( k : = 5 ; T x )  g ( k ' - * T x )  t h o n  \ a e d  ) l *  l '

&nd t l rus (ar"C) l -= l r=rt  impl ies (atd)F t=r 'L;3

Thts  oor respond,s  to  t l :e  in tu j ' t lon  tha t 'any  modo l  wh ich  sa t ls f ies  & '

a  se t  o f  eentences  shou lc l  a lso  sa t ls fy  any  eubr :e t  o f  th ls  sentencego

obsen,o also t i :at  equivalent (uncler c 'A; '  )  T*equat ions ars sat lsf i 'oct  by

the sane class of  T-a16sbrag'

S i rkhof f  conp le teness  Theorens  is  somet i roee fo rnu la ted  ue ing  the

not ion of  fu. l ly  invar iant  congrr , rence (see [CrA?9J for exarnp]e)"  This is

a  nore  a lgebra . ic  t rea tnent  o f  syn tax  and i t  seens  to  be  areo  adequate  fo r

our abstract  categor ical  f ranewclrk toG' Tire fo l loving d 'ef in ib lon is &

categor lea l  gencra l i za t ion ,  o f  the  c lass lca l  se t - t 'heoro t ic  no t ion  o f  fu13 'y

lnvar iant  congruenco (see [Cra?9] for  tho set- theoret ic def ln i t ion) '

] .6 De,f ini l lgg Lert (Trl tr \)  be a nonad 1n X. A congrueRce ( l tr)  on T-al"ge-

bra  (a r&)  i s  fu l l y  invar lan- t  i f f  ( I f  , r f  )  e  (1 r r )  fo r  any  endour rorph isn

| ^ r\ f:-il



,..r.4i1 .,;.r!lr'; " 
--

I ,et p-**{o,f) bo a psl,atlon on the underLytng ob$ect of

T-algebra (af i) .

Ehe qongruenco generatod by (1r r ) ,  whlch ls  denoted as C( l t r )e  ts  a

qgggTqence  on  ( * r / )  con ta in lng  (1 r r )  ( i "e '  ( l - ' r ) sc  (1 ' r )  )  s ' t ho  any  o the r

qg*g1qgngs  ( t ' r r ' )  con ta in lng  (1 r r )  ( i , e '  (1s r )  g ' (1 '  , r '  ) )  a l so  eoa ta lns

g ( l + r )  ( l * e "  c ( I r r ) s ( 1 ' , r ' ) ) "

l lre fully lnvarlant congruenco generated by (1rr) which ls cl'enotod a'e

FIC(&or) is slEi lar ly de.f lned^ (vro have onLy to replaco the word' ' rcongnue-

nc€r by rrfully invarj,ant congruerrce" J.n t,ho d,efinitlon of the c0n8ruence

gepera ted  bY  ( l r r ) ) ' f f i

0bserve that the f fuffy invarj .ant]congruenee gen'orated by a relat ionu

i f e x i s t o g j . s u n l g u o u p t o t l r e e q u i v a l e n c e d e f l r r e d b y t h e p r e o r d o r ' f f i *

The f6116wlng tr ,eo proposlt ions (having an algebralc rathor than a

logj"e nature) sho* bhat under somo rnl lc l  and natural cond.tt lons the congr:u-

snce and tho fu]Iy invarj .ant congruenco generated by a relat ion exist andu

lnoreover ,  they g lve us a uethod.  to  const ruct  the ls  in  par t icu lar  c&Seso

The con$truct ion of  the congruence generatoc l  by a re la t ion le  a '

tr ,ro-s tep Pro coss o

J"B Propo,iUl iqq Let ( t l )r \)  be a nonad ln X" Suppose that X has smal,I .
{ : - : : + : = = : - - t \ f r 1

Llnrl ts and. that T*algebras cate6ory XT has cooqual izcrs" Let k--F{ra'{)

be a re la t lon on t l re  und,er l -y i r ig  ob ject  o f  the T-a lgebra (a ' { )

