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A B S 0 R B E N T ,  P A R A B 0 L I C ,  E L L ! r T l q i N D  0 U A S I  E L L I P T I C
" - - . " - , - . . * - . .

B A L A Y A G E S  l N  H - C O N E S . l l l  T H E  R E L A T I 0 N  I ^ / l T H  T H E  G R E E N  F U N C T I 0 N '

by'

' L u c i a n  
B E Z N E A  a n d ' N i c u  B 0 B O C

I n  t h i s  p a p e r  w e  c o n t i n u e  t h e  s t u c J y  o f  a b s o r b e n t ,  p a r a b o l  i c ,  e l i i p l ; i c  a n d

quas ie ' l  I  i p t i c  ba la , vages  s ta r ted  i n  i : ]  \ Je  deve lop  nov , r  t he  thec ' r y  i n  t t i e  f  r a rne

o f  s t a n d a r c j  H - c o n e s  o f  f u n c t i o n s ,  e s p e c i a l l y  f o r  t h o s e  H - c o n e s  l v h i c h  3 r e  r e p r e -

s e n t e d  o n  a  G r e e n  s e t ,  I n  t h i s  c a s e  w e  c h a r a c t e r i z L  t l i e  p a i ' a b o ; i c i t y ,  e l l i p t i c i t y

a n d  q u a s i e l l  i p t i c i t y  i n  t e r m s  o f  t h e  G r e e n  f u n c t i o n  a s s o c i a t e < j  r ^ r i t h  t h e  g i v e r t

H -cone .

l n  t h e  f  i r s t  s e c t i o n ,  p r e l  i m ! n a r i e s  r e s u l t s  o n  a b s r : r b e n t  s e t s  a r e  g i v e n '

P a r t i c u l a r i y  w e  r e m a i - k  t h a t  i f  I  i s  a  s t a n d a r d  H - c , o n e  o f  f u t t c t i o n s  o n  a  s e t  X ,

then  the  abso r .ben t  ba layages  on  !  (de f i ned  i n  f3 l  )  a re  co r respond ing  to  the

a b s o r b e n t  s u b s e t s  o f  X  ( i . e .  t h e  z e r o  s e t s  o f  t h e  e l e m e n t s  o f  ! ) '  l n  t h e  s e c o n d

s e c t i o n  w e  c o n s i d e r  t h e  p a r a b o l i c  a n d ' e l l i p t i c  s u b s e t s  o f  X  i n t r o d u i e d  a n d  s t u d i e d

i n  l z j  R e c a l ]  t h a t  a  s u b b a s i c  s u b s e t  E  o f  X  i s  c a l l e d  e l l i p t i c  i f  f o r  a n y

a b s o r b e n t  s e t  A G X w e h a v e e i t h e r R n E = $  o r  E G A '  A s u b b a s i c  s u b s e t P  o f

X  i s  p a r a b o l i c  i f  f o r  a n y  a b s o r h e n t  s e t s  A r  A 2  * i t h  A 1 n  P  6  A 2 n  P  t h e r e

ex i . s t s  an  abso rben t  se t  A  w i th

A l n P  S  A ^ . P  F  A z f i  I '

r . r h e r e  g  d e n o t e s  t h e  s t r i c t  i n c l u s i o n '  W e  s h o w

r e l a t e d  l v i t h  t h e  s i m i  l a r  o n e s  o f  e l l i p t i c  a n d

',

t h a t  t h e  a b o v e  n o t i o n s  a r e  s t r o n g l y

p a r a b o l  i c  b a l a y a g e s  o n  :  c o n s i d e r e d '



a n d  s t u d i e d  i n  f i ]  W e  p r o v e  t h a t  i f  M  i s  a  s u b b a s i c  s u b s e t  o f  X  t h e n  1 4  w i l l

b e  p a r a b o l i c  ( r e s p .  e l l i p t i c )  i f f  t h e  c o r r e s P o n d i n g  b a l a y a g e  B M  i s  o f  t h e  s a r n e

t y p e .  A  c h a r a c t e r i z a t i o n  o f  p a r a b o l i c i t y  i n  t e r m s  o f  h a r m o n i c  c a r r i e r  o f  t h e

e l e m e n t s  o f  . g  i s  a l s o  g i v e n .  l f  x  i s  n e a r l y  s a t u r a t e d  t h e n  a  b a s i c  s u b s e t  F  o f

X  i s  c a l l e d  q u a s i e l l i p t i c  i f  t h e  a r e  n o  n o n  e m p t y  p a r a b o l i c  s u b s e t s . o f  F .  w e  s h o w

tha t  i f  X  i s  nea r l y  sa tu ra ted  and  P  i s  t he  g rea tes t  pa rabo l i c  subse t  o f  X  then

t h e  f i n e  o p e n  s e t  G : . =  X r  P  i s  q u a s i e l l i p t i c  w i t h  r e s p e c t  t o  t h e  l o c a l i z e d  ! ( G )

o f  s  on  G  ( i . e .  t he  H-c6ne  o f  f unc t i ons  on  G  genera ted  by  the  func t i ons  o f  t he

fo rm s-BXt  Gr ,  s  €  S , ) .

t n t h e t h i r d s e c t i o n w e s u p p o 5 e t h a t t h e s t a n d a r d H - c o n e ! a n d i t s d u a l g i. :

a re  rep resen ted  as  s tandard  H-cones  o f  f unc t i ons  on  the  same se t  X  wh ich  i s  a  Green

s e r  a s s o c i a t e < J  w i t h  ( : ,  : t ) . ( r l e  d e n o t e  b y  g ( ' , ' )  t h e  a s s c c i a t e C  G r e e n  f u n c t i o n ' i

ve  show tha t  i f  A  i s  an  abso i ' ben t  se t  w i th  respec t  t o  !  t hen  the  f i ne  c losu re  w i th

Y

respec t  t o  ! "  o f  t he  comp lemen t  o f  A  i s  an  abso rben t  se t  w i th  respec t  t o : " 'W*

i r l s .  p r o v e  t h a t  X  i s  q u a s i e l l a s t i c  ( r e s p . e l l i p t i c ,  p a r a b o l i c )  i f f  g ( x ' x )  )  0

( resp .  g (x , y )  )  0 ,  g (x r * )  =  0 )  f o r  any  x  6  X  v t i t ho i ' , i t  a  se rn i -oo la r  se t  ( resp " fo r

a n y  i < r y  6  X ) .  G e n e r a l l y ,  t h e  e s s e n t i a l  b a s e  o f  t h e  s e t  l x  e X /  g ( x ' x )  =  O I  i s

t h e  g r e a t c s t  p a r a b o l i c  s u b s e t  o f  X  w i t h  r e s p e c t  t o : '  P a r t i c u l a r l y  i f  t h e  f i n e

t o p o l o g i e s  o n  x  w i t h  r e s p e c t  t o  !  a n d  g *  
" o i n c i d e ,  

t h e n  X  i s  q u a s i e l  I  i p t i c '

C o n s e q u e n t l y ,  i f  g  i s  a u t o d u a l  t h e n  X  i s  a l w a y s  q u a s i e l l  i p t i c '

l n  t h e  l a s t  s e c t i o n  w e  a n a l y s e .  t h e  s p e c i a l  c a s e  o f  t o t a l l y  p a r a b o l i c  H - c o n e s '

x  ,  l l . ,  ^ o r r h n l i c  i l
l f  S  a n d  5 - -  a r e  a s  a b o v e ,  w e  s a y  t h a t  S  i s  t o t a l l y  p a r a b o l i c  i f  X  i s  p a r a b o l i c

a * d  t h e  s e t  o f  a l l  a b s o r b e n t  s u b s e t s  o f  X  i s  t o t a l l y  o r d e r e d .  W e  s h o w  t h a t  !  i s

t o t a r y  p a r a b o r  ! c  i f  f  f o r  a n y  x  €  x ,  w i t h o u t  a  s e m i - p o l a r  s e t ,  t h e  s e t  { w x / g ( x , y ) = 0 1

i s  t h e  s m a l l e s i  a b s o r b e n t  s e t  c o n t a i n i n g  x '  T h e  t o t a l l y  p a r a b o l i c  H -

c o n e s  a r e  i l l u s t r a t e d  b y  t h e  s t a n d a r d  H - c o n e  a s s o c i a t e d  w i t h  t h e  h e a t  e q u a t i o n

on tRn x lR.

F i n a l l y ,  w e  r e m a r k  t h a t  t h e  c o n t e n t s  o f  m a n y  r e s u l t s  a r e  c l a r i f i e d  b y

su  i  t ab  l  e  examPl  es  -



I  t .  A b s o r b e n t  s e t s  w i t h  r e s p e c t  t o  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s .
9 .

l n  t h i s  s e c t i o nS  w i l l  b e  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  a  s e t  X .=

We reca l l  now some resu l t s  conce rn ing  the  ba layages  on  a  s tandard  H-cone

o f  f unc t i ons  S  on  a  se t  X  ( c f .  [ l ]  ) ,  t he  abso rben t  subse ts  o f  X  w i th  respec t

t o  !  ( c f .  [ t ]  a n d  l L J  )  a n d  t h e i r  r e l a t i o n s  w i t h  t h e  a b s o r b e n t  b a l a y a g e s  o n

a .

I  ( c f .  L 3 J  ) .

A subset  M o f  X  is  ca l l "d :g [ !5 jg  (w i tn  respec t  to  ! )  i f

gHs(x )  =  s (x )  ,  f o r  any  ' . x  I  l t  and  s€  !  r

where

B H s , o A  { r ' 6  !  /  s (  s '  o n . t ' l l .

A  s u b b a s i c  s e t  M  g  X  w h i c h  i s  f i n e  c l o s e d  i s  t e r m e d  b a s i c .  O b v i o u s l y ,  t h e  f i n e

M

c l o s u r e  o f  a n y  s u b b a s i c  s e t  i s  b a s i c .  l f  M  i s  a  s u b b a s i c  s e t  t h e n  B "  i s  a  b a l a y a g e l

c a l l e c l  j I 9 _ ! " . t S y " g g . "  r y l t  ! .  A  s u b s e t  M  o f  X  w i l I  b e  s u b b a s i c  i f f

l i  i s  n o t  t h i n  a t  a n y  p o i n t  x  (  M .  C o n s e q u e n t l y ,  i f  M  i s  a  s u b b a s i c  s e t  a n d  U  ! s

a  t i n e  o p e n  s u b s e t  o f  X  t h e n  M  n U  i s  a l s o  a  s u b b a s i c  s e t '

Fo r  any  ba layage  B  on  ! ,  t he  se t

b ( B ) : :  { x  e  X  /  B s ( x )  =  s ( x ) ,  f o r  a n y  s  6  g l

i s  c a l l e d  t h e  b a s e  o f  B .  l f  M  i s  a  b a s i c  s e t  t h e n

M =  u ( sM)

t he  map  M - -+ -  BM f rom the  se t  o f  a l l  bas i c  se t  t o  t he  se t  o f  a l l  ba layages

i  s  s u c h  t h a t
M l  M ?

\ e  M Z ( : )  B  ' * (  B '

I t  w i l l  b e  i m p o r t a n t  t h e  c a s e  w h e n  X  i s  s u c h  t h a t  f o r  a n y  b a l a y a q e  B  o n  S

e x i s t s  a  b a s i c  s u b s e t  M  o f  X  w i t h  B  =  B M .  l t  i s  k n o w n  t h a t  t h i s  p r o p e r t y

i f f  X  i s  l ea r l y , . s ,a t .u . l . g - t s j l  
( i . e .  any  un i ve rsa l l y  con t i nuCuS 'e1emen t  o f  t he  dua l

!  i r  r e p r e s e n t e d  a s  a  m e a s u r e  o n  X ) .  I n  t h i s  c a s e ,  t h e  c o r r e s p o n d e n c e

b ( B )  b e t ; e e n  t h e  s e t  o f  a l l  b a l a y a g e s  o n  S  a n d  t h e  s e t  o f  a l l  b a s i c  s u b s e t s

i  s  a  b i  i e c t  i o n  s u c h  t h a t

a n d

o n S

the re

h o l  d s

^ x) o r=

B * t

o f X

^  .  6  -  .  t .  / n  \  z -  L t ' n  l



h -

F o r  a n y  p o s i t i v e  n u m e r i c a l  f u n c t i o n  f  o n  X  s u c h  t h a t  t h e r e  e x i s t  t 1 ' t 2 €  2 ,

tZ ( *  w i th  f  =  t f t . ,  we  have  deno ted  Uy  B f  t he  ba layage  on  L  g i ven  by

B f ,  =  W  n ( s  n n f )
n G N l

S ince  fo r  any  s r t  €  S  we  have

t ) r s n n f  ,  f o r a n Y n d N l ,

i f f  t  ) z  s  o n  t h e  f i n e  o p e n  s e t  [ f  >  0 ] ,  i t  f o l l o w s

B f s = B t t t % l f o r a n y s 6 ! .

l r s p p , r i l j o . n - r _ . r . F o r a h y b a l a y a g e B o n ! a n d a n y u 6 : w h i c h i s a f i n i t e g e n e r a t o r

o f ! w e h a v e  
r  .

B '  =  B [ ' B u ( u J .

P a r t i c u l a r l y ,  f o r  a n y  b a s i c  s e t  f ' l  w e  h b v e

(eM) '  =  Bx -  H .

gngf. rrom [3, Propos i t i on 1 . jJ we have
l . '  r  / l  )

B '  =  V f B ^  /  g =  t - B t ,  t 6  ! ,  t < F  I' g

S i n c e  u  i s  a  f i n i t e  g e n e r a t o r  o f  !  w e  g e t

r  t  , t -  1

f s > o J e [ B u c u 1 ,
f o r  any  g  =  t -B t r  t  €  l ,  t ( ao  and  the re fo re

B ' = B  ^  = B [ B u c u ] '
U- b'U

l f  1 4  i s  a  b a s i c  s e t  t h e n

M  = { x  6  M  /  e m u ( x )  =  u ( * ) }

i -  r  , - M r t  - X r M
.  a n d  c o n s e q u e n t l y  X r  M  =  [ B u ( u J  '  ( 8 " )  =  $

Co.rql ]a.rJ*13. l f  B is a balayage on !  then'

'  
B  =  B t t

i  
i f f  t h e r e  e x i s t s  a  b a s i c  s e t  M  o n  X  s u c h  t h a t  B  =  B H  a n d  s u c h  t h a t  M  i s  t h e  f i n e

c l u s u r e  o f  t h e  f i n e  i n t e r i o r  o f  M '

t  
t / e  remember  now the  no t i on  o f  abso rben t  se t .  A  subse t  A  o f  X  i s  ca l l ed

a b s o r b e n t  ( w i t f r  r e s o e c t  t o  9 )  i f  t h e r e  e x i s t s  s  € :  ( o r  o n l y  a  b o u n d e d  e l e n e n t

c  1  Q \  . , ' r h  t h : f
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A  = l s  =  0 ]  .

l f  A  i s  a b s o r b e n t . t h e n  i t  i s  c l o s e d  ( i n  t h e  n a t u r a l  t o p o l ' o g y  o n  X )  a n d  f  i n e  o p e n

a n d  t h e r e f o r e  a  b a s i c  s e t .

Pro.p.o. : i_ t io j  1 .3.  l f  s  €  !  a ; rd A:*= [s  = 0]  then

( B r )  t  =  B A .

l l o o f . .  W e  h a v e  B .  =  B [ t > O ]  a n d  s i n c e  t h e  s e t  [ s  >  d i s  a  b a s i c  s e t ,  f r o m  p r o p o s i -

t i o n  1 . 1  w e  c o n c l u d e

( e r )  =  B A .  r

A  ba layage  B  on  !  i s  ca l l ed  ab : .o . r f s .n t -  ( c f .  
[ 3 ]  )  i f  Bsq l  s  f o r  any  s  €  g ,

w h e r e  d  i s  t h e  s p e c i f i c  o r d e r  o n  g .

kpgg j ! : g  , J .  a )  Fo r  any  ba layage  B  on  !  we  have :  B  i s  an  abso rben t .ba layage

i f f  b ( B )  i s  a r r  a b s o r b e n t  s u b s e t  o f  X  a n d  B ' b ( B )  =  B .

b )  F o r  a n y  b a s i c  s u b s e t  A  o f  X  w e  h a v e :  A  i s  a n  a b s o r b e n t  s e t  i f f  B A  i s  a n  a b s o r -

b e n t  b a l a y a g e .

P r o o f .  T h e  a s s e r t i o n s  f o l l o w  f r o m  P r o p o s i t i o n  1 . 3  a n d  C o r q l l a r l y  1 . 2 ,  u s i n g  a l s o

[ : ,  Theorem ? - .2 ]  .

tlre.ga,r.k 
"]rl. 

