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ABSTRACT

For linear systems with time varying coefficients it is
proved that existence of a stabilizing compensator with dis-
turbance attenuation implies existence of global,positive
semidefinite stabilizing solutions to three matrix Riccati
differential equations.

1. THE PROBLEM. MAIN RESULT.

Consider the system
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dimensions with real entires) are continuous and bounded.
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Assume also that Dl2(t)D12(t) and 921(t>921(t> are inver
tible with bounded inverses. |
Here U, is a control input, y, a measured output y Uy ie.a
distumbance and ¥y & quality output.
A compensator for (1.1) is a system
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AC,BC,CC,DO Dbeing continuous and bounded on [R.
The compensator is coupled to the system by taking
W=V 3 UpmYge A compensator (1.2) is stabilizing for Clel)
Af the system
‘-‘LT,’:: ife b 5 Ve & r 4F by v o
% [A(u)+82(t)DC(L)u2(t):]x B, ()0, (t)%,

- (L)
chbc(t)cz(t)x+Ac(t)xc

has an exponentially stable evolution.:
After coupling the compensator (1.2) 10 (1.1) we obtain
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Since the compensator is stabllizing the system (1.37) defines
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where we have denoted by & (t) the matrix of system (s
and by )QH:("') the corresponding evolution operator.
A stabilizing cepmpensator is distummnbance attennating or
-contracting if i & ”
JV acting i ” Pylul}i J”
We associate to (1l.1) the following Riccati equations
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Consider also the orthogonal projections
(i X e 3 :
T t)wIpl D12§t>(912(t>912(t)) B ()
(1a6)

P e e e
T}E(L)Mlmlwbgl&t)(Dzl(t)Dgl(t)) D Ch)

We are now in position to start the main result

Theorem 1.1 Assume
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Bguation <l¢4) has a bounded én R solution R with the
properties L) R(t);ZO for-all teiR

/5) A+BF defihes an exponentially stable
e N (B*R+Di6l)
Equation (1.5) has a bounded on R solution $ with the »
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4) With F in 2) written as F= (Fl tha Riccati equation
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has a global, positive semldefinite, stabilizing solution.
For constant coefficients the result is in 1:31 : [67] ,Efl
The ideas of the proof follow the ones in [}%7. Under stronger
assumptions , the existence of global ,positive, stabilizing
solutions for the first two Riccaﬁi equations has been obtai-
ned in [}9 ] , where ideas in [}l] were used. - The time- r.
varying coefficients case was considered also in.lzij, [?jbut
only for finite horizon problems .

2, NECESSITY OF CONDITION 1).

Proposition 2.1 If the compensator (1.2) is stabilizing

and ~coptracting for (l.1)
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and by standard in qingulam }e*bUIbdthﬁb procedures we have
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On the other ('“ W, H =< Bl dt\ul( “‘x\ul\ and we
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Since ¢ was arbitrary the first assertion in the statement



is proved. The second one is obtained in the same way by conside=~

.)Q‘.
ring the adjoint operator it
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Corpdlary 2.1 1f there exists for (1l.1) a stabilizing and

y—-contracting compensator, then property 1) in Theogem 1.1

is satisfied.
~ N ~ N

Proof. Tet vy (t)=T1(t)Dyy (80 Ty (0)=8 (50 -7 ($)=
=(I-T1, (t))Dll(t3ﬁn+D q<t>no(t>D21(t>&lm[;Ia’T?l<t>3[,nll(t>+
+Dy o (8D, (e, (6 B, ° since T71(t3912(t)x0 -
e deduce that VLCt)Vl(t> () hence
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and from here ull(b)TYlkt>Dll<t)<;@ L.

3.\ A FIRST RICCATI EQUATION

Theorem 3.1 Assume that the detectsbility condition in
Theorem 1.1 1is satisfied and that a stabilizing compensator
exists for (1.1).Then there exists a global ,bounded, pOS itive
cemidefinite solution R to the Riccati equation
R’+A*R+Hﬁw(ﬁﬁg+ciplg)(Dfénlg) (BRR+Dy5C ) +0304=0 (%,1)
such thit de ggm»(szDig)"1(B2R+D1261) the evolution defined
by A+B,F, is exponentially stable.
¥roof., Let TGe W ‘and denote by §% the solution of the above
Riccati equation with ﬁ% (¢)=0. The equation may be written

also in Liapunov form
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hence ﬁé nas for t £% the representation
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and we deduce that for all t «p for which the solution is
defined it is positive semidefinite. Consider a control U,

