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For  l j -near  $ys tens  w i th  t lme vary ing  coef f i c len ts  l t  i s
p roved tha t  ex l ; tenee o f  a  $ tab l l ie ing  compensator  w i th  d ls -

t u r b a n c e  a t t e n u a t i o n  i m p l i e s  e x i $ t e n e e  o f  g l o b a l f p o P i t i v e
| e m 1 d e f i n 1 t e s t a b 1 } j . z L n f $ o } u t J . o n 5 t o t h r e e m a t r i x R i c c a t 1
Ai i f  utuntJ.at  equa'Lions .

1, Tl{$ pli0BlElvl. tuiAIN Rn:}]lT,!.

i-

Cons ide r  the  sys tem

x'=A(  b )x+81€t  )u l  +Br( t , )u2

X t=C ' ( t  ) x+Dta ( t  )u t+Dtz ( t  l oz

t 'z*92( t  )x+Drt ( t  )ur

( 1  . 1  ) ,

urhe re  A : [ t -+  &n  *  n ( t f t ) ,  B i l $ - t *  r t n - * , i  ' c1 : l l l - -+ '  &n r *  n

L= I  rZ  rDr  . i  ;  i l t  *  &  o . * ^ ,  l ,  i =1 ,2  (ma t r l ees  o f  co r respqnc l l ng
. r J - r

dlmensions with real *fr t j - t*u ) are contlnuouri  and bounded.

Assume a lso  tha t  o i r ( t )Dr : ( t )

t tb le wi th bounded. lnverses.

Here .u ,  1s  a  cont ro l  inpu t ,  YZ a  measured or : tpu t  ,u }  l s  a '

d lstnubance and yt  a qual i ty output.

A  e o m p e n s a t o r  f o r  ( 1 . 1  )  l s  a  s Y s t e m

*J=*" (t )x.+Bo (t )ue

Xe*Ca( t  ) xe+D" ( t  )uc

and. Dzr(t  ) t ;*1(t  )  are lnver*

B, ct,

( 1 . 2  )



,  - 2 -

^ 1r n n being continuous ancl bounded on lR'^ e  r  - C  ! . C  t  " e  .  v v & " q ,

T h e e o m p e n s a t o r l s c o r r p l e d t o t h e s ; r s t e m b y t a k l . n g

a c o y '  ,  v . * y c ,  A  c o m p e n s a t o r  ( 1 . 2 )  l s  s t a b l l i z i n g  f o r  ( 1 " 1 )

i f  1 :he systcrn

K ' *  [ * C t  ) + R 2 ( t  ) D c ( t  ) c 2 ( t  )  J  x  + 8 2 ( t  ) c e ( t  ) x e

* " * 8 " ( t  ) C a ( t  ) x + A " ( t  ) x c

haet an exponent la l l -y st i lb le evol 'u 'c iot" tn

A f t e r  e o u p l l n g  t h e  e o m p e n s a t o r  ( . 1 . 2  )  t o  ( 1 . 1 )  w e  o b t a l n

x '=  f .A ( t  ) +B2 ( t  )Dc ( t  ) c z ( t  ) ]  x+B r ( t  ) c r ( t  ) x *+  f n r { t  } *

+82 ( t  )De ( t  )Da r ( t  )  J  u t

ur ( t  )

w h e r e  w e  h a v e  d e n o t e d "  b y  &  $ )  t h e  m a t r i x  o f  o y s t e m  ( 1 " 3 )

l , /  r /  \  * L n  A ^ y s ^ 6 n n n a {  n f rand by Xrn ( .  r  . )  the eorre$pondlng evoJ.ut lon operator '

A stabl l lz ing cg;mpensator is dlstnub&nee attenuating or

P-contraet lng i f  l l  r , ,  ,1  l l  z - , f  .
0  

-  J 1 * 1  v

Yie  as$oc la te  to  (1 .1" )  the  fo l low ing  R leca t l  equat lons

( t " ) )

) c a ( t  ) x + A . ( t  ) x c + 8 " ( t  ) D a l ( t  ) u r  ( t - . ' 3 ' )

( t  )+Dr2( t  )oe( t  )cz : ( t  )  I  x+Drr ( t  )cc( t  )xc* fDrr ( t  )+

*Di2( t  )Dc ( t  )Dz l . ( t  )  J  ur

o m p e n s a t o r  1 s  s t a b l l j - e l n g  t i r e  s y o t e m  ( J ' ' 3 ' )  d e f l n e s

' ? -- ' 
,R*1 ) --," r,2(n-oRFl ) ,Jeflne.tl. byo ' r t ' ' ,  :  t - (R

1

1 ( t  ) +u r r ( t  ) nc ( t  )  n re ( t  ) c c ( t  ) J

I  8 . ,  (s  )+B2(s  )De(s  )Dr r (s  )  \
t  ' s  )  (  

-  

B" ( "  >or r to  )  )  

s t (s  )c1s  +

\  

r : " \ "  / Y ? L \ *  t  
/  

'

xc=tsg,( t

x1* fc ,

$ inee the  c

an opera tor

TJrrrr ' l--Yl '

r r ( t ) =  f  c

..&
I  t r, l x  (
J " . 1  '

.-*o vt

+ f  D r r ( t ;+Dr r ( t  )Dc ( t  ) i : * r ( t  )  ]

o
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R,+A#(t  )R+RA(t  ) - (RB(t  ; *cf ( t  )Dr( t  )  )K*r( t  ) (Bn(t  ln+nf( t  )c t ( t  )  )*

nc f ( t ) c r ( t )=o  A
s, la( t  t i *ss.*( t  ) - (scn( t  )+B(t  )n; ( t  )  )A-1 6t  ) (c( t  Xi+Dr( t  ln f ( t  ) )

r  \  \  
(1 '5 ' , i  or ,  \

wlre i :e  t i * (Br  Be)  ,  0= 
[ - ;  J  

n  D1= (Drr  Dre)  'Dz* , [ .  
" r ,  /

r "=n {n r - y ' 2  ( ' * , .  
o \ ,  

i - = r : r n l -  t r '  [ ; t t  ; )  
' i

] r t  
\ o  o l

Cons j .der  a lso  the  or tho6Sona l  Bro iee t lone

TIL(t )*rnr*ore$t >( l fr( t  )Dract I  l - lnfp(t  )
( 1 " 6 )

11 z( r  ) * rmr  oL( t  ) (Derqt  iu f r ( t  )  ) * lur r ( t  )

We are now ln postt lon to st-art  th 'e main resul t

Theol :em l .  "1 Assr ine

a ) ( 'J l  r  c: .  ,  h 'Bzinf iDrr l - lnfrc,  )  1$ de Lectable

b ) {e-rrnfr(Dzr,Dir  )-Lcz, Brf l  z )  ls stabl l l 'zable'

L e t } u , o . I f t h e r e e x l s t s a s t a b l l l z i n g a n d f - c a n t r a c t i n g

compen$er tor  the fc l lowing condl t ions are sat is f ied ;

) €  /  4 -  /  -  - ^  
t t

r  )  u i r ( t I  " i l , ( t )n r l ( t  )  4  u t r ,  t  [ ^ " * ,

n r r ( t l  l  r ( t vo l rc t l  +  o to r ' - f "n ,

f oe  a l l  t e  IR .

Equa t lon  (1 "4 )  has  a  bounded  6n

p r o p e r t ' l e s  * )  I t ( t ) 7 0  f o r

p ) A+BF deflhes

evolut lon for '  F=-K- l  qn*n*nfc t )

7)  Bquat lon (1"5)  has a boui ided on i l t  so lu t lon $ wi th  the

proper t ies d-  )  S( t  )  7  0  for  aL l  te  R

V) 
A+HC def ines an exponent ia l ' ly  s tab le

- s  Y ^  i - ' l  
t

evolut ion for  11=-(SC-+BrDr)K 
-

iR  so lu t lon  R w l th  the

aI I  te  tR

&n exFonent la l tY stable

2 )

fi
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I

lVl th tr '  ln 2) wrl t ten &$ F= II
I

u ' )
vz I
,  / - D
t  ( . * .

\  * . -

I

rac t lng  fo r :  ( l  "1  )

)De( t  )Der( t r , l l ' t l r r , . ( t  )+Drr ( t  )Dc(  t  )Der( t  ) ]  <

,-u,li' t*{ tr"^,
) ! *  (  I  )Dzr  r ,  l ]  |  or ,  ( t  )+Dr,  (  t  )ne (  t  )Dzl  (  *  I  J*e

,".1f 
tnr, 

f"n, ror all t e in

I  o  h < v

;r"o*1 and o:u(t )= 
I,F ."rq-(t-t )/zt )it

and. 
f 

-eont

lor r ( t  )+urr ( t
* l l  r y

f o r . ( t  ) +n r r ( t

L l l  r y

tha Rlecat l  eque.t lon

$ +

- lo i J

$ '=  (A t "

{ 
utr"

*\. 
o*

*lJl-21^r?

# ,+D rtE t,

BrFr )$*$(A+Brir,

\ ,,o { ;-, 4 (
l u t t "  

(  \

t*+nrn{-
reFe 

)
+DtrFt /

(l:l)
hae a  g1 .obaI ,  pos l t l -ve  scmldef in i te ,  s tab i l i z i "ng  so lu t ion '

r r i - r ' 1

For  cons tan t  coe f f l e len ts  the  resuJ - t  l s  l n  L i l  ,  LGJ  ,U-J '

Th*  ldeas of  the proof  fo l lor ru  the ones *  GJ.  Uncler  s t ronger

assu .mpt ions  ,  t he  ex i s tenee  o f  g l "oha l  rFos i t l ve ,  s tab i l l z l ng

solut j .ons for  the f l rs t  t rno Rleeat i  equat tons has been obta l*

ned.  ln  L4 J  ,  where ideas ln  ISJ were used.  The t lne- ' . ' - ' - . j . '

'a ry j .n{ t  eoef f le lents  cg-se was cons j " .dered a lso 1n LLJ,  L f l t t " t

on ly  far  f ln i te  hor lzon prc tb lems '  '

? " NBCT]:;$ITY0F c0-ilpf,1'Igl{ JJ"

F r o n o s i . t i o n  2 , I I f  t l r e  c o n r p e n s f r t o r  ( 1 " 2 )  i s  s t a b i l i z l n g

Proof ,  i ret

r,et rf6 *trrrrr(tft" I ; we have Yl' (t )*o

f o r  r V V  t
, ln  t t )= W(.  )  

|  
Ye(t ,s  I  G (s )* r t6 (s )ds+

S qr)*(0r( t  )+Drr( t  )Dc( t  )  Dre( t  )cc( t  )  )  '

t  >16

for t <7e and

A - T

Y) qt 1ur'- (t )



Senote i r , '  ( t )=o* fot  t  <6 anr l  for  t2 'b '  1 '1 '

i run(t)= $cq J; Ku*,$) 'B G):fb (s)ds

brrn (r) l  4 c 
{ "I"(t**r 

r **QJa'"l l ; ,r i  u* a

t  3  {e  e*d( t -E)  \ t r l '

lVe deduce that 4

lr rf6 lt 2= 
f ,r:" i* (* lrf n (t )d.t= Inttrrtu (t ) l '. "[f6tt )Jbt t)]'
' ( "  

' ( * ) ! ;=J - r i f ' ( r i l * f f 6 ( t )a t *,  . t  i f n ( t ) +91 t l " f '  - .
, @ G

+ J- t  " f t  r t lJ*$*(t)  frnt ( t)dt +

\. i'frrr, q'J *9(t )'r.on i*,u* . i[ "in Et I J*gu( 
" 

9 (t )

@ . ur" ( t  )dt

lc i f '  ( t)J)* ;  un (t)dt * f i iL t l  * ' i2
E  6 )  > - Z  t ,  > l

. P o  . v . - v  A - " r -  r  ^ , f  , n  
- t : 3  - - , . ( | - b )  

n ,

l [ i " i ' q t : l o { \ , f rnn  q ' l u * le  t J ,4 " t#  "  
LL  u re  ( i i r \  a t<

' " d  
< e U  t E l t

P 1 +& 
L ff J u* ?9n(t l9 1t loti', 

'
I -  ["fn (t  )]  *8"( t> ff i  qt iufG (t )dt *L * 66

and by etandard. J-n slnSular perturbations procedures we have

;;; i t *r* ,*rJT9"(*tDc*) o,.nn (t)dt - ryg" (6 )D eri'f
E+o -r.

hat  l l  dnf /  
' *Gfg"cu>9 cr lSr** l  (Er l f r l  t

}Ye d.educe t

wl th l lm GJ (e )*O '  f  t -  G€.u,M*io l l  ?  * t l -  " -?  ur \ t r t  2- t f , l l  
1  andwe

: : - : : :  ; : :  t ;  sx (  u,&,t ,s l  *u,( , , r* , {  ' .b2 t t , r ' ,

0= [ rrlrrrtl , hnnoe for 8'+ a b"til bLG ] 4 oL r*r .

Slnce V w€s arbltrary the f l rst assert ion ln the -qtatement

" € f ,

{

l
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ls  proved.  The second one

ring f l t"  adJoint oPerator

cprgQ},*r.u-*?*&, rr there ,rr l* i t  for ( l - .L ) a stabl l iz ing ancl

Y - a o l r t r a c t i . n g c o m p e n s a t o r , t h e r r p r o p e r t y l ) i n T h e o g e m l " l
i s  sa t tE ; f  ted  '

F,.q,gg€. tet #r {t )=T/ r(t )nr', f t )tf ir{t l=9 (t l itr-dt(t )*

* ( r - l7 r ( t  )  )Dr t ( t  ) f i l *DLa( t  )Dc( t  )D21f  * I r  I  r -  
'n  

r ( t  ) ]  [n r r ( t  )+

*DLz( t  )Dc( t  )nar ( t  )J  ;1  e t ince  i l  , ( t  )D1?( t  )=0  '
. { . -  A

r f  e d.edut:e tha"L i i t ( t  )v1(t  ) -0 henee

i; i;Wf &g*1 @xa#f#,,,loir(t > ??r(t )Drl(t )(; .#;c* rf,rct ) 4 0' t 4 l 
t

antl fr. 'orn he:re of, ( L ) Tl r(t )urr(t ) e 0'r*t '

\. .{ runul lrJp-Htt*gp-u$lg

ICgJggn*lJ Aosume that thei detecLabl'l ity eonclit:lon ln

l fheorem L,1 is  sat l .s f led anc l  that  & s te} i lLz tng eomf ' )en$a*t 'ov

ex1s ts  fo r  (1 "1 ) " l l hen  the re  ex i - s t s  a  g loba l  , boundedr  Fos i t t ve

senidef in l , te  so lu t ion a to  the Fteeat l  equat l -on

R'+ArIt+RA- (Rra+c{ur2 ) (nfrnla )-} lnfn nnftc, I  +c{cr=o ( } ' }  )

riucrr tha.L rf fra=- (uJ:Diz l-l Cnlf"olt, ) the evolution def inecl
n

bv A+B^F^ ie exponerr tJ 'a1ly stable"
u z l l \

Srocl f  .  I ret  Ge lR and'  denote bY RG

equation iql t i r  fr6 (G)*0. The equatlon may be wri t ten

l,iapunov form

2 )=0

lon

I  L  cr(s  )+

ls obtained ln the same way by conside-

,+
*rrt',

the  so lu t lon  o f  the  above

2)k {cr+nrr?
repres entat

/\
nDL2(s  )F r (s  )

Rlccat i

a lso in

R '+ (A+B

hence

Ru ( t . ) *

+D12 (

,4 r R+R(A+Brf, t*{cr*urrf

6"- has for t' aA the

f :  ,Lurur(s, t  I  f  cr t"  I

* )q(' )l xA*nrnr(g,tldg
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and we deduce tha t  fo r  a l l  t  /6  fo r  wh lch  the  so lu t ton  is

c le f ined.  l t  i s  pos l t l ve  seu j -de f ln l te .  conEi ider  a  cont ro l  u t

i 'rnd. thc i, insocJ-eli;e;i l  r"ioJ-utJ.crn x (for ult:0) ' lve have

A  * A  -  { 4 . .  -  f , " + +  . *  -  *  . ^  t f - - . ' F ,

$T (x"l i ,  x;- (xsi i* (Ax' t ' l i ru, )+'(x'a*+u[ r j  )Rz x -x' Ct0tx

**,* nfsn x'*:., uq{ un+cLrrrn I (n:lrure l-1t nif,a*"uf*c, )rt *'

o'(fru nr*clnr, )(nrpn]2 )-11 {l l{nnr2 )fur+(n'znra l-t e nlf,
***oo {
= [-Ai,Tn'"