The map

A --+ BA

b e t w e e n  t h e  s e t  o f  a l l  a b s o r b e n t  s u b s e t s  o f  X  a n d  t l r e  s e t  o f  a l l  a b s o r b e n t  b a l a y a g e s

o n  :  i s  a  
l i j e c t i o n  

a n d
A,  A.

\ e  A z ( - - t B ' <  B ' .

H o r e o v e r ,  i f  ( O i ) i  g  t  
i s  a  f a m i l y  o f  a - b s o r b e n t  s u b s e t s  o f  X  t h e n  t h e  f  i n e  c l o s u r e

- !

\ - 1 A , '  o f  \ J A .  a n d  A i  a r e  a l s o  a b s o r b e n t  s e t s  a n d
i e  I  i €  |  '  i e  |  '

E

f ]A i t  .  ,  A .  4 l }  A i  n  A .
B i € t  

'  
= V u ^ '  ,  B i G l  

' =  
/ \ u ^ i .

i 6 t  i d l

:  
p :p.p: :_ i l i .o . l  j . ,5 . .  Let  A be a basic  subset  o f  X.  Then A is  an absorbent  set  i f f

f o r a n y s 6 ! w e h a v e
:



( B A ) "  =  {  

s '  o n  X \ A

L  0 ,  o n  A  .

P r o o f .  F r o m  P r o p o s i  t i o n  1 . 1  w e  h . u "

6 -

( g A )  
' =  

g X t A

a n d  b y  p r o p o s i t i o n  1 . 4  i t  f o l l o w s  t h a t  A  i s  a n  a b s o r b e n t  s e t  i f f  B A  i s  a n  a b s o r b e n t

ba layage  on  : .  f r om [3 ,  Theorem 2 .  d  we  deduce  now tha t  A  i s  abso rben t  i f  f

B A I g X \ O )  =  o

o r  e q u i v a l e n t l y  i f f

BX \A ,  =  o  on  A ,  f o r  anY  t  €  g .

P . r j pg ,s i t i g t  -1  .7 .  Le t  A  be  a  bas i c  subse t  o f  X '  Then  A  i s  an  abso rben t  se t  i f  f

f o ; '  any  subbas ic  subse t  M  o f  X  we  have

BAn l4  =  BAn  BM =  BABM

i : r o o f .  F r o m  P r o p o s ! t i o n  1 . 4 ,  C o r o l l a r y  1 ' 2  a n d  [ S ,  O r o p o s i t i o n  2 ' B  a n d  T h e o r e m  2 ' 9 J

i t  f o l  l o w s  t l r a t  A  i s  a b s o r b e n t  i f  f

aAgM =  BAA BM,

f o r  a n y  s u b b a s i c  s u b s e t  H  o f  X .

s u p p o s e  n o w  t h a t  A  i s  a b s o r b e n t ,  T h e n  A  n H  i s  a  s u b b a s i c  s e t  a n d  w e  h a v e

B A ^ M - (  B A n  B M .

T o  p r o v e  t h e  c o n v e r s e  i n e q u a l i t y  i t  w i l l  b e  s u f f i c i e n t  t o  s h o w  t h a t  i f  s ' t  €  g

then

I t  f o l l o w s

.  s  - (  t  +  BX-A ,  on  M,

B M s ( t + B X * A ,  o n X ,

B M r * ( t  o n A

and the Proof  i  s  contPl  e te '

s  < t  on A A M :7 BMs *(  t -on A '

I n d e e d ,  f r o m  P r o p o s i t i o n  1 . 5  w e  h a v e

B X * A ,  =  { r ,  

o n  X . . A

i ' 0 '  o n  A  a
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)

Le t  M  be  a  subbas ic  subse t  o f  X .  Then  the  H-cone

M ,  (  M  )
B " ( g )  r = { B " s  /  s  €  ! l

i s  a  s t a n d a r d  H - c o n e  ( . f .  [ 5 ,  C o r o l l a r y  5 . 2 . 6 J  ) .  S i n c e  f o r  a n y  s r t  c  !  w e  h a v e

B M s = s o n H

and

BMs -( BMt 4:1 s -( t on M

a n d  s i n c e  t h e  i n f  i m u m  i n  B M ( ! )  o r  B M s  a n d  B M t  i s  e q u a l  t o  B M ( s  A t ) ,  i t  f o l l o w s
=

tha t  t he  se t

{  - l
! 1 " ' : t t l r q  t  s  e  9 \ '

l M  
!  

" r  
M .

i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  t h e  s e t  M  w h i c h  i s  i s o m o r p h i c  w i t h  e ' ' ' ( ! ) '

N o t e  t h a t  i f  i . 1  i s  a  s u b b a s l c  s u b s e t  o f  X  a n d  A  i s  a  s u b s e t  o f  M  t h e n  A  i s

s e m i - p o l a r  w i r h  r e s p e c t  t o  !  i f  f  A  i s  s e m i ' - p o l a r  w i t h  r e s p e c t  t o  B M ( ! )  .  t J e  a l s o' =

r e r n a r k  t h a t  i f  A  i s  a  s u b s e t  o f  M  t h e n  A  i s  s u b b a s i c  w i t h  r e s p e c t  t o  e H { g )  i f  f

A  i s  a  s u b b a s i c  s u b s e t  o f  X  w i t h  r e s p e c t  t o  S .  M o r e o v e r  t h e  b a l a y a g e  o n  A  w i t h

'  
M .  M '  '  -  ! L ^  L ^ r ^ . . ^ ^ a  a n

r e s n e c t  t o  B ' 4 ( l )  . o i n c i d e s  w i t h  t h e .  r e s t r i c t i o n  i o  B ' ' ' ( 9 )  o f  t h e  b a l a y a g e  o n  A  w i t h

respec t  t o  g .  

=

L r g g g * k i } * s . L e t M b e a s u b b a s i c s u b s e t o f X a n d A 6 M . T h e n A i s a n a b s o r b e n t
M

s e t  r { i t h  r e s p e c t  t o  B M ( g )  i f f  t h e r e  e x i s t s  a n  a b s o r b e n t  s e t  ( w i t h  r e s p e c t  t o  ! )

.  A  s u c h  t h a t

n =  i 'n l .4 .

L r q * f .  l f  A 1  e  X  i s  a b s o r b e n t  w i t h  r e s p e c t  t o  S ,  a n d  s € !  i s  s u c h  t h a t  A '  =  [ s  
=  0 J

then we have

' o l
A 1  / ] M = L u l * = . ,

M ,

and  the re fo re  A ,  n  M i s  abso rben t  w i th  re . spec t  t o  B ' ' ' ( 9 ) ,  Conve rse l y ,  l e t  A  { '  M

.  b e  a n  a b s o r b e n t  s e t  w i t h  r e s p e c t  t o  B M ( g )  a n d  l e t  s  6  B M ( g )  s u c h  t h a t

R  =  i s t . ,  =  0 l
b  f f ' r  u  

_

l f  w e  p u t  f , : , = = [ s  =  o ]  i t  r o l l o w s  t h a t  A  i s  a b s o r b e n t  w i t h  r e s p e c t  t o  !  a n d  A  =  A  f l  M '

R e m a r k .  T h e  r e l a t i o n

4 = f , n m

f r o n r  P r o p o s i t i o n  1 . 8  i s  e q u i v a l e n t  w i t h  t h e  f o l l o w i n g  o n e  ( c f ' P r o p o s i t i o n ' l  ' 7 )  ' : "



B -

BA = BAn Bl{

and there fore  the  above propos i t ion  may b ,e  regarded as  a  consequence o f  a  genera l

r . ^ r  ) .  ^ ^  - n  r J - r n  ' h i  f  r a r v  b a l  a v a o e  B  i n s t e a d  o f  B Ma s s e r t i o n  v r h i c h  h o l d s  o n  a n  H - c o n e  a n d  f o r  a n  a r b i t r a r y  b a l a y a g e

(see  [3 ,  Theoren r  2 .  15 ]  ) .



$ 2 .P a r a b o l  i  c e l l i t i c

s t a n d a r dH - c o n e o f func t  i  ons  "

!  be  a  s tandard  H-cone  o f

r e s p e c t  t o  !  ( c r .  I l ]  )  l r

absorben t  se ts  such  tha t

/-t ou  
=  A r ,  f o r  any  t

u > t

a n d  q u a s i e l l i p t i c  s u b s e t s  w i t h  r e s c t to

f u n c t i o n s  o n  a  s e t  X .  T h e  s e t .  X  i s  c a i  l e d

t h e r e  e x i s t s  a  s t r i c t l y  i n c r e a s i n g  f a r n i  1 y

A o = d , A 1 = X a n d

D,,uJj.l,tt-i.on. Let

-pglg!gl-!g with

(n r ) ,  e  [ 0 ,  r l  o f

t he  p reced ing  remark

rabo l  i  c  w i  t h  respec t

l"_lJUt ig. Let ! be

e l l i o t i c  w i t h  r e s t : € c t

r o : .

a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s

^ t - l ' ^ ' l \t o  ! .  ( c f .  L 2 !  )  i f  t h e r e  a r e

o n  a  s e t  X .  T h e  s e t  X  i s  c a l l e d

n o  n o n  e m p t y  a b s o r b e n t  s e t s

d  f o , 1 ) ,

{ - / \ f  =  A , '  f o r  a n Y  t  c  ( o ' l J
u  < , t

_ k * i l I .  t r  i s  p r o v e c l  i n  f  , ]  t h a t  X  r ' r i i i  b e  p a r a b o l  i c  w i t h  r e E p e c t  t o  !  i f  f  f o r

any  t . , ^ ro  abso rbenr  se ts  A , ,  A2  6  X ,  A f  #n ,  ( i . e .  
\  G  AZ  and  A ,  " l  A r )  i l r e re  ex i : t s

a n  a b s o r b e n t  s e t  A  r t , i t h  A ,  *  A  # A Z .  K e e p i r r g  ! n  n i n d  t h i s  c t r e r a c t e r i z a t i r : n  o f  p a -

r a b c i  i  c i  t y ,  w e  r e c a l  I  t h e  f o l  l o w i  n g  d e f  i  n  i  t  i o n :

trj;fi lfg. An H-cone ! i$ call"d g".'-{s!f (cf' l:, $l] ) if for anv l-rvo absor*

b e n t  i r a l a y a g e s  8 , ,  B ,  o r r  ! ,  t } l  <  8 2 '  t h e r e  e x i s t s  a n  a b s o r b e n t  b a i a y a g e  B  o n  !

w i t h ' $ ,  {  B  (  B Z .

ss rg :L i$ r_L : ,Le t  !  be  a  s tandarc i  H -cone .  Then  t i r e  f o l  l ov i i ng  asse . r i ons  a re

e q u i v a l e n t :

a )  !  i s  p a r a b o l i c ,

b )  t h e r e  e x i s t s  a  s e t  X  s u c h  t h a t  !  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  X  a n d

X  i s  p a r a b o l i c  l v i t h  r e s P e c ' t  t o  S .

c )  I r t heneve r  !  i s  a  s tandard  l ' l * cone  o f  f unc t i ons  on  a  se t  X  then  X  i s  pa rabo l  i c

w i t h  r e s p e c t  t o  g .

p r o o f .  L e t  X  b e  a  s e t  s u c h  t h a t  $  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  X '  F r o m
=

a n d  R e m a r k  1 . 5 .  i t  f o l l o w s  t h a t  !  i s  p a r a b o l i c  i f f  X  i s  p a *

1.1 -  x ,  l i  I  ) : .
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/

-qgf1*L!?t. An H-cone ! is callecl -ell*igt-i.9 (cf. [l ' ft*J ) ir there are no non

z e r o  a b s o r b e n t  b a l a y a g e s  B  o n  ! ,  B  *  l .

p . rops .g . i r i - o j l  3 . . 3 .  Le t  !  be  a  s tandard  H-cone .  Then  the  fo l l ow ing  asse r t i ons  a re

e q u i v a l e n t :

a )  !  i s  e l l i p t i c .

u )  r r re re  ex i s t s  a  se t  x  such  tha t  !  i s  a  s tandard  l 1 -cone  o f  f unc t i ons  on  X  and

X  i s  e l  l i p t i c  w i t h  r e s P e c t  t o  : .

c )  W h e n e v e r  !  i s  a  s t a n d a r d  l J - c o n e  o f  f u n c t i o n s  o n  a  s e t  X  t h e n  X  i s  e l l i p t i c

w i  t h  r e s p e c t  t o  ! .

P r o o f .  I f  X  i s  a  s e t  s u c h  t h a t  !  i s  a  s t a n d a r d  l l - c o n e  o f  f u n c t i o n s  o n  X  t h e n  f r o m

R e m a r k  i . 5  i t  f o l l o r ' r s  r : h a t  I  i s  e l l i p t i c  i f f  X  i s  e l l i p t i q  r ' r i t h

*?gl$l l .gl.  L'et !  be a stari 'Jard l{-cone o{'  funct ions on a se't X' A

M €X  i s  ca l r "d  gg : *3 ]k  ( r csp "e l l - f q ! f g )  r v i t h  respec t  t o  !  ( c r '

i s  p a r a b o l  i c  ( r e s p . e l l i p t i c )  w i t h  r - e s p e c t  t o  t h e  s t a n d a r d  l J - c o n e

M  g i v e n  U V  ! i m .
a

-pg l l i i j g l "  A  ba iayage  B  on  an  H-c r :ne  S  i s  ca l l u t i  -P* !g I :  
( resp 'e l l i p t i c )  ( c f '

[ i ,  f  f l  )  i t  t f r e  H - c o n e  B ( ! )  i s  p a r a b o l  ! c  ( r e s p . e l l i p t i c )  '
u a

lg-ll?*'9q .ls,"l r-i l "".li-*:S:Lqng*':-3J9lq: 11-e, qT i :" J9.' 'I:ci I i -9 -i$:-:3*11t9

H-cone I with r.9:-eggl*!q*'$t.:I.^tg-3l-l+9[9:W.?...eJJip-ticLtv:- ttg-*:!gg-:glt-
=G-* . . i -5 -F . r - '+

resr :ec t  to  ! '

s u b b a s  i c  s u b s e t

Y t  t f i  \  i +  l
L ' r  )  "J

o f  f u n c t i o n s  o n

a  se t  X  and  l e t  14  be

i f f  t h e  b a l a y a g e  B l {
hgeg:il i-o-LA;. Let ! be a standard H-cone of functions orr

a  s u f : b a s i  c  s u b s e t  o f  X .  T h e n  M  i  s  p a r a b o l  i c  ( r e s p . e l  1  i p t i c )

o n  :  i s  p a r a b o l  i c  ( r e s P . e 1  i  i P t i c ) .

p r o o f .  T h e  a s s e r t i o n  f o l i o v r s  f r o m  p r o p o s i t i o n  2 , 1 ,  P r o p o s i t i o n  2 - 2  a n d  f r o m  t h e

f a c t  t h a t  t h e  H - c o n e s  9 ; *  a n d  B M ( t )  a r e  i s o m o r p h i c '

j S H : L . . ? : I . L e t $ , X a n d M b e a s i n P r o p o s i t i o n 2 ' 3 ' T h e n l ' l i s p a r a b o l i c ( r e s p '

e l l i p t i c )  i f f  t h e  f i n e  c l o s u r e  o f  M  i s  p a r a b o l i c  ( r e s p ' e l l i p t i c ) '

ggn : I ! f g ! -  1 .5 .  Suppose  tha t  !  i s  a  s tandard  H-cone  o f  f  unc t i ons  on  a  se t  X '

T h e n  t h e  f o l l o r v i n g  a s s e r t i o n s a r e  e q u i v a l e n t :

a )  X  i s  p a i ' a b o l  i c . .

o r  o t h e r t e n t i a l  t h e o r e t i c  n o t i o n s  a r e  c o n s i d e r e d '
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b )  T h e r e  a r e  n o  n o l i  e m P t y  e l l  i p t i c  s u b s e t s  o f  X '

c )  T h e r e  a r e  n o  n o n  e m p t y  e l l i p t i c  f i n e  o p e n  s u b s e t s  o f  X "

p r o o f  .  a )  = +  U )  f o l l o v r s  t r o m  [ 3 ,  P r o p o s i t i o n  t 4 . 5 ]  ,  b )  : )  c )  i s  o b v i o u s  a n d  c )  : ) a )

f o l  i o w s  f r o m  [ 2 ,  T h e o r e m  2 . 3 J  ,  u s i n g  a l s o  P r o p o s i t i o n  2 . 3 .