and the assoclated solution Lol fer-u uO) sy we have

(x*n % )= (%" By (BxeBu,y )4 (% A 40l By )n- -x 016 % -
¥ /\
extat szw\ hz* X 4% (Rcum%b D, Q>(njou 5) (th% Dl?’13
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We deduce from here that .
-3 ('L >I (t )% (1 >u-~nj B ST B |2d« + .}D TuselD. ;0 s
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(B2R6_+D1261)xj [ ds hence 0¢x (%O)ha (cojx(to) &
a8 : 2 - |
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. g : o A :
et X be arbitrary) X, X, be the solution of the compen-
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sated system with x (b)) =X, %,(t)=0 ;3 1let ung_x A=t s

For thlf solution dﬁO the corresponding contral u2 we have
(0]

% : St o e
e R (b, )%, ¢ S l Cyx+D qunﬁg ds ékj \ C,X+uﬁqu,\ ds <

o G 12 J 4 1272
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because of the exponential stability »f the compensited system.
A

Such inequalities prove that RE (t) is defined for all £4G ,

A > TR
On the other hand © —> R, (t) is increasing, lim R &
4 ; 4 ) G- o0 G
exists and defines a global, bounded solution R 1o the Riccati

equation. ¥We have further , with the same computations as above

a A : &, - L TS g o 2 -
aT (x*R X)=~ [Clx+D12u2( + | Dlz[:u2+(D12D12) (B2R+D1261)x3\ 2
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x(to)xxo X =(A+ng X .
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But we have 01+D o= 11,0 =Dy o (D150 50" g, R . Since

77?3771 : lDlng we deduce that [(C 4D12/;)x /gm

«»}*L]‘_’ The oy x &R _‘L%;;(D]"ZZDMJ)"]‘D D'Q(Diqnm) hﬁx .
o0 S

It follows that J; [T c,x e ixolg

i e
J ](D.I,) 12) ""E(,R x [ %dt < ol )

0 : N % :
Since ( 77"‘~ﬂ A=B. (Di; 127 1'5203 ) is detectable there e
exists a bounded H such that A-B (W D ) *'C +H TT C define
AR 1
an exponentially stable evolution.

We may write x“=(A+B b),N [:A»B?(szng) lbf 0 +H ij X=
o 3’;};{ e

.er‘{\{ 7—7 61&"}3()&1}"‘ 2 ‘ gr{ }
2] A
$ince A-B,(Dy rul ol Dy ﬁ L+l TI"C, defines an exponen tially
stable evolution , the estimates obtained ahove lead to
sy 2 7 ) & - ; '" M
Lwibeilisay "ol \X(to)l for all t, and this tmplies that
A+B,F, defines an exponentially stable evolution.

The result is eghentially the same as the “ﬁf for infinite
/"

dimensional situation in Lﬁujﬂ

4. A MINIMIZATION PROBLEM.

: m
we shall consider now , for a given ule. Lg(t , 9 R 1%

o o
the problem of m¢n1mizinv with respect to ugc,L (to, yEE o

Lo \01“”11“1”’19 o1 24t ,  XEAX4B Uy

A
We shall use the solution R of (3.1) and the unique solution

+B,u, x(t e R

roAn Lg(to,w;Rn) to the equation

e S ok A ! ¥* -al + : * s
r (BT ) e { R{By~Bo(DyoDy o) DDy w0 T Doy w20

(4,1)
Using these soeduiions of (3.1) and (4.1) we have
Lemma 4:l L e fgr every‘@b,xo)fé R X Rt and every

o

uy e 12 (g 3R 1) i1=1,2 such that xe LZ(t,2;R") where
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X “=Ax+B uy +8, 0, (2(t, =%, ) , the following identity holds:

e 4Dy 10y +Dg Yy | 2atext R (1, )%, 43, SO ACIPE R
‘b A
J\,UJDTI 11u1+u* lrfr*%”n "(L BZ*JIDLJ 1‘))(D

- A

STk
312) (b21 +

w'*

. el s Hor e
+LLQDlJ l)'] dt + J [DLZLH””‘ /«(D Dy5) (Bor +D12D11u”)l [ at

Proof. The equaliuy °is obtained with standard computations for the

linear quadratic problem.