I .  lot i ;  l# and. r# bo the unique extensions of l  and' r  to T*rcorpi: isras

(rk,/u) -*&- (a,{)

IL  le t  e  be the

kernol  o f  e ,  that  ie

Then G ' f)  =

coequal - ize. r  o f  ( t#ut f  )

(1  r r )= lcer(  coeq(1#,  r#)  )  "

c ( 1 r r ) .

in  XT,  and.  le t  (1r ; )  bs t l re

P f o o f ; ( T , r ) l s a c o n 8 r u e n c o b y c o n s t r u c t i o n ( * s a k e r n e l . p a l r ) " } J e



oaly have to ahow that for any T-BorPhlu: h: (a$)----0"-(b rf) , tf (1rr) g

c kerh then (1,f )-e ksrh.

(1rr)skerh inplles l.h=rh, whleh lnpl.les td.1**n?rrr#h" Slnce olf ft

universal lt follor+s that l#h=r#h.

'  g l .nce e is  the coequal lzet  o f  ( l#r r#) i  there le  he s . th ,  eht=h.  B" !

.  Te=Fo (by construet ion). I t  fol lovrs Th=fh (s{nce b=ohr ) '  Unlversal pro-

por ty  o f  korh (ae pu l lback)  i rep l ies (1r f )cker t r " f f i

At set-theoretlc level Tk+ Gr.-t) ls the cloeure of o:ts(as"c)

under algebra operat lons and (1rF) Ls the ref lexive-syruraetr lc-tranzit ive

c losu re  o f  ( t # r "# )o

@ l e t ( T , f , r | ) b o a n o n a d ' 1 n X * s u p p o o e t h a t X h a s e m a 1 1

limits and. snal l  coprod.ucts and. t trat T*algebras eategory XT has coequal i-

zera. Let k-F(aooc) be a relat ion on ths und"orlylng object o:f l  T*atrgebra

(a,d)

I .  ls t  End (ar { )  be the set  o f  endomorphtsno of  (ar rc) r  that  ie

End(a1 / )  =  { r ;  f ; (a r ; , . ) - - -F , ( t , rD .

conetruct the coproduct (k "Ll- I  n k*) and ret
f  €  End (ae{)

O.$*r r  be the un ique arrows l th lch sa i le f ies sr '1"**  L ' f  and

sr .  rx= r f  for  an; '  f  €End(ar 'c )

IL  l e t  ( f  ,F * )  =  C( t x , r * )  be  the  congruence  genera ted  by  (L * r r ' * )  .

Then  ( rF , ; " )  =  r r c (1 , r ) '

Proofr  (Fr t * )  is  by def in i t ion & congruence.

Let  us ehow that  i t  is  fu l ly  invar iant :

L ,e t  g : (aox)- - - - - * - (ar t )  be an end.omorphisn of  (ar r ) .  Us ing the sane notat ions

as in  p r6pos i t lon  ] .8  ve  succeg ive ly  deduce fo r  any  f l  (a r / ) - - ' " -  (a r { )  :

, f  . l * .  g . 8  =  I . f  . 8 . €  =  * f B  l * .  e  ( s l n c e  e  i s  t h e  c o e q u a l l z e r  o f

( l o t i r r * # ) )  =  s f g . r * ' o  =  r ' f  ' 8 ' 8  =  t f ' " o ' 8 ' Q .



-3y coproduct  unlvereal  property t t  fo l lowe that  I* 'g 'Q = r t 'B.e .

(Tk r,&*)

nJroo1
kif

I
k

kore

r l l "
l t

tJI"rl
s f 1 f

r f

Then L*#.g.8 = rx#.g.e in  the v i r tue of  the un iversa l  proper ty  o f  f ree

T-algebra (tt u 
,/ly*) "

There  ex i s te  h  se  th .  €h=go  s ince  e  l s  tho  coequa l i ze r  o f  ( l *# r rn# ) "

T h e n  r I . e . o  =  r 3 . e . l i  ( ( t r r F )  l e  t h e  k e r n e l  o f  e )  =  ; F . e ' h  =  F ' e . u  o  ,

In  the v i r tue of  tho un ivereal  proper ty  o f  kernels  we may eoncLude that

( f ferFe)  c( f  r "T) ,  Th ie proof  ls  susnar ized in  the prev loue d lagran.