F r o m  r h e  p r e c e d i n g  c o n s i d e r a t i o n s  a n d  f r o m  [ : ,  f 1 1  t h e  f o l ' l o w i n g  a s s e r t i o n s

o n  t h e  p a r a b o l i c i t y  a n d  e l l i p t i c i t y  h o l d s :

p r o p o s i t - i o n  2 . 6 .  s u p p o s e  t h a t  !  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  a  s e t  X '  V J e

h a v e :

a )  F o r  a n y  f a m i l V  l H i ) ,  u ' ,  
o f  p a r a b o l i c  s u b s e t  o f  X

b )  F o r  a n y  f a m i  l y  ( n i  ) t  e  '  
o f  e l  1  i  p t i c

a n y  i ,  j  €  l r t h e  ; e t  - H '  t .  i s  a l s o  e i

c )  I  { '  M l  ,  M ,  a re  subbas  i  c  subse t : s  o f  X ,

t h e n  h i , '  i s  p a r a b o i  i c  ( r e s p . e l  i i p t i c ) .

d )  T h e r e  e x i s t s  t h e  g r e a t e s t  p a r a b o i  i c

t h e  s e t  \ J  l ' t .  i s  a l s o  P a r a b o l  i t
i €  |

s u c h  t h a ,  E i  A  E . i  *  f r ,  f  o r

a n d  ' A z  i s  p a r a b o l i c .  ( r e s p . e i l i p t i c ]

s u b s e t s  o f

l i p t i c ,

M  T M
L

s u b s e t  P  o f  X  w i r i c h  ; 5  f  ! n e  c l c s e d  a n d

p  = f f { : x - e  /  E e ' x ,  E  i s  e l l i p t i c } .

c )  R n y  e l l  i p t i c  s u b s e t  o f  X  i s  c o n t a i n e d  i n  a  t n a > < l n a i  e l i i p t i c  s r : b s e t  o f  x ;  a n y

t i ^ r o  c l i f f e r e n t  r n a x i m a l  e l i i p t i c  s u b s e t s  o f  X  a r e  c i i s j o i r r t ;  t i i e  s e t  o f  a l l  m a x i r n a l

e l i i p t i c  s u b s e t s  o f  X  i s  a l :  r n o s t  c o u n t a b l e ;  e n  e ' l  l i p t i c  s u b s e t  E  o f  X '  L  #  0  w i l l

be  max ima l  i l . f  t he re  ex i s t s  t l o  abso rben t  subse ts  A ,  r  A ,  o {  X  such  tha t  A ,  
6  

AZ

a n d  E  =  A r r A , .

We g i ve  novJ  an  examp le  o f  a  s tandard  f l - co t re  o f  f  unc t i ons  ! ' on  a  se t  X  fo r

r ^ r h i c h  t l r e  q r e a t e s t  p a r a b o l  i c  s u b s e t  P  o f  x  i s  r ^ r i t h o u t  f  i n e  i n t e r i o r  p o i n t s '  H e n c e

D t

i n  t h i s  c a s e  ( g ' )  =  l .

E x a m p l e  2 . 7 .  L e t  u s  d e n o t e  b y  !  t h e  c o n v e x  c o n e  o f  a l l  p o s i t i v e  l o w e r  s e m i * c o n t i -

n u o u s  r e a l  f  u n c t i o n s  s  o n  t h e  i n t e r v a l  ( - 1 '  1 )  *  l X r  w h ! c h  a r e  i n c r e a s i n g  a n d  s u c l - r

t h a t  t h e  r e s t r i c . t i o n  o f  s  t o  t h e  c o r n p l e m e n t  o f  C a n t o r  s e t  K  i s  l o c a l  l y  c o n c a v e '

\ , l e  remark  tha t  :  i s  a  s tandard  H-cone  o f  f  unc t i ons  on  the -  se t  X '  l " i o re  p rec i se l y

t h e r e  e x i s t s  a n  h a r n r o n i c  s p a c e  o n  X  s u c h  t h a t  !  c o i r r c i < J e s  w i t l r  t l r e  s e t  o f  a l  I  p o -

s i t i v e  s u p e r l r a r m o t ' t i c  f u n c t i o n s  o n  t h i s  s P r a c e  .  A  g e n e r a l  c o n s t r U c t i o n  m l ' ) ' b y  f O u n d
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r " - f
i n  I Z ]  ( s e e  a i s o  1 6 ,  E x e r c i c e  3 .

l f  G  i s  a n  o P e n  s u l t s e t  o f

n u o u s  f u n c t i o n s  h  o n  G  s u c h  t h a t

deno te  by  2 {@ the  se t  o f  a l l  r ea l  con t i -

G  n  K  a |  t h e r e  e x i s t s  x '  d  x  w i t h  h  
l ( * r , * )

1 . t 4 7 )

X ,  we

x 6

i s  c o n s t a n t ,  h l C - t <  i t  
"  

l o c a l i y  a f f i n e  f u n c t i o n .

g b v i o u s f  V  W ( C )  i s  a  I  i n e a r  s u b s p a c e  o f  f ( e )  a n d  f o r  a n y  i n c r e a s i n g  s e q u e n c e

(nn )n6  
N t  

f  , o *  l t r c )  such  tha t  f , u f i l f  
hn  i s  f  i n i t e  on  a  dense  subse t  o f  G  i t  f o l l o t ' r s

that  s- rg>*,  hn belongs to  KG).  A lso the map G - ' ' "  J t (G)  is  a  sheaf  J(  o f  I  inear

s p a c e s  o f  r e a l  c o n t i n u o u s  f u n c t i o n s ,  0 n  t h e  o t h e r  h a n d  l e t  ( a , b )  b e  a n ' o p e n  i n t e r -

v a l  w i t h  [ " , b ]  €  X .  l f  b  d  l (  o r  ( a , b )  f i  K  =  E  t h e n  t h e  o p e n  s e t  ( a , b )  i s  r e g u l e r

r v i t h  r e s p e c t  t o ' X ,  t i n . o  f f ( ( a , b ) )  c o i n c i c i e s  w i t h  t h e  s e t  o f  a l i  c o n t i n i l o u s  f L n c t i o n s

h  o n  ( a ,  h )  s u i c h  t h a t  h  i s  I  i n e a r  o n  ( c ,  b )  a n d  c o n ' ' t a n t  o n  ( u ,  c )  w h e r e

I a  ,  i f  ( a , b )  f i K = 9

.  c E  {

L  s u p ( ( a , n )  f i t t ' )  ,  ! f  ( " , b )  n K ' l  Y i .

l . f  b  e  K  a n d  ( a , L - , )  n K  #  f r ,  t h e n  t h e  i n t e r v a l  ( a , b )  i s  s e m i r e g r - i i a r  s i n c e  i n  t l r i s

c a s e  / * ( ( a , b ) )  c o i n c i c i * s  w i t h  t h e  s e t  o f  a l I  c o n s t a n t  f u n c t i o r r s  o n  ( a , b ) .

.  F r o m  t h e  a b o v e  c o r r s i , r l e r a t i o n s  i t  i s  e a s y  t o  s e e  t h a t  a  l o w e r  s e m i - c o n t i n u o u s

f u r i c t i o n  s  r : n  X ,  s  )  - " c ,  w i i l  b e  s u p e r i r a r i y r o n i c  w i t t r  r e s p e c t  t o  t h e  E n e a f  K  i f f  s

i s  f  i n i t e ,  i n c r e a s i n g  a n c l  c o n c a v e .  o n  a n y  i n t e r v a l  ( a , b )  s u c f r  t h a t  i <  f i  ( a , b )  " '  f i '

H e n c e  S  i s  a  s t a n d a r d  H * c o n e  o f  f u r r c t i o t r s  o n  X  a n c l  a  s u b s e t  A  o f  X  w i l l  b e  a b s o r -

b e n t  ( w i t h  r e s p e c t  t o  [ )  i f f  A  =  ( * 1 , . ] ,  w h e r e  c  4  K .  F r o m  t h i s  f a c t  i t  f o l l o w s

t h a t  a  s u b s e t  E  o f  ( - t , t )  v ; i l l  b e  a  m a x i r n a l  e l l i p t i c  s e t  w i t h  r e s p e c t  t o  S  i f f

6  =  ( a , b ]  ,  w l r e r e  ( a , b )  i s  a  c o n p o n e n t  o f  t h e  o p e n  s e t  X r  K '

M o r e o r r e r  t h e  g r e a t e s t  p a r a b o l i c  s u b s e t  P  o f  X  w i t h  r e s p e c t  t o  $  i s  t h e  s e t

K  n  ( - 1 1 1 )  \  M ,

whe re

0 b v i o u s I y

ba I  ayage

e x i s t s  b '  d  b  w i t h  ( b " b )  / l K  =  0 } '  .

P is  emoty and t l rerefore the conrp i  en lent  o f  the

M

t h e

p
B '  i s

I
1 f i-  
L -

f i n e

the"

6  K  /  t h e r e

i n t e r i o r  o f

i  d e n t  i  t y .
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g /e  ex tend  now a  resu l t  conce rn ing  the  cha rac te r i za t i on  o f  pa rabo l i c i t y  i n

te rms  o f  ha rmon ic  ca r r i e r  and  i n  te rms  o f  ba layages  on  compac t  subse ts  o f  X  ( see  [ t ]

l f  S  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  a  s e t  X  a n d  s  C  S ,  t h e  h a r m o n i c

-ggiflg! of s on X is the set
f  Y \ \ /  ^ o - )

c { j :  s  =  
t *  e  X  /  B "  " s  #  s ,  f o r  a n Y  V €  U ^ | ,

where  l | ,  deno tes  the  se t  o f  a i  1  na tu  ra l  ne  i ghbourhoods  o f  x .
 

I [ qggq_2 . .9 .  Le t  S  be  a  s tandard  H-cone  o f  f unc t i ons  on  a  nea r l y  sa tu ra ted  se t  X '

T h e n  t h e  f o l  l o w i n g  a s s e r t i o n s  a r e  e q u i v a l e n t :

a )  X  i s  p a r a b o l  i c .

b ) F o r a n y u n i v e r s a I I y c o n t i n u o u s e i e m e n t p o i g w e h a v e

I r
i r r f { n ( x )  /  x  e  q a r , L  p l  =  o u

l f  moreove r  the  topo log i ca l  space  X ' (endor^ rec l  w i  t h  t he  na t :u ra ' [  t c rpo logy )  i s  -

r - r n i v e r s a l l ; ,  m e a s u r a b l e  t h e n  e a c h  o f  t h e  a b o v e  t w o  a s s e r t i o n s  ! s  e q u i v a l c n t  r r i i t i i

e a c h  o f  t l ^ r e  f o l l o w i n E  o n e s :

. :  
c )  Fo r  a rn l r  u i r i ve rsa l l y  con t i nuous  e lemen t  p  o f  I  and  any  compac t  subse i  F i  o f  X

s u c h  t h g t  c a r r  p  6 ;  K ,  t h e r e  e x i s t s  x  6  l (  r ' ; i t h  p ( x )  =  $  "

d )  F o r -  a i r y  c o m p a c t  s u b s e t  K  o f  X  t h e r e  e x i s t s  x O  6  K  s u c h  t i r a t  p ( x ' )  =  0  f o r  a n y

u n ! v e i - s a l  l y  c o i r t ! n u o u s  e i e m e n t  p  o f  g  w i t h  c a r r  p  6  l " '

e )  F o r  a n , 7  c o m p a c t  s u b s e t  K  o f  X  t h e r e  e x i s t s  x  6  K  r + i t h  B K 1  ( x )  *  C '

f )  F o r  a n y  c o m p a c t  s u b s e t  K  o f  X  t h e r e  e r i s t s  x O  6  K  s u c h  t h a t  U K s ( x O )  =  0 ,  f o r

a n y s [ ! .

g )  F o r  a n y  c o m p a c t  s u b s e t  t (  o f  X  a n d  a h y  u n i v e r s a l l y  c o n t i n u o u s  e l e m e n t  p  o f  :

t h e r e  e x i s t s  x  €  K  w i t t r  g K P ( x )  =  Q .

p r o o f  .  r r { e  s u p p o s e  f  i r s t l y  t h a t  t h e  t o p o l o g i c a l  s p a c e  X  i s  u n i v e r s a l  l y  m e a s u r a b l e '

l J e  d e n o t e  b V  ! O  t h e  s e t  o l '  a l l  u n i v e r s a l l y  c o n t i n u o u s  e l e m e n t s  o f  g .

The  imp l i ca t i ons  f  )  * )e )  * ; ; '  n ; ,  b )  : )  c )  and  d )  : 2c )  a re  obv ious ' , 9 )  ' ' : >  f  ) ' i

.  S i n c e  f o r  a n y  t w o  u l l i v e r s a l  l y  c o n t i n u o u s  e l e m e n t s  p , q  o f  S  w e  h a v e  O f ' ( p + q )  s

'  
l (  k  + h - +  * h o  f r m i r . ,  

'  l {  
. \  =  n l \  i s  l o w e r

-  =  B K p  +  B " q  i t  f o i l c r r v s  r h a t  t h e  f a m i l y  ( i x  r f  K  /  B ' ' p ( x )  =  0 J  ) p 6 l o  t '

d i  r - c c t e d . a n d  t h e r e f o r e  h a s  n o n  e m p t y  i n t e r s e c t i o n .  H e n c e  t h e r e  e x i s t s  x O  ( :  K  r v i  t h

h l i , , ( . ,  , . )  
=  0  f n , -  n , ' , r ,  p  { :  S 3  a n c i  t l r e r - c i o l c  B ' ' s  ( x g )  =  0  f o r  c r r ) '  s  i :  5 . .
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T h e  p r o o f  o f  c ) : 2  d )  i s  s i m i l a r  t o  t h e  a b o v e  p r o o f  o f  g ) : > f  ) . , ' c ) : >  b ) ' :

L e t  p  €  ! 0 .  S i n c e  X  i s  n e a r y  s a t u r a t e d  a n d  u n i v e r s a l l y  m e a s u r a b l e  t h e n  t h e r e  e x i s t s

'  
.  .  / , ,  \  l  i l  .  r t - -a n  i n c r e a s i n q  s e q u e n c e  ( f n ) n 6 N l o f  c o m p a c t  s u b s e t s  o f  X  s u c h  t h a t  t h e  s e q u e n c e

( p . .  )  , , , ,  o f  s p e c i f  i c a l l y  r e s t r i c t i o n s  o f  p  t o  K -  i n c r e a s e s  t o  p  ( s e e  I S ,  $  l . 4 J  ) .,  \ , K  , n 4  t r t  r  ' - -  ' - n  - -  r  l
n

'  S ince  fo r  any  n  6 ,  N l  we  have

P  =  P K  *  P X r  K
n n

and  s ince  p  6  S0 ,  we  deduce  tha t  t he  sequence(P* *  )n  6  N l  dec reases  un i fo rm ' l y  t o  0 .
n

For  any n 6 Nl  we get

inf  /p (x) /  x6 g,q.T pi  -< inr f  e, .  (x) /  x e-Bff  n!  + inf f  ox.,r .^ ixc:gg pJ,
L  

n  
,  " " n

. , L / \ I . , . - " L / . " \ r , . \i n f  { R 6 ( x )  / x e . S a r r , p t  ( i n f  { p o - ( x )  / x e S . i - r r P r  l = 0 "
n  

r  " n  ' ' n t

I , le conclucle rhat inf  {p(x)  /  x e gg, i - :  o }  
= o.

r l t  ^  t  d '  - .

, o b )  = , 1 a ) " .  L e t  G  b e  a  f  i n e  o p e n  s u h s e t  o F  X n  G  f ' f i " ' S i n c e  X  i e  n e a r l y  s a t r - r r a t e d  a n d

i r r  t h e  s a m e  t , i m e  u n i v e r s a l l y  m e a s u r a b l e  t h e r e  e x i s t g a c o m p a c . t  s u b s e t ' K  o f  G  r o r h i c h ,

r  i s  r r o t  s e m i - p o l a r .  T h u s  t h e r e  e x i s t s  a n  u n i v e r s a i l y  c o n t i n u o u s  e l e m e n t  p  o f  I

4 .  
w i t h S _ q r r  p G K ,  p  #  0 .  F r o m  b )  w e  g e t  i n f  { p ( x )  /  t  6 .  * } =  O  a n d  t h e r e f o r e  t h e r e

e x i s d s  x o  d  K  w i t h  p ( x o )  =  0 "  0 n  t h e  o t h e i '  h a n c l  w e  h a v e  { x  e .  G  /  p ( x )  =  C j  *  C

C o n s e q u e n t i y  G  i s  n o t  a n  e l l i p t i c  s u b s e t  o f  X .  B y  P r o p c s i t i o n  2 . 5  i t  f o l l o w s  t h a i

X  i s  p a r a b o l i c .