+ufrc, t"]  -(xre'+ultr;  )(crx+Drru, )

. 2  ( v  .  - ' l
I crx rDr2u, I 

t, i* o J, I o, zTuz* (]1.,I)tp )..*

i renee o (  x# ( to  )$ ;  ( tn  )x( t0  )  c

t o c 6 ;
/ ^ - , A
x ,  : fue i re  thc so lu t ion of  ths comper l *

,L ./\ /\ n
\  - . v  \ r  (  t -  \ * r ' !  r  I  p t  l - r . -=C  x ,  + i ) ^U . - ,X  6/  * , 'o  ?  , *c .  -o  J*0  i  le t  t t r *C*x*+D*0tx

f ie ded.uee frotn here that

-**1to ) , tu (ro )xr to l*-  f "
(BXf- +n.'*re., l"J I 2a*

b

4 J:tc". ,x+i)^,  ,uzl? ds
.?

*et-  
"o 

be arbi t r :a: : f ,

sa ted  sya tem wi th .  x .  ( to

** l  orr*Dra*a l2*  lnrr lur-6 ' rx1 |  2 .

r f  we take ur*Frx vre r leduce that
, 6 n

J,  \  (cr+D, , r r )x [ ta*  -* ; f  ( to )xo*x*(c i tC e )x(a

t * l*ol 2 hence f, t ,rr- rrrf ,lx | 
2trt

t( to )*xo , x'- qa+nrf, )x l '

I 'or  th ls solut i0$ and" th(}  correspOn<l lng-eont,rd?} t t2 !vt- '  have

- . r  , G  ,  A , 2  f *  r  ^  ' * , -  ^  ' 2

0 s *lnu (to)xo ( 
I  t  crx+Drrf ir l '  c ls eJ, \  cr i '+n. ziz\a'  cls {

1  c  \ * o l ' -  
t o  t o  

4

beeause of  t i re expcnent.J.al  tJtabl l&ty pf  the coi lpe; is&ted systent"

$, i rch lner lual i t les Tlrove th.at  R; ( t )  is  def t r red for . i t  
: : '  

"

Sn the orher h.and t  ' - ' - -  i ia { t )  ls  inereaslng, 
*}r3 

116 ( t )

exLs ts  and de f  ines  a  g loba l  n  bounc led  so lu t ton  R to  the  R j -eeat l

equat lon.  l r /e 'have fur: ther o vr l t t r  the f iar te eompui;at tons as above

$* ( f t  x)=- {  crx+n, ,ur lz 'n I  Drz LuznrnsDrz l -1qB}f in"oir* ,  )xJ \2=

) t " J s
€ c  i : ;o l

( tCI  )xo I

2  fo r



But we have cr+Drrfr*f lr tr*Dta(Di2Dre)-turf i  "  $tnee
'  

o r 2  n  i n r i r r a a  * ' o .  
I  ' -  -  c  t  2

n' I= " 1 , Tl 3-Dtz=a 
we dcctrree that / (c: +Dtt3't )x I n

*. , !  ne - t1 *A '* ' - ,  l r  r ' ' ,  l l ' r ' ,d n 
' r  ' *1 / \

-1 , ,  101x" * to- f i  r r i { i , t  ?t t \?)  urzu7.?.(DfaDrz )  ' - i } rR x o

r t  torro*,  that  f r*  W ct"  [ ' -u '  € c tnotz
ro0 , ,, -1i, L 

Lo 
2

J*l ,D/enrz )-Y'Bzfr "  I  
zat '  + c ixJ

t o  $  - 1 -
srr ibe (  f i  'c l ,  A*13a{nr l r i : * r  l - tufecr  )  le detectable the' re s

exlsts a bouncled I {  such that  A-Bz(ufzDrz l - ln i :cr+H 7'e,  def ines

an '  exJ)cnent ia l l y  s tab le  evo l r t t ion '

vie ma;, vrrit e x'*(AtBr$, p:= Cil,-Br(nfrnr.rl-l i ' iecr+H 
-cf x

*it T-r cr*-llz(DizDI, )-tnifr " 
c

Sr]-nee : i -Br(nf lDf Z )* infrernl i  T 'Cl d-ef ines A] 'r  exfonc' l . r t '1 ' l r1' ly

s tab le  evo lu t l cn  o  the  es t ima t  cs  ob ta i r l ed  i *bove t  l ea t l  t o
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4' - 4. MrIJ-Ui.fAglQL"JiJQ ql,}!Ui-
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min | \ y' I "tr' 
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l t*  rr*ear bounded
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(*o'x" )

*nrrtr(+',*")) ]
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ltrie harre thuei
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Denote  by
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Ilar evers
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,[

anr f  i  i s  a$soc ia ted  ' to  1 . r  '  l - "  X( to 'xo)  we have dens ted  t l re

cont,rol  f i2 associateci  ,ot  t l t l  " i3 
'  

.  ,  

" ' '

M o r e o v e r  
- [ f a , x u ;  * n t  4 r d  1 a  ) ,  r f , r

t - ' / o  4  i t ,
l l / t+,  l l  t  c ,  Licnee .uz = otro- 

: .  -at" , ,*o,,  wel l  22 . t , l l t "  a r rd  fo r  the  coryeEipond ig  so lu t ion  t
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u 
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rt l i l ,rt 4. "1-*o\ 
2

L 0
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'"1
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[ t  ,rd(t 
)=fi(t ) i  

[ ]o,xo] (t )+f 
(fr,*J(t 

) o
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( 5 " 2 )
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, t teobt ,a1 .n  f rom the  equa 'b ions  fo r  n  , fGo^Ko)  , * ( t t ' xJ

$, f,tto,*"'t **Ax ito'no) -ci L r7tt,ll'' .orl.,;*'nJ -,
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pra;roql i ig1*.a* 
- i t  -6{6,t ,)  
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{, Lfir(to 
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*, ; ct " xo) *6 g Lb, xr; nnrffb r,) *nrfir(6 *o)

tr* trl -qf (so x,J - (nfenra )-1 [ n[f cfo,x,l nnfrnrrffu,.*U
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[ , ' : i , rq*) t t  
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J r \ /  \ * 1  I
4 '  o  

r * '  
I  

, ,  . ' ;  
' .  

, r _ . ' ,  
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) ( ' ,  
rJ  *

-Dr:rru t t j lc*rG, l** ' -o 
)cr, l ) : -  ( ; l * '  u 'o ) ,u; ,  

r* ,#l to 'xo' ,* ,> *
* .  { ; r ic  t  r  i  

t 'n ' : ru  ) ( t  
)+Df}  r* , f l * t  

u"o )  (  t  ) ,  * l  (  t , - ; l to '  "o ' , * ,  } , .

n  4  n f  c* ,  l ( to  
u7 'o ' , * ,  

nCI ' r ( ,  f f l * *u*o  
) ( r  

) ,d t ,  L  ) . . f f l too* "  
) ( r  

)  >
t l /e clt:C.uee that

- ,  <i t t ' ' *o 
j ,* , ,  

r i t ( t ) - f l t ro"o 
)(r)>,"  :  $rt  f  t ' to 'xo 

)e*IJT

-  f " " tcu r - r ( to ' "o 'c*  lJ  l  -  < B1(t ,  is* i r t  )+ni t rc* , ; , l to ' "*  J( t  )  ,

ur ( t , - f i : to  ox" '  )c . ,  
r  )  -  <* f (* l  i t tonxo' (* , .u ; , * , f l * "u*o 

) ( r  
)n

SIt, u r-f i j to 
'""o )tt 

l) {
i tcrnenber r low that /

;1,; ' ;" t t t" ;" ; i ; ; r  onirc*r l l*o'no)(t)* )- t ; l* ' ' "o'(*,  
and

nfct ,  i t to 'xr :  
)q* 

lnofn(*  ) t l to ' "*  
) ( r  

)*0



_r6*
:-:-.-:=:'j'-'

l i /e have thu$ r,  t r .

n f  f t t o x r ) r *  
u o  n ( t "  I  ' '  )  r l f f o K a l  t ' Y

* a \ r , t  . , . " ) ,  y r t  ( t ) - I 1 " n " ' ( t , ) )  =  2 $ T { t l  " - ' ( t ) J

C - &  / + \  f ( 6 o l  
- ,  ' 1  ' ' / ' ! - o  )  / , . , - L b o ( ' ' ) ( t ) >

L*^n ( t  )*x 
'  v 'ot  &)J I  *  

l , '1- .  i i r ) 'n^"  ( t  ) , t t ( t  )* t i t - - " ' " '

tde cletlucl e that .-.-. -- =,.= ^

; ,2  t  , ' r { t l  t t -  \ . l run . ( t )  I  
'=  

{ " t | rhd ,1 , ,  I  
' - l \ { k ' " /q t :  {  

?  +

o l* ' I  r i r \ t , - ;  L t ixo) t t  I  t  2-  lyr .qo ( t  i - f r (bx ' ]  ( t  )  [  
2  +

r l  r . ( L t r ' t t  - u -  6  , .  ^ ' ' L t a X A  , , : 7 1
*z $r {. t I" '*(t l J "f*un (t )-; 

wvdt'o" 
$) J I

rn tegrate f rorn i  to  a t  and use 1 ' - *1  i ( r ' ' xo)  ( * '=o '

tirn L *un ( t l-I 
tbot<) ( t )l =Q to rleclue :X'- eor:cl uslon '

i i lro*'., * Jr we talqe *un cf I =f 'u:t) ('> we hai"e

f *  )  ,oz r  . " . ( t l l 2 - l r f r  ( r ) i a !  a ,  )  I J f l  f i r c tu^o ) i r> t2
J n  L d  I  * 1 r " ' ' 1  - l J l  1 ' " / r  J  * *  '  J f  ' d  '  I
+ t

r  / t laxi)  /+ \  
'  I

- t J r  , . " ,  \ ' '  J t i t

o le i r r . r*#r**^t ,n.  onl .y that  the eoeond 'nter;ral  ec.rrre 'q ion.tJs to t l re

11r:adrei t lc  f  unet lonal  af  the .seeon,d rnirrJ-ni l - r .at ion prcb'Lem ( 5 "1 )  for

zero tn l .Nial  eond- l t lonet and fcr :"  t l re f i :put  u ' ,* ' i t f ' ' i i l  ,  hence f t

l s  p r :a j . t l ye"  
, | { le  ded.uce. the  very  lmpor ' * -a t l t  conc lus lon  tha t

i l . , , i , f i t#'x' i){f))qt) =fifbxo)1t) t #t>*o
and thls ls in faet  the n 'opt inal l - ty pr i r :c ip le" u" 'e s1' !41"1 uf ie in

t h e  s e q u e l  r i  - l t o x o ) , 5 r 1

R e n a r k  t h a t  f r o m  h e r e  r v e  m a y  d e C l a c e - t h a b  i t u '  
^  ' - "  

( * ) =

.F t#o *d rt i ancl next that i 
(qi"'n'li{t 

) =r 
('loxa), 

(t ) ,'- 
i+,;i*'nhit') )'*':. .-'*-"c+ro t "! r.0, 

'[t+'0"Jfl)r-.,-

u "  
'  

$ )  = i r _ " " o ' o '  ( t  )  h e n c e  a l s o  X ' - '  
' -  ' " " ( t ; =

- t ( . f o r o ) - , .  " . ] . : - 1  
- - - :

. =  A  ' ( t )  ,  S i n e e

i l  tb,xJ -*K-1 tn*X(foxd *ufcr} []"K") 
J

\,'rre may write
, - t i ' i ; . t  ; .  ,  - - , r -L(*  i l - r r r r  ,1 t fux" ) ,  

o  l
u  \ " o /  g - r : .  \ r , o r  L ,  \ t o / n  ( t o ) + D l ( t o ) C 1 ( t o ) x o J

Frona the forrnula giv lng the untque solut l -on tn L2(to,@ iR*) to

the equat lon for  r  we see that S(p ls a l lnear funetton of

*o and we deduee that we may wri te



_1 7*

| (fo xot / t- \- Tr /.r. \r.
A  

-  t  1 u o ) = R ( t o ) * o

b/e have ftnal ly

f i  
{ f '  x " )  ( to  )=* r -1 ( to  )  t  no  ( tC I  )R(  r r -  )+Di ( ' to  )c ( tn  )  i  *o

; lncl fr: 'om t 'he "opii-turl i t ;r  p:: i-nci.L"1-€" lnie cbt* ' inecl alrove / 
$Ie

d .ec luce ' l h .a t
^  t i ; xo )  , .  .  " , - t  . .  .  r - . *  ' t r  . 1 , t  0 ' o  xo )  , 0 .  .u  "  " ' ( t ) = * K  " ' ( t ) L n ^ ( t ) R ( t ) + n t ( t ) C ( t ) J i  ( t i

t i le  s ; l r ; r -L t  r lenote l " ( t  )s . -P-* l - " f t  )  1-  iJ r ( 'e  )H( t  )+DI( t  )c( t  )  J

j tena::k t ;hi*t  t i re $&lue o1.rt lnal l 'cy pri .nelp)-e Leads tct

X i + ' , x ' )  ( r ) = R ( t ) ; L { - o x " ) q t y  f o r  a r l  t >

l ,et i lo\,r  6 > t  ana f^- i t4^") ( '6) ,Then

t o "

i l (6r f,, ) _*;a;
w  * J '  

,  s
-t-

\
) q

t " o  r o  ]

;  G, fo l  - . , , ,b  ; . ( {xa)
A - ' I r ^

( ' { d , f .  )
I 'oIc h; ive ar lso  

f r c r n  i . , 2 ( * *  * d  )

/ r, rr .F .t yn o 
.l .l f -.r 7:.r".i .i1 n."i n] n

\  t r . L l  L  J - r l t f l . - L J  ! J  t  - t  . L i . ! \ ,  & I - '  L  v

".F,1 I  
L1u ro) (F*t is the

tc ,  y- ,2  t7 , , *  )  )

pr:o j  ect ion

l . icrnt:r ir i t t :r r ' : l -so t l iat $-, i  
[{oro}' 'A ,{ 

{ '*o'xo)

=A 
tto'r o ) - u ,r-l Ly-* iL*"*" ) **!c,ri 

(*0 t,, 
J

h i  
(#,^,)  

" . -AFi, to*")  -r , .1; , , , . (  f  o ro I  -- ,"r- i  ( t ' tKo'  - , , i (cr. f i1tox") +
a { ?

. r i ) r i i  t t '6  r : '1  
) . "*A* I  

i lox6) -cfc. , i  
(* 'x '1)  

+c. fnr i r -1[s*- i  
t#ax;)  +

. ,n*c , . ' i for")  ]- l 'u1 u 1 .r"

r renc i l

c1 3 l+ox;) 1^ ,ry*1,r",'rt..,- r- 
(Lu xo) -]Jlr,-l 'o i 

({'rxc\

tff x =(l- Uir" ,l,rl- )r-

ct t [brxJ f-^* , ? f [hxu) -1 
-1 'tf :xq- L]oxO

i ir*A =Lr.:., 'DrK-lu'fcr-cfc-., I " 
-(A-1Jx-ruicrl 'X

* t t o k r ) , i .  
& +  

t t + " , K o \ r u
a n d x  

-  " ' ( t o ) = x o  ,  A  1 u o ) = I t ( t o ) " o

.l i 'rom t *"u$t*lt ir i{ i i .nto account t}r 'at

) . tbo,  
xu)qt  

)*R(t  )v;  
[ ta 'x ' t t  )  we cledtrce t i r "at  R ls a solut lon

to  the  l t ieca t i  equ i l t ion  tn  t l :e  s ta tenent  a f  l l t i eorem L"1 .