It  renaains to provo that given any ful l .y invarlant congruenc8

1 l

t t - f in  u , ra )  con ta in ing  ( I , r )  l t  a lso  conta ins  ( rF ,F)  .

I f  ( 1 , r ) G ( 1 ' , r ' )  t h e n  f o r  a n y  f : ( a o , 6 ) + ( a r " C )  w e  h a v e  ( 1 f ' r f ) e ( I ' f r r ' f )

( s j . n c e  ( 1 ,  , r ,  )  i s  f u l l y  i n v a r i a n t )  c : ( l t r r t  ) "  L , e t  h r l l c - - - * t 1 r  8 .  t h ,

l f=hr l !  and.  r f=hr r t  and le t  h lk t -ok t  s . th ,  e rh=h,  fo r  any  f :  (a r { ) ' - -aE

--&- ( art),

3y  coproc iuc t  un iversa l  p roper ty  h1 t=1# and hr t= r * ,  there fore  (1#r r * )  €

q ( 1 , , F ,  ) ,  U s l n g  p r o p o s l t i o n  J . 8  w o  h a v s  ( F r F ) = c ( r * , r n ) G ( 1 ' , r ' ) .  f , S

Agaln we uent ion here t t ra t  the sot - thooret lc  leve l  const ruct ion of

the fu l ly  invar iant  congruenco generatod by a re la t ion is  jus t  a  spec ia l

case of  the prev ious ProPosi t ion.



cQryBtErEIiBSg 0r MoNADIC AQIIATToNAI, I$CIC

?he reeulte of tho prevlous pgrsgraph are used hero for provlng sono

Blrkhoff- l lke theorems concernlng tho completerless of monadle ocluat lonal

l .ogi c.

t" lhen readlng [rare5] or [TarB6] one l lemodiately observes the creecent

ro le  f layed in  theoret ica l  computer  sc ience (and ospecia l ly  in  abst raet

clata types and art l f ic ial  intel lgenco) by t i re ground equatlonal loglc.

7--tg_!s_{r11-}ligg Let (Trf,ryl) be a monad j.n x, suppose that x has an inl.tial
::#

obJect  O,  A .&rou-nd T-equat ion-  ts  a  T-equat ion l rav ing 0 as the obJect  o f

var iab les"  [J

This  de f in i t ion  agree to  t l re  seb- theore t ic  no t ion  o f  g round equat iono

tha . t  ln  oquat ions  hav ing  no  symbole  o f  var iab les .  fn  th . i s  epec ia l  case the

conrp le te  se tB o f  g round.  equat ions  are  the  congruences  on  tbe  ln i t ia l  a lge-

bra ,  The fc r l lo r+ :Lng theorcm gonora l i zee  i ;b ie  fac t  o

"h31-ISIUI!-.r-gg 
Lot (r'/,T 

P be a rnonad

(1',r') i,s a .sga1$ige.l -Qons-q.qggne-9- of

in  syrnboln)  i f f  for  eny T-a lgebra (nr i )

! - . - / ' t t  - r \  l : ' n
f _ \ L  t L  l o U J j . j

:U, z*$IAgggI-cell.tqlgqgs.:-e f ssLagig-slg$g-eqlggi9lef-L9'ru9 r L,et (T 't,\)

be a rron' .c l  in X. Assune that X bas sraal l  l i ia i " ts and an in i t ia l  object  0 and

11ra; );T has coecluari r.ers. Let r.-$*ro and. lr '-  #-g.ro bo ground r-equai; ions,

T i r e n  ( 1 , r ) F  ( 1 ' o r n )  l f f  ( l o u r ' ) g c ( 1 , r ) .