.  . l l

, , a )  
: ) e ) " .  L e t  ( n r ) , 6 [ o , l ]  b e  a  s t r i c t l y  i n c r e a s i n g  f a m i l y  o f  a b s o r b e n t  s u b s e t s  o f  X

such  tha t

t 6 [ o , ] ) : :  , ' l A r = A t
S > t  

J  L

,  - 1  f
t "  e (o, lJ . :2 A* = \ - - lA^'  s < t  5

v

and  le t  K  be  a  compac t  subse t  o f  X  such  tha t  BK l  #  o  on  K '  The re  ex i ' s t s  t e ' (0 "  i )  ' '

. !  w i t h  K  n  A t  #  0  s i n c e  i n  t h e  c o n t r a r y  c a s e  w e  h a v e

V .
B K 1  r (  t x r A  o  f o r  a n y  t  (  ( 0 , t 1

-  ^  t ^ t

and .  t he re fo re
t1

B ' t l  =  o  o n  A r ,  f o r  a h v  t  e  ( { J '  1 )  ,
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v
B ' ' 1  = o  o n 1 = Q 4 - f

t  < 1 .  t

S ince  K is  compact  and A n  =  A,  i t
s )  t  s

t o  e  ( 0 , 1 )  w i t h

A f  n  K  #  g .
v

H e n c e  i f  t  (  t O  t h e n  A t n  K  =  0  a n d

fo l  l ows  tha t  t he re  ex i s t s  t he  s rna l  l es t

thus  gK1  { 1 x - A t .  l t  f o l l o w s

^ K ,D r = 0

o K r - nD I = U

and  the re fo re  the re

(r r rhera ca r  r ' \ ,  p  denotes

i n r  {  n ( x )  /

o n  A a ,  f o r  a n y  t  (  , O

on Aa = \ * - / \  
f

- o  t ( t O

e . x i s t s  x o  €  K  w i t h  n K l  ( x o )  =  o "

Suppose  now tha t  X  i s  on i y  nea r l y  sa tu ra ted  and  l e t  X l  be  the  sa tu ra tec l  se t

w i t h  X  G  ) { , 1 .  S i n c e  f  r o r n  P r o p o s i t i o n  2 .  1  X  a n d  X ,  a r e  s i m u l t a n e o u s l y  p a r a b o i  i c  s e t s .

w i t h  r e s p e c t  t o  g '  i t  f o l l o w s  t h a t  { u s i n g  t h e  a b n v e  c o n s i d e r a t i o r r s  a p p i i e d  t o  t h e

u n i v e r s a i l y  m e a s u r a b l e  s e t  X " )  b ) * Z a ) .  U e  a l s o  h a v e  a )  * > & )  s i n c e  f o r  a n y  p C  S O

:g!f P = (S3[y.n)fl x,

c a r r v  D  =
- F ^ ] .

93lL p -

t lre ha rmon i c c a r r i e r  o

.  - l  /  \
r n I  {  p \ x /

L

f  p  on  X,  )  and there fore

/  x  & . " r r ,  p [
-^1 r'

x  €  c a r r 1p I *

Remark .  The  equ iva lence  a )  { .  r  e )  was  p roved  i n  [ f  ,  Theorem 43J .  The  a rgumen ts

i n  t h e  p r o o f  o f  a ) = > e )  u s e d  a b o v e  a r e  t h e  s a m e  a s  i n  [ f J  .

C.oro] . I .arV. .2"a2.  Let  S be a s tandard H-cone of  f  unct ions on a set  X and suppose that

X  i s  p a r a b o l i c .  T h e r r  1 ' o r  a n y  u n i v e r s a l l y  c o n t i n u o u s  e l e m e n t  p  9 f  g  t h e r e  e x i s t s

x  €  X  w i t h  p ( x )  =  0

l g f  .  L e t  X ,  b e  t h e  s a t u r a t e d  s e t ,  . X  G  X , ,  a n d  l e t  ( R n ) n U  
* ,  b e ' a n  i n c r e a s i n g

sequence ,  pn  €  9O (n€  N0 ,  E l l  y 'Pn  i s  a  compac t  subse t  o f  X ,  
"nO i?O* ,On  

=  F '  l f

p  )  0  o n  X  t h e n  p 7  0  o n  X . ,  a n d  t h e r e f o r e  p  i s  a  w e a k  u n i t  i n  9 .  H e n c e  t h e r e  e x i s t s

n n G  N l  w i  t h
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P - ( P n  * * r ,
o

p *(  2pn^
U

w h i c h  c o n t r a d i c t s  t h e  f a c t  t h a t  f p ^  
-  o l  i s  n o n  e m p t y .-  " 0

_ [Sg3 ; ! .  Le t  S  be  the  se t .o f  a l i  pos i t i ve  l ower  semi -con t i nuous  func t i ' ons  on

X : s =  ( - 1 , 1 )  w h i c h  a r e  i n c r e a s i n g  o n  ( - f , O ]  a n d  c o n c a v e  o n  ( O , t ) .  t t  i s  k n o w n

f f r ,  E x a m p l e  1 ]  )  t h a t  !  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  X  a n d  X  i s  n o t  p a -

r a b o l  i c .  0 n  t h e  o t h e r  h a n d  o n e  c a n  s e e  t h a t  t h e r e  
' " r "  

n o  u n i v e r s a l  l y  c o n t i n o u s w e a k

u n i t s  i n  9 .  H e n c e  t h e  c o n d i t i o n

F n ' I  r

[ o = o J  { f i  , f o r  a n y p € ! o

i s  n o t  s u f  f  i c i e n t  f o r -  t h e  p a r a b o l  i c i t y  o f  X  ( c o n r p a r e  w i t h  C o r a l  i a r y  2 . 9 ) :

" tp j i l j i i j * t "  
Let  !  be a s tandard H*cone funct ions on b set  X.  A subi :as ic  subset

t ' l  C  X  i s  ca l l ed  q?a l , r_ i x * l ggg {  (w i th  respec t  t o  5 )  i f  M  i s  nea r ' l y  sa tu ra ted

w i t h  r e s p e c t  t o  t h e  s t a n d a r d  H - c o n e  I l f f .

Re ina rk .  Le t 'S  be  a  s tanc ia rd  H-cone  o f  f unc t i ons  on  a  se t  X  anc l  i e t  t 4  be  a  sub -

b a s i c  s u b s e t  o f  X .  T h e r r  t h e  f o l l o w i n g  a s s e r t i o n s h o l d :
M

a i  1 4  i s  n e a r l y  s a t u r a t e c l  i f f  f o r  a n y  F r a l a y a g e  B  o n  9 ,  B  <  B "  t h e r e  e x i s t s  a

s u b b a s i c  s u b s e t  L  o f  X ,  L  G  H  r v i t h  i 3  *  B L

b )  l f  X  i s  n e a r l y  s a t u r a t e d  a n d  M  ! s  a  b a s i c  s e t  o r  M  d i f f e r e s  f r o m  i t s  f i n e  c l o -

s u r e  w i t h  a  s e m i - p o l a r  s e t  t h e n  M  i s  n e a r l y  s a t u r a t e d .

D .e . f i . n ! r l i . gn .  t -e t  !  be  a  s tandard  H-cone  o f  f unc t i ons  on  a  nea r l y  sa tu ra ted  se t ,X .

The set  X is  ca l  lud ggg: ig l ]_ ig t jg  wi th  respect  to  !  i f  there are no nonempty

p a r a b o l  i c  s u b s e t s  o f  X .

W e  r e c a l l  t h e  f o l l o w i n g  d e f i n i t i o n  ( c f .  [ : ' $ i l  ) :

Def  i n i t i on .  An  H-cone  S  i s  ca l l ud  S#S i ' "gL lp l k  i f  t he re  a re  no  non  ze ro  pa rabo l i c

b a l a y a g e s  o n  g .

p r_opgs i t i J :n -3 .  1 .Q .  Suppose  tha t  $  i s  a  s tandard  H-cone .  Then  the  fo l  l ow ing  asse r -

t i o n s a r e  e o u i v a l e n t :
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a )  g  i s  q u a s i e l l i p t i c "

b )  T h e r e  e x i s t s  a  s e t  X  s u c h  t h a t  !  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  X ,

X  i s  n e a r l y  s a t u r a t e d  a n d  q u a s i e l  I  i p t i c .

c )  U h e n e v e r  !  i s  a  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  a  n e a r l y  s a t u r a t e d  s e t  X  t h e n

X  i s  q r - r a s  i e i  I  i p t  i c .

T h e  p r o o f  f o i  l o w s  i m m e d i a t e l y r  u s i n g  P r o p o s i  t i o n  2 ' 3 '

Rema. r . l : .  Suppose  tha t  !  i s  a  s tandard  H-cone  o f  f unc t i ons  on  a  se t  X '  l f  !  i s

q u a s i e l l  i p t i c  t h e n  t h e r e  . a r e  n o  p a r a b o l i c  s u b s e t s  o f  X  w i t h  r e s p e c t  t o  ! "  l f  X

i s  n o t  n e a r i y  s a t u r a t e d  t h e  c o n v e r s e  i s  n o t  t r u e .  I n d e e d  t h e  s t a n d a r d  H * c o n e  S

f  r o m  E x a r n p l e  2 , 1  i s  n o t  q u a s i e . i  l i p t i c  h o w e y e r  i f  u i e  c o n s i d e r  $  a s  a  s t a n d a r d

H - c o f i e  6 f  f  r : n c t i o n s  o n  t h e  s e t  X  =  ( - 1 r  1 )  r ,  K  t h e r r  f ; h e r e  a r e  r l o  p e r a h o l i c  s u t ' s e t s

o f  X .

o i  i 'unct ions r : : ' i  a  5et  X ar ' ;d  le t  M be a

kte say thar l" l  is a _qllgs-iei-1.i .Pi.!"9. set

i v i t h  respec t  t o  t he  ; t andar "d  i - i - cone  o f

}gfl"L*igi. i .  Let.$ be a standaid l- i ' -cor'e

s u t r b a s i c  n e a r - l y  s a t : u r a t e d  s u b s e t  o f  X .

r + i t h  r e s p e c t  t o  I  i f  H  i s  q u a s i e l l  i p t i c

func t ions  ! l t i  on  t l re  r iear ly  sa tura tec j  s r ' : i  l ' 1 '

P"- i , i i l - t ,Sl .  A balayage. B on an l l -cone !  is  cal led g ' ra: ig l l . ip l f :

i f  t h e  l t - c o n e  g ( S )  i s  q t t a s i e l i i p t i c ' .

mgg:" i1|gl- !Jt .  Let  !  be a standard H*cone of  funct ions on a set  X and let

b e  a  n e a r l y  s a t u r a t - e c l  s u b s e t  o f  X .  T h e n  M  i s  q u a s i e l l i p t i c  i f f  t h e  b a l a y a q e

o n  !  i s  q u a s i e l l i P t i c .

T h e  p r o o f  f o l l o w s  f r o m  P r o P o s it i o n  2 . 1 0 .

H - c o n e  o f  f u n c t i o n s  o n  a  n e a r ' l y  s a t u r a t e d
Proposi i fg i lJa.  i let  S be a standard

s e t  X .  T h e n  X  i s  q u a s i e l l i P t i c  i f f

X  = \ . , i  { ,  Z  n g x ,  E  i s  e l l i p t i c  }

P r o o f .  l f  P  i s  t h e  E r e a t e s t  p a r a b o l i c  s i r b s e t  o f  X '

P = f \ i x . . e  /  E G x ,  E

H e n c e  X  i s  q r : a s i e l l i P t i c  i f  F  P  l 0  a

x = V { t  / E G x ,  t i s

r ^ c  

" ' t  

l c l  \
\ u l .  1 . . . J 1  Y r )  t

f r o m  P r o D o s i t i o n  2 . 6  w e  g e t

M

M
K

i s  e i l i p t i c

n d  t h e r e f o r e

,
e l l i p t i c  J

(

i f f
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R e m a r k .  l f  X  i s  n o t  n e a r l y  s a t u r . a t e d .  E x a m p l e  2 . 7  s h o w s  t h a t  t h e  r e l a t i o n

X = \ ) l u ' / t g x ,  E  i s e l l i p t i c !  4

i s  n o t  s u f f i c i e n t  t o  c h a r a c t e r i z e  t h e  q u a s i e l l i p t i c i t y  o f  S .

r r y m : r i l s l 3 J J . . , S u p p o s e t h a t ! i s a s t a n d a r d H . c o n e o f f u n c t i o n s o n a s e t X

a n d  l e t  F , ,  r  F ,  b e  t w o  n e a r l y  s a t u r a t e d  s u b s e t s  o f  X '  T h e  f o l l o w i n g  a s s e r t i o n s

h o l d :

a )  l f  F 1  i s  e l  l i p t i c  t h e n  F ,  i s  q p a s i e l  I  i p t i c .

b )  l f  F l  i s  p a r a b o i i c  a n d  q u a s i e l l i p t i c  t h e n  F ,  =  f r '

c )  l f  F 1 ,  F r a r e  q u a s i e i l i p t i c  t h e n  F l V F Z  i s  q u a s i e l l i p t i c '

d )  t f  F i  G  F Z  a n d  F ,  i s  q u ; r s i e l l  i p t i c  t h e n  F l  i s  q u a s i e l l i p t i c . '

p r o c f  .  l ' i i e  a s s e i ^ t i o n s  f o l l o w i  ! r n n r e c l i a t e i y  1 ' r o m  t h e  a b o v e  c o n s i d e r a t i o n s  a n d

s i n c e  f r V  r ,  i s  a l s Q  a  n e a r l y  s a t u r a t e d  l u b s e t  c f  X '

L e t  ! -  l > e  a  E t a n c i a r r j  H - c o n e  c f  f  l r n c . t i o n E  o n  a  n e a r l y  s a t u r a t . e c j  s e t  X  a n d

l e t  G  b * ; r  f  i n e  o p e n  s u b s e r  c f  X -  l i J ' e  r e c a i i  t h a t  t h e  l o c a i i z e d  o f  S  c n  C  i s

( c i .  [ , , . |  )  t t r e  s t a r i c a r d  ! ] - c o n a  o f  i ' u n c i - i o n s  o t r  G  c j e t r < ; t e d  b y  ! ( G ) ,  w l r i c ' h  i s  t h e

c o n e  c f  a i  I  p o s i t i v e  f u n c t i c n s  f  o n  G  l , / h i c : h  a r e  f  i n i t e  o r l  a  f  i n e  d e n s e  s u b s e t

o j :  G such t l ta t

f  =  s u P  i r - r o ' [ s  /  s , e , t 2 ,  L  { . d l s  - { ; ' < / !

I r  i s  k n o v r n  ( s e - e  l 4 -  T l l u o r e m  Z . 1 j )  i h r e t  G  i s  n e a r - ! y  s a t u r a t e d  w i t l r  r e s p e c t

a

.  r o  / n \t o  )  \ u /  .=

s a  t u -
T h e o r e r r  2 . 1 4 .  S u p p c s e  t h a t  !  i s  a  s t a l c j a r d  H * c o n e  o f  f u n c t i o n s  o n  a  n e a r l y

r a t e d  s e t  X  a n d  l e t  P  b e  t h e  g r e a t e s t  p a r a b o l i c  s u b s e t  o f  X '  T h e n  t h e  f i n e  o p e n

s e t  G : = =  X r P  i s  q u a s i e l l i p t i c  w i t h  r e s p e c t  t o  t h e  l o c a l i z e d  ! ( G )  o f  !  o n  G '

p roo f  .  \ ^ l e  have  remarked  tha t  G  i s  nea r l y  sa tu ra tec l  w i th  respec t  t o  5 (C)  '  F ron t

[ : ,  ] " h e o r e m  5 . 1 5 J  i t  f o l l o r v s  t h a t  t l r e  H - c o n e

c l o ' )i - p ' *  t t - o ' s  /  s  €  $ !
D

i s  q u a s i e l l i p t i c .  S i n c e  $ r ,  i s  s o l i d  a n d  i n c r e a s i n g l y

t h a t  : ( G )  i s a l s o  E  q u a s i e l l i p t i c  H . c o n e  a n d  t h e r e f o r e '

l o w s  t h a t  G  i s  q u a s i e l l i p t i c  r ' v i t h  r e s p e c t  t o  g ( G ) '

dense  i n .  ! (G)  we  dec iuce

b y  P r o p o s i t i o n  2 . 1 A ,  i t  f o l -



-  l )  '

I g g g : L "  G e n e r a l l y  r h e  f  i n e  o p e n  s e t  G : :  X  I  P  i n  T h e o r e n  2 " 1 4  i s  n o t  q u a s i e l -

l i p t i c  v ; i t h  r e s p e c t  t o  $  ( s e e  E x a r n p l e  2 . i l  M o r e  p r e ' c i s e l y ,  t r o *  P r o p o s i t i o n  2 ' 6

a n d  P r o p o s i t i r - , n  2 . 1 7  v t e  c J e c l u c e  t h a t  0  i s  q u a s  i e l  I  i p t i c  v i i t h  r e s p e c t  t o  I  i f  f  G

i s  n e a r l y  s a t u r a t e d  w i t l r  r e s p e c t  t o  $ "
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{ 3. A!*"fb.gJt",p a r a b o l  i c ,

G r e e n  s e t a n d  t h e i  r

e l l i o t i c and u a s i e l  I  i p t i c  s u b s e t s  o n

r e l  a t  i o n s w i t h t l r e  Green  f  unc t  i on .