We see that 'u =F *{‘“(D' D )-m (BX/Y\' +D' WD .u ) %‘i'\;pc the minimum

S s e s B (b ke e L e e
i 23 % 7] 5 1 a

of Jo i P éDll :! j?urz [ at pfOVJMCIG i is admis bl (,

. 3 . : 2 *® A
But with such U, we have X wAy+3lul+BQL?y B (ququ) (Bgr +

¥ : :
+D12D11u]). and since A+ﬁ2F2 defines an exponentially stable

: : Ak ; 2 .
evolution and Uy and r are in L (to,cv) we deduce that

2 ; e
x:é]J{tD,c@) hence v, 18 admisslible
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Theorem 4.1 Borevery  t and every uje-L (t ;vgﬁ Y —there
e LS e 9 ‘

exists U, thet minimizes _( \Ll Yh11h +D12uﬂ l with

to
p'e r&usBluquQu? ’ x(t_) oy this optimal u, 1s‘given by
As A

Vo= .':'m(DJp iq) (%mi +D12 11% y and the winimel value is
+ 5 _ * A i~ xE '

- Bl ~r s T 4 )
koh(to>hokkof (t Y+ (c )x + J L u uliJ1Ju14UJP o

O e

Y 3 .."""‘FY‘ 2.1 B “Lt’ 1
kr* By vy - (7 DgrdlDllD]?)<b10 ]ﬁ) 821 +D12 1l\ﬁ)ﬂ} dt

“he proof is performed by the preceeding computatiions.

5, A SECOND MINIMIZATION PROBLEM

AND THE FIRST TWO RICCATI EQUATIONS IN THE STATEMENT

OF THEQREM 1.1

We consider now the problem
A i :
min S 1 i lull «iC]x+Dl]uj 12 2! f : (5.1)
oy : g
) = o~ ) o
% »Am+Blul+B2u2 ; x(to)wxo
Remember that for given uy Wwe defined a unique % and that

our minimization problem reads in fact
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and since ¢ is defined as a linear operator on uy this 18 .2
Hilbert space minimization problem.,

To have existence of the minimum we need a positivity property

for the gquadratic part of the functional corresponding to X =205
_ & o

Proposition 5.1, If there exists for (1.1) a stabilizing and

f’«com racting co mpon'ﬁfor)then there exists d> 0 sugh that

m
. 1
for every to and every ulci L“(to,d7 R l))for zero initial

conditions and for the corresponding solution of the compensated

system /e ﬁ&ve
(N 2 : 5] oS )
(#2 1 .‘Aiy e Lo J (w)\® at.
% ;
Proof. It follows directly from e 6%) y u, I if we take
I

Ul(t}zO for t¢£t0 and remark that exponential Stzoility gf the
; = A ORI ) :
compensated system implies that the LS(R;R™) solution must have

x(tO)xOQ Remark now that from the optimality of @, we have
o0 o]
X ]( 50, lgd% & j | Cox4Dq Uy +D5 5 igdk
e A L o ehs o P s i -
£ 0
for every other u, ;- in particular 4T -, is defined by using

the compensator ,then
k 5

Jw 5 oy s A
Ll et < ~~£ lClX+Q11u1+D12u2

\2 dt

hence w

(y u.l? ~]G x+D, +D12u412£dt >

1 ke

A
j(}}d\u «!yli 2)at > egzj% \ugdt

dnd we have obtained the requlru& positivity condition implying

existence of the minimum. If we denote the optimal vy as

(t,s%,) LW

%, ° 2  and the corresponding el we see
. ) <t2,xo> ;

directly that Uy and u? are linear bounded

(3
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operators of X, and the corresponding norms are uniformly

bounded with respect to 1t
- ¢t x5
P GO

Taking into account the form of Uy ,  we deduce that
b aX ) ‘ .
for the corresponding solution X e we shall have
D ' '
L 3 . 2
f B% 0 it e clx |
.&O
We have thus proved
Theorem 5.1 For -everg (togxo} there exists a unique
(& %)
P such that
S (t ;1 %5 )0 Gl ) o g P T e o A
e S RS G b e o A o s St o G B 3
{ ‘ \uix +0q 40y +Dq oug ! § dfe=
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n ( 2 2 T ? -
= %{ J \g —\blx +D13u 40- @?\ ) dt
e ¥ =),k L 0.X
where u2M1QX~(D}2D12) {ﬁgi : ]9”1] 1) :
and ¥ dis associated to u; ; by ug 05%0) ' ywe nave denoted the
. g
control U, associated tu ul .
(bs,%4) 4 : % n 2 3
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iy 7 4 i ; . (.% Y/) ¢ ~ v..; 2 T
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N Y
I ?ij'wgc and for the correspondig solution X B we
wilte ) 7 !
have J e % (bl as é\c@\\z
1, 9
The optimal value is a quadratic form in £, e
N(i_ /X.o) : (
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: o [t %) L ‘
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We had T, )=, ()% 4 sl 0 2(@))l2(t)] e sl
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+D3 5 (£)Dy 4 (£)T e il .
Re Sy l * ; :
Remember that “"(Dl? 1?) ? ~(D qug) 1&01 hence
it Xd) - by % t
D P I A G o g el
& r~ X
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12 l% 13 % i
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We deduce that = (D1°D12) [BZS: 12( 1 +
+D (%O(XO)