1ye  h*ve  arso  f i  
&0 '51)  =F( t ) ;  [ ]o  xo)  

u r ra  f ron  the  proper t les

crr 
tSo xo) 

uu* deduee that F 1s stab1.l. i z'Lng o

T o  t h . e  s y s t e m  ( 1 , 1 )  a  d u a l  s y s t e r n  i s  a s s o e i a t e d

* ,- ( l:o Xo)
+ j J U  !
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#  #  - t /
N ' = A "  ( t ) x  * c i  ( t ) u r  + C 2 ' ( t ) u l

- g  * .  - ? F "

Xr-Bi ( t  )x+t l t i ( t  )ur+Drr(t  ) i r"
(f)

y z-B{  g)x+n$( t  )ur
Q U

r r7 ( r ) -e*( - t )  ,  w{  ( t )=c i  ( - i ; )  ,  o{  t t>=ts i  ( - t )  ,  o f i ( t l=Di j ( * t )

I t  i *  seen t l rat  l f  a compen$a' . :or :  is  stabl l lz ; ing and 
f  

'eon*

-  l -  J  a  i  - .

t ract ing for  (1.1) the c l$a1 cL)mtr)er l$t ; 'cor ls stabi l1zing and

d, *cerLtraet lng for  (  th)  h.ence lye may u$e the above resul- te to
t

ge t  a  bounr lec ,  s tab t l i z lng  eo l -u 'b ion  R #  fo r  a  corvespondtng

I l ieea t i  ec lua ' t ion"  r f  i ' i e  take  s i t ;=g  #( * ' )  r rue  $ee the t  $  l s

a Dolut j .on wi th ueclr : . l : :ed prr . rpert ies fOr the seectud'  Rlecat l

equattort  ln l lheorer,r  lo1"

a
L ' *

{  n  *  l r n
& L L  V ' I V

lth e thr y1l* !!!q.f: q:Li,-,3333li91

uta tement  o f  T i :su i . 'e tn  1 '1  e

M l ,e t  R  
' i :e  

the  sbabJ" l i z , lng  $oru t lon  to  the

i t l cca t l  equat lon  (1"4)  I  t r '  the  cor respor ld ing  feed 'baek  Sa in  '

ho

L e t Y ( x r u )  s u c h  t l r . a t  f o r  e v e r y  ( t o r x o )  t i r e  s o l . t t t i o n  t o
') ?1

x '=Ax+Bu ,  > : ( to  )=xn  ls  tn  1 , ' ( . io  n  oo  ; I t "  )  "  Then

e ,  2 ,  , Z  r 2 r  -  
' q t

I  |  \F-  lu,  l -  -  lc . ,  x+D.,  u l "  )ot  =-" f  R{to )*o -  f  ( " i -**F* ;Kqi ' r -Fx )d" t
L \ 6  

\ ' - l l  ' ' I  I  ' /  u - - '  u  u  t *  r '
1'̂ a

I Igg{ .  A d i reet  computat t *n  usLng the equat ton ( l - ;4) .

t.q}+T]."
f i l c

\ :

)

, , , ) [ ; ] -

t t*,.
\ 0

0

Dta

r-
" r1

Dtt
+ - -  ,  ) t  f ,

v ^ K  v  = ( V l  u Z )

= - tr' ttrl 
' + Inrrvr+n, au zl2



We cleduce

a$

e d .

J [ ;" '  ["1
'r4 

,&

1i

I  
t- 

lcrx+n", u lr l  ut

r r  (Sf  -FI"  1+Dr r(u2

[,, r't,,1t 
? -\ crx+n-, ,'\t)u

- 
fi"i 

(ilirDrr-f tn,, l"r{o

(nien:.a l*t ( *,,$u' + i:frnrru,,

0n the  o ther

- (R"f +"nlc, )
(nfrnrt- f,"r*
nfrnrrnri 'rD

*L9 *

that the formuLa ln 'uire Pro

, t 2
l l

I

t "  f  t .  I

[  * 1 1

-*{ i lqtu) i , lur*Frx i ' tu:t

b e vl r:L'b t eir

by uoing

x o -

\ r l  i

.studi-ed j ;he f i : :st

rtr,rn9i!n,r1,

I crx+nru I 
2) o*

pos

&

l z
/ i :.tl

i,o

;xo*xf f uo (xJ - Iti 
qft*" :

f ur -[(i'rfi2 n,,] nfrn,," r

1u]-f i i  l1nfru1r ) (oa*0::

r o
' 'fle rvarit 11011/ a nevr form of

. i ^ A

the *c;J"u.tJ-ons I't , r s

8f$:g9i:lg}-$3j. i&e have

- n  
2 r \

^oa
I r
l i r r
l v

r ' o

-{-

A +

2

. 1 * ' . *  f " . #ni  i i l -u l -Ful r t l

r9s
r l  a r  *  I
/ - l  v '

+i, 6

.* /\* - x i  R ( t o

{'? =frzt+ (lr]rnr, )*1 (':'ii '*^ +nfrn"'.ru, )
Thc coin lu t i l t ions have bce:r  per fornecl  vrhcn rve

mln lnr l  z i t t ian probl  e tn '

tYe inveg'fai"5'urte, nruu fiz and the corvespt:nding t

u.r=I-r.f wlth f '* 
1A*ttI ') i '  l i (*,,  )=xo . Denote

. li. rv e l illi.r'

$- f i i  .u A direr; t

c orupu-i: i.rt, j-on gives

F"*-;nu$ *ci (orr+cr.) f

l leno'te rlolv f-f-i i ,O *o*Ontation sltows tirat

f /=*.df -cinrrr#-fiuri -r$srnc'fx12 )(r:frnrr )"1(rrfi+nfrcl );

and also

f /**Arif *ffBr+cfnr, )l 'r i  -(i l  nr+c{nr, )Lr2f+(niror2 )-}cnifi+nfrci )iJ

hancl KI' f  =-RFR i-n";c, i  =*B*fi '-u{ct# =*B*f -

. )Fri +nfrirrrnr{ --rl$ -(B;fi *ufr.crli

|rn.rrri =-r;7-r:rifi.n[c])i hence
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r ,i =* (lizs, z :-l*frorrur?, ($ianrz l-**lf - (nianrz l-1 i n|fi*nf ,c, lf

roi+(nfrD.,." )-l'1nifr-nf;cr )i=- (Di:rnrz l-1( nil+nirnrrr# )

\Yc derS.ur:e that

ff "." * f 7 - rfi n, +c{nr, yrrri+{fi tz *ciD:.e I (niznrz l-1 ( n}i *nfrnrrnrf )

and f lna l l y
. t .  . ^  a  i r F r  . r " t  -  ^ X r r  r / ' , *  T \  t * t  

4  ^  
, . f , a l  r J n  d

r .  =.- ( r i . * r )n r ,2 i  7 .+f  ( i i  Br+ci t r r t  l ln t rnt t  )  *DfzDtr-(RBl+cl l rat  )J I ' tx
A

Thl.s last  fo: :mu. la shows thaL ? uef: i .ner l  above is Just  t ' - , i  o

 
The coLre$tr)oudin8 r . i . ,  is  g ive'n by t l re systera

i ' *  (a+nr$, ) i  +BrFr? -n, (nf.nt2 )-1 (B;i  +lf inr.rr i  )  o

frrrt nl f +r:i, lr r rrf = * Drlzu:. e F zi^( irifi +n,'1, c I );

i '= 6*l* li ,! rfi +nrr'(-ta(DJaor z l""rulrn, zFzi

-in-f"c, )?" '4,r"+arfr)f +Brli '.,f+B?rzV' -urf #

L'=fl +lt i; '  f i ,,re l 'ave 1f-#1 "*(a.r-BrF ?)(,-i ) and i ' ;e cleiluti l  i  - i

a: ld again a t l i reet  computat l -on glves Sa=f,  *  We obtained

f l [ :g-*g*f* l -  ] ,et  u l=1, '1f  an, i  t r2 arUftvn'y i - r - r  t?-{ . to,  * ; l i *z)  sucir

t l :e1;  : , t ' : " r iL, i -  j l l f l_f  +Bru, r  x( to )=xo glrrcs , ,u,  e L, i l  (1 'CI 'ao ; l ' ,n 1,  Thert

i  
'  

9 ,  . J ,  2  t  ^  . .  -  N  ,  ? \

J,  ( t r ' f  t r i  i  ' - {c  . " r l r r 'Fr f  *Dt i : , ,2  i ' )  ar  4
\t' 

,^)
|  ,  ) ,  ^ t t )  |  ^ J  u  t  )  I  r

t  ) ,1  ; { ' {  
t r r i l ' - l  c r l '  +Dr I ' ! ;  J '  }  o t ;  =** ;  R( to  ) : ' "

l ire J$*." now J-n ponrlit lon to prove

I l h . e u . r e n  6 * 2 , . / r s s u n e  t h a t  t h e  s y s t e r n  ( 1 . 1 )  h a s  a  s t a b l l : i - z i n g  a n d '

*  -  con t rac t in . ;  co f l tpensator  ,Then the  same compensator  i s  s tabL-
a

IJ-z i r rg ancl  f  
-eontretet- lng dor the sy. l tem

5'= (A+J}r t r ' ,  ) r :  tBlv l*82u2

XA'' ( C^ + IJrtl l l  )x +Dt trrt

We sha l l  now cons t rue t  the  dua l  R icca t i  equat lon  assoc ia ted '  to

the  abovc  t rans fo i :mad sys tem.

Proof  .  The fac t  tha t  a  s tab l l . l z lng  and r -eont ract ing eonpen-

,  Y1=*Dt tF tx  *D ' l t1*DL, ta

hence

+.n, ( r:f:Dr2 ) 
-l' 

1eifr*

and s irtc e

( 6 . 1 )

sa tor  fo r  (1 .1 )  l s  
Sc-  

-eont rae t lng  fo r  the  t rans for rned sys ten



,*il:1.;.

abc,ve lf: lt tn n-t:;11$,iJ"rtng le proved Of a slrnple computatlon'

l lence to provrr the abori"e stateC theorem we have to show that a

stab l l i  nLt tg  and 
f  

-  eont iact i i rg  eompensator  for  (1 .1)  ls  s ta-

rad4 syst cm above.

.After coupl ing the eompensalor to the transt l t t t*U systeni we

obr ,a in  E t  =  Q f ro*b r f i "  ) f  ,  5  
= {  

v  )
\ -  * * /<J

[a+nrn*e, Bacz I I  Br+BrD.Dzl )n  !  I  . B  = l  Iw " o =  
i u * r ,  A o  

l t  
4 ' o  

(  B . D z l  /

4  r - -  -  )  ^
, f ,  f  (  t r ,  a )  .  g i tnee e" ts obtainec by eoupl tng the

c o m p e s s a t o r  t o  ( 1 . 1 )  t t  d e f i r : e s  a r t  e x p o n e n t i a l l y  s t a h l e  e v o l u t i o n ,

J f  t h e r e  e : : i . s t s  c  >  0  s u e h  t h a t  f o r  a l ]  ( t c ,  f "  )
&

(  r  r +  +  
- P  t 2  . r , l T F

L  l '  a o + f i n # ,  
( t ' t o ) . f ,  {  

-  
1 *  

4  "  (  5 o l
the e?ofutici-n d.eflned by ,A *R|6 exponentially $'c,a-

= k
b le .  Henee l f  the  e l -a in  in  the  s ta ten ten t  v re re  no t  t rue  

f "  t

t ^  ' T  . . . ^ " . 1  n  ^ * r " i a 4  , , , . { "  
l z k l  -  

f  z -  6t k ,  6 ] ,  w o u l d .  e x i s t  w l t h  i j o  i  = f  r  L k  - k t

*
t b L  l . '  t , +  +  \  t k  1 2
J ,  l X  r t  . a - t  ( t o t a )  l ^ ' '  l  

-  d t  ;  k  "  D e n o t e
t p  

^ ( A b " b " F "  \ u t u h /  ) o  I

L

5* t *  ) ' xo$o  o ,hoqo  
( t ' t k )

*I r l ( t  )xk(t  )  .  \ rJe may wri te

, , , f  * F o  { t ) J t ( * ) -

l,,rrkl%tt'
c exy' . Po" GL

z t _
) *

lL tt,=lq ,, ,l_, ,*n , T : 
+

( \/.

Ir*L

d t

Tktar)

rrt
+ J+r- * oAo 

(r,s ) ,t). (s ? ',tf {u lcu

. *

tu f  l '

J &t\*

hence b.y standard arguments

k<  [ . f t ' I 1 fu t l z  d r i  L  #- r+L | )LVt | 
-- 

Aa
and rnre deduce that ] lrn J"o

7:;; 
'tL

$re con$lder the Problent

5 '  -  &"yo So. , ,
nln t  j?f l"r \ t-  \g

6 L u

as above

y +Du, l 'J ut}
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! * , j  ,  f l  . r \  ' l t  f t  T r  f \

V-  (  u l+ i l l a ' . "?  ' ' 1zue)

$lnee fr :r  €vGlrf  ,1, 
1

D-DlInDlZDoD2L .

is  a  so iu tJ"on tc  the sys iem obtatned

af te r  eompcnt ia l , lcrn : i . r : t  (1"1 )  $Je deduee that for  ?re ' ro ln i t  j -ar l

eondru -ons  J ] t f ' t , r . l  
t  - tg  j  +Du1{  t i u '>J ' ) , *1 " r \  2a t

vt - ' '82

and sueh inecluflity irnplieo existence ry9 
uni-queni:-es of the

optlnum. fenote suclt  opt irnum by i- f  ,  To and define

rk n *b .,-, a I' A L-n tL -n ,r la 0t=". ?b .^ t L ,.,-., ."lc
uz =rc^c 1 'vc" ' t  z  ,  J  z*uzn *Dal t r  rY1=utx  *D11* l  *u12ta '

t ve  ob ta ln  an  admlss ib le  t r l p le  ( f i f  ,  q ,  1n  )  ;  we  con-

sJ-der also the t : : lple obtainelcl  i f  we take ut=Fri  ancl use

Theorem 6"1  to  ob*a in
. N ^ ^

ftot [] 'r '  12* rciLnDr'rf | 
' ] u', r -("k (T uL )* H( =en)xk(6r)

Ci, "

l ,enere f rcrn the opt l 'na i - i - t ; '  p : :ope: : 'by

i T , . , , 1  , f . l  r  
A t  ' 1 - ' ' \ '  r \ r -  . \ ' t s  r l t . * , " . l t r ,j ; ,6 [ ' - rr  I  -  l$rf  

E+lf i i  
l ' '  J, t t  {  -(-r ' ' (v i )  rr . t  cutt '  i  62}

G t;  +ho
ur i" tbe other hand vre hadVgeneral  fornu' la

6 y ) x  ( 6 t ) -

Dr, ( ut*l ' lx ) -i-nt2 ( ue *.
J ' \ r ' [  o i i 2 - [ c ' , x+Dr " r l2  )  t ] t  = "o (  F t )  T I
t y '  t 6 L ,  , ?  [ * e-xn( tk )R( tk )x ( t i . )  

ry  
lu r -Fr> : l  *d t  -  

+ l
. -F?'*) I  

2r.1t.

SI , ftt, fr} we shall have

fi,y't "lt 
'- tqjo *n,,f | ' \  ̂" 4 v '  - '  -  J

For ' the  $&o le  lnPut  ,  bu t  fo r  zero

ft f r"f r' - I ,s i: +nul t' \ u'>
*,fr. Io = j: + S:

$ir".n helre taking into account that .rf ' .frr,k v'Ie dociuce th{r'c

f ' ' (r ' l" f  t '  - . [erxkonr"f I  1) u* = (*o( dn) ) x t t( Er.;*] '< an)-
!u , - ' "  *o  1 .  r6 t ' -  , .-do(tx)J*rqt* t*k{rn )  -  

+ 
^\  

orr{ ' r }  -F2*k) [  2dt

and l f  we define our t t ipi t  
" l  ,"k ,  o| for t  2 6k. to be

0

rralues at t.- we h.ave

r l: i"f r' L '.5 ')i\rfl 'uft*'o
,. 

*ln- 
'tI" ',

3l (* )=x cA (t, tr ) l*
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c

c

1,

for  k - ;ao 
"  

. ' j {e d.edut:e t t rat  fe}r '  l r  large enoug}r
, " M .  , \  r  ^  t  .  n  \  

r @

i r , t r ' i ,L i '  - i r f  \ " )  dr  * (1+ *L)  i r ' , ( f \ r l f  l ' - l tv f  )1")at  z
" t u  r &  ,  , ^ r  ^  , \ ' r @ t . u L  ,  . \  " .