l l r :oof  ; \ ' le shal l  use tho notat ions nad'e in

L e t  ( * " r 4 )  b s  t h e  c o d o n a i n  o f  e ,  w h e r o  e  i s

Recal l  that ,  ( ror /O) is the in i t la l  T-algebra

v e  i n i t i a l  o b j e c t s ) .  F o r  a n y  T - a l g e b r a  ( b r f )

in X" l lo say that the T*equat ion

t h e  T * e q u a t l o n  ( 1 , r )  ( ( 1 , r ) F  ( 1 ' o r ' ) r

t f  ( a o d ) F  ( 1 o r )  t t r e n  ( a , f ) *

p r o p o s i t i o n s  3 , 8  a n d  7 , 9 ,

the  eoequa l i ze r  o f  (1# r r# )  o

(1ef t -ad jo in t  functors  Preser*

the unique T-nerrPhisn



I
(.[e,ruo)*a,(u'p1 ls denoted.ag !(o,f ) '

l i gw,  suppose tha t  ( l r r )b  (1 'n r '  ) .  S lnce  (u" r4 )F  t= r  (1oe rs  the

unlo,ue valuat ion of  var lables)  1t  fo l lows that  (u*14)F I t=f , r  I  therefore

l ,g=rte.  Apply ing the universal  property of  kernels for  e we conclude

t h g t  ( 1 t , r '  ) q k e r e = c ( 1 , r ) '

N O w ,  s u p p o s e  ( 1 t  r r t  ) C C ( 1 o r ) ,  T h e n  ( I n  r r t  ) G k e r e o  t h e r e f o r e  l r e * r ! e "

I ,e t  (b r f l l - - != r ,  t ha t  i s  1 ' l  - ' " ' l  1# ' l  - - {t (b ,p )=" r (b , f  ) '  '  -  t (  h ,P) l ' r ' : f t , i l  s lnce  1n  ie

universal .  There is  h:  (a*,Ju)*  f t r f )  s .  th.  un= l (ur f  )  
becaueo e ls  the

eoequa l i ze r  o f  ( 1# , t # ) .  Then  t t ' ! ( b rp )= l r oh= r reh= r t '  ! 1 t , p ; ,  t ha t  1s

( b r p ) h = f t * r r .  T h e  s o u n d n e s s  p a r t  o f  t h e  t h e o r e m  i s  t h u s  a l s o  p r o v e d ' f f i
-  - t

The s teps  invo lved ln  the  congt ruc t ion  o f  the  congruence genera ted

by .  a  g round.  T*equat lon  (see propos i t ion  l .B)  can be  used in  cer ta in  par -

t i c u l a r . s i t u a b i o n s  t o  p r o d u c e  e x p l i c i t  d e d u c t i o n  r u l e s '

A  mothod 6 f ien  used in  log le  l s  tc l  f i x  the  seb o f  ' ra r tab les"  W@ eha l l "

p rove  a  B i rkhof f - l i ke  comple tenegs theorer : *  fo r  monad. ic  equab iona- l  log ic

u s i n g  a  f j . x e d  o b j e c t  o f  v a r i a b l . e s ,  T h e  s y n t a c L i e  p a r t  o f  t h e  t h e o r e m  i s

fc;r : rnulated in terrns of  fu1ly invar iant  congruences cJn the free T* 'a lgehra

CIver  the  ob jec t  o f  var iab les"  l lo rvever ,  a  Cbo lce  Ax ion* l11<e supp lenentary

conc l i t ion  is  needed ' .

"{.1 rllROitEl'i lconnletenogs 9L :19!99ig -9gge$!-t*]:S:g] I.,et (t, l-uryl) ire

and that XT

i s  a  G T - s p l i t

a nottad l t r  X" Suppose that X l ras smal l  l imi ts and copr:oclucts
* T

l ras cooqual j .zers" Assurne also t i rat every eoequalLzet e in X-

ep l  (1 ,o "  e  has  a  l e f t - i nve rse  in  X ;  see  a l so  [ i ' i an?6 ] ) ,

r .or .  r=Lr*  nnr l  k t=+Tx be T-equat ions ovor  a .  f ixed ob ject  o f
J..tV tr rL 

-;*r 
ra ar'u - 

I

v a r i a b l e s  x e l X l  o  T l r e n  ( 1 r r )  F  ( 1 ' r F ' )  i f f  ( 1 ' r r ' )  g  F I C ( 1 " , r ) .