)1 s - 52
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A
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o R (72 < i
tion prohlem (5.1) and ﬁf o.%a) (t) is given by (5.2) then we
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| e ) : e :
have R T )
(.u Gy R B A o) 41 Cq )
(e, ) R
Proof. Ve know that - ~w>\LJX\> ik "uifl Oﬂd)
b & © - Xol ~
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; %
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X()E N(ﬁoNﬁIfflv Lt ﬂ@} 2 f:’ L‘%‘O}ié’) J"F 4 [t 1) - gf”_ {L oo ity Kv)‘]'ﬁ-‘/’;\"”ﬁzsxgym
1 I ®

i at

-

a (toxd) TR (tor, e AT ~-%%J= NP
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Introduce the notation

{g@%)m§thX&ﬁQ nﬁﬁ“””J -

write

y, NG’DN\)} ""(}o\ﬂo’)i { [ “JH‘O‘M)} }\ %v»g)k)—xU’\ﬁJ"ﬂ({\a 2 } 3

a0 e S AR R N% 2~ Chy 2 s
o y’ i ul o%o) “ul o Ka) ) + (Df‘u\) lul(—‘{?:?\ \\ (5:%)
Alkox : PECEA
To uy i associate ;Q%J&ﬁ Cand E( wﬁ) in the usual
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defines an exponentially stable evolution
ot 5

k 2 o crooky dd o
J; LIwE) I 2 slmb) Poe (bl ot & o <o
" o2 2 o 1

! 0

) Hyi‘)A [Tdeie @‘J\ul{l at
4 i

¥e have furtﬁer

[ (p2 1ufi?- 15412 as - S{y k(2 (k) k), |Shat -

£ o 2
ﬁ.f{y“ | uk§ 2oy ll Y dt ~J AL i Dl
L o0 = ‘hc
Yey (& s o 7
- J Kyl)ot dt and we aeduoo that ‘
o B, TRPLATRYS | — / &
\,rw[ﬁﬁﬁufy““lyf\ dt [j (X gt th’f)dé‘J 4}e
W M
< oo : s e J«” e o 4
/\if‘? Jug-y‘.(‘)’} T el u’) i J ‘ “/‘ C“;V'{“J '/[:{7,:\? ' | Ji )1‘} /wf{
o0 (5 =3 2 L 7 i o
{: fZQO(u{éuﬁk!L&;{t’)/w \/’L { /L J‘ &f& } C{[)‘L] 2>
2§ '{'14_ k=
fox k ~2 0 . We deduce that fér' k large enough
£l 5 ‘an > 2
J%IL(X'-\IJS( i 15 e (1 “/J ) (2’ fuk ok et 2
"?5’ L :
L i‘i? H 9f) 2 etz g k(%& >0

a coftradic jﬂﬂwﬂh S:fyluﬂz %§'+DUH )&%ec

The theorem is thus proved. Let us check for completeness that

the compensator 1is k* ~contracting for the modified system.
Recall that the compensated system (l.1) reads

X n(A+B2DCCQ)X+BECCXC+(B1+BQD0D21)ul ( )
.’ = - 6'2
X ”Bc02X+AoXc+BcD21u1

y1=CIX+Dllul+D12(C X 4D Co¥+D Doy 0y )
while the compensated modified system is
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b -

x”:fA+E2DCCH+\Bl+B2DCD )FlJ x +BQC@xC+(Bl+B2 PRASY

Let vlC.L (n, ) ; denote the corresppnding response in L2 by

(E ;i ) % Take in the compensated system (6.2) the input
1wv1+F % to get
X 3(A+DOD‘C )x +B2C X +(B +B,D DZI)V +(B +B,D DZl)F
X o= =B C?X<A L +B,Doq ¥ 1+B D21 l
We deduce (X-X) »(A+BQD L )(X-X) %BZC (A
(xgxg mBCCQ(X~x) +Ag(gfxc that is
Lo~ / ~ &
X~ - X =X
(. ) = O@; <\ . J and since cﬁ% defines an
=X,

~
X(‘, ¢

: - G X s I o
exponentially stable evolution., W€ must have X=X , X =X, .