,,1. \tp't',i:t'- I t vfiJz) 2 dt2. + J;," lL(lf L.l* > o

" t*'t*ui*t:.on *tii 5if f 'f uf l"! lQ, 1'nD',not')ut't 4o '

the  theorern  
" i s  

thus  proved.  Le t  us  chcek  fo r  comple ten 'ess  tha t

the  compey ls ia to r  l s  
f  

-con t rac t l t rg  fo r  the  mod" j - f led  sys tem'

i teea l l  tha t  the  compensater l  sys tenr  (1 .1 )  reads

y '=  (A+BZD*CA )x+BrC"xc* (81+BrD*D2r  )u r .

x[ *B"crx+A"t"nn"De1*]. 
(e 'z)

y1= Crx+D* u, +Dl 2 ( 0 cxc +D*C tlr+DoDzr*l )

whLle the eompensated nrodi- f led system 1s

1

( "
j .  l( ... (t, s )9,(
3u ',{?
Yi ,  Y ;  anc  s ln

i"rt lon

dt  4 c  1-eo

-  l t r f  ) ,  . [ t f  ) r l "

)o, tvf )] dt

tha t

k r L  t r , r . \  l L \ A ) ' -
a l  

- l \ J , i / + t / v L l ' t

r 8

I / L .J,|bri''',:l'r '  . t L

, * ) E (u >lrf iu lot +

deeompose "f  ,

t l a l l y  P t n b l e  e v o l

o!)o le t  \ [ r f ) " I ' ]
n @

02 ),1 "f  t"et
ulL

,.o
l o ^

) u* = J, ttr2t"f l t' tL ' 'oo

) l 2 1 a r  - z ) , 4 ( v f
L 1 '

ancl  we deduee
, @

' ) n t  j  / f J , t y 3 1 u/ ' ^ "  t  t  ' ' ' l ,L-

oa

d.* f I , l tx,)  ̂) ' 'do"
.&

bl^-

r,t. ,6t

l',* )-" 4, **n (t
In the 

-same way Yre

deflnes {}n exponen

I tor . '5)ot 2 * l t

l*1 1vi)^ 1 
' dt 4

t b ,
We have furtber

l l t t "fl '- Irf r '
: irf I .,f I '-tr'f

u b  
, N: I r(rf), {'u*

1rr" ( * '*r. i \ '  -tnf {t
I  r  - ,  \ 1 /w

n €

*F Jonlbf ), I l$;J, I
" -'e 0'al J(#uftar|k+ o' J / r t' Il utt1  L z  * 0
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(f ,T* ) .,  ' rake in the
N

t o  g e tul=vl+! ' lx

compensated systerm (q. t )  the l 'nput

x "*fA+B zDecz*(Br+BrD*Dat )r 'r J x +Brcux,r+(Bt+tstDoD2l)tl

*6= B" ( C, +Dr*F1 )x+S*x" *B*DAlt1

Xl=-DlA! 'rx* 'D;1v1*D}Z(C*x*+D"P2lt ' i  )  *D}ADc (Ct+D21F1 } x

- 2. l i l i  I  ,ndlns regnonse in L2 by
. L e t v , e I . ? ( R ' n , ) ; d e n o t e t h e c o r r e s j 1 p n d 1 n ' 6 r e s p 0 n s

x '*  (A+BZD.C2 )x  +BrC"xo+(Br+BrD"D21 ) t ' * (Bt+D2D*D21 ) r lx

* Bcc 2r( *A"*o *8"D2 ltr *B"D e rrrf

deduce ( i - "  ) '=(A+BrD"C )( f 'x)  +BrC"( i ; "J

(i;*J'=BoCz (f-* ) +fo 1f6:c-)

and slnce

xI
T{e

that  !s

( i - ,  1 t  r ]  ( ? - x  I
t iu-*" I 

= uro \ i" -*o)

expone l l ' t l a1 . lY  s tab le  evo lu t

tr 'rom our b:lsic relir. ' 'r i 'on irre ' l ' t

f * ( r r 1  , r l L  \ y r l ' )  u * =
' roo '(/

* -D12(ur , * l ' rx )12 dt  "  
JJu 'L

J+,
have

def i r res an

f=x , ?o-=X.' n

Drf (u.,  -Ftx ) +

Zx. 
*Dl..ltl+

f *

t  - J  I
-&

* -D12ll '

,

- I yn l' )ob = flt Y- lual'- | g^l)olt
0 q '  

'  . -

=c.,xrr+Dn ( crx+Drattr .  )
\ r v

ft-Dtrtr*Dle ( u2-r2:

r. 'o"u L', 1f lur l "

lon , vr/e must

ave f  ur  l ,her
, @ ^ .

J tri"t*rl): t 
'4

*i20

i,

rrr"-F1X',V1 r J 1

Se obtalned f inal lY

and slnce o1 was

t :
arb i t rary

+DrrCC*x*+D*Drrv l  ) *  DteD*(Cei"Drr l i r  ) r l  o  r : r *0 . r  
"+D"X2*

* c 
"ti 

^ +'D"c rx +D*1)r, (vt +Fr.x )

vle "iow that J:( f,-i*n P- lVn)" 
.)21*i, ,t !: 

I)i w^t'ort lrenee

J-: ( f rn,' t' - 
-tli^\" 

)o*_ > f,"J-* I a,lLot*'
i l *1 ,  f r jom t i re  exponent la l  s ta -n t l l t y  o f  the  compen$ated  sys tem.

? o i  ,  Z  t  
- -  

, 2 - ,  v r . , y r t 3 t

w e  h a v e  J  l " l '  d t  t  , '  ) - *  \  u t f d t  h e n c e

G 9  '  ' ( @  
€ 6  

'  
f e

I l*^r-Frxl 'dfr. <t"f lu^r'.tt and rrom here l^",u. tdt >'t L:u|' '! i
J_" 

a -@ -*)

I {^r'ut . t /"-r{i f 1", u,, l"ctr
the comPerrsatod results )r  

-con*
U
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traetlng , Let us end this secttotl by wrlting expLleitly the

th. lrd Rteeatl  equatlon for whl.eh existenee of a bouncied on (R

etabl l tz ing so lu t lon ld  obta lned f rom the ex ls tenee o 'd  a  s ta-

bi l lzLng , f ,  cont;raet ing Qornpen$atp:r forbhe dual of *1_1__._.,

moc} [ f ied s ,ystem (6.1)  .Th is  equat lon reards
A  , \  A . .  . *  -  . . , ,E  |  (  "D tzFe  

\  
' , 1  

-5'-  (4,+81Il ,  )$+S (A+BtFt ) '  +BtBt- t ,  t  
-  

)  
t  +

\  0r+0" . ,F,  /

/ n  t  , . k r  r  /  |  -D . ,nTn  \  f  r ^  \  , ,
- f " r ] 1 o * | ' r - , 1  I  

' L 2 - 2  
\  a . / r r l \  

" * f" l  l " r J r  L  I  I  s + {  I  B r J
\ D z r l  \ c r o l r r n ,  I  \ D e r  !

 
The so lu tL6ns  R anc l  S  are  the  onLy  usec l  to  cons i r "ue t  a  s ta*

hi  1 ' l  qz ' i  nrr  . r ind f  -contract ing compensator a$ i t  'carr  be s een
V . L . L - J -  a r * r t t )  L 4 . . \

u a
f 4

f r :our  Tg  Jn  .To  ob ta in  t i re  ex j .s tence o f  5  we b t l l l -  have tc r

check the cletectabl l l ty  a.ssurnpt lon v*hlc l t  l ras been usod ln t i re

prgg f ' fo r :  e : r ts tence o f  R ,  The rngc ld , f ie r l  sys ten  is  es 'c1" ' - l -a rec l  to

A+B1F, ,  B1 u B1r-DLZF2 ,  C2]-DAfr f  ,  D:L: t . ,  Dl? '  Dzj-

vse  deduce f l rs t  tha t  the  proJeet lons  11  I?  
T l  Z  a r " - '  i : c t

changer l  .  
"ve 

s;hal i  need t ;kre property of  sr tabl-112r 'bt)- i ' t ; ' r  fcr

(A+BrFr-uruJr (DzrDfr ) -1(cz ' *Dr- . ,Fr )  r  Bt  l l  2  )  and sueh

property fo l lov. , rs tyom the stabl l izabi t l ty  peope: ' t i '  i r t  t t r 'e

s ta temen 'b  o f  Theorer i  1 "1

I luq.a{k I f  rve rvr i te t l re f i rst  Rtccat i  equat lon a$sociated to

the  above cons ic le red  mod i f ted  sys tern  (6 .1 )  we see tha t  i t  i s

in fact  a , '  .Bernoul l l  ec1uat l0n nn ancl  the corresponding g10ba1

pon i t i . ve  sen lde f ln l te  ,s tab i l1z lng  so lu t lon  ls  jus t  the  zero

o n e .

? . A :egP"!q*]:q$q* -Plqag:-t-v-' '

The R leeat l  equat lons  fo r

bounded rF0e i t l ve  semidef in l te

f rouo ex is t€ : :c0  o f f  a  s tab l l l z I "ng

wl r j -ch  ex ts tenee o f  g loba l t

, s t a b l l t z t n g  s o l u t i o n s  f o l l o w s

and V- -  contraej ;1n8 comPen$a-
t)



. - tb-
a t

tor may be wri t ten as
- 1  t r  - .  .  t -  - ,  - { , * , . - ] " * * ^  .  . r r : r r - } p * p , r . f  t n T

R,+(A-Br--nlc, ; '  n+n1 nbnrc-lnlc, )-RBK-If ** 'r , ,p,
+  - 1  -  * Y A - J  *  - - 1 - a

$'= (A-BrD;ft-}c )s r 's (A-BrDix- L c)^ -sc* K-'c$+Br (r*t

-nrr-Inf )er=o
-oi?-ln2 ) Bi

e '* (A+BrIrr-BlD;fi-16 i$oilrA+BrFr-Bru!fi-l0 f s

r, i= *q **,.rni f,- I c )o z, +c* {'*L cz,

zi=Rt( tml-n|fi - }n, I sl zr" + ( r1* tsrD| ?'-1 e )2,

Ib the same vfely tc the t ,h i r r l  Riceat i  ec,uat len a eanonj-eal

sys tem is  as$oo ia tc ld  o f  t i re  fc l rn
 '  * t a - l r t  

+ E - F -  )  -  ^  " - 1 6  r y
ZL =-(A-"B'DZI{ 

.* l i  
+tsl-t" l  ) ; . , ' ' l 'u r '  v 112

zi=Bt (r,"- -D;fi-to, )niir+(A-BtD;fi-10nnrn )iz

uo* 'n^l*  
* ' t  

i r r r r t  |  * lzr( t , l  /  I  pe 
*" ' ,0 '  

l , '  
Lato

a n d '  a l s o  l i r ( t )  [  +  1 f i r ( t l  I  r  p e - & L . o - " t  t  L t o

An essent la l : :e rnark  l s  tha t  every  mat r lx  so lu t ion  fo r  the  ca-

nonlcal  systems above wlth zur- t is table evolut ion wi l l  be 
-a 

l lnear

combina t lon  o f  the  spee ia l  so lu t lons  cons ldered above '

Consider now the l , iapu]3ov transformat lon def lned by

-$6- fi-14 g +r, (r*r-{fi"ln, lnf

.\ | 
-Dtzlz 

\ F
S = |  i  .  I ,et ZL be a rnatrtx solut lon to

\  Cr+Drt r t  /

z i  =-(A*nrui f- lc-sc" ' i l - lc ]*  
7\  ,  zL(to)=rr,  '  SLnee $ 1s

stabi. l iz i_ng A-Blf?;,-1c-sc*t-rc def ines an exf onentl ,&h-Ly s t , i -rbl  e

evolut lon and z1 corresponds to  a l l  ant ls tab le  e i 'o lu t i 'on '

I  z r (  t l  I  lp  *  
- t ,  tu : t )  

,  r  4  to  *Def lne 22, ,$27 and c l :eek that

f  7 , - ,  \  . .  !
* *  (  

t  
\  

t "  a nir ' t ; r ix*  solut lcrn for  the i iaralLtoni i ' r r t  systern

\ r ,  I



( t ) =  ( t "
[ 0

-27-

-  !  n ( t l
tr-

rn

+

.  We shaLL prove that the

r Q

two Hamiltonian syste-ms above are equlvalent under thls

t ransformat lon, that ls e- a ( '  f -4 + f f l { , i i ,  I
Y{e shall deduce frorn here 

*thtt t  f  t+l*4 ,-^(r) )\  " 2 \

ls  a natr lx solut lon to the Hamil tonian system def ined by
A

7{ ,havlng antistabLe evolut ion, hnnee

,  ( z r $ ' ) \  f ? r c u \ M
f  <t l  [  |  =l  / \  |

\  7 ,2 f t )  )  \  z2 ( t )  I

$lnee (  ls  nonslngular the solut |ons 
"bo"e 

&re i " j -near ly

lndcpendent  ,  henee $J l  l s  nons ingu la r .  S ' lnee  Zr -  I - rkZ^  s
r- r"

-? r *  ,  Z r= t r tA  i f  we se t  t= to  we deduee tha t  t ^ -  
f .n ( to  

)L i ( to  )

-M hence tn-  5 R(t)S(t )  I 's  nonsingular  for  a l l  t  ,  and
d

tc t  l  =s( t  l [ ro-  f ,  
, t t  )s( t  )  J  

-1

Thts  fo rmula  g ives  an  lmpor tan t  conneet j .on  be tween the  51oba l

s tab l l i z ing  ,  bounc led  rPo$ i t l ve  sem|def tn l te  so lu t j "ons  o f  the

three  R lcca t l  equat lons  assoc ia ted  to  ou ts  p rob lem'  $ inp le  a l -

gebraic manlpuLat ions shorv now that the spectral  rad' ius of

R S  1 s  s t r i e t l Y  l e s s  t h a n  
f  

f o r  a l l  t '

Appendlx . Equlval .ence of  the Harnt l tonlan syst**s,$o[* have

e* t-rc

$ t = A-BlD;ii

)t

; : , , )

6* ?-10

Ar -BlD;a-16A+Rr.F,
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'a* 
lfr f 't

henee

Ji,,
4ft,

w

r4,
\frn,ft

avt

( ry, ,  4.)  =t , t
\Xrn tr. /

/*t,o:') (t i '1 fi:fr,. I I o r /= | ilr,

Denote

) *

- 
i"tr" k'/'fr''^d

J =

o ther

a

(t -J'1 '- 
[ t 

-i,z 
\{ n, a.\ = ( , -/.a 

) .
fo  o l . l o  r  ) \n ,  J r , , l  t  o  o  I

[ ffi,^ l*,Pftr, fror* /.R4; I
+  |  

' '  v  u  
I

\ f(zt er 
-el 

/ .., -^,
we ded*ce that frr, = tr, - f,O7(at , 4r- f.4, 

L =

Z(vu* i,o#n, - 
i,n' , #r,= r(r, , fru f,&, R = -tr * '

we see that #r, e VQt = frr, and *u r'*"uftheck

bloek.s "  We have

frr, --tff n 
i-'frr,k 

r a-nrn!ft-16 . fnr(r-nit-lnrlnin*
*nrnl f - l fd -c i  u"d we have to ekeek that

{u. l  1i-t i i l - tur lnln = BtFtnnrult- l(c-A ).  Remenber thet
f , ' - r ' - - z  . , n l ' , ' / o i r i  

o -  o f i . D r r \ - i /  o l , , t r )
F=_K-rrpicr+ts*R ,=- [ : i t:tr- 

ft 
.]

\ DfzD' DfzDre ) 
L[ oirt, /

l { -  \ r  r+ \ n[n / J . Denote iir-o!fi-tf ilc ,. 
f. 