Proot:

s i t i o n s  3 , 8

oooqual izer

As usual we shal l  use the prevlous notat ions naado

and 
' ) .9 .  le t  (aur{ )  be the codomain of  8e where e

of (locF, r*#)

1n

1 s

pfOp0-

the



"**25

kere
l l

t r l l F
t l

1  , - f f  , ,  1  o  t n  f

(r*,7l*) s ; (aurlu)

$uppose that  (1rr) t r ( f  t  or t  ) ,  tJe s l ra l l  provs that  (aur/u)Fl=r"

LeB v:X-.r-&" be any valuat ion of variables and lot u#t(Txrfx)*"(a*r{)

be i ts unique T-r*orphism extensionn

Ia the v i r tue of  Ct ro iee Ax ion- I ike assunpt ion (e  ls  sp l i t  ept  in  X)  there.

is  n ;a6--* -Tx s . th .  **=t*^"  Let  u#t (Tu*r f *  ) - * - (Tx,7, t * )  be the un ique
e  

l o a  / ' \

T-nor ,ph ien extens ion of  ra"

o = nr .L ' r .o  = . r 'a l **  t *  o  q  1s natura l )  =  
1*"To '*# ' *  

'

But  v  = n1r .v f ,  S ince ok ts  uu ivor$al  i t  fo l lows thab u# = Tv.m#'oo

T6en  ( r r v f r rFv# )  =  ( f f .Tv " , r# .e , f f ,Tv . rn# .e )g  (1 I . rF * )  ( s ince  ( fF rF )  =

=  F I C ( 1 , r )  l s  f u l l y  i n v a r i a n t  w o  h a v e  t h a t  ( I E ' f v ' * # r F ' T v ' m # ) C ( l F r F ) o

eeo a lgo tho Prev ioue d iagran)  '

$ince fFe-F" i t  fol lor+s that l*v#*Fv4 therefore lv#=rv#.

N o '  ( l - ,  r ) F  ( 1 ,  , r ,  )  i u p l i e  s  ( * " r % ) h l r = r r  w h l c h  a l s o  i n p l i e s  l r  o = r r  e o

s i n c e  I ' I C ( 1 r r ) = ) r e r e  v r e  c a n ' c o n c l u d o  t h a t  ( l t  r r t  ) g r l c ( 1 r r ) .

I t r o w  s r l p p o s e  t h a t  ( 1 , , r ' ) g f l C ( 1 r r )  a n d  s o n o  T - a l g e b r a  ( b r f )  e a t i s f l e s

I= r "  l / e  have  t c l  p r ,ove  tha t  $ r f )F f r= t tn  Le t  v l x - *5  5 "  any  va lua t ion

"  o f  var ia"b leg "

Fo r  eny  f : (Tx , ; l . . )  - - (Tx ,A , )  v ro  have  L ' f ' v#  =  f  ' f  ' v#  ( s ince  (A r f )p  t= r
' / X  

/ r '

and.  fv#:  (T*r l r ) * - - - r (T*rA)) "  Imnediate ly  fo l lovs (un iversa l  proper ty  o f  c0-

products) that 1xy#=r*v#e and then Itr#v#=rx#u#, which lrupI les tho existen-

ce  o f  v t :  (au r l r ) - - - * (b r / )  s " th r  ov r=v# '

S tnce  l r  e= r ro  (by  assunp t ion  ( l t  , r t  )Gr IC(1 r r )=ke re )  wo  deduce  l t v#=r t v# '

I t  n e a n s  t h a t  ( b r P ) F l r = r f  . H B

. t



the classlcal eet-theoretlcal results on equatlonsl conpleteness (of

equatlonal loglc [cra?9] and of tsany;s6r'fu6 oquatlonal ioglo Sue5l) are

lnstances of the prevlous theorem.