From our basic relation we have further
ed (el

gm(ﬁ w2 by ) At - j,wf‘ul”’?f‘“gdt j | Dy gy =8y X 0

-0

2 i o inete ‘ -
+D12(u2wF2X}la k. o s Bt ulmFlXxvlg ylmnblgfgﬁ +Dllvl+
-1 X A4 + % Tesien % 4]
+DlQQCCXC.DCD21Vl) D12 0(6910/] l)"s s o ¥ x +D

St 7 Pl o YR .-'v \ = EATS 5 'T* o i) b }L"‘\ o
=0 xchnQLAXcu?Lu}, c AcéJ002x+ch21(vir*1m) "

lell 14Q,n(u, Qﬂ .
hence g»oa( 'UA! —‘)34)?')(?%&7 a j’w(xz’tyf/(\tm [tdﬂ/\l?jauj
Wé ¥now that g (X'\“ Pcﬂ‘g4 *:éégbjj;[uwi%x% hence

el ST Yok S J |, | ol

But frow Lue CX“ORGltlal sta 011ity of the compensated systenm

we have S |x\2 dfie ) | vyl 2at hence
~gd
124 2 YR i o i = 3
- ' 1= 2L 0
S ‘“A“YXX\ gL €1 [iuA‘d% and from here J (QJ df’%«QLJ ,u{lou
-~ 00 . o -0

ST B ( o QCL 001 B
We obtained finally ):w “64‘ dt < a8 "CLL> ._M‘VH ot

and. since v, - Was arbitrary the compensater resulls Y’ucon~
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tracting . Let us end this section by writing explggiély the
third Riccati equation for which existence of a boundéd'on(ﬂ_
stabilizing solution id obtained from the existence off a sta-

biddzdng -, f - contracting compensator for the dual of the

modéfied system (6.1) .This equation reads

N ~ i A o D F A
S = (A+B k3548 (A+B Py ) 4By B | ( Le 2o s
‘ . CotDoy Fy /
D * ""D F [
& Bl } | i ” Dx s "y
" s { i S 5
D i :
21 . CotDyyFy 7 Doy -

The solutions R and g are the only used to construct a sta-
biliging . and }*acontracting compensator as 1t can be seén
from Eﬁ J To obtain the existence of 5 we still have to
check the detectability assumption which has been used in the

> > o e PO ~ reruine B e o oR i i T e L S ey
proof for ‘existence of R . The moddfied system is associated to

A+BiFy 4 By, Bpy-DipFp y CotDyFy 5 Dy Prpy Doy
We deduce first that the projections Tl g, Tl are not

changed . We shall need the property of stahilizability for
(A+BlF1mBlD§1(D21D£1)"1(02+D21F1) s Bl "T]é ) and such
property follows from the stabilizabitity pmoperty in the
statement of Theorem 1.l .

Hemark. 1f we write the first Riccati equation associated to
the above considered modified system (6.1) we see that it -ig
in fact & " Bernoulli equation " and the corresponding global
positive semidefinite ,stablilizing solution is just the zero
one. | -

7. A spectral radius property.

The Riccati equations for which existence of global,
bounded ,positive semidefinite ,stabilizing solutions follows

v~ - contraciing compensa-

0

from existe: .ce off a stabilizing and
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o by on

tor may be written as
-1 -1 wlowom S

R‘+(A-BK chl) R+R(Aﬂﬁ¥ Dl l) “RBET B R+C (I l-DlK Dl)Cl»O

S z(A—BlDQK 1oysas(A-B

A

\’ 1 ot Eadl e b Ay X
S n(A+BI¥1—B1D2K C )b+S(A+B 1 BngK C 3t

-1 s -1
qu e ssotRS ca+31(1 1“ K DE)BI

r~N ~ N~ ~
B BN o x0T #*
=58*K € S +Bl(iml~D2K D, )By
A Dy oF5
Gz . Let Z1 be a matrix solution to