Ci-o]fi'- o o) tlo

f  l - D 1 2 r ' 2 - c 1  \  ,  4 1.o ! t - ' l t  |  - f "  urn inJ "Ful*1 L \  DetFt I

( oirr,.,.l-ft ofror, 
\ . { 

r'r 
\ =_ l "t:tt )K t r ' = t D i z D '  D i z D r z ) \ 1 2  l  

= - \ o i r t r /

/ui* \
i

- \ u l * /  i
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(oirDrr- f r lrr*DfuDrar, =-uficr-ui*

DiaDr rrr *DiaDr arz- -Di ac.- nln

ofr{orrrr+DrrFe*cr )- f rr-nln

11= f, 
nin. F 

oir(DrrFr+Dlerz*ct ) --,:-

f, '=DltFl*DleFA*Cl

* ^*1-1f I  
-DrzFz-ct 

\Fr*Dex - 
L \ DerFr ) 

-DrFr+ 
f,,*itfr] 

*r, - ioir{, 
-

V

=olt-rf [-tt*otrFr-DnFr ) * f,orofrilr] *F1- 
fuut#r= 

-
z L \  DzrFl-Datr l  I  I

** :-t | (4*o,rr'ir-t3 ,t* 
) 

nFr- 
F 

oirF,.= 
?, 

,o; o,, )f;-t= D z L  
[  

'

\ f'o"nf'F' I 
a

((o.rofr- i'nr,i 1_ hofrt, nFl
I rrrufrt, J' [n'tt" t 

'-: 
.t-

rak lns  ln to  account  tha t  f  

Dr rDf r - : t tn t )  
id  the  f i rs t

\ ozroJr I

colunrn or t we have f-I I 
ott;ri: f 'nr) = 

f 
t-t)

t r ^ t  o z r D i r  l \ o l
and $,= f- ,of, oi r 

[:"Lt,,-];'i",+F,=D,
YJe deduee finally that 

' 
kr-=ojuroit-I6*nrr, =nfru '

fr,^ * z(r, -i, sn{rr z- r<; ;- iG: = K,,
We lrave onlY to eheck that W^, = K2

fr^, = $, fr^^ nn &r* #, * Krf - f- R'=
!s 

l,Kr^*- i, 
n l$un + N,, * 

f,n 
ltti - t'. 

a'.=

s - 
Fr(a+nrnfft-1c 

)*n- f.n{n-nrnifi-lc 
l- | *' *c*fi-;lc

f-r- 
RBrn= -|,{nna*R+RA1. 

f"[t"fi-lurnfri*nnrn]il-lc 
)+

*c*t-l c- 
f,,n 

nrn . 
,

' , -
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1

llle roay wrlte

R'+AtrR+RA=-cic f tr' rfr'r+r*oiott

2i,,, = !f- clcr*ni,ur- t* v*ofnrr
henee

- h^ur(r*r'n!t-to, xin +

- urcf cr*rir ,- f,nnnfnrr 
-f,, RBTBio*t ,'A. hrrult )*t-lEc-0n

. Fornin I 
*0.t-16c-6* frrr*r*+g-6+frornlnl*fi-16 

-6*fi-10- :
We have as abor,'e / r\ n* -,tt \

c-d* 
fornino=uuur( 

':;r:Li"'1 
11 and we deduee

''J

#* = 
fcicr*rfr r- f,r*nlnrn 

-rt*utnln*Fff,orr DIt'['r]pl)F1{

+ 
f, 

c.t-tnrnia*prinrult-1c*c"f-1c +u@/,2= f. 
rir r+rlrr-

- 
fur"ninrr +(c+ t*nrninf f-I p* f.nrnin > t'rnnrrfn 

*

" t'i.otzlz.F.loiefr* 
fr,,= f'cicr* rin -i'n*nlnrr-(rr-

: 
fuoiF, irrr- f,orrf, ,* f,F;orrn{rf,.- fu {i{to;f"finrrrr*

.furrrririr* ft,r- fr 
titr- f, r*ninrn - 

f,i;{t*f, 
F{nrr*

. i,r*nif,r* fr^: =*tirr- 
f,<orr-ilrr*{ort-il, 

t* fr^'
a:rd flnallY Wo= Kif
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STABIT,IZING COiI{PENSATORS

\il]TH DIS;TIIRBANCE AITENUATION

by Vaslle Dr6gan

. i lpttgl. Extend"ing and' adapttng recent con$tructlons in

i {oa  cont ro l ,  e tab l l l  zLng compensators  a re  cons t ruc ted  fo r

t lme-vary lng  eont ro l  sys tems r  such tha t  a f te r  eompensat ion  the

opera tor  f rom per tu rba t lons  to  the  qua l l t y  ou tpu t  i s  s t r i c t ry

cont rac t ing ,

1 . TNTRODIICTION.MAIN ROSII IT "

Cons lde r  the  sYs ten

x ' -A ( t  ) x+8 ,  ( t  )u t+ l i r ( t  )u ,

x l=Ct . ( t  ) x+Dr r ( t  )u r  *DLz ( t  )uz

yz=Cz( t ; x+Dr t ( t  )u r

( 1 " 1 )

1,l
I

. i

where Alllt .-o a,f,{ o*r,{al) ,Bl:it 
-, a/LL nxml ,Cl:t[t -'-' o'UL plxn

i*1r2 ,DiJ  i  l }X ' l / ,p l " * j j , r j = . L r B  ( r n a t r l c e s o f  c c r r e $ p o n d i n g

and bounded.d lmens lons  w i th  rea l  en t i res  )  a re  cont inuous

A  c o m p e n s a t o r  f o r  ( 1 . 1 )  l s  a  s Y s t e m

* j = A " ( t ) x " + 8 . ( t ) u c

Xo=Ce( t  ) xc+D" ( t  )ue
( 1 . 2  )

Ac ,  Bc 'ce 'De be lng  eont lnuous  and bounded 0n  lR .  The eoapensator

l s  e o u p l e d  t o  t h e  s y s t e m  ( 1 . 1 )  b y  t a k i n g  u e = X 2 ,  
. D Z - ' ! c ,

A  e o m p e n s a t o r  ( 1 . 2 )  l s  s t a b t l l z L n g  f o r  ( 1 . 1 )  j . f  t h e  s y s t e m

obta ined by  sueh coup l lng  de f ines  an  exponent ia l l y  s tab le

evo lu t lon  1n  the  absenee o f  d ls tu rbances  U l - .  I f  the  cornpensa*

tor ls stabi l lz lng ,  for  every dlsturb^rr""  t l  ln f ,2(mrf t t$ l  )

,J
I
i ,
I
I
j "
j
l' l
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there exists a qnlque output x1 ln l2(R,unt) and *rrr,

thus def lned is  a  l lnear  operator .  The eompensator  tu  f ,  
-

d is turbanee at tenr ta t ing t f  ( l  t . r - , r -  I l l t r  .
J l * 1

In the f i rst part of this study ( f  1. l  )  rve have proved ttrat

under  the s t rueture assu, 'npt ions :  1)D;0t  )Dlz( t  )  and

+
DZt( t )D;1( t )  are lnver t lb le  wl th  bounded lnversesI

2 )  wi th

I l . ,  { t  )=ro-  -Dtz( t  ) (D i2( t  )Drz( t  )  ) - lDfz( t  )
L .t/I

1- l r { t  )=t r r -o i ( t  ) (Dzr( t  ) i l i r ( t  )  ) - lDer( t  )

(Tl  rc '  A-82(ufzDrr l - lof rcr l  is  detectable and'

(A-BtDt l (DzrDJr ) -1c2 ,  B lT l r ) r *  s tab l l i zab le ,  ex io tebce

of  a  s tab i l l z lng  v r l th  p  -d is tu rbanee a t tenuat ion  compensa-

t o r  ( L . Z  )  f o r  ( 1 . 1  )  l m p l i e s  e x j - s t e n c e  o f  p o s i t i v e  s e m j - d e f i n i t e  t

boqnded ,  s tab l l i z lng  so l r& t1ons  fo r  th ree  R lceat i "  equat lons

a s s o e i a t e d  t o  t h e  p r o b l e m "  T h e  m a l n  r e s u l t  o f  t h l s  p a p e r

cons ls t$  ln  the  .ons t rue t lon  o f  a  faml ly  o f  s tab l lLz ing  eorn-

pensators  rv l th  
f  

-  d ls tu rbanee a t tenuat lon  by  usLng these

, s o l u t l o n s  o f  t h e  R i e e a t l  e q u a t l o n s .

2, $OM[ PRIILI}JITNARY RESIILTS.

/ t r \
Denote  B=(Br  82)  t  a=  

| .  , ,  J  ,  D1=(D11 Dtz  )

-  . > [  l ^  0 \  -  v _ -
K=DID,-  V ' I  

r r1  
)  . .  theYf t rs t  Rlccat i  equat ion reac ls

r r  0  \  o  I  
) '

s '+A* ( t  )R+RA(t  ) -  [  nn( t  )+cf  ( t  )D1 ( t  )  J  K-r (  t  I  I  t *  ( t  )n+nf ( t  )c r (  t  )J  +

+c f f t  ) c1 ( t  )=o  (? .1  )

and our assumptlon ls exj-stenee .of  a bounded r  Posl t lve senl-

de f ln l te  so lu t ion  sueh tha t  w l - th  F=-K-1En*n+ufCI r )  ,  A+BF

def lnes  an  exponent la l l y  s tab le  evo lu t lon .



let  f= f t t
\ r z

- 1 -

and assoetate the sYstem

* ' . fA( t  )+Br( t  ) r rqt  l ]x+nr( t  )ur+Br( t  )ue

x l=-Dt2( t  ) rz ( t  )x+Drr ( t  ) r r rnD12( t  )ue

f  2*Lcr(t )+nrr(t  )rrt t  I  ]  x+Drr(t )u,

'We have proved ln LtJ that a s,. tabl l iz lng eobrpensator wlth

t /  -d is turbanee at tenuat lon for  (6 '1)  ls  s tab l l tz ing wi th
0

y-d is tu rbanne a t tenuat ion  fo r  (2 .1 )  .We sha l1  p rovd now the
0

converse  o f  th is  resu l t  and we sha1 l  eons t rue t  a  fa .n t l y  o f

s tab l l l  zLng eonpensatms w i . th  f  -d is tu rbanee a t tenuat ion
0

f o r  ( 2 . 2 ) ,  W e  s h a 1 l  u s e  t h e  f o l l o w l n g  r e s u l t  ( s e e  f o r :  e x a m -

p l . e  C h  J  ) .

l toposl_t, lgt_ 2.,1 Conslder the system

x.1=3.(t )x+,Q(t )u

X = C ( t  ) x + D ( t  ) u

wlth eont lnuous and bounded on tB

def lnes  an  exponent la l l .Y  s tab le

proper t les  a re  equ iva len t

a)  The lnput -cutput  operator  ,y ,  f rorn l21nr lF i t )  to

f ,2Qnr f tP)  has the norm st r te t ly  less than , t '  .

b  )  The Rieeat t  equat lon

p'  o i ( t  )p+rAqi t* fp ic t  )+0n(t  l f i ( t  )J  L

* in  ( t  lS t t  l J  *8* ( t  l8 ( t  I  =e

has a  po$ l t i ve  de f in l te  ,  bounded on

i , ,- if )k'I '  I-0*n 1-rq!nF*i*6 ) deftnes' 0

evol  u t ion.

( 2 , 2 )

coef f le len ts ,  Aesrune tha t  i .

evo lu t ion .  Then the  fo l low lng

lR so lu t lon P sueh that

an exponent ia l lY s tab le

( I "2  )  l s  s tab i l l zLng w l th  
, , ' '  

*d ls -

(1.1 )  ,  then *J-A.*".  ,# B"oo '

ts stabi l l  zLng wlth l-dlstr i rrbance

f"-i.(t );( ul -tni ( t )P+

Let u$ rematk now that lf

turbance at tenuat lon for

xc= #t"*" . + D"t"- r r  t
',]

,.1
T
j
' i
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at tenuat lon (shor t ly  eont raet lng )  for  the syste"  : - :
,

x'=Ax+ * 8., u' + t(? Bcu2
\ J 7 - I I  o  z t

1 v r

yr= # crx+ + Dr r ur *DL2o2"L r l r  r  
v  

r r  r -  Lz I

l z= t$ c rx+Dal.u1

Converoely , i f  x*=i 'o***i"t" ,  Y"=0"x*'nfrou. ld stabll f  ; f f i

and eontracting for the abbve systen, then by taklng Ao=t"
/\ /\ t\

B"* V E* ,  C"= S C* ,  D"= 
f ,  

o.  we obtaln a stabi l iz lng

eompensator for  (1.1)  wl th 
; , r -  

-d j ,s turbanee at tenuat lon.  I t  is

why in  the  fo l low lng  v {e  sha1 l  res t r le t  ourse lves  to  the  ease

W -.-r
I  

* &

FTgpgF- j . !1-on--2,  ?  Conslder  the system (1.1 )  and a eonnpensator  i

,.'t 
*

def l

the

P ' + A

Dtt

Det

((r-DL2uiz)c '  a+nrnlF'  )

1
1
{
I
,lr t
1

t ", i
. i
t .
I
'l{,l
t.

I
1
1
I
J
j

. : l

ne exponent la l l y  s tab l "e

untctrue bounded on (R solu-

*P.*cnc =e , tkren

o r , \ n ( r n  o r r \
1  I  o  ) ' to  /  \ D z r

and A*

P l-e

uat ion

f
t

I
t
\

sume I

he  i ia

n r
" 1 2 \

I
0 l

,As

t i on

! a  !t u  t ,

Dt t

2 \

1 u

n

f
I

I
\

( 1 " .

evo

t l o

1 \  A
L l  n

2 )  r f

punov eq

+P B=0Dzt

i s  d e t e e t a b l . e .

3 )  D 2 t ( t )  i s ' l n v e r t i b l e  f o r  a l l  L e t l t
- ' l

A-BID; iO2 def lnes an exponent ia l ly  s tab le  evolut lon

$ I ,e t  Gc the lnput -output  opera 'Lor
^ l l l ^ . a m ^

r , ' ( fR , [R ' )  to  L /1 ln , ln  t  )  assoc la t .ed  to  the  comFensator

Then ll c",l[ a r .

Then (1  .2  )  s tab i l i zes  (1  .1  )  and is  eont rae t ln . .g  a

Proof  .  A l though th ls  resuLt  ts  essent i "a l le  conta l -ned tn[g)

and

f rom

( 1  . 2  ) .

we sha11 scketeh  here  a  p roo f .

a  )  App ly  Fropos t t lon  ? , .L  to  (1  .2  )  u t tder

to  ob ta ln  a  bounded rpos l t l ve  semldef in l te

Z to the eorresl- .onding Rlccat i  equat ion

assumpt lon  4 )

s tab l l - lz lng so lu t lon

.The evolut lon af ter
',j
,;l
. i

. {. l

l, : l
I
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ooupl lng the compensator  ld

x'=Ax+Bo (Co*o*D"crx )

x[=B"crx+A^x"

)/'(i"*"

+ (x "  ( to

deflned bY

( 2 , 1 )

J,et  (  I "  )  
be a so l_ut lon of  thJ.s ;  eystem and le t

v( t ;=1r t  ( t  )E( t  )x ( t  ) *4  ( t ) t  ( t  )xc( t  )

A direet eal-eulat lon shows that

v ' ( t ; * -  I  c r { t  ) x (  r ) f  - l c 2 ( t  ) x ( t  )  l 2 * * n ( t ; F ' C t  ) B a ( t  )  [ c *

+ D . ( t  ) c a ( t  ) x ( t  ) J  *  f  c . ( t  ) x e ( t  ) + n " ( t  l c r q t  l x ( t  ) J "  8 2 ( t

- * ; ( t  )  [  i 1 t  ) r " ( t  )+c f  ( t  )Dc ( t  ) J t l -n i ( t  )Dc ( t  )  J  
-1  

L  n i ( t

+D: ( t  ) cc ( t  ) J  x " ( t  I  - l  c * ( t  ) xc ( t  )  I  
t n * l ( t  l f i f  t  )Bc  $ )cz (

& ^ t
CfDt  2=-PB2

+xF ( t  ) c ; ( t  )B ; (  t )Z ( t  ) x " ( t  )

l i re  f l rs t  cond i t lon  ln  2 )  g lves

io=-1r-oJo" ;-1 1n[i*n]c" ;

v ' ( t  )=-  I  ( r -Dl2Df2 ( t  )  )c r  (  t  )x  ( t  )  I  
2

- o ; ( t  l $ r t  ) x ( t  l l 2  -  t ( r - D : ( t  ) D e ( t  )

t n
c " c

) l '

I t  f o l l o w s

(T
\  I  r r -D-  ̂D
.1  L1
t e f

+ )  \ ( r - n
+

*  c ( {  
" ( t o

wlth c not dePencli,ng riPon to and t

The de tec tab i l i t y  assumpt lon  ln  3 )

such that fr !{  n*nrr l i* iqI-D}'DS )c1

stable evolut ion 
, ,L 

** may wrl te furt

x( t  )=x1( t , to  ) * rn  I ,  xa( t ,s  ) ) ) r1s  l [ c " (
f,6 ^t

-n!rs >S(u )*(s 1J es * t  
-  
xnrt ,s) i (s ) ( r

to

(t ;"" (-t ) +

) P ( t  ) x ( t  ) -

t  ) x ( t

) z ( t  ) +

) +

anci we d"educe wlth

- t c o ( t  ) x e ( t  ) + D . ( t  ) c e ( t  ) x ( t  ) *

tha t  t * f  v ( t  )  l s  c lecreas lng .  We cLec luce  ncx t

)b t  f -  [u*. [ t  >*cr(t  )x(t  ) i  1 2

(2 , \ )
= V ( t o  ) - V ( f  ) v ( t Q  )  €

', and lve may take T'" @ .

lmpl ies exlstenue of  i '

def lnes an exPonenttal lY

her  the  representa t lon

s  )xc (s  )+ (n l ( s  ) c r (s  ) -

-Dra(s  lu f2(s  )  )c r (s  )x(s  )ds

t +2 d

e.