The cornpleteness of monadic equatlonal Logle aleo provld.es us with the

approprtate frasswork to treat equatlonal conpleteness in the f ield of

ln f in l tary  thoor ies.  I t  a lso g ives us the poss lb i l i ty  to  develop a eomplete

ecluat ional logic in ot,her categories than those based on EgL An example

ln this senso is provided by topologlcal algebras, Ws thinl t  that the pre*

v ious theoren has many other  concrete appl icat ions.

SOI,IB CONCIUDTNG RNI'IANKS

l le  th in l t  tha t  rnonad ic  equat iona l  log le  p roJec ts  a  new l igh t  on  thcr

gonera l  founr la t lons  o f  equat iona l  log iu  and on  i t s  connect ions  w i th  monad.

theo ry ;

.  A"  t ry ing  to  f i t  mo i rad ic  equat iona l  log ic  in  tho  genera l  f ramsvtork  o f

a b s t r a c t  n o d e l  t h e o r y  ( i u  t t s  i n e t i t u t i o n a l  v o r s i o n )  l o a d s  t o  t b e  n a t u r a l

genera l !za t ion  o f  the  c l "ass ica l  no t ion  o f  nonad morph isn  wh ich  pernn i ts  ug

to  connect  a l }  the  monads (v l thout  respoc t  to  the  ca tegory  they  arer  de f ined

ln )  in  a  hyperca tegory .  I r ionads  are  thus  p lay ing  the  ro le  o f  s ignatures  fs r

l o g i c a l  s y s t e n s c

3,  fanr i l j .es  o f  e rquat ions  seexns  to  be  nore  appropr ia te  than s ingu la r

e q u a t i o n s  f o r  t h e  n o t i o n  o f  s e n t e n c e  o f  ( c l a s s i c a l )  e q u a t i b n a l  l o g i c

'Co 
nonad ic  equat ic 'na1 log le  see l l s  to  des t l l l  the  essenco o f  equat io -

na l  log ic  and to  pur i f y  i t  f ro rn  i t s  se t - theore t ica l  aspec ts"  For  exarnp le t

con ip le teness  o f  equat iona l  log ic  i s  t rea ted  us ing  a  pure  ca tegory- theore-

t lcal  l ine of  thought (cf .  [ l tacl ,Z{. ]  I  category theory ie the art  of  " l iv ing

wi thout  e lenente ,  us ing  ar rows ins tead" ) .  We be l , i ve  tha t  th is  t rea tement  o f

completeness is the nost inportant nathenat ical  mossage of  t l t is  paper.



APPENDIX

Thls chapter ls j  devoted to the study of the connectlons betw€Brl IEo-

nad. ic  ins t l tu t ions and Tar leck i  f rabst ract  a lgebra ic  lnst i tu t lonsr t ,  The

axlons of abstract algebralc lnst i tut lons are introd.uced. ln [ tarA5] and,
- t

lTarB6J .
I

I lere wo shal l  present (without proof) eome natural condit lone whlch

nake a nonadic  i4st i tu t ion to  be abst ract  a lgebra ic ,  Each ax iom in  the de-

f in i t ion of  abst ract  a lgebra ic  inst i tu . t ions is  independent ly  t reated.o lJe

shal l  use the coneept of regular category as d.ef ined in [muntO].

The fol lorving proposit ion is rrel l  known in categorical universal alge*

b r a ;

44 LfgIg-qLU-a! [uan?6] Let (T,/,1) be a nonatl in a regu]ar catesory

( X u n o t t )  h a v l n g  O  a s  i n i t i a l  o b j e c t .  I f  T  p r e s e r v e s  E  ( t h a t  i s  T B g a )  t h o n

. T T . T T . T . T - T
l x r ru r={ec  Xa :  c re€n}nM'={m€xr  :  Grme l * )  iu  regu la r  hav ing  ( ro r f /  as

in i t ia l  ob jec t ,  f f i

Fron nolrr  one any moriacL d.ef ined in a regular careSory ig supposed to

p r e s e r v e  r e g u l a r  e p i s .