L e t  !  b e  a  s t a n d a r d  H - c o n e  a n d  i e t  X  b e  a  s e t  s u c h  t h a t  !  a n d  i t s  d u a l  S x  a r e

r e p r e s e n t e d  a s  s t a n d a r d  H - c o n e S o f  f u n c t i o n s  o n  X .  S i n c e  !  i s  a  s o l i d  a n d  i n c r e a -

s i n g l y  d e n s e  c o n v e x  s u b c o n e  i n  g ^ * , . =  ( S n ) *  ( t h e  b i d u a l  o f  ! )  t h e n  w i t h o u t  l o s s

o f  genera l  i t y  we  may  suppose  tha t  g  =  9 * * .  i n  t h i s  ' , vay  iF  x  6  X  then  t l r e  map

s - - . r s ( x ) '  ,  s d  ! ,

i s  a n  H - i n t e g r a l  o n  S  a n d  t h e r e f o r e  a n  e l e m e n t  o f : *  f o r  v u h i c h  t h e  a s s o c i a t e d

func t i on  on  X  i s  deno ted  by  
xg* "  

Ana logous l y i  f o r  any  x  6  X  \ ' / e  deno te  by  g ,  t he

f , r r c t i o n  o n  X ,  g ,  €  !  
=  l t * ,  w h i c h  i s  t h e  a s s o c i a t e d  f t t n c t i o n  o n  X  o f  t h e  [ i - i n f e -

- ^ y.)'.
g r a 1  o n  S ' " "  q i v e n  b Y

1  * -?  t ( x )  r  t  f *  ! ^ '

l f  l ve  deno te  bv  i l . . . - l  t he  r :anon ica i  c i ua  j i t y  be tv reen  $  and  5x  then  fo r  a r r y

x  e  Y . i ^ ;e  h : t re

I.u,*n*J * s(>r) * e {;

L t * , . ]  
=  t (x )  u  t  c

The i -e l 'o le  fo r  anY x r  Y  e  X  lve  ge t

[nu,  
*nr l  = o*(v)  *  nnn

4 ,

':1
i 5 a

( x ) .

T h e  f u n c t i o n  o n  X  x  X  w i t h  v a l u e s  i n  i R ] -  g i v e n  b y

g ( * , v )  t = '  g * ( v )  =  ^ g u ( x ) ,  x , Y  $  X

i s ca i I ed the gLugLj*H! iJ[!:l l:-'*lxr*g.*i*',lh 
(9, !*) '

.rnllgrssgg]*-yq-!gf3-y1-t[--flfelgrT-!e*J!LP-o-!gltia] 
th?ore!ic n*lgl:

Le.l ltj:d w i*th !* €-S--ft3ngr rd Jrsgne -gJ--flf.$io11 on-X, r rl--olqgl-lg-{it-t ilSl Lf!

tlrem lrg[ tns s,iliiqr -!rot.ion:-IgEL9-q-w1-tL*l!-9;.t-9t{gi-{ "t"?'::ijly!'"f ! gLI

P a r t i c u l a r l y  w e  h a v e  o n  X  t h e  n a t u r a l  a n d  c o n a t u r a 1  t o p o l o g i e s '  t h e  f i n e

a n d  c o f i n e  t o p o l o g i e s  e t c .

F o r  a n Y  s u b s e t  M  o f  X n

c l o s u r e  a n d  t l r e  f i n . e  i n t e r i o r

--f of
M '  a n d  M  ( r e s P .

( r 'e s p. t  l te cof i  r te

^ c  r ' - (

f r t '  a n d  H " ' )  d e n o t e  t h e

c l o s u r e  a n d  t l r e  c o f  i n e

f i n e

i  n t e r  i  o r )  o f 11.
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l f  M  i s  a  s u b s e t  o f

x ' y  t
B ' r :  =  A  { t '

and  v re  deno te  by  ca r r t  t he

t

: gLL  t  = {x  €

,4

X, and t  €  S"  vre

v

e  S "  /  t * ( t '  o n

h a r m o n i c  c a r r i e r

pu t

M !
o f t o n  X ,  i ,  e .

x  /  o g x ' v t  I  t ,  f o r  a n y  V c  U l

* ^ rhen  l ?x  c leno tes  the  se t  o f  a l l  cona tu ra l  ne ighbour : i r oods  o f  x .  Pa r t i cu la r l y ,  f o r
v l r r v r r  t " /  

x  
u v , , v " " "

a n y  x  €  X n  s i n c e  g r ( r e s p .  
n n * )  i s  a n  e x t r e m  e l e m e n t  o f  t h e  c o n v e x  s e t  !  ( r e s p .

S x )  t h e  s e t  c a r r  q  ( r e s p .  c o r r -  
* g . - )  i s  e i t l r e r  e m p t y  o r  a  s i n g l e t o n '

= t  - -  ; ; ; " - ;  rx  "x

We remember  tha t  ( [S , f  S"SJ  )  a  se t  X  is  ca l ]ed  a  !J " .ee l . l9 l f : :g tg3 l

y i n  ( : -  l ^ )  i f  x  i s  n e a r l y  s a t u r a t e d  w i t h  r e s p e c t  t o  b o t l r  s  a n d  s x  a n c l  i f  f o

a n y p o i n t x € X w e l r a v e
1 1  x t ' t

S.ltl 9* = ixj ' -t3li 9.. '" l xf

l ' "  i s  k r r c r . r n  ( c f  .  I S ,  . { l 5 . 5  i  )  t h a i  i f  !  i s  e  s t a n c l a r d  H - c o n e  [ i r e  I ' t r  r : x i s t s

Y  su i ;h  tha t  S  an t l  ! x  a re  rep rese r i t r ' : c i  as  s iand , r rd  H-coneso f  f unc f i cns  o t t  Y

i s  a  L u s i n  s p a c e  u , i t h  t e s p e u t  t o  t h e  i i a t u r d l  a n d  c o n a t u r a l  t o p c l o g i e s  a n r i

that  Y is  a  Green set  assc lc ia terd v" i  th  (S. ,  ! , * )  .  i - ioreover  we can ch i ' t l r${ j  Y such

t h e  n 6 r u r a i  a n d  c o n a t i r r a l  t o p a l o g  i e s  o n  Y  c o i n c i d e  ( c f  .  I g i  l  '

Fror i r  th is  fact  i t  fcJ l l , : r , r 's  that  whenever  ! -  is  a  s tandard l " l -cct te

o n  a  n e , r r l y  s a t u r a t e d  s e t  X  t h e r e  e x i s t s  a  s u b s e t  Y  o f  X  s u c h  t h a t  S x

s e n t e d  a 5  a  s t a n d a r d  H - c o n e  o l ' , f u n c t i o n s  o n  Y  a n d  Y  b e c o m e s  a  G r e e n

s i n r p l y

a

l r

e  s e t

a n d  Y

sucl t

+ l .  " . +L l l c J  t .

o f  f unc t ' i ans

rnay be i-ep re-

s e t  a s s o c i  a t e d

t a  ^ X r
\ ^ ,  l t n  \ ) r  )  / .

u
C o n s e q u e n t l y  i f  !  a n d  ! x  a r e  r e p r e s e n t e d  a s  s t a n d a r d . H - c o n e S o f  f u n c t i o n s  o n  a

s e t  X  t h e n  X  i s  n e a r i y  s a t u r a t e d  w i t h  r e s p e c t  t o  5  i J ' f  i t  i s  n e a r l y  s a t u r a t e d

w i  t h  respec t  t o  5x .

rn the seque,l-lt*"{.--91 *I i'*l-9::T-*13:-::-".':11* y-ilh (9, !n)" ry* :1v-

,,x is a Green set" if there is n11-.g1y-Srllgl1lr*cil,glung-i.!"-t-:it (l 'g^)"

We reca l l  ncw  some resu l t s  con -ce rn ing  the  theo ry  o f  ba layages  on  a  Green

s e r  X  a s s o c i a t e d  ( g ,  : * )  ( c f . I U , i 5 . 5 ]  ) '

l f  A  i s  a  s u b s e t  o f  X  t h e n :
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1 )  ' r o r  a n y  s  6  S  a n c l  t  € : *  r ' r e  h a v e :

I aAu , ,l = [r, "toC 4

2 )  A  i s  s e m i - p o l a r  ( r e s p .  p o l a r )  i f f  A  i s  c o s e m i - p o l a r  ( r e s p "  c o p o i a r ) "

3 )  A  i s  t h i n  ( r e s p .  c o t h i n )  a t  x  €  X  i t f  x g A ( " S " )  I  T g *  ( r e s p .  U A g *  - l  S * ) '

.  As  a  consequence  we  have  tha t ;

a )  A n y  n a t u r a i  ( r e s p .  c o n a t u r a i )  o p e n  s e t  i s  c o f i n e  ( r e s p -  f i n e )  o p e n .

b )  A n y  f i n e  ( r e s p .  c o f i n e )  o p e n  s e t  i s  a  c o f i n e  ( r e s p .  f i n e )  n e i g h b o u r h o o d  f o r  a l l

i t s  p o i n t s  w i t h o u t  a  s e m i * p o l a r  s e t '

g lgg?: f l i -9 . - -3 ,* .  Suppose that  !  and q i {  are represented as s tandard H-conesof

f u n c t i o n s  o n  a  n e a r l y  n a t u r a t e d  s e t  x .  T h e n  x  i s  a  G r e e n  s e t  i . l ' f  a n 5 r  n a t u r a

( r e s p . c o n a t u r a l )  o p e r r  s u b s e t  o f  X  i s  c o F i n e  ( r e . s p " f i n e )  o p e r l .

f : g# . .  F rgm the  p rcced ing  cons ide r -a t i on t  t i r e  ' r on i y  i f "  pa r t  o f  t i i e  p t ' o r : f  i s  c lea i - '

Fur ther  rv i ]  v j i f t t  to  show that  for  any suh,set  A of  X and an ' /  s  ( .  !  ,  t  r=  $*  wu f tavc: :

r a 1 r x " . A l'1 '8^s ' t - l  =  j . t ,  " { f  tJ  .

, i i 1 r i i 1 r r 1 . ; l y  i t , ! . r i l l  b e  s u f f  i c i e n t  t o  s u p p r ; s a  t h a t  s  d  S O  a n d  t  € ;  l ; Y '  S i r r c e  X  i s

n e a r i y  s a 1 . r l r a t e d  r , ; i t l r  r e s p e c t  t o  !  t h e n  t h e r e  e x i s r s  a  s u b s e t  Y  o f  X  r ' r h i c h  i s  a

^ . .  G r e e r :  s e t  a s s c c i a t e c J  w ! t h  ( g ,  : * ) '

Obv io r " rE i y  s i i l ce  s  6  !O  r ^ re  have

, - A  . A  f  . t r r . . : i  ^ n c r ' )  i r ,  Y  i  = .
r r  s  -  . ,  . 1BUs  /  l \  6  U r  i i  na t ' u ra i  open  i r '  X  J  

*

: .  1

= n  t B U n Y s  /  A Q U ,  U  n a t u r a l  o P e n  i n  x j

a n d  t h e r e f o r e ,  t  b e i n E  u n i v e r s a l l y  c o n t ! n u o u s '

i n  r  i F r r n v  1  l

L u O r , . . f  
=  i n r { L n u t , t r , t j  I  n 4 U ,  U  r r a t u r a l  o o e n  i n  X J  =

.  I  f ^  x " U f l Y J  '  1
=  I n r  f  L r ,  "  i l / n €  U ,  U  t r a t u r a l  o P e n  i n  X !

'  S i n c e  a n y  n a t u r a l  o p e n  s e t  U  i n  X  i s  c o f i n e  o p e n  w e  g e t

xru n y,  = *Bu, >,  **oa

a n d  t h e r e f o r e ,  u s i n g  t h e  a b o v e  c o n s i d e r a t i o n s '

l ' ^ n  r  r  -  ^  I
Lb  s l tJ  77  ls ,  

^B ' " ,J

A n a l o g o u s l  y  t v e .  g e t

i-  ̂ n i ./ t-- x"A- I
i - B " s , t . i  

i ; '  l - t '  
i r  t l
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I ; le  show now that  i f  A is ,  a  sub$et  of  X and x € X then we have

A is  th in  at  x  ( :>  "BA(*g*)  I  
x9r ,

A  i s  co th in  a t  x  4 : )  BAg"  #  g * .

For  any xry  € X we have

x - A r x  \ /  \  f  x - A r x -  r l  -  f " A ^  x ^  J  ^ A  1  \^tr^(^9*)(y) =Lgv r 'n^(^s*) j  = LB^gy, 
^g*J = B"gr(*)

s i n c e  X  i s  n e a r l y  s a t u r a t e d  w i t h  r e s p e c t  t o  !  t h e n  f o r  a n y ,  g  
l o  t h e r e  e x i s t s  a

measure  y  on  X  such  tha t

r
L s , t J  =  

J t ( v ) c ; - ' i y } ,  
f o r  a n Y  t  €  t "

Hence for any * t  *J 
_ . r  {

s (x )  = [ s , *n * ] *  J  
*n * (Y ]dg {Yp

a n d  t h e r e l ' o r e  A  i s  n o t  t h i n  a t  x  i f f

BAq  (x )  =  q  ( x ) ,  f o r  any  y  f  l i
" v y

o r  equ  i  va l  en t  I  y

t 'oA{^o*)  (y) '  =  ̂ s* (v)  ,  for  anY Y f  x '

A n a i o g o u s l y ,  u s i n g  t h e  f a c t  t h a t  X  i s  a l s o  n e a r l y  s a t u r a t e d  w i t l r  r e s p e c t  t o  ! t '

o. we get 
a

A  i s  c o t h i n  a t  x  ( * )  B " g o  I  g * '

t f  x  6  X  a n d  U  i s  a  n a t u r a l  n e i g h b r u r h o o d  o f  x  t l . r e n  U  ! s  a  c ' o f i n e  n e i g h h o r h o o d

o f  x  a n d  t h e r e f o r e  X r  U  i s  c o t h i n  a t  x '  H e n c e

oX- u. ,  *  nv x ' " x  !

and  the re fo re

g s * = { * l '

.  A r ra logous lY  fo r  any  x  e  X  we  have

x  { r } .S 3 r j ,  9 * = ,  r
'  Hence  X  i s  a  Green  se t

!  T h e o r e m  3 . 2 .  S u p p o s e  t h e t  X  i s  a  G r e e n  s e t .  l f  A  C X  i s  a b s o r b e n t  ( r v i t h  r e s p e c t

^ c  ^ X , r  r r

,  
ao l )  1p,"p { I l f r  

t f  i ,  coabsorbent  (  i .  u .  absorbent  wi  th  respect  to  ! - ' )  '  l toreover

we have

= 
f nr(x) dy{y}

- - _ f

"  x  u l
n - 1 1
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gpg, .  Le t  A  be  an  absorbent  suhset  o f  X"  Then A is  a  bas ic  se t  and there fore

f r o m  p r o D o s i t i o n  1 . 4  i t  f o l l o w s  t h a t  t h e  b a l a y a g e  B A  i s  a b s o r b e n t .  f r o m  [ 3 ,  T h e o r e m

3. l f  *u  deduce tha t  the  ba layage on  g*  g iven  by  (FA)* '  i s  coabsorbent '  W€ have

(BA)* . ,  =  (gA) , *  =  1 'T- (TT)^  -  (Bx*A)*  =  tBX-A =  x f iA 'c f .

- * * e F

i s  n a t u r a l  o p e n  i t  i s  c o f i n e  o p e n  a n d  t h e r e f o r e  x r A  " '  i s  a  c o b a s i c

f rom p ropos i t i on  1 .4 .  v le  deduce  tha t  }1 iT -c r  i s  coabso rben t :

t he  p reveous  cons ide ra t i ons  we  have  
!

,^A, X) x"F(T 
cf 

_ l  jTT- cf 
1x 

*
( 8 " ) "  =  $ "  =  \ b  l

-e# 
-*;=;T:f

-A  ,  , ^A rx t  r x t  , x *T i1 -  
' '  

\ x t  -  oX  *  1X  r  n  
- '  

)
B "  =  ( ( B  )  )  =  t  H  )  =  6  c

S i n c e  X r  A

se t .  Aga  i  n

From

I ,

Since  X . ( x  oT  c r )  i s  a  bas i c  se t ,  v ' ; e  deduce  tha t

*:-: cf , t ilf f
A = X r ( X r n " ' )  = f , -

P r o p o s i t i o n  3 . 3 '  L e t  X  b e  a  G r e e n  s e t "  T h e n  f o r  a n y  x  d  X  t h c  f o l l o v " i n g  a s s e r t i o n s

a r e  e q u i v a l e n t :

\ / \ ^ .
a )  g \ x , x l  =  u €

b )  T h e  c o r n p l e m e n t  o f  t h e  s m a l l e s t  a b s o r t : e n t  s e t  w h i c h  c o n t a i n s  x  i s

. \  T h e  c , e . t  f o  =  0 l  i s  t h e  g r e a t e s t  a b s o r b e n t  s e t  w h i c h  t ' ' o n t a i n . s  x
v t  - -  

L r X  J  "  t

conrp ie r r ten t '  i s  no t  co th  i n  a t  x '

"  r  =  0 l  i s  no i  co t l r  i n
P roo f  .  1 )  - )3 ) .  \ / e  a l  ready  remarked  tha t  X  t  Lg*  J

no r l  co th in  a t

s u c h  t h a t  i  t s

a r  x  i f f

X .

lg-> ol
B -  ̂  e  =

0 on the set

[ q > o l
^ L - x  r
b q =

" X

q .