- 4 [ r

f )c " l2at  *  i  1 c""*+(nfcr-eiFl* l
to

- ca* ) l  2  d t

) ) 2  )
:,i
,1
,i

,,i '
,l
, l



been shown fn  [1 ]

a f  a  s tab l l l z tng

fake now r r r ( t )=

-6-  ,

to be a neces$ary eondttr lo 'n

and eontraet lng compensator  ) .

, 1 hL oi"r( t  )n,  2(t  t  . t

, r r t - ' )) ( ; : : : : j

and defl"ne Ttt fron

Jr f rCt  ) r r r ( t  )=rm-  -Di r ( t  )T7r( t
u r l  ! r

f 'hen /  n  r t )  o  f fK(t )= ( -;i;., rzz(-, I I

( e . o )

( 2 ' ? )

rgunwn t ,  based  on  (2 ,? )

xponent ia l$y  s tab le  evo&

/\ .f -T..1 ., Fr \
c a  l  

- * L  
I

\  c r , n  /

*A+BF thnnc* ( f,  6 )

rar (t l=[nr? q t )nrr 1t l  1/ 'uf 2 tt )Dtt (t )

)nr, ( t  )

- I *  0
'.r1

0 r -u'2

-*t, (rer rzzl r=nlnnoirc,

Denot e 
. \,=A+Brr;| Cr* tzrl

,  CL,F=ct+urr r ! | ( r f l  Tz2 ) f
\,

We may write then

txg$ge1!1_o,4 2-. I The compensator (t . e )

eontraetLng for  (2.2 )  l f  and only l f  l t

ec lntrac t in6 for  (2.2 '  > .

R'( t  l+n| ( t  )R( t  )+R( t  )Ar( t  ) " r ; ( t  ) rJ r  ( t  ) r r r ( t  ) r r t  ( t  )+

r ir( t  )cr ,  r l t  )=o '

A rather standarcl Liapunov equatlon a

Leade to t i re fact that AF deflnes an e

lu t1on I  fX . :  ) ,

W{have only to remark ttrat wit}r tUO, ,

n
r - ( (Br -Ba \Lnr i t ; l  o l  f i . i6

i s  de tec tab lg .  Cons lde r  now tho  sys teml

y'= (A+Brtr ' ,  )x+l3rr i ]"r* BZu2

Y r='\ 2zlr, x +Tr r'rilv, +r r rv,

Y 2= (C 2+Da r Ft l* *nr rrl| o,

( t , z '  > t

ts stabl l iz ing and

. i j$ etabl l lz lng and



stab i f lzat lon ls  no t  a f f  ected when we rep lae e (2  .2  )  by (2  .2 '  )  '

Tatce DJ sueh thir t  Dr (t  loj f  t  )* i l t ( t  )  to havc for

u(  L  )=(Dr  ( t  )  Dre( t  lqo f l ( t  )Dra  $) fk )  u ( t  )u* , ,  ;= rp t '

Deno t  e- " 
t  A+i3, Fr+BrD" (Or+DrrFr. BaC. \A " =  [  

- *  a  \ /  
I

\  B"(cr+DzrFr )  Ae 
I

/  nr+nru *Dzr \
R = l  

*  
I  c o =  ( - F r + D " ( c r + D r r F 1 )  c * ) .Yo- 

\  B*D2r I

A f t e r  e o u p l i n g  ( 1 . 2 )  t o  ( 2 " 2 )  w e  o b t a l n

d  r " \  ^  l *  \  ^  / x l
t T  [ . " ]  

= o o [  * " )  * B o t ]  J 1 = D r r c o (  * " / n ( D t t n D l z D * D z t )  t l  ( 2 ' B )

a n d . .  a f  t e r  e o u p l l n g  ( I . ? -  )  t o  ( 2  ̂ 2  '  ;  v r e  o b t a l n

a  r x l  f x l  - l
t T \ *  \  

=oo  
\ -  |  

+Bo r t i v t
' * c '  

r x , t * " '  ( z . B r )

11=rrron (. ;^) +(rrr+-rrrD*Dr1 )r i ]  vt
- v

I ) a r r o t a  b v  G  t h e  i n p u t - o u t p r : t  o p e r a t o r  a $ $ o e i a t e d  t o  ( . 2 , 8  )  a n d

r:y i l  the i -n.put*gutput 6pe:rator as$oe j -ated. to (2 
"8 

"  )  "

A di-rect  calculat lons shov,rs t t rat
1  - * ^  * - f  \

Q= u  /  ,u lu t l  
r l r  

)  T r r  (2 .9  )

\ E  J

where U,Ufnr fT" l f  ,  T I I  are operators  def lned by mul t i t r r l icat lon

wl th  eorresFonding matr ices '  iVe have

I l v 1 l t 2 = 1 G u 1 r G u , ) = 4 * 1 , G * G u , > a r r d ' b y ( 2 " 9 ) t u s 1 n g t } r e

fac.t  tha! U is $$ometr lc vre d"educe

[ l  r1l l2 s 4 t1,n1*rnrnlDtlr])  + 4*l,* ir i .d rrro, > c

- 7 "

Proof .  we have only  to  s tudy the lnput  output  operator  s lnee

= { ut,oirX rDtlul) + ( uyr:fr?ndtrrur)

and. taklng into eeounf i t  the def ln i tdron of  Tt t o

I
i
I



' :,

-B*

l l r l l l2  = 4o1,r t )  -  4rr ,* i r ( r -d*dl t* t r  )

and flnatty ( u, r (r-G*0)u, ) {"1 rfi Cr-d'd)nrrlrr> .

f rom her'e l t  fol lows that ( f  G l /(  I  l f f  l l  E t l4 and the

proposi t lon id  proved. .

l ' /e are now 1n posi t i -on to prove the rnaln resul t  of  th ls seet lon

Theorem 2 , I  I f  (L .2  )  l s  e tab i l l z lng  and cont rac t ing  fo r

(2 .2 )  th .en  l t  i s  s tab l l J . zLng  and  eon t rae t ing  fo r  (1 .1 ) .

Proo{ :  } ' rom Proposl t ion 2"3 we may assume that  (1 .2)  ler  s tabf -

l i z l n g  a n d  e o n t r a e t i n g  f o r  ( 2 . 2 ' ) .  W i t h  n o t a t i o n s  ( 2 , 6 )  e o n s t d e r

the  sys tem

x'". Aux + ( B-1 - 82T;Lr rr) ut + R2 f ; l il?

xr=cl o F"* f rDrr'r +nrrrjli, ( 2 . 1 0 )

aJ

Y Z=-TL lF l *  r 'T t tu t

I t y  c o u p l l n g  ( 1 , 2  )  t o  ( 2 . 2 '  )  w e  h a v e  $ e e n  t h a t  w e  g e t  ( 2 , 8 ' ) .

I f  rve take r f {e anO i2=f1 \ ' re may $ee that when coupl . ing (2.A')

to  (2 . IA)  v re  ob ta in  t i re  $a ine  lnpu$-c iu tpu t  c lpera tor  a$  by  cc lu -

p l l n g ;  ( I . 2 )  t o  ( 1 " 1 ) .  T h e  c o n c l . u s l o n  o f  T h e o r e m  2 . L  i s ;  o b t a i n e d

b y  a p p t y i " n s  P r o p o s i t l o n  2 " 2  t o  s y s t e r u s ( ? , 1 0 )  a n d  & 2 , 8 ' ) .

T r r  f a c t  t f  ( 1 . 2 )  l s  s t a b l l i z : . , n g  a n d  e o n t r a c t i n $  f o r  ( 2 " 2 ' )  w e

h a v e  ( 2 , 8 ' )  w t t h  e x p o n e n t l a l l y  s t a b l e  e v o l u t l o n  a n d  e o n t r a c t i - n g

input -ou tpu t  opera tor  p roper t les  requt red  fo r  the  eompensa 'L .o r

i n  P r o p o s l t i o n  ? " 2 .

A.  d" i ree t  cheek lng  shows tha t  the  eor respondtng  D*  i s  ln  (2 ,10)

T t f  and ts  inver t lb le ;  the  cor respond lng  ua t r tx  fo r  cc rnd i t lon '

, )  l n  I ' r o p o s j - t i o n  2 , 2  1 s

A, + ( B, -n pllrr r, ) r i ] t., F I = Al, r- Br Fl - n, t [[ r r rrl = A+ B, r ! ] r* r, +

+BrFr+B.,  J i ' . ,  -nof  l l for  f r  =A+BF and def lnes an exponent ia l ly
4 1 L L 4 ,  { t l L l -

s tab le  eso lu t l on .  Cond i t l on  1 )  i s  a l so  c lea r l y  sa t i s f i ed  .



The tlapunov equat!-on ln, 2 ) reads

n' +Afn+rAr+c f. Fc t*., +ri rf, tt rrl- = 0

and we see that F=ff ; we have fuEther

(c"o- _r,l r.L , / 
TlrDn Dtzrih 

\ *o(q _Brr;|r^-
- r r r  , t l l  / f  |  

' ' " \ - 1  * 2 " 2 2 - 2 r

\ r *  I
, n - 1 *  . '  ^ *  n  m - 1 -Bzr;L) = (cir Tl rDl-ririrrrr+R(81-82r2 i'rzf uL ntrDrzrzi*

t 1 1 - \
- 1

+Rlrrri) . trie had nnr+cln rz+Fn { ;? I *rr* 0 and

l ' r i - ,  \  -  \ ' z ? t
- *  - *  - * |  4 L  I  - - f  * * -ct ,F=ct*F [  *"  J  

' r i  D: .z  ''  
\ ' z z  / ,  

m *  \
n n  r \  _ n * n  , r *  |  

* 2 r  
)  - - 1  ^ *  ^- I ,F- '2- - r - r r+F^f  * , * .  I  T ; ;  D izDrz=*RBz ,  henee

\  rzz I

-9 '

ci, uo* r;!.nnrrll =Q
Tl rnrr=Dr r -Dr z$izurz)

- ' l=Dlt-Dl Zri irZt hence

- t oiro, 1 - D1 ] - D .,r)?Y z zra I =

.c J, rDr r - ( c i uDr, + RB r>ril,lr;=: f, rDu

) ri,\ { ro, r=clDrr.r"f 
*t 

I *r, =
)  "  

'Le LL I  r 'L  

l t "  I  

* " *

,r.=tltirrl] *RBl

€ond i t ion  2)  l s  checkec l .

e c t a b i l l t y  o  l e t  u $  s e e  t h a t  w e ' h a v e  t o

Ar+Brri ln*r** n+nrtilrrrFr+B 2r zn
r, +8, ril*r rur - * zri|(r zzr ztr fr|;.2 Fa n

tofrt, and

t in x rDp-nnrr;|trr '
. :d -n -  =clD- -  +F* [  

* i t
t ' l , F " 1 1 - Y 1 * ' 1 1 ' *  

\  t ,

= clDr r * t r'ltfi +n [r rp'r,
and the  f i rs t  Par t  o f

What  concern$ the  de t

consLder  the  mat r ices

+r, ( nfrnla ) 
-1 B;R=A+82

+nfrc, )=A-Ba lufru* l-

{r*nrrtilri:;\n{p c1 ,F= (r-Dre(nfaDrz l-tof, )cr , F=

- x tcrrF*X r.ctn X rDreri l$r, T22 )F= fir*r

s ince T l rnr r=o and the c le tectabt l l ty  condi t i *on &s

ln the s ta tement"  I t  reuains to  eheck eondl t lon 2)

t h e  o n e
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) 

:!r

nirrr;l

0:'t )['_l;i 
o'i nr

\*ilo,.,

oJ' n rDrr*rJrrr:.

and the eo

obta ined by

v e r i f i e d .

( 2  , B '  )  t o  ( 2 . 1 0  )

\

I
I
n t s

ing

nd l t to

eoupl

0

* r--t- D " . , l l " D *
J .  J . I A I

the systern

-1  fF  -112;Dr2D ::rzi

. " )  

+

t , * )

w , I 
(A+B'D*

r"-oi) * 
\  u"rr**

(r-f  I  \\ n a r L ' )  
. I

t
= l

\

t *  *  - - T
i l 1  * 1 1 -  -

us eheck

f losl , Fi o ll rD*,rr +urrr rl f r rrr o( l"

(-Tr.,nri+nrr lr ,  )  J
' r  t x \  |
+ r  [  \=  '  A+BtF1*B2D*(o t+Dt tF t )
a u  L * * /  t  B " ( c e + D r r F 1 )

Bu"b

let

d.
dT [ ;") =o" I I") *nor;]{-rrrrri+rrru, )

$f- ? =A'fi+{nr-nrrilrrr)ur+Brrj!, Irrrr, ( ;. ) 
+Crrr*

' , * -1
, * 1 1)  

* ( t r r * r2aD"D2t

*r2zD"Dzr )rit { -nrrr.i+rrr.u, ) J

) J g '

82cn

A*

C, )x +tsr0.

Ao*"

(Br+BrD"D,

BoD21*I

+8, (-Frx+D* (C2+DrrF, )x+G*xJ -

l '  
Bt+BrDoD2t 

\  |- t  
8 " D 2 1  ) l n

/  (ur+BrD.Dr, )F,
I+ 
\  

B"DrFt ("- f  I

*fa+srqrl|'rrrr L*r2
-&
dX
il{

. l

, l

;j

.

I
.l
i

I
i

-npllt^ (rf -ut )*BaDcD21(r1$'-u1 )+Brur-rrrilrrru, :*

=Ai+82F2 (i*x )+BrD"Crx nB2DrD?1r, {"- i)+BrC*xo +

*B2D"DZI , ,u, +Bru,

$$ =Rf*BaC.*" +tsrDoCrx+( Brrr-BaDoD?lF1 ) (f-x )+BrD.Dr111 nntul



- 1 1 -

e that $f Cg-:c ;=Rf f-" )+i l , r l  r6f i"x )+BrF, ( i ' -"  )  and slnce

f ines an exponent la l1y s tab le  evolut lon.  We c lec luee ' t ;hat

the evorut ion for (  +" )  
ls the $ame as when couprtng

( I , 1 )  .  W e  s e e  f u r t h e r  t h a t
- 1

D L?'f;-tT,r rF, x +D LzF 2x + Il f Df r rl r"DI A ( 
-!' 

rx +D* C rx +D,, D 2 1 F I x *

.  )-Dte (r i IT r,+D.D21 ) (I ' rx-u, )=D1'IJ"D2'ut+urrt i Iratur+

+DrrD*Cr)x+ i l tDt f r i

and dx
a^u

W e  d e d u c

A+.llF de

i'*x and

( I . 2  )  t o

I 1 = C t x +

tC*x

* (c t

A c lass  o f  $ ] r$ t r :ns  fo r  v rh lch  th ls  s 'bn le tu : :e  ho lds  is  o f  course

the  one fo : :  u*h ich  De l  l s  lnvc : . 'L ib le  s ince  fo r  suc l t  sys 'bens

X r=O .  l i ' o r  s ;ueh sys toms the  s tab i l i zyb i l i t y  r i ssumpt ion  l rnp l i "es

that A-BlDf-1(darDfr )- lCe <ief: i".nee uln exponen.t i .al. ly stable

evolut j .on.  f t^  0 \
Let u$ reeall now that lve hi*d or= (l; t 

, f;=uro;rt.tirtt 
, 

j

l lz=T*t-uf i{nr.. , l l r ' . ,  l - ln^ and 
--tor-Dlrf l  ,oi ,  > ;e r l , t  r

r ,et us eompute t- lnrnf* =( "1 
) ,

'f{e 
have 

1 n2 /

il I D r r+n.rrr|lr z 1 = D1 1 *D tz( pfzD r p I 
- 1 n fi u -, 1 nDl 2 ( Diz D r z l 

- r nfz D r 1 * Dl 1

and f  lna l l y  I1=  (C1+DrrD"C,  )x+  (D: . t  +Dr rD*Dr t  )u t  and the  c la l rn

1s  t r ) ) :ovcd  ,  t l " rn  resu l t  o f  t l . r .e  coup l ing  o f  (2  "8  
' )  to  (2 , l -0  )  i s

the  s .ame as  v r f ren  eo i ipJ in6  (L"2)  to  (J " .1 . ) .  T } le  theorem ls

cornp l .e te ly  p roved "