S:3 Lfq!-ae$!qL Let ( f  r / , \  )  and ( t ' r / ' , \ ' )  be norrads in regular categor ies

(X ,E,1 , l )  and.  (X ' ,8 ' ,M ' )  res l rec t i ve l -y ,  Le t  (Zrc )  ,  (T f r l  ) ' - - - ' - . ' *  (T '  , t '  to l ' )  bo

nonad norph isnn"

f  .  f o r  a n y  s m a l l  c a t e g o r y  J ,  l f  C " X r - * X  p r e s e r v e s  J - l i m i t s r  t h e n

T T  T

s.g() , G) : Xt l-------- X* also prcserves J..linits

I I "  i f  G preserves regular  monos (CMtgl { )  then -4 lg(ZrC)  preserves

oubalgebras (submodels) " f f i

Thus,

and regular

J-ar monog.

i f  tho functor  conponent  o f  a  nonad norphism.pr€serves products

monos then tho nodoi functor also presorves products and regu*

Note that i f  t 'he functor component of the monad norphlsnr is



a r lght-adjolnt functor then l t  autonatlcal ly.  presorves al l  emall  Limlts.

He uee the saae category-theoret lcaL notions of variety, ground var-

lety, reachable objects etc" (whlch a.re deftned tn regular eategorles) es

definod in [ tar85]

The fol lovring proposit ion shows us tha$ tho ground. varlet iss. in rnona*

: dlc lnst i tut ions are exactly those elasses of ElLenberg*lr loore algebras

whtch are defined. by ground equati .ons.

4"2 llgggg$lgg ret (T,/r' l) be a nonad, in a regular cabegory (XrErM) ha*

v lng in i t ia . l  ob ject  O.

I *  l f  every  e€E ls  a  coequa. l izer  then svery ground.  var ie ty  is  d .e*

f lnable by a ground. equation

II" i f  XT has coequ.al lzers thon evsry ground. equation d,of ines a

ground var ie ty ,  [3

The f ina l  proposi t ion oxpress tho poss iUi i i ty  to  use the r : rad.e}* theore*

t ica l  net l - rod of  d lagrans in  nonadic  i .ns t i tu t ions,

_&j l lgp-gg!!@ l,et (T,f ,1) bo a monad iu a regular category (Xon'nt) haviug

f in i te  copror lucts ,  Thcn for  any T*a lgebra (auX)  there are

rr " 3!g(L,tx) inctuees an i.somorphlsn ( ( a,"4) *,r{rto) 
-& ((atA{'xT )

rrr.  (al. ,q(u,tr)) (a,{) a4=(a,t)
rv"  i f  f  €Bf then @(L,t*) ) f  €ET. H!

The on ly  ax iom f rom the  de f ln i t ion  o f  abs t rac t  a lgebra ie  ins t i tu -

t lons whic i r  ls  not t reated. here ls that  ono assert i lng that  the category 63

af . e monad' (r{ "4 n.t\ i n Y,  o f  , ' ' l  / l  1 4  r L

bf "  a nonad ruorphisn ( t ,ut*)  , (Tr / r r l * ( rd, f { ,n l t }

ef ,  
'a 

reacha.ble T4algebra (au{)  
*r ,

g " t h o

I .  T /  p rese rves  E



sl6naturee nust be flnltotr-y eobbnp1'ote and that tho nodel functor nust

presorve f ln i te  l imi ts  (see [Tar8 l r  85]  ) "  The reason ls  that  there aro

many results in the theory of abstraet algobraio inst l tut ions [ far85, 86,

Bi l  whlch does not uso this axlom and, that this is t l re only axlorq whtch

can not be treated. at the general l -evol of nonad,lc inst i tut ions beeauso

i t  d .epends on Elore par t icu lar  eharaeter is t ics  o f  ins t i tu t icns"
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