F

l n  =
L " x0r  f ro*  g*  =

a n d  t h e r e f o r e

Let  A be an

c o t h i n  a t  x .

f o l  l ows  tha t

1= 0 J

r
0 l  i t

I

,'

L V x

uls*)

o
" X

0 l
I

o  = q

absorben t  se t

The refo re

^ X \ 4 ,u  a  = q' X

w h i c h  c o n t a i n s  x  a n d  s u c h  t h a t  i t s  c o m p l e m e n t  i s  n o t
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Since  A  i s  ahso rben t  we  have

ux*Agx = o on A '

and  thus

[o = ol c A .
L " x  J  -

r  j ]  '  rbsorbentHence  Lg*  
=  oJ  i s  t he  g rea tes t  e

c o m p l e m e n t  i s  n o t  c o t h i n  a t  x .

3 )  : >  2 )  i s  o b v i o u s .

2 )  : Z  1 ) .  L e t  A  b e  t h e  s m a l  l e s t
x

n o t  c o t h i n  a t  x  w e  g e t

X \ A -
B .  ^ n * = n * .

S i n c e  A  -  i s  a b s o r b e n t  w e  h a v e
J(

X \ A
B  

* O * = 0 c n A n

a n d  t h e r e f o r e

g (x ,x )  =  9*  (x )  -  o
:

c o l 3 l r a t , . . q " . t .  t f  ) l  i s  a  0 r e e n  s e t  t h e n  t h e  f o i  l o v ' r i n q  a s s e r t i c ; r ; s a r e  e q u i v a l e n t :

e )  g ( x , x )  )  o ,  f o r  a n Y  x  6 r x '

,  
b )  Any  ahso r l i en t  subse t  o l "  X  i s  co f  i ne  open '

c )  Any  coahso rben t  subso t  o f  X  i s  f i ne  open

, l l?e-?: i - t - i rn  r . r .  Suppose that  X is  a  Green set  and le t  x  & X be that  g(x 'x)  -  g '

t * : f

| . v  1 '

T h e n  t h e  s e t l " g * ?  O J '  i s  t h e  s m a l i e s t  a b s o r b e n t  s e t  w h i c h  c o n t a i n s  x '

. u t  [ ^ s * ?  0 ]  i s  n o t  t h i n  a t  x  a n d  t h e r e f o r e '  u s i n g

t  
' ^

Theorem 1 .2 ,  t he  ,ua  [ *g -  7  o l '  i s  an  abso rben t  ' 9e t  aon ta in inc ]  x  and  we  have
b  

= t* .  fn.  r l t l

sst x ". fxq 7 oJf it

se t  wh ich  con ta ins  x  and  such  tha t  i t s

a b s o r b e n t  s e t  w h i c h  c o n t a i n s  x .  S i n c e  X o A "  i s

I t  f o ]  l o w s

Hen ce

[*n* = ol

t h a t  t h e no t  co th i  n t x .a

f-r. il]t t [n* =

Le t  no l  A  be  an  abso rben t  se t

r l

, _ 9 ^ )  
C . .  i s  n o t  c o t h i n  a t  x  \ v e

x and such that n e [g".  
=

X ' .  A  h a s  t l t e  ' s a n e  P r o p e r t Y '

t l  s ince

S i n c d '

oJ .
c o n t a i n i n g

g e t  t h a t
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-:;?:f

A  =  X \  ( X r A  - ' )

i t  f o l l o w s  t h a t  t h e  c o a b s o r b e n t

t h i n  a f  x  a n d  t h e r e f o r e

i s  s u c h  t h a t  i t s comp lemen t  i s  no t

F u r t h e r  x  6  E .  I n d e e c i r s i n c e  g ( x ' x )  ) , 0 ,

i s  t h i n  a t  x  a n d .  t h e r e f o r e  *  I  x " { ' t  }

Le t  A  be  an  abso rb*n t  subse t

$ R t r , u n ' * q X r A a n d

- . f
s e t  X r  A  " '

i s  a n  e l l i p t i c  s u b s e t  o f  X "

A  and  the re f * re  f : '  6  A .  l f  x

-  o l  ,

t.rJll 
t t o-

C o r o l  l a r y  3 . 6 .  S u P P o s e  t h a t  X  a n d
. . @

y e X w e h a v e

x €  X  a r e  a s  i n  P r o p o s i t i o n  3 ' 5 '  T h e n  f o r  a n y

g ( x r y )  =  o  o r  g ( Y , x )  =  o '

p. logg: j . ! i -g lJL7..  Let  X be a Green set ancJ let  x € X be such that g(x 'x)  ? 0 '  Then

t h e r e  e x i s t s  a n  e l l i p t i c  s u b s e t  o f  x  w h i s h  c o n t a i n q  x .

Lroo f_ .  Le t  us  deno te ,  by  A*  ( f esp  n l ) '  t f ' , e  sn ra l  l es t  abso rben t -  ( resp '  coabso rben t )

s u b s e t  a f  I  c o n t a i n i n g  x .  W e  P u t

E: ' -  A " \  (X . .05* " '

O b v i o u s l y  I  i s  f  i n e  o p e r r  a n d  i i n e  c l o s e d '

x
u s i n g  P r a p o s i t ! o n  3 . 3 r  r + e  g e t  t h a t  X r A *

v . e ' E

! /e sltow now that E

o i X "  l f x € A t h e n A x 6

the refo re

R^e f rF t f .
v

- - - - ' : r - f

S i n c e  A  =  X .  ( X  
" A - c r )  

w e  r j e d u c e  n o v r  t h a t

- t
A g  X \ A X

X

and  we  conc lude  tha t
- f

A n E  =  A A A * n  ( x ' ( x - n ] )  )  G A  n ( x r n )  =  b '

- cf l'r
x \ A - ' C [ ' s *

; a
l v  I

l " o  >  0 l c _ ' A ,
" " X . r

?lg.p.g,?,.!- l i : :  ]-rqi- Suppose that X is a Green set'  Let E

X  a n d  x  €  E  b e  s u c h  t h a t  E  i s  a  c o f i n e  n e i g h b o r h o o d  o f

I Jg " f , .  Le t  A*  be  the  sma l  l es t  abso rben t  se t  co r r ta in ing

,  - r /  ^  I * g ( x , x )  = 0 t h e n , b y P r o p o s i t i o n 3 ' 3 i tnave L i= Ax.  |  |

c o t l r i r r  a t  x  a n d  t l i c r e " [ o r e  X  r E  i s  a l s o  n o t  c c ' } t h i n  a t  x '

b e  a n  e l  1  i  p t i c  s u b s e t  o f

x .  T h e n  g ( x n x )  )  0 .

x .  S  i n c e  E  i s  e l  I  i ' P t  i c  w e

fo l  I  o rvs  tha t  X  \  Ax  i s  no t

r v l r i c h  c o n t r a d i c t s  t l r e
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f ac t  t ha t  E  i s  a  co f i ne  ne ighbourhood  o f  x .

J ! :gr : , .y  t :2 .  f " t  !  be a s tandard H-cone.  Then the fo l  lowing asser t ions are

e q u i v a l e n t :

u )  9  i s  q u a s i e l  I  i  p t i  c .

b )  T h e r e  e x i s t s  a  G r e e n  s e t  X  s u c h  t h a t  g ( x , x ) )  0  f o r  a n y  x €  X .

c )  The re  ex i s t s  a  Green  se r  X  such  tha t  g ' ( x , x )  )  0  f o r  any  x  6  X  w i thou t  a  semi -

p o l a r  s e t .

d )  F o r  a n y  G r e e n  s e t  X  w e  h a v e  g ( x r x )  )  0  f o r  a n y  x 6 X  w i t h o u t  a  s e m i - p o l a r  s e t '

p roo f_ .  a )  :>  d ) .  Le t  X  b i  a  Green  se t .  l f  we  deno te  by  ( t t )  
t g  '  

t he  fam i l y  o f  a l  I

m a x i m a l  e l l i p t i c  s u b s e t s  o f  X ,  s i n c e  S  i s  q u a s i e l l i p t i c  i t  f o l l o w s  t h a t  t h i s  f a m i l y

i s  a t  m o s t  c o u n t a i , , l e  a n d  b y  P r o p o s i t i o n  2 . 1 0  a n d  P r o p o s i t i o n  ? ' 1 2  w e  g e t

X = L / E .
i e t  

I

0 n  t h e  o t h e r  h a n d ,  f c r  a n y  i  6  |  t h e  f i n e  o p e n  s e t  E .  i s  a  c o f i n e ' n e i g h b o u r h o o d

f o r  a n y  x  €  E .  w i t l r o u t  a  s e m i - p o l a r  s u b s e t  o f  E .  a n d  t h e r e f o r e ,  b y  P r o p o s i t i o n

n '  
3 . B r  t h e  s e t

r  - l

i x E  r i  /  s ( > r , x )  =  o ]

i s  s e m i - p o 1 a r .  \ { e  c o n c l u d e  t h a t  t h e  s e t

l x  e  X  /  e G , * )  =  0 \
t - J

i s  s e m i - P o l a r .

g b v i o u s l v  d )  * ) c ) , * I b ) .  T h e  i m p l i c a t i o n  b )  * / a )  f o l l o w s  f  r o m  P r o p o s i t i o n  3 ' 7 ,

P r o p o s i t i o n  2 . 1 2  a n d  P r o p o s i t i o n  ? - ' 1 0 '

co. [o_ l . l .TL 3. -1.0. .  suppose that  X is  a  Green set  such that  the f  ine and cof  ine to-  r  ,

p o l o g i e s  o n  X  c o i n c i d e .  T h e n  s  i s  q u a s i e l l i p t i c "  P a r t i c u l a r l y  i f  s  i s  a n  a u t o d u a i

s t a n d a r d  H - c o n e  t h e n  $  i s  q u a s i e l l i p t i c '

,  p r o o f  .  F r o m  C o r o l  l a r y  3 . 4  i t  f o l l o w s  t h a t  g ( x , x )  )  0  f o r "  a n y  x  €  X  a n d  t h e r e f o r e

. .  b y  T h e o r e m  J . ! ,  X  i s  q u a s i e l  l i p t i g '

@ . L e t ! b e a s t a n d a r d H - c o n e . T h e n t h e f o l l o l v i n g a 5 5 e r t i o n s a r e

e q u i v a l e n t :

a )  S  i s  e l l i P t i c .

b )  T l - , c r e  e x i s t s  a  c r e e n  s e t  X  s u c h  t h a t  g ( x , y )  )  0  f o r  a ' n y  x , Y  6  X "
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c )  Fo r  any  Green  se t  X  we  have  g ( * ,V )  )  0  f o r  any  x ry  e  X '

P roo f  .  a )  : ) c )  f o t l ows  f rom the  fac t  t ha t  f o r  any  x  €  X  we  have  g r *  0 '  c ) :7  b )

i s  t r i v i a l .

b )  -2  3 ) .  Fo r  any  un i ve rsa l i y  con t i nuous  e lemen t  s  o f  S  the re  ex i s t s  a  measure  P

o n x  s u c h  t h a t

s ( x )  =  
f  t r r , x ) d Y ( v ) ,  f o r  a n Y  x  €  X

and  the re fo re  s  )  0  i f  s  #  0 .  Hence  the re  a re  no  abso rben t  subse ts  A  o f  X ,  A  #  l ,

A  #  X .  l J e  c o n c l u d e  t h a t  X  i s  e l l i p t i c  a n d  b y  P r o p o s i t i o n  2 . 2  i t  f o l l o w s  t h a t  I

i s  e l  I  i p t i c .

T h e o r e m 3 . l z . L e t g b e a s t a n d a r d F f - c o n e . T h e n t h e f o l l o w i n g a s s e r t i o n s a r e

e q u i v a l e n t :

" )  !  i s  p a r a b o l i c .

b )  T h e r e  e x i s t s  a  G r e e n  s e t  X  s u c h  t h a t  g ( x , x )  =  0  f o r  a n y  x 6  X '

c )  Fo r  any  Oreen  se t  X  we  have  g (x , x )  =  0  fo r  any  x  6  X '

d )  t he re  ex i s t s  a  Green  se t  X  such  tha t  f o r  anv  xoY  6  X  v te  have

g ( x , Y )  =  o  o r  g ( Y , x )  =  [ '

e )  Fo r  any  Green  se t  X  we  have  fo r  any  x ' y  6  X

g ( x , y )  =  , o  o r  g ( Y , x )  =  o  n

.  f r - o o f =  a ) = , z c ) .  L e t  X  b e  a  G r e e n  s e t  a n d  l e t  x  € X '  T h e n  g ( x , * )  =  0  s i n c e  i n

t l r e  c o n t r a r y  c a s e  f r o m  P r o p o s i t i o n  3 . 7  t h e r e  e x i s t s  a n  e l l i p t i c  s u b s e t  E  o f  X '

x  6  E  w h i c h  c o n t r a d i c t s  t h e  f a c t  t h a t  X  i s  p a r a b o l i c "

c )  : . > e )  f o l  l o w s  f  r o m  C o r o l l a r y  3 . 6 .  T l - r e  i n r p l i c a t i o n s  e )  : : 6 ) : > b )  a r e  t r i v i a l '

b )  - f  a ) .  L e t  X  b e  G r e e n  s e t  s u c h  t h a t  g ( x , x )  =  0  f o r  a n y  x  €  X  a n d  s u p p o s e  t h a t

:  i s  n o t  p a r a b o l i c .  T h e n  f r o m  P r o p o s i t i o n  2 ' 1 ,  P r o p o s i t i o n  2 ' 5  a n d  P r o p o s i t i o n

2 . 6  i t  f o l i o w s  t h a t  t h e r e  e x i s t s  a  m a x i m a l  e l l i p t i c  s u b s e t  E  o f  X '  E  *  g '  s i n c e

E  i s  f i n e  o p e n  a n d  s i n c e  E  i s  a  c o f i n e  n e i q h b o u r h o o d  f o r  a n y  x 6  E  w i t h o u t  a  s e m i -

p o l a r  s e t ,  f r o m  P r o p o s i t i o n  3 . 8  w e  d e d u c e  t h a t  t h e r e  e x i s t s  x Q  E  w i t h  g ( * ' " ) )  0 '

w h i c h  c o n t r a d i c t s  t h e  h y p o t h e s i s '

$ l f y 1 . - p f .  L e t  X  b e  a  G r e e n  s e t  a s s o c i a t e c j  w i t h  ( l ' ! * ) '  A  s u b s e t  M  o f  X  i s

I  ca l l r , i i  a  c r -e  ; i r  : , , r i - , : ' . r 1 ,  o i -  ) i  i f  l ' 1  i s  a  sL ;  i r bas i c  ; r t i c  i ; c re  r l y  s ' l t u r - r i . ec i  subse  t  o f  x  i
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We. remember  now some remarks  conce rn ing  the  dua l i t y  be tween  H-cones

(c r .  [ ] ,  f  eJ  ) .
l f  B  l s  a  b a l a y a g e  o n  a  s t a n d a r d  H - c o n e  !  t h e n  t h e  d u a f  ( A ( g ) ; x  o f  B ( l )

i s  i s o m o r p h i c  w i t h  t h e  H - c o n e  g * ( ! " ) ,  w h e r e  B x  i s  t h e  a d j o i n t  o f  B .  T h e  r e s t r i c -

r i o n  t o  o ( 9 ) x n x ( ! x )  o f  t h e  c a n o n i c a l  m a p  d e f i n i n g  t h e  d u a l i t y  b e t w e e n  !  a n d  ! *

i s  t h e  c a n o n i c a l  m a p  d e f i n i n g  t h e  d u a l i t y  b e t w e e n  B ( 5 )  a n d  ( a ( g ) ) x .