'), Tittt cA:iti ll, T1*;o

= Ax +B2D"C rx+RrC*** *- (  Bf +BrDnDr, ) i r ,  (x -x ) +8, u, *B*D.DZ1 ul

( or rofr. - t n., ) t, nDr.Df. ue*D*EI*

nrrnfLu, nnrrnfi ur* DrrBfx
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h
$ lnce  Do lD;1  ls  lnver t lb le  r  wo,deduce tha t

I L  Z L

-to, )u1=0 henee ,1=0 , Dz=(DarDir l*lorrrfx

!r l- l lrrnl

reads

u2* (DsrDi, )-tortBI*- (DzrDir l-lorrnfo,r,

and. the f l rst ,  re lat lon leads to

( D* nil -r n, ) u, *Dr rn6r (D z rDfr ; 
- ln* nf , u, *D*Blx

-Drrnfr Q zf ti 
-lnrrn'fx =D,. 11, rn'lx=o

The second

$'*Afi +sAr - $cr t" 1o s - nrn!fi - 1 cs -s;cot- rn, rf- rrnlt- tn, nf +nrrf

We have C* f i -1n-n f=rc f
,  

u 2 " 1 - \ " 1

*c2(D21nl, l*1uer81.
, , 4  1  v

nrtnrr-rurui= (BrDir

c e )

Blna; )

*BrD|(DzrDfu I-lnzrBi

(Dnx zDir
that

- , e l Oor= 
\corro

equatlon

that 1s

We deduee
r 1
K ' I )^

' c

(,,1."r,:-'o,ru; ) 
s

l,'1,'r, r-'o,,ui J B

, , *  1

21"1 J

ng so lu t lo

ions.  Take

t lon  i s
t . l  I  s-sI arca(DzrDfu)-1n

(DzrDir ) - loarJ 81

educe tha t  the  :  $ tab t l ig i

some algebraic rnanipulat

1 
matr ix such that

\
I

,t I ls unlf,arY.-nnrr(t  )  I
ary.  "  matr lx  

,Le (  *Y(, t  ) .  le
t  b f f t t r  D
|  * -  ' t r ' " ' \

\ nflru oii( ' , I

and the Rleeatl  equa

$'= [ a-nrojrlnrruf, l-
. A ' r -

-sc* K-'cs+8, I t-Dzi

and lf Tl rnf=O we d

We shal l  perforn now

f r ,  { t l  a  (* r -pe)x m

I  S ,  ( t )
l *

v ( t  )=  ( r r r ( t  ln f r ( t  )  )

deflned another untt
' r "  

:  
' " j  ' . .

n  l s  $ = 0 .

Itecaill ill.so tirat we

t u s

:J
'j

i.l'l

wrl te

i f t t  lnrr(t )v*(t )*



rlfcu \
r f tu f

/ *l lttt
v( t  )T11( t  )v t ( t  )=  t  ^ * *

\ 0

Lemna 1.1

_1 t_

Se have

with  r | |Ct t  and r f f t t l  inver t lb le .

t rgq f , : .  $ ince  Dr  ( t )D j ( t )= I r { ' t r )  ,  u ( t1= (Dr ( t )  D12( t ) .

(r i , ( t  ) l l rz G)) ;  w0 have 
, .

vqt lnfr(t )$r(t )=v(*]loir(t )Dr(r ) ofr(r )ryztt)(ofi.ttl.o ,y{ni/'S =

K'ii(t))^ (' itorf\
" l t

\Fli(t tn ('ii G,Yl
v( t  )  f  , **  -n i r ( t  I  I t ( t  )n l r ( t  lJv*( t  )=v( t  )v*( t  ) -v( t  )o i rqt  )n,  ( t  )

I

{ c * )Dr r ( t ) r , ' t t )  =  { t * r -n ,  r0 l  f l t i i t - " - \\ o tn, I t (t l?(t ))* I

{  
rrnr*p2-(ol l( t  )  )* ol lc. r  -(ol lat >in}f(* ) \

qn{{.tt l  olitt ) ) ' ,, Ir t  
\  - (o l f ( t ) ) *u ] l r t l . l n r - (o l i ( t ) f  o l i cn ,  J

$ ince  r ,n_-D i r ( t )  r1 r ( t )Dt t  ( t )  >  f  r * -  >  0  rn re  bave
, , r1  J -J .  .L  J . r -  . . r1

r*r*nr-(ol l  l t  l  f  ul i  c t) z g rrrur-r,s ancr .also

,nr-(ol i( t  )  )*ol icu-(ot ict > f  r f l ru'^ rr, l1 -T)z (o11tt > f  ol tct i l  - l

(u l l ( t  ) ) on | f r t  I  7 ' /  2 r vz
Reea l l  a lso  tha t

* ; ( t  ) r r . ( *  )= i * r - r f r ( t  )  T1r ( t  )u r r ( t  )  r  henee

v( r  ) [ tn r -o f i ( t  )11  1( t  )u r r1 t  t l v * ( t  )=v( t  l t f r ( t  ) r r r ( t  )vn( t  ) *

*v(r  ) r f i . (  r  )v*( t  )v( t  ) r r t ( t  )v*( t  )

r r v r e r v r i t e  
1 r | f c r l  * l i t t ) \

v(t )rrr1t;v"qt 1* 
t  

'o 
, f i r_, i  

we rnust eornpure

, t{ such that f 
, ' i i ( t))* 0 

_)f 
'r}}cu ' i i . ' , \_

\ , ' i f (t ))* (' i ic' rt-i \ o ' i ic ', 
)-

:.1

' !
'I

;tl

t{
: ]:
1,i

,1
1
.j
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1)
l. i
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1

I
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i
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I
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rfnlfr*r \
I

>f ul f ru )
, - (o11ct l  r*  n{{r t  r

{ tu  f  n } f r * l

t ) )* *]A(t )=rp2-

- 1 4 -

*( 
t*,"-nr-(ollctrfr:||cu +llct

\  - (ol i ( t ) )ooff  r '> ,or- ln l f  ct
neactins to , t i i ( .  )  )*t j i l -  )=r*1*p

(*t l( t  ) )n r l f  ct r =-(Dl

(r l i ( t))*r l f  cu.cri i (

For  the f l " rs t  ec luat ion in  (3"1)  qe may

,,^,11 3 ,,41 t i l 
'r 't

-  (D i i  )  D1i  -J  
' "  and T i i  1r :  lnver t ib l  e  t

1 t
g ives  T i ;  and the  las t  eqaat ion  a l lows

I T

r , 'e r t lb le  "  Reca l l  tha t  
r  X
l ' t

r=v+r r ' - r f r *  n f  rn -  n * - ' -% |
'  \ . - r  - 2 1 \ - Z . f " " Z T )  ' ' )  

\  r l , - . . p I\  ,  - 2 1 * 2 1  )

and vre e,tr

f T

|  
*t ' r-

- \  - n f
Drrx z

--1

I

I{
. l
, l

' ' :  1
:l
,:l

( 5 . 1 )

- (o l i ( t  )  )#r l f  r t  r
r *u.af le T11=t ,*r*nr-

the second ecluat ion

N A

+ . r t  A o f { n a  r F 4 - 4 '  
, l n *u v  \ r v r - r - . r u  * 1 1

*i l ;  fr, *Dir(DernJr )-1Der lreiree f l jn, =r*Dfr(D:rDJi )- lnr"= T1o

j

,j
:jl

. , ' l'. .:t!

r i J-.;l
, , i
, . , i].: . l
, I: , )
. 1
. , ].4
,: j

i
I. J
j

. t' I

-Orrr) -

x aof, ;u=3 -u*Drriii1nfiu *

urDrrv*-u*n.,, ,_ {fi; frit.(Dztv[r>*\, ) henee

edur:e that

"r-ol1(otl )"

lro|fr-
nfr ,  Prnr

u"{ror-n., r.
other hanc]

:: i ' i i \
I o f i l

and

0n the

, ,+ , -  * , *
U JJll lrI

\

I
]

/

t o

t 1 # r* J .  \  I  T

1 l / t '

--1i (oli
/ \ 1  4 1

-  ' - Z  1 ^  1 " - 2 1  L'mr- ' ' rL( ' l ]

j-s eciuJ-vale

1 , , . , 2 1 i f  - 2 1 .
1(  " )1 .  

' r  -Y l1

oll r. '11 I -'c011 i ol?-

ii r'li I 
-'toll r. Jolf s

*rnr- (DarDir l -/'r:rrnfi fl

*
)

\ f

nt

(D

u*qt*Drrf l  ,nf, lu

The

Pl" -m?

r,.,
1 1 1

. f  n  T
)  )  i z  1 - r *  - mL I , l  . , .L , ,*r-Ot

cond' i " t i .on

^ 1 1  , ^ 1 1
mr''rr\ "l l

(nll )*J-1n > f prnz11 ,r- ,21 ,x
1 1 t " 1 ) '

tn r -

-'11
a l l  thes

(Dlf f rt
- (Dl i f  i
- (Dli )-t r  ( rpr -

e for. : l l lae to wrt te

i  -(oll f rl i I r,nr_pr-(
tnr-,or,.oll f t*r-n, - (o

, nr**r -r,|| cu|l f t -trlT

Use

tor*

* tn,

=tn,

1
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* .-1 -.  ^+ /rr  n r ,-kdi l f f*  f ;- D t t  I l z D i t )  - f  
l f D r f D 2 l ( u 2 1 u 2 1 J  * u 2 L u 2 L

r  ^2L t ' .?L.*  - ' .21rr ,11 rx l -  t  - r r11rr ' '11 ' . '#  l -1  t l l rn?}  ' *
am^- r l ' \ r 1 l  t  -uL I \ -11 ,  

"  
*p . ,  - , ' ,  -D i i (D i ; ) '  J  u i l ( u l l  )  *

z + * ' 2

=r*, (nfrn, z)-hD{.2\ t fl 2[r*l-DJ., T1 rDltJ-1i-\
. ^   *

E DtzDl.z

L,€mi la  3 .2 Consider  the sYstem

x[ -ALx[+Buu4

yL =c!.*(,nD(-ul

aDLDra (DfaDral =

!:{

,,;l':l

: l
)l
. - t

, {

and assume l

evo lu t lon

oL )  A,  def  lneo

p )  t t  cu t t  <  1

pond. ing inPut :outPut  operator  .

an exponent ia l lY s tab le

,  where GL ie  the corre$-

Asociate the sYstem

 
DyZDL )  V oe.

Gc * i l i is f i -es

"L 
=Anxu+( 0 nlVf i 'u

ye =fitzc et .(otl (tl l )-t
Then the  cor re$pondrng Lnput - " :u i ;pu t  opera tor

, .  l J

l l  G r  l t  ( 1 .

Pro-of.*. We have ll 
'd.ll 

= tl

y (  t  ) ; vnq t  )

by

\
I
I)l

x f  ( u  $ ) c |1s l f i { r ( s )u ( s )  ds

= tfir(t )i 'url- !^ *"(t )Dil(t )(rl l(t l]"tf (*1t(t ))*J-1

r*,,(Jiat . I:r r;ii,;fa(t )u(t )-B;(t ) I; ";5" 't )c;(s )

H * t r'\iC lt and f i*'0 l s  de f ined

\J

rr* / t-t ' L '  "

q
. l
I
I -
1
.1
,t
:i
t
I
1
1,l

, t
I

i

j
' l

,"t' l
'il

,1
..1

.$
.  ? , {

-.'l

I

/  t t * i i ( t ) )# i - tc r? l r *c t ) \  |

\ ,t rr6;(t ) ) 
u(t )- rrrt I I

loo

I+ ^
l ly l t '

( Dil
$;rculo(* )ds I ?dt* ( ' ,  , i i  i  (r l i  f  t | |J-l(oit;*u) +

4  x  4  \  - - .
+( Drru ,GeG[.  Dtru )  .  $tnee

,-oil r cnllf r||i 
-1rnf|f -frrrfrin we have furilrer

l ly l l  2= (  u,u )  +t$fr r ,  (Gqc[- i l f i f ru I  4 \ \u\2 +(  l tcqt \?-r lu$; iut tz<

<[r- Cr- lt Gdt2) p 1 rf o u' where 
l"*r. 

frrr$.r!
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We sh.al l  use the lemma to prove
L

a) DiaDra )

b ) ofrT 
lon

te  tR

gbove

Prooosl i lon 3, I  Asswre that DerDir are

a o t * r * t , n ,lnvert ible wlth bounded lnverses

. n ' f

Drr. i l  eDir. i *ro.4 ro" for atl
- J  - A

c ) ( tl rc'A-82(nfzDra l*lnfrcr)

l s  c le tec tabLe d  )  t l i e  R icca t i  eqaut ton

R '+An n+nA- (nil+Cln, )K-1 1l* n+ulc, l+clcr=o has a bo undecl on rR,

pos l t l ve  semtdef in l teg  s tab l l i z ing  so lu tJ 'on .

Constder the'  sYstem : !n l : : : :L. l .*

x '=Ax+Bl t l *82u2

Y1. lCr.x+Dl l t l  *Dl2t2

For  th is  sys tem a  famt ly  o f  s tab lL tz lng  compen 'sa tors  w i th

d is , tu rbance a t tenuat ion  (cont rac t lng  )  i s

*L=Aexn+(A BL )V ve

xo=frtzcexr,n(oil(*ll )-t f irron )v ue

"u=*:+c"t-11" --., -* ,Fur=ri!2ye-riirzrur+rji (rer . , .;rln)F x
w h e r e  A 0 ,  B 0 r C g r D g  a r €  n r b l t r a r y ,  w t t h  A e d e f l n t n g  a n  e x p o -

nent ia l l ; r  s tab le  cvo lu t lon  a .nc1  s t r l c? ly  eont : :ae t lng  lnput -

o u t p u t  o p e r a t o r .

3lggl .  .q. f ter  eoupl i -ng the compen$ator one has

x'=A,rx+ ( Br - ts2T ;ltrr. 1 u, +nrTilrg

Y1=Crx + Irnrtut-+DL ZTilVu
X2= -T11Frx'rTrru,

x ( . " -AQx t+ (A  R4)v  X2
/' +(oi} (t11 )-t 6r.r, a ) vveve*DL2caxl-

and Propos l t lon  2 .2  .and Lemma 5 .2  a re  app l led

In  fac t  we have aeen tha t  the  las t  re la t lons  cor respond to
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exponent la l ly  s tab le  evol r r . t lon and.  s t r l< : t1y eontraet lng ln-

put*output  operator ,  urh i l -e  th .e  f i rs t  re la t tons eg l r re$pondtng

to  a  sys tems  ea t i s f y tng  the  eond l t l ons  l n  P ropos i t t on  2 .2 ,

T * ' r - r . . i r : , q ' . ! \ '  r t e  h a V e  O n l y  t O  e h e C k  t h e  e l " a . i n t  C O n C e r : n l n g  t h eI L r  U l l . l . D  l V € t J  v V t '  . l l c l V  ( t  ( J r l r J  U \ , ,  \ / . r l ( ; u n .  u { r u

re rsu l t  o f  eoup l tng  and v , re  see i , ! , .$ t t * , r t l y .
/ u I  I

&gn*-1[s If we d.enote Vt., = / 1 ) then uZ' above does t:"otr  
\ " ? /

depericl upo]r 
"l 

.TJe have lnd.ecd. 
"-r=*;*frtelf!-* r l
, ' l  1 " 1  1 u f - I ' { x \

,  * -1 l , - .212-11 , -1  1  /  u{  - l ' { r :  
I  - * -1 ,n  . , ,n  [  

- ]  -  
t  \ .o'rz)-(Dri(ri i  ) Dru De )vrtlvr [, ,, i_ri, l-rzr. 'Izrv \"f -nf./

\ u r - $ ' r x /  \

r';r.(rer 'L'r, )tr"x
.F

"0n  t ,he  o ther  har rd  Tr . ,V  *
L !