S u p p o s e  n o w  t h a t  X  i s  G r e e n  s e t  a n d  l e t  M  b e  a  s u b s e t  o f  X  w h i c h  i s  s u b -

b a s i c  w i t h  r e s p e c t  t o  b o t h  !  a n d  ! x .  t n  t h i s  c a s e  w e  a l w a y s  c o n s i d e r  t h a t  t h e

s tandard  H-cones  BH( : )  . no  (eM)* (g * )  =  *gM( ! * )  a re  rep resen ted  as  s tandard  H-cones

o f  f u n c t i o n s  o n  t h e  s e t  1 4 .  l n  t h i s  w a y  B l ' 1 ( ! )  ( r e s p .  * a M 1 g I 1 1  i r  i d e n t i f i e d  w i t h

t h e  s e t  9 1 6  ( r e s p .  l i r l r t t t e r e s t r i c t i o t t s  o f  t  d  g  ( r e s p .  t  6  S ^ )  t o  H .  T h e  a b o v e

n o t i o n  o f  G r e e n  s u b s e t  i s  s t r o n g l y  r e i a t e d  w i t h  t h e  c a s e  w h e n  M  b e c a r n e s  a  G r e e n

s e r  a s s o c i a t e d  w i t h  ( e H ( g ) ,  ( g H ( g ) ) " ) .

f  fo:S: i  l jg ' .  ,3. .JJ.  Suppose that X is a Green set associated with (S.,  !^)

s u b b a s i c  w i t h  r e s p e c t  t o  b o t h  !  a n c l  ! x .  T h e n

a  G r e e n  s e t  a s s o c i a t e d  w i t l r  ( n M ( 5 )  ,  ( n M ( i . ) ) * ) .

l ' l o r e o v e r  i f  M  i s  a  G r e e n  s u b s e t c i X t h e n  t h e  G r e e n  f u n c t i o n  o n  M  a s s o c i a t e d  w i t h

u l,l
( g ' ' ' ( ! ) ,  ( B ' ' ' ( S ) ) ^ )  i s . t h e  r e s t r i c t i o n  t o  I ' i  x  l - 1  o f  t h e  G r e e n  f u n c t i o n  o n  X  a s s o c i *

a teo  w i tn  fg ,  g . l

I - L g { .  t f  t " t  i s  a  G r e e n  s e t  w i t h  r e s p e c t  t o  { e l a { g ) ,  ( B M ( 9 ) ) n )  t h e n  M  i s  n e a r l y

s a t u r a t e d  w i t h  r e s p e c t  t o  !  a n d  s i n c e  1 a M ( g ) r x  

-  
x U M ( ! ^ ) , p t  i s  a l s o  n e a r l y  s a t u r a t e d

w i t h  r e s p e c t  t o  S x .  H e n c e  M  i s  a  G r e e n - s u b s e t  o f  X .

S u p p o s e  n o w  t h a t  H  i s  a  G r e e n  s u b s e t  o f  X .  T h e n  M  i s  n e a r l y  s a t u r a t e d  w i t h

r e s p e c t  t o  t h e  s t a n d a r d  H - c o n e s  o f  f u n c t i o n s  o n  M  g i v e n  b y  B M ( ! )  u n a  
* A M ( g * )  =

=  ( B M ( l ) ) * .  T o  o b t a i n  t h a t  f i  i s  a  G r e e n  s e t  a s s o c i a t e d  t o  t n M t g l ,  ( g M t g ) ) ; )  * "

a p p l y  P r o p o s i t i o n  3 . 1 .  l " l e n c e  i t  w i l l  b e  s u f f i c i e n t  t o  s h o w  t l . r a t :  a n y  n a t u r a l  o p e n

s u b s e t  o f  M  w i t h  r e s p e c t  t o  u t ( 9 )  i s  f i n e  o p e n  w i t h  r e s p e c t  a o  
* B M ( g ^ ) .  T h i s

a s s e r t i o n  f o l l o w s  f r o m  t h e  f a c t  t h a t  t h e  n a t u r a l  a n d  t h e  f i n e  t o p o l o g i e s  o n  M

a s s o c i a t e d  w i t f r  g l l ( ! )  ( r e s p .  ̂ B M ( l ^ ) )  a r e  t h e  t r a c e s  o n  M  o f  t h e  c o r r e s p o n d i n g

o n e s  e s s o c i a t e d  o n  X  w i t h  S  ( r e s p .  S - " ) .

a n d  I  e t

l"'i is aM f>e  a  s r rbse t  o f  X  wh ich  i s

G r e e n  s u b s e t  o f  X  i f f  M  i s
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Prop_os i . t i . o j r  . 3 .14 .  Suppose  tha t  X  i s  6 reen  se t .  Then  the  fo l  l ow ing  asse r t i onsho ld :

a )  Fo r  any  ba layage  B  on  S  the  se t

b ( B )  n  b ( B x )

i s  a  G r e e n  s u b s e t  o f  X  a n d  a  G r e e n  - s e l  a s s o c i a t e d  w i t h . ( e ( g ) " { a ( ! ) ) t )  .

b )  l f  M  i s  a  G r e e n  s u b s e t  o f  X  t h e n

f  ^  - e . f
M  A  E ' " f

i s  t h e  g r e a t e s t  G r e e n  s u b s e t  o f  X  w h i c h  c o n t a i n s  M .

c )  l f -  n i S  a  n e a r l y  s a t u r a t e d  s u b b a s i c  s u b s e t  o f  X  v r i t h  r e s p e c t  t o  !  t h e n  t h e  s e t

M n bx(14)

i s  t h e  g r e a t e s t  G r e e n  s u b s e t  o f  X  c o n t a i n i n g  1 4  a n c l  a  G r e e n  s e t  a s s o c i a t e d  w i t h

(eM(g), (sMtg))").  (u*(n) denotes the b,qse, of H g*[- 'e.fpg9! to :* i .e.

bx ( l i )  , ' , =  { *  e  x  /  t gMr ( * )  =  s (x )  ,  f o r  any  : s€ : . }  . )

Prc ;o f  .  Asse r t i on  a )  f o l l ows  f  rom the  fac t  t ha t

b ( B )  \  b ( B x )  n  b ( g t ) .  b ( B )

a r e  s e r i t i - p o l a r  s u b s e t  o f  X .  A s s e r t i o n  b )  f o l l o w s  f  r o m  a )  u s i n g  t h e  o b v i o u s  r e l a -

t i o n s l - f  =  b ( B M )  ,  f ' t f  =  b ( * s H )  =  b ( ( B M ) x ) .

c, \{e. nave

*ufr t  = (uFt)* = (sM)^ _ xr l , l

And. therefo! 'e '  
_ F

u(*gFt)  = o(*eM) = / \  [^u*,  -  , l  = bx(H) = b*( f r ' f ) .
s €  !

Hence we get

u(eM)  n  b ( (eM)* )  =  f - f  n  bx ( i l )  =  ( t ' , t  Abx (M) )  v  ( ( f r - f r  M)  nbx (M) ) .

S i n c e  f ' f . .  M  i s  n e g l i j a b l e  ( i . e .  a n y  c o m p a c t  s u b s e t  o f  f r '  
f t  

t " t  i s  s e m i - p o l a r ) ,

b ( B M )  n  b ( ( g M ) * ) )  i s  n e a r l y  s a t u r a t e d  a n d ' i l ' t u x ( m )  i s  s e m i - p o l a r '  w e  d e d u c e  t h a t

M n  b x ( M )  i s  n e a r l y  s a t u r a t e d .  T h e . a s s e r t i o n  c )  f o l l o w s  n o w  f r o m  a ) .

@ . L e t X b e a G r e e n s e t a n d l e t M b e a G r e e n s u b s e t o f X . T h e n

we have

M  i s  e l l i p t i c { : 2 M  i s  c o e l l i p t i c  ( * )  g ( x , y )  >  0 ,  f o r  a n y  x , y  6  M .

H  i s  p a r a b o l  i c 4 : 7  M  i s  c o p a r a b o l i c ( = ) g ( r r x )  =  0 ,  f o r  a n y  x  €  M '
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- "  M  i s  q u a s i e l l i p t i c 4 ; 2 1 4  i s  c o q r a s i e l l i p t i c l : >  g ( x , x )  >  0 ,  f o r  a n y  x  €  M

w i t h o u t  a  s e m i - p o l a r  s e t .

P r o o f .  T h e  a s s e r t i o n  f o l l o w s  f r o m  P r o p o s i t i o n  3 . 1 3  a n d  f r o m  P r o p o s i t i o n  3 . 9 ,

P r o p o s i t i o n  3 . 1 1  a n d  T h e o r e n  3 , ' 1 2 .

9o f  I  l - g ry  3 .15 .  Le t  X  be  a  Green  se t  and  l e t  M  be  a  nea r l y  sa tu ra ted  subbas ic

s u b s e t  o f  X  w i t h  r e s p e c t  t o  g .  T h e n  M  i s  e l l i p t i c  ( r e s p .  p a r a b o l i c ,  q u a s i e l l i p t i c ) .

i f f  t he re  ex i s t s  a  semi -po la r  se t  A4  M such .  t ha t

'  g ( x , y )  )  0  ( r e s P .  g ( x , x )  =  0 ,  9 ( x ' x )  >  0 )

fo r  any  x t y  €  M rA .

Theorem 3 .17 .  Suppose tha t  X  is  a  Green se t  assoc ia ted  w i th  (9 ,  f ) .

We put

X - : = r { x e x l g ( x , x ) = o } ,
. P L - '

X ^ : : I * e X t g ( x , x ) > 0 J ,
\ e ( -

and  l e t  p  be . the  g rea tes t  pa rabo l i c  subse t  o f  X  w i th  respec t  t o  $  and  ( f t ) t  
a  I

b e  t h e  f a m i l y  o f  a l l  m a x i m a l  e l l i p t i c  s u b s e t s . o f  X  w i t h  r e s p e c t  t o  ! .  T h e n  X O

is  a  f  i ne  and  
l o l i ne  

c losed  subse t  o f  X  and  P  co inc i< ies  w i th  the 'essen t i a l  base

o f  X ^ .  P a r t i c u l A r l y
P

xu € SlEii e r
P C X P

and the  sb ts

\- /  E,  r  X^,  x- \  P
'  r E - r  I  e -  P

are  semi  -po l  a r .

P foofa S ince the funct i ons

x ---+ (xrx)

(* ,y)  - - -+ 9(*,y)

a re  f ine  lower  semi -cont inuous  i t  fo l lows tha t  the  func t ion

i s  a r s o  r i " " ' r ] J : : : : : " ' . i n u o u s  a n d  t h e r e r o r e  t h e  s e t  x p  i s  r i n e  a n d  c o r i n e

c l o s e d . . L e t  u s  d e n o t e  b y  P O  t h e  e s s e n t l a l  b a s e O f l t ( i . e .  t h e  g r e a t e s t  b a i i c
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subset  o f  X  )  and le tp .
y : -  po  n  bx  ( po )

From Propos i t i on  3 .14  i t  f o l l ows  tha t  Y  i s  a  Green  subse t  o f  X  and  a  Green  se t
P n ' . '  P n

a s s o c i a t e d  w i t h  ( g  ' ( g ) ,  ( B  ' ( : ) ) t ) .  
I ' f  g  i s  t h e  G r e e n  f u n c t i o n  o n  X  a s s o c i a t e d

w i t h  ( g ,  g * )  t h e n  b y  P r o p o s i t i o n  3 " 1 3  i t  f o t j : l v r  , o u r r : . t  r e s t r . i c t i o n  t o  Y  x  Y

i s  r h e  G r e e n  f u n c r i o n  o n  Y  a s s o c i a t e d  w i t h  t a ' 0 t g ) ,  ( g ' 0 ( l ) ) * ) .  S i n c e

g ( x , x ) = ' 0  , f o r a n y x 6 P O

P n
i t  f o l l o w s  b y  T h e o r e m  3 . 1 2  t h a t  B  " ( 9 )  i s  p a r a b o l i c  a n d  t h e r e f o r e

P o e P

B y  t h e  d e f i n i t i o n  o f  P O  w e  g e t  t h a t  X O r P O  i s  s e m i - p o l a r -

0n  the  o the r  hand ,  f rom Propos i t i on  3 .7  we  deduce

X " G V , u , .

B y  P r o p o s i t i o n  2 . 5  w e  g e t

P = X t $ { E i e X ' X " = X p

and  the re fo re

P e P 0  ,  P = P 0

From

\J E,\  Xo = (LJ Ei) n X,. ,€ X,. . ,r .  F
i e  |  '  E  i g l  I  v  v

i t  f o l l o w s  t h a t  t h e  s e t  \ J  E i a X "  i s  a l s o  s e m i - p o l a r .
i €  |
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f 4._ fota-l. ly jajjbol ic stqlj lard Ff-con-es.

-Agl -Uj j -9 I .  An H-cone !  is  ca l led goja l ly .  pg lq lg l js  i f  i t  is  parabol ic  and the

s e t  o f  a l l  a b s o r b e n t  b a l a y a g e s o n  !  i s  t o t a l l y  o r d e r e d .

D e f  i n i t i o n .  A  b a l a y a g e  B  o n  a  g i v e n  f { - c o n e  I  i ' s  c a l l e d  
" t o t a l l y  P a I g F - o l i c  i f  t h e

t - t -cone B ( ! )  is '  to ta I  ly  pa rabol  ic .

S : . ! F r . k .  l .  G e n e r a l  l y ,  t h e  n o t i o n  o f  t o t a l l y  p a r a b o l i c  H - c o n e  i s  m o r e  r e s t r i c t i v e

t h a n  t h e  p a r a b o l i c  H - c o n e . o n e .  F o r  e x a m p l e . i f  X  i s  a  S t o n i a n  s p a c e  w h i c h  h a s  n o

i s o l a t e d  p o i n t s  a n d  !  i s  t h e  c o n v e x  c o n e  o f  a l l  p o s i t i v e  r e a l  c o n t i n u o u s  f u n c t i o n s

o n  X ,  t h e n  S  i s  a n  H - c o n e  s u c h  t h a t  a n y  n o n  z e r o  b a l a v a E e  o n  !  i s  p a r a b o l i c

w i t h o u t  b e e i n g  t o t a l  l y  p a r a b o l  i c .

Z .  t f  !  a n d  f  a r e  t w o  H - c o n e s  i n  d u a l  i t y  ( c f  .  [ : ,  $ A J  )  t h e n  g  u n g  T  a r e  s i m u ] -

t e n e o u s l y  t o t a l l y  p a r a b o l i c .  P a r t i c u l a r l y  a  s t a n d a r d  F i - c o n e  !  w i l l  b e  t c t a l i y

p a r a b o l  i c  i f f  g "  i t  t o t a i  l y  p " r a b o l  i c '

3 .  S u p p o s e  t h a t  !  i s  a  p a r a b o l i c  H - c o n e  s u c h  t h a t  t h e r e  e x i s t s  a n  a b s o r b e n t  c o n -

t r o l  f u n c t i o n  o n  !  (  s e e  [ r ,  ] 4 ]  ) .  T h e n  !  w i l l  b e  t o t a l l y  p a r a b o l i c  ! f f  t h e r e

e x i s t s  a n  i n c r e a s i n g  b i . i e c t i o n  t . * A t  f  r o m  [ O r t l  o n  t h e  s e t  o f  a l l  a b s o r b e n t

b a l a y a g e s  o n  ! .

f lgl l-now on S w!-l l  be a given parabol- ic.-s5l j l?.f i l ,  H-one'

,  I f  X  i s a G r e e n s e t a s s o c i a t e d w i t h  ( ! ,  g * )  a n d g :  X x X  - - E  i s  t h e

G r e e n  f u n c t i o n  o n  X  a s s o c i a t e d  w i t h  ( g ,  : * ) ,  f o r  a n y  x  G  X  w e  d e n o t e  b y  G r ( r e s p ' e l )

t h e  a b s o r b o n t  ( r e s p .  c o a b s o r b e n t )  s e t  g i v e n  b y

r  1  ^ x  f  x  - 1 .
Gr t :  Ln*  

=  O j  ( resP .  G^ : ' :  L "g *  =  0J  ) '

Also  we  deno te  by  A* ( resp .  A l )  t he  sma l l es t  abso rben t  ( resp .  coabso rben t )  subse t

o f  X  c o n t a i n i n g  t h e  P o i n t  x .

R e m a r k .  s i n c e  !  i s  p a r a b o l i c  f r o m  T h e o r e m  3 . . t 2  a n d  P r o p o s i t i o n  3 . 3  i t  f o l l o w s

that  for  any x  G X we have

A - t n X - n Xn*  g  u r r  ^x  !  ' ,X '
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and Gx ( resp.  , ; )  is  the

t h a t  X r G "  (  r e s p .  x r c l )

A  = r  
' t

X X

grea tes t  abso rben t  ( resp .  coabso rben t )  subse t  o f  X  such

i s  n o t  c o t h i n  ( r e s p .  n o t  t h i n )  a t  x .  W e  h a v e  a l s o

- cf
Al  =  XrG*

a s s e r t i o r s  a r e  e q u i  v a l e n t :

such  tha t  t he  se t

t s

c )

llogrs i ! ior]_ 4. 1 . The fo l lowi ng

a )  !  i s  t o t a l l y  p a r a b o l i c .

b )  The re  ex i s t s  a  Green  se t  X

tc*  /  x  e  x !

t o t a l  l y  o r d e r e d .