=(,nl.zD: z )-rDienrrrfii nji (DzrDir )'!r)=,(oii oif )
anrl r,ie cted,-rce ur- ri|$ rzc txL-t;l(frrr. *i)rraufi21 ) (u-f-r' '1" )'rl 'r"

r.'|,e,re ilr, =r:f,|(tll r-1'rli-nll.=-r'!lri: -cn|1,- r111-1ru]| ro ull -

-o';?i*-(DIeDrz , 'koLror,. I t* f i ztr-tfrn rnrr l-rn ,oJrI rDrr1'

n|", tnr., nj, )*/' &

51nr:e y 2-"crx+lJzl*I ! \ 'e cledr, ice u!-=*{urr"ui, )-hCr: 'rn(DefDXr )*hy'z

anrl slnce Ff =,(D2rIl  [ ;-y'nrrt '-,  we shall have

. 'r^=ri|rl tzetxt -r;L(fi. ' *fir^uofrr:r ) (n2r Drl ) "lbqcr*n, F, ):x+!'rx*'

-rr;'i(firr*frra% fir' ) quaroil )-hn,
Hre have alco r :  fxnuxn 

-o 
of i  , r(DzrDJ: ) 'h qa r*nrrF, )x

The maln  res : [ r1 t  ln  bh is  sec t ion .  i . s

Ib-qg.ffg.*:^-:-f Acid to the i lssurnptions ln Froposj-t ' ion ].1 tho

ones v ! ,e  n ren t loned a t  the  s ta r t  o f  the  seet lon , '11) :en  a  fa rn i l y  o f

s tab i l  t z ing  and eont rae t i .ng ,  co l ' i l f )ensator :s  1s

$'= [a- B,oir ( Dz rnfr ) 
-] c, +Br !', * B zr;Lcfi r r * frr rou $r, ) {urrn[, )'h (c z.o

nDzrFj. )l t +nrri|$, p.ct-xQ-* [ nrnjr(DarDJr )-1+Brr]]ti)rr*

I
i

l
,l

l

i

i l
1

l
I

  /1 .  
r . , x  , - ] r ,  l '+DrrDUD et)(DZl'ZIt ) r z
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^  1 l

x[*-n ,fizr (DerD lrrl-y'tc r+urrr, )i nlt-*t +n u6rr(DzrDJr. )''1 ,

uQ= * il$r, c uxu-r7r| c fi ,,.il tzl efi ztL (n e rDIr I 
-% q c, nur rur )i +

+r 2Q" +v)lsq il1 1 ofi 1 2 o o6 rrr (ne rD[ )-%v z

where Ar r  B'
L L '

exponentiat ly

ia . '  . e t r l c t f y

Sfqq_{". The c

Brur=BtV*Vur-

and. in the $y
d Agets frg(x-x

r ) , . F.L  
" i - (DzrD i r

the systen

x'*J lx+81e

X1'Crx+n,

*i.*ef a*n

o

(

s

I

I

1

L

rb i t rary  syt tem wi th  AU def lnes an

ion and the lnput-outprl t  ' '  oper'ator

z*o lmplles Pr.fii =Q and
n n* ,,-Jl2., / 

u* I *-F . -1/t l.u z L u z L , ,  1  . - l  I  = u t o l r ( D z r D I r  ; " { o
\ t r /

af te r  coup l . ing  the  compensator  one

rDir)-1ca (x-f  )  + BrDJr(DalD; l  )- /2.

leadlng f lnal ly to x*f  ancl  to

a

+

I

z

I t.f

T}r l

(
1 \I

u

t

)

an

' n ' l  r

og

, r1

* *
t t

"2'.

.ne(

r ' t  \ j
J.

r J

I

v

b l t

iT&

f,tc
,,t

L

o l

A-j

Y2 '

oz

.D, ,
L I

("1

D/
I

a'

r f

L :

D"

m

, ,r '

l ^
z.

+

, s

t a

rnl

d l

. D
I

6sm

r
L

t 4 f

Hu 2

' r *
I

i . r  t
4 L

n

e '

I I \

R

. t ,

=

+

! t

D

by  #  .  The  d .ua l  o f  (1 .1 )

n ttt )=r- cntt(t ) ) "t {rtt l rofl (t I i*J -lufr.(t )*

ur=ri|firzce xn+rj!(firr *#rrr,r$r, tr"f *ui* )+Frx
whlch  l -s  s ta rb le  qnd iv l th  ec ln t rae t tng  input -ou tpu t  opera tor

a c e o r d l n g  t o  F r o p o s i t l o n  3  " L

/4 mff t? f tn<-: f ' t  TI  ^  *n.t o lft.& v1t!-ljf t la Va slJ
,  J - I

We ehal l "  usre the dual l ty def ined.

ts  ob ta lned as

x'=A#(t )x+cf ( t  )ut  *c{ $>",

yr.Bf (t )x+nfi ( t )ur+nfi (t )ue

y z*B{ ( t  1x+n$( t  )ur

We see that

e {

r z r t

on

:

b t ;

i t r
"L '

^u,c

2
. a
L

*r-Dra(- t  )  fD;(- t  )Dra(-r  ) l -1[nre(- t  ) lo* T1, {- t  I
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. ,  I, '|
. t

. j

. j

l,1

and" the siructure ar;sumpli.on is equlvalent to f i t?* )cf (*t )=0
.^# - t  *  b  . * '#

henee  n l t t l ( c f i t ) ) *=0  , tha t  i s  c fC t )n ; ( t )=0  and .  the  d .ua l

s y s t e m  h a s  t h e  s t v u c t u r e  o f  t h e  p r e c e d i n g  s e e t i o n "

i , fe h; lve st i l l .  to check that t t re matr ix

{*)*c{$)u){z(t  )  )  " fu{r( t  ) (Dfz(t  )  )xJ-tor l r  )  
- - .==; '  . '

dqf in .es  an  exponent ta lJ .y  s t l - rb le  e r ro l .u t lon  ;  the  above maLr ix

reatls

A*( - t  ) -c f ( - . ' r  )Dr2( - t  I  Io r * r ( - t  )D1z( - t  ) l -1n [ { - t  l=
= [a( * t  ) - ] r? ( ,g  I  (  n iz ( - t  )Dre( - t  ) ) - to f r ( - t  )c i ( - t  )  Jn=
' - . ( ^ : ]  / n ' * r r  r - l n t s n  r # r * ' t= (A* tJ2 (D fzDrp  )  

-D i?v1 . ) "  ( r  )  7

Hence ,  ln  our  resu l ts  we have to  as$uf i te  th .a t  i *Brquf"ur r ) "1

l$C, cJefl ines an. exps6e1f i . la. l ty starbl.e evol-ut ion 1n o.rcle-r tr :

be at r le  to  apply  d i rect l ; . r  to  the duaL systern L j re  resu l - ts  Ln

t he  p recc i i e :Ln6J  s ;ec t j -o l ' t  "

i{.Iutqf eg*:}-sl Assu.nte a ) nfrnrn an<i DZ'DA a}'e inverti'bl"e

' , ' rJ-1; l i  boLrr tCeci  inrrc.r : ;cs;  b )  Di l l l  lDI i  € t  I* . , .  f  ' ' r . ,  and

It

D t t r t z D t t <  r r ' J .  t n ,  f o r :  a r - 1  t e  f R

c )  nlc:_ ;0 ain<i A-Be(nl ' rnr:  )-1i : f rc",-

c le f i nes  aFr  o l l f oncn ' c :L i i l i . y  s tab le  evo l t - i 1 . i o r i

d ) , (A-ulD;1(orrnjr  )-1ce B:. fle ) is

$tabt lL zable. e  )  Th .e  i t leea t l -  equat ion  $  ' *A( t  
)S+

si{  t  )- [sc "(  t  )  +81 ( t  )D; (r  )J A-i  (  t  I  l -c ( t  )s+0, 1 t  x i(  t  )J +8, ( t  )BI ( t  )

has & Lror . rnded rpos i t i ve  sern ide f j -n i te  rs : tab i l i z i .ng  so lu t i .on

( tha t  l s  A . rL lC de f ines  a ] t  exponent , ia l l y  s tab lc  ebo l .n t lon ,

w l t i r  H .=  ( l i f  H2)=- [SC*+r ru j  ]  f t - l  ) .T l te rn  a  parar re t r : i zed

fami. ly of  stebl l iz i .ng arnd con' t ract ln6 compenEjato.rs le

i '= fa-sz (DiaDre l- lcr*lbc z* Gz+l{rD* I (uiaDr2 )-%q1ir, *

nfirrnufi'a1 )(Drrn [nfy'cr]i *(ur+HrD12 )(nfrDtz )-v'fr yzlQ.xu*



_24*

r -1/^ ,( d- Lttr_- (Br+trrDu2 ) (DfpD rz) " (D:.r +:Dr_ruubar ) ( DelDe:. ) '' J x2

*f = n ofir, ( nr rn/, )-y'c z; n ALx(- *" 
oi r r( Dz rD fi r-rr,
_-1/,, .J p .J

2 )-""( i :r,  *Dr2DLnrt ) (

-'/, (dr.,*fi,;nu'6 r.p {n,

tr1'"Dt:-l l  aDf: f ir(rpr

Lr',rne(t*r-uf,. f l r

,rof,- ilr (tnr-or r x ,

I

I

tz * - f I P f.zn trl 
- lnfz c r +- ( nf-,n

-{nfrr l ,  ,)-hffr.rcn xu +(DfrD., e
4

w:Lth frr: =- {rifrr.i* l-i*o;, l-

nr,,-,n I, q rrrri:|, I *i'

fi rr.= t r*e * 1i:fru, l 
-I'

DnQl,rorr>-h Jh
frar= / rrra eaf|s.)-l'

uj, cnrrDJr ) -* 
J 

^

DprDJr l*7'cr1* +

1 ( t ; n f r ( r ) ) * l l y z
-Drrfl aufr l-ln ,1

nr, )*1T1 ,Dir..

Dfi )-t ft ,or. r'

. 5, A pARAi,ri i l ] l i l lZli i l  i 'Atl i lL'y Oir STABII,TZTI{G

Ar\n C0|illitAfT.tlJG C0l,Jpjrti,l:jA'Il0p.Sj

t
I

, i  '

1 :

I

I
I
1
l
I
t
I
j

I
I

I
1
l -
l
I

I
,l
' l

'i

. l

i
i
I

For  the  sys tem (2"? .  )  i t  i s  s i r i cn  tha t  f l r .Cr=O anc l  tha ' t

1.ho  . rn ' i ' ro ! \y ' rnnd l  ng  n ; r t r " ' i  x  t i i a t  i ras  to  de f . i . r re  an  e l iponent ia l l . ye l , l \ /  \ / v . L  . t .  \ / u l i v i r v  - ( . , : < )

stabl-e evolrtt lon :i-s l|.r 1)., irr. 'rr3rlt, o

T l ie  s t r . lb i l i z :ab i l l t y  as$r i iuTr t ion  ls  rec lu i red  fo f  the  per i r r

(A+:Jrrr-Brnfr  (DzrDir )*1(cr+D21F1 ) r  B:-  f lz )  rvhlch ls v,rr i t tem

asi ta-nrufr  (b"r.DJr)- lcr+B1Tl pl t ' ,  Bln e) and tnis pair  is

s t a b i l i z a b l e  i f  { n - r r l [ r ( D z r D i r  ) ^ L C z ,  8 1  T  )  i s ;  s t a b i L i z ' i i i t l e "

As  v , 'e  have $een in  the  f i rs t  par t  o f  t l r .e . t tudy  th .e  f t j -eeat l  : . .

ec lua t lon  ls  t l : .e  & t re  ob ta ined a$  a  necessary  r :onc l i t J .on"

T l :e  f ina t  resn l t  ,  ob ta i -ned by  v ' r r l t ln61  thc  co inpens ia to r  ln

Tireorem 4- ,  l .  f  o r  the s.ys t  em (2 ,2 )  ls

Ihgg{gg,-5-1-l Assurne a) D:laDrz ancl orroi, are lnvertible

wlth bormded i .nverses
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b )D.1., flr D., . 5 rI- . T^ and

-LI I J. -J" U'1
J I

nnI aDir * rrpr.  tn,

for  a l l ,  t€  B 
1 r -

e ) (: i l  rc' h-Bz.(nfznrz i-Infrc, ) 1o deteetable

* 
/rr "," 'r j t r-ln' a n d .  ( A * B r D ; l r - ? 1 - 2 1  /  - z o  B I T  p " )  l s  e t a b l l l z a b l e "

d  )  The.  R ie r : i i t l  e r1u .a t5 .on  (? - .L )  has  a  bounder l  '

pos i t t ve  senc lde f :Ln i - te ,  s tab i l  LzLng so lu t i "on  ( tha t  
" i s  

'A+BF

def ineEi a$ exponent la l l .y  stable evolut lon where 1 '*  
/  f f  \

= _  K- r (s *R  +n lc r ) .  
I  t r / " ' "

e )  The R icca t i  equat lon

e,*1A.nn,r , )$*$(A+B,tr , , )"-(e6t+ts,D|)? '-1(6$+n,nf)+n,nf
, \  l - f

wl th  6  = {  -D teFe  
I  

n "u  a  bounded  r  pos i r l ve  semlde f ln i t e

l  CrtD2f1/

E;o lut lon ( that  ts  A+BrF '+ i l6  Aef ines an exFonent ta l ly  s tab le

r r  / . \ r  ,  - ^ f  "  n  , ^ r r a f - l  \evolr i t lon 'uvhere 11= ( i { ,  I1?_) =- ($C' f ,  +:rru2 )r"  ) .

Under  these cond. i t |on ,s  a  faml ly  o f  s tab i l ia ing .  and eont r&o*

t i n g  c o n p e n s a t o r s  f o r  ( 1 ' 1 . )  i s

f; '= [nr"B T+.rrr(cr+T)rr\ )- ( Br+T{.,-D* I (nfzDrz I-lt(fi* nfirrnufrr, )

. (nzrDjr 1-y'1cr-,-n21ti'l )J ; -$z+trrD,-2 ) (nfrn, ,fr'fftzcox r.-
-[ire-(i3r+r:rrnr2 )(nfrurz )*/'(fi 'rrSr algfrzp (nzrDir , '-uJ t,

x r , _  g r i ^ . r n ,  r . , {  , - % r n  - r r )  
A  ^ ' t '  / h  n t ( , - y z - ,

v ,  L  dL .  z tDat  )  
' ' (Qz+Dt t i t t  )x  *4 , ( . * ( . *BLur t (DzrDa l  )  

' - ve

I

' 1
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,rr=f n,-(Dfzira r-/'(fi,t6tz;p-ilr, ) (De:.Dfi )-/2(c,+Drrrr )] fi

-(uieDra fl ' itrco*L *(Dizorz fy'(i,,.*frrrnrfier ) (Dernfr ) 
^*r,

v,rhere frr, , f i t2, ffr, and A!_rT)L.CI-:DL are the saue &s ln

T h e o r e m  4 . 1 .

eggar lg The Rieeat l  equat ion f rom e) of  t*heorem 5.1

may be  oh ta ined f ronr  the  two dua l .  to  each o ther  l l i eea t i

equat ions un.der a speetral  radlus pronerty as l t  has been
f  t 4

s e e n  l n  L 4  J .

E.:

t
. ; i
. ' 1' 4

' :  r l' l

' r'l' - J'  . ; l

t , : ;
' : t
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2.  Tho main l lnee. of

s tudy  fo l low the  ones  ln

e  / 1  1  ^ ^) c  l r  r e$s  sys te rna t i c

contatneci ln I^ f 1 -

the proof  d f  , " the resul ts ,  0d,  th is

[ . ]  J .
ve rs lon  fo r  the  case  D . , *0  j " s

l - J

It IIFERAN CNS

1.  v "Drdgan -  Groba l  s tab i l i z lng  soru t lons  to  l r ieea t l
equat ions  v ia  s tab i " l l z ing  compensetors  w i th  d is tu rbance
a t t e n u a t l o n  ( s u b m l t t e d  f c r  p u b l l e a t l o n  )

2  n  v "Dr5gan,  A . r1a lanay  -s tab i l rz ing  co1 lp$n$ators  whrch
e n $ u r o  a t t e n u a t l o n  o f  p e r t u r b a t t o n s  - s u b n i t t e d .  f o r  p u " b l i *
c a t i o n  ) .

1 .  .  K " G l o v e r  r J '  o C . D o y l e - A  $ j t a t e  t l p a c c

Opt imal Contr .o l  -  Frorn Bata.  to l r {odeL

$ p r i n g e r  V e r l a g  I y B g  , 1 , / g * Z I ? .

4" A.Hai"ana.y *Advances in l . , inea:r  Control  Theory ancl
I i j "eca t t  eq .ua t ions  Rend j -eont l  $em"L, la t .  Un iv "po l i t ,Tor lno
( t o  a p p e a r  ) .

Approacl i  to H

, J.  C "  iVi l l  ems Ecl l tor

T
$
I I

tl

i
I

I
I
I
I

*

3r
*