There  ex i s t s  a  Green

{n*  r  "  e

i s  t o t a l l y  o r d e r e d .

P r o o f  .  a ) : > b )  a n d  a )  - > c )  a r e  o b v i o u s '

c )  : za ) .  Le t  A1 ,  A2  be  two  abso rben t  subse t

xn € A2-  vr i th  xo 4 Af  . ,  l /e  shorv that  At  e  Az '

i s  t o t a l l y

p a r a b o l  i  c .

V A * G A * ^ G A z
x e A . l  u

for  any x  G,  X we have R* = 1{E " t  i t  fo l lows that  the set

1

"  e  x J
d  a n d  t h e r e f o r e  f  r o m  c ) = : a )  a p p l  i e d  t o  ! *  * u  g e t  t h a t  ! r i s  t o t a l l y

P r o p o s i t i o n  4 . 2 .  L e t  X  b e  a
! - i l

a r e  e q u i  v a l  e n t :

a) A* = G*.

b )  G *  A c ]  i s  s e m i - P o l a r '

G r e e n  s e t .  T h e n  f o r  a n y  x €  X  t h e  f o l l o w i n g  a s s e r t i o n s

c )  T h e r e  e x i s t s  a n  u n i q u e  p a i r  ( R ,  R * )  w h e r e  A  ( r e s p .  A x )  i s  a b s o r b e n t  ( r e s p '

coabso rben t )  w i  t h

. x €, A/'1 Ax '

a n d  A  n  A x  i s  s e m i - P o l a r '

se t  X  such  tha t  t he  se t

IXJ

o f X

l f  x

and  suppose  tha t  t he re  ex i  s t s

€ A1 we have A* a O*O and therefore

n -^ 1

. \  \
b ,  . E l  a J . S i n c e

I t  r( X

o rde re

X  =  A V A x
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Proof .  
"16=zb) .  

S inceA *  i s  f i n e  o p e n  i t  f o l l o w s  t h a t  A t f  
c f  i s  s e m i - p o l a r  a n d

therefore f rom

G" A c| = (e*..Ax) U (R*r' fi*"t)

w e  g e t  t h a t  G * A  G ;  i s  s e m i - p o l a r  i f f  G * r A *  i s  s e m i - p o l a r  o r

a \  : 7 c ) ,  t f  ( R ,  R x i  i s  a  p a i i ' a s  i n  t h e  a s s e r t i o n  c )  t h e n  w e

X - n ^ )  i s  n o t  c o t h i n  ( r e s p .  n o t  t h i n )  a t  x  a n d  t h e r e f o r e  f r o m

fol  lows

,  A " c o ; .

e q u i v a l e n t l y  A x  =  G *

h a v e  X r A  ( r e s p .

P r o p o s i t i o n  3 . 3  i t

R C G x

S i n c e

A x 4 A a n d A x € A x w e g e t

A = A * = G x , a * = A X = G l .

O b v i o u s l y  t h e  p a i r  ( A * ,  a l )  v e r i f i e s  t h e  e o n d i t i o n s  f r o m

c )  : ) a ) .  S i n c e  ( A x ,  o X )  a n d  { c * ,  n l )  a r e  t w o  p a i r s  w h i c h

f rorn c) we deduce A* = G*.

gjg:"i!- l-?LjJ. Let X be a Green set. Then the followins

" ) A * = G * f o r a n y x € X .
b )  G x n  G :  i s  s e m i - P o l a r  f o r  a n Y  x  €  X '

c )  G x n  G x  i s  t o t a l l y  t h i n  f o r  a n y  x  €  X :

d)  For  any ab,sorbent  set  A we have A = A* i f  x  €

P a r t i c u l a r l y  i f  o n e  o f  t h e . a b c j v e  c o n d i t i o n s

se t  A  have

f i ' r = t J t o .  / x € [ . f ] -

c ) .

v e r i f y  t h e  c o n d i t i o n s

asse r t  i ons  a re  equ i  va l  en t  :

A. f i  " f .

i s  v e r i f i e d then  fo r  any  abso rben t

a n d  t h e r e f o r e  A  
c f  i s  f i n e  o p e n  a n d  t h e  s e t  A = f i  

t f  i s  p o l a r  i n  A  w i t h  r e s p e c t

^ A  r ^ '
1 o  l l A =  b  \ : J .

p J o o . f .  S u p p o s e  t h a t  a )  i s  f u l f i l e d  a n d  l e t  A  b e  a n  a b s o r b e n t  s u b s e t  o f  X '  l f

*  g  x  
o f  t h "n  Axe  A .  r f  v  €  A*  then  y  6 tA  

c f  s i n .u  i n  t he  con t ra ry  case  r ve  have

b y  P r o p o s i t i o n  3 . 3  t h a t  A  e  G ,  a n d  f  r o m  ' 3 )  w e  g e t

g G G V = O y € A x e A

w h i c h  c o n t r a d i c t s  t h e  f a c t  t h a t  X \ A x  i s  n o t  c o t h i n  a t  x '  F r o m  t h e  a b o v e  c o n s i -

d e r a t i o n s  r v e  d c . < J u c e  t h a t  A . . e  i  
t f  

i f  x  e  i  
t f  

u n d  t h e r e f o r e
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e c f  . r  g c f l
A - . = \ J l A * / x € . a  J .

For any .s € ! we have

- R r l t f  '  A - ^  1
B " ' A " '  s ( , z \ t B ' l  

- ^ * ,  
/ x € f f t t ]  = o  o n V r A * = f i " f

x € A  
- '

a n d  t h e r e f o r e ,  s i n c e  n * i  
t f  i s  s e m i ' p o l a r ,

^ A - 9  " fB "  A  = 0 o n A .

a ) ( = > b )  f o l l o w s  f  r o m  P r o p o s i t i o n  4 . 2  a n d  c ) : )  b )  i s  t r i v i a l .

a )  : 2  d ) .  l f  A  i s  a n  a b s o r b e n t  s u b s e t  o f  X  a n d  x  € .  A ' . f i  
c t  f  r o m  P r o p o s i t i o n  3 . 3 .

we have

A C A C G
X -  X

and therefore

A  = A = G x .
x

6 1  o 2 a ) . .  F r o m  P r o p o s i t i o n  3 . 3  w e  g e t  x  €  G * r t * " f  
" n d  

c o n s e q u e n t l y

A  = Q .
X X

s)  - .>  c ) .  F iom the  f  i r s t  par t  o f  the  proo f  we have fo r  any  x  €  X

Grfl eX = n*. i"tf

.  and  the re fo re
G AGX

B x  * l = o o n G * .

l . l e  c o n c l u d e  t h a t  G x n  0 ;  i s  t o t a l l y  t h i n .

T h e o r e m  4 . " ! .  T h e  f o l l o w i n g  a s s e r t i o n s  a r e  e o u i v a l e n t :

a )  S  i s  t o t a l l y  P a r a b o l i c .

b )  The re  ex i s t s  a  Green  se t  X  such  tha t :

A - .  =  G- .  f o r  any  x '€  X .
x x \

c )  The re  ex i s t s  a  Green  se t  X  such  tha t :

G  n  G 1  i s  t o t a l l y  t h i n  f o r  a n Y  x  f  X .  r "- x x

)  for  any Green set  X we have;

A*  =  G ,  f o r  any  x  6  X  w i thou t  a  seml -po la r  se t '

' :  @)  Fo r  any  Green ,se t  X  we  have :

G ,  O  C l  i s  s e m i ' P o l a r

f o r  a n y  x  €  X  w i t h o u t  a  s e m i - p o l a r  s e t '



Proo f .  b ) (== ,2  c )  f o l l ows  f rom Propos i t i on  4 .3  and  d )<=z  e )  f o l l ows  f rom

P r o p o s i t i o n  4 . 2 .

b ) : > a )  L e t  x 1 ! r  6  X .  S i n c e  S  i s  p a r a b o l i c ,  f r o m  T h e o r e m  3 - 1 2 w e  g e t  t h a t  e i t h e r

g ( x , y )  =  0  o r  g ( Y , x )  =  0 '  T h e r e f o r e

x € G ,  o r  y € G x '

l f  x  €  G. .  we have A-  4  G. ,  and consequent ly .
y , l y

G" = A*e Gy .

By  Propos i t i on  4 .1  
.we  

ded .uce  now tha t  a )  i s  t rue '

d )  - 7 b )  f o l l o w s  f r o m  t h e  f a c t  t h a t  i f  X  i s  a  G r e e n  s e t  a s s o c i a t e d  w i t h  ( 9 ,  f t

a n d  M  i s  a  s e m i - p o l a r  s u b s e t  o f  X  t h e n  X \  1 1  i s  a l s o  a  G r e e n  s e t  a s s o c i a t e d  w i t h

( ! ,  : ^ ) .

a)  = , ,2e ) .  Le t  X .  be  a  Green  se t  assoc ia ted  w i t i  ( : ,  g * )  and  l e t  E  be  a  G i ' een  se t

. r
a s s o c i a r e d  w i t f r  ( 9 ,  

: * )  s u c h  t h a t  E  i s  a  L u s i n  s P a c e  ( c f  .  l S ,  !  5 . 5 . ]  ) .

Let  i l  be a counta.b le set  o f  non zero H-measures suc l r  that  does not  charge

'  
t h e  s e m i - p o l a r  s u b s e t s  o f  X  a n d  s u c h  t h a t  t h e  G r e e n  p o t e n t i a l s  ( r e s p .  t h e  G r e e n

:  
"opotent  

ia  I  s  )  

; :  : ,  

s  iven by 
{  _

G/  ( . )  =  I sy ( . )  ay ( i  ( r esp . * c /  ( . )  =J  "n ,  ( . ) a  y  ( y ) ) ,

w h e r e  l € .  D , f  o r m  a n  i n c r e a s i n g  d e n s e  s u b s e t  o f  I  ( r e s p .  : ^ ) .

W e  d e n o t e  b y  M  t h e  s e t  o f  a l l  p o i n t s  x €  E  s u c h  t h a t  t h e  s e t  Q * n  C l  i s

n o t  s e m i - p o l a r

We remark  tha t  f o r  anY  x  eE  we  have

G x 1 1  G ;  i s  s e m i - p o l a r  ( o r  e q u i v a l e n t l y  x  4 !  U )  i f f  f o r  a n y  
f  

€ ,  w e  h a v e

e l  (x )  >  o ,  o r  x6 f  1x1  7  o .

The re fo re

f ' r  = \1 ( [cr  :  o]n L*oo = o]  ) .
P C D

I t . r e m a i n s  t o  s h o w  t h a t  f o r  a n y  i e e D  t h e  s e t

l  : :  fcP = o l r .1 [ *c /  =  i , ' :-  
L "  

- J '  ' L  -  
I

i s  s e m i - p o l a r .  S i n c e  t h e  s e t s
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r  1  - t
LGt=oJ  ,  L ^ *P>  r1

'  a re  abso rben t ,  f r om hypo thes i s  a )  we  ge t

lon = ol e tEF;;Tr .
Indeed in  the contrary  case we have

[TFT oi' Q Sn* = oJ.
We remark that  a  measure ) )  on E such that  GV = 0 on suppV and P does not

cha rges  any  semi -po la r  se t  i s  equa l  t o  ze ro .  F rom th i s  f i ac t  we  may  suppose  tha t  y '

i s  t i ha rsed  on l y  by  the  se t  
[ t t t  

OJn  [ "n t  t  O ]  and  the re fo re  P=  0 ,  wh ich  i s  3

contrad i  c t  i  on

o {

[r, = o] n Yr, = o] e [*r" = o]A tTryEr =l*or = {.fi)01
Hence

and  we  c .onc lude  tha t  t he  se t

[r, = o] n[*el' = oJ

i s  s e m i - p o l a r .

g g l o U S r y -  ! . 5 .  T h e  f o l l o w i n g  a s s e r t i o n s a r e  e q u i v a l e n t :

a )  5  i s  t o t a l l y  p a r a b o l i c .

U )  f h e r e  e x i s t s  a  G r e e n  s e t  X  s u c h  t h a t  f o r  a n y  x  6  X  t h e r e  e x i s t s  a  u n i q u e  p a i r

( R , n * )  w h e r e  A  ( r e s p .  A * )  i s  a n  a b s o r b e n t . ( r e s p .  c o a b s o r b e n t )  s e t  w i t h

x € , A n A x  ,  X = A v A x

a n d  A A R *  i s  s e m i - p o l a r .

c )  F o r  a n y  G r e e n  s e t  X  a n d  a n y  x  €  X  w i t h o u t  a  s e m i - p o l a r  s e t ,  t h e r e  e x i s t s  a

u n i q u e  p a i r  ( R ,  R * )  w h e r e A  ( r e s p .  A x )  j s  a n  a b s o r b e n t  ( r e s p .  c o a b s o r b e n t )  s e t  w i t h

x € A n R x  ,  X = A v A x

a n d  A n  A x  i s  s e m i - p o l a r .

P r o o f .  l t  f o l l o w s  f r o m  T h e o r e m  4 . 4  a n d  P r o p o s i t i o n  4 ' 2 '

R e m a r k .  l .  l f  S  i s  t h e  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  a s s o c i a t e d  w i t h  t h e  h e a t

e q u a t i o n  o n  X : r = =  1 g n  *  ' g ,  n  >  1 ,  t h e n  !  i s  t o t a l  l y  p a r a b o l  i c  a n d  t h e  t o t a l l y  t h i n

se t  (see  Theorem 4 .4)

G  n c x  , x € X-.X 
X

i  s  e x a c t  l y  t h e  h o r  i  z o n t a  I  I  i  n e
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l l . , r ) / = t d l  ,
where  x  =  (y r t )  €  fRn x  n .

2 .  b le  g ive  now an example  o f  to ta l l y  p" rabo l i c  s tandard  H-cone !  and a  Green se t

X  a s s o c i a t e d  v r i t h  ( g ,  g * )  s u c h  t h a t  t h e r e  e x i s t  p o i n t s  x &  X  f o r  w h i c h

G x n  G X  i s  n o t  s e m i ; p o l a r .

W e  o o n s i d e r  X i =  l R  x  l R  a n d  w e  d i s t i n g u i s h  i n  X  t h e  f o l  l o w i n g  t h r e e  r e g i o n s :

D l  = { ( " , r )  t  r > r o J
Dz  = l  ( x , y )  /  v  (  o ,  x  2 ,  o ! ,

,  D3= f  { r ,v )  /  y  - (  o ,  x  (  o }  r { to ,o ) }

l / e  i d e n t i f y  D ,  w i t h

I ( * , y )  I  y . <  o !
by a horneomorphism I  such that

V ( G , o ) )  =  ( x , o )  i f  x  7 t  o

f ( ( o , y ) )  =  ( y , o )  i f  y  (  o

a n d  w e  i d e n t i f v  D ,  w i t h  t h e  b a n d

t ( * , r )  /  o ( v < 1 1
by  a  homeomorph ism Y  such  tha t

Y ( ( y , o ) )  =  Y  ( ( 0 ,  v  ) ) =  y  - *  i {  v 4  o

and  such  tha t

l i m  l V f t * , v ) ) i  = * o o .
( x , y ) - ( o , o )

0n  X  we  cons ide r  now a  shea f /  o f  l i nea r  vec to r  spaces  o f  rea l  con t i nuous

f u n c t i o n s  d e f i n e d  b y :  i f  U  i s  a n  o p e n  s u b s e t  o f  X , a  r e a l  c o n t i n u o u s  f u n c t i o n s  h

on u  be longs  to  J ($)  i f f

h l u n o . ,  h l o ^  o ( ,  h 1  o \ Y
t t u l  i r 1  l D 3  |

a r e  h a r m o n i c  f o r  t h e  h e a t  e q u a t i o n .  l t  i s  e a s y  t o  s e e  t h a t  ( X , K  )  i s  a  B a u e r

s p a c e .  l f  w e  d e n o t e  b y  !  t h e  s t a n d a r d  H - c o n e  o f  f u n c t i o n s  o n  X  o f  a l l  p o s i t i v e

s u p e r h a r m o n i c  f u n c t i o n s  o n  X  t h e n  o n e  c a n  s e e  t h a t  !  i s  p a r a b o l i c  a n c l  X  i s  a

G r e e n  s e t  a s s o c i a t e d  w i t h  ( ! ,  ! ^ ) .  W e  a l s o  r e m a r k  t h a t '  i f  a  =  ( x , 0 )  ,  x 7 ' 0  t h e n
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we have

A"  =  ( * ,0 )  +  D,  ,  Gu =  Drv  D,

and there fore

A a l G a .

0n  the  o the r  hand  fo r  any  a  #  ( x rO)  w i th  x2 ,  0  v re  have

A  = Q .
a a

O b v i o u s l y  t h e  s e t  / ( x , 0 )  /  x > ,  O l  i s  s e m i - p o l a r  a n d  !  i s  t o t a l  l y  p a r a b o l i c .
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