CowD ol =

Cilid ol sl o -
it el

7. =-(A~B Dok ~C-SC K ™C )* 7

b 3
g '1
stabilizing A- Bll K *‘w%C G defines an exponentidhly stable

i D (t ) S Sdnee . S48

evolution and Zl corresponds to an antistable evolution ,
{, 1
~el ( et

5 - £ e S g De . =G Y i check that
l 41(1>[ £pe  tet, .Define Z,=5%; and check that
7y \ : - :
L2 ) is a matrix- solution for the Hamiltonian system
2o -
- C S * A
27==(A+By DK Lo ate o,
prapofh SR e SDaR e
2”'1(“m1“ ok "D5)By A(4-B o

ITh the same way to the third Rircati egquation a canonical
system is associated of the form

il paed ipt X “La PBE. ) 2

2 el :
7 e bk

3

, > -14
ZzzBl(ILl»D K *D,)Bl l+(A—b Dgn C+ByFy >z2

2[x.
i
we have ‘ Zl(‘t)l +‘22(t) [ ¢pe ol ) "Aé_fo

A e A A /QCE;)”%) 5 7
and also ‘Al(t)ti*\ﬁz(t){ tpe £ et
An essential remark is that every matrix solution for the ca-
ponical systems above with antis stable evolution will bte a lineax
combination of the special solutions considered above.

Consider now the Liapunov transformation defined by



T (t)ﬁ . : . We shall prove that the
\ @

two Hamiltonian systems above are equivalent under this
A

/
transformation , that is H = ff F 4+J %‘/

1§
We shall deduce from here %hat == (6'0@0( Z(6)

is a matrix solution to the Hamiltonian system defined by
4.

9{» ,having antistable evolution, hmrce
A
Zy(t) Z1 ()

S0 5 M
g 2,(t)

Z5(t)

Slnee Of is nonsinguiar the solutions above are 1inear1y
ixxdepenrientA, hence M is nonsingular. Since 7,- ;LRZ& =

M, 2,0 if we set tety we deduce that 1.~ 4 Bee I8 G

¥
=M hence I "ﬁi R(t)5(t) 1s nonsingular for all t , and

S(e) =sl1y- y L RSy 17
This formula gives an important connection between the global
stabilizing , bounded ,positive semidefinite solutions of the
three Riccati equations associated to oue problém. Simple al-
gebraic manipulations show now that the spectral radius of

; =
RS is strictly less than }f for-all G

Appendix. quiva]enoe of the Ham1ltonlan systems‘we have

~(A-B, D} <ty c*x te
= $5-1
A B A-B, Dok e
ALALTA
; - (A+B,F l-RlnzK‘lc ) c*x-ic
s B BB DR G
: 3 gy 2 Bybat
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oA e e
Denote & = o el am oL R hence
24 2z | /
o~ ~ :

o

0 -Las
o‘t"’\)+([ -d-fzz)(% //;;,) s (0
0 0 % e 2 A _ 0
H, - JoR Tty Hpr FRFS i :
ey ”%7

N e
We deduce that }feﬁ { J{LQ 7(902/ ’ %1 ”de %?, R =
N ~ ~s
ey / i
S o — - : - ¥V 5 * .
lefl, JQLR%{ d’{t,'Q. f %2{ s %4 ; }/ ﬁ'— 2/ 1Q - —%{ /
3 o~/ //‘ ’t()
we sece that g?g( = 532/ = /ﬁy and we havevcheck the other
blocks. We have
© % { ,--N &/},.1 i
?€1L=w‘?ﬁ(‘*&n_JQ,ﬂ- £ 7B D2Y 1g +ég_31<1m92h D, )B; R+
; ‘A A
+B1D;K"l(c -C) and we have to chkeck that
A AN A ¥
iiBl(I-D;K p,)BjR = B)F+ByDoK 1(c-C ). Remember that
3 % 2 @
Emar e Dllnll“x?l“ 11D12 D116y
F=-K"*(D¥C, +B'R )=~ -
- D D2 C *
e 12711 12 18 1271
B.R ' :
1 B i. ¥
+\ n5r . Denote Fy=D,K (C-C)+ o3 (= D2K D2) By R =
in ~DyoF2Cy i g .
=DoK - DB R +4 B8R
2 E 2l !
. o
plip sl gk F o
B L K 1 1171
KF= % o e % =
D190y DyaDp5 Fy Dy 50
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e e i e
s —— L

¥
(D403 DI+ 11D12F2 D11°1 B)R

Dy’pD 11F1+D1 201 oF o=~ i S

Dy (Dy1Fy D pF5+C; )= { F-BiR

e ' '
By ran(Dn 1+P10F2+Cy) | e e

v
I I
S ety Halo-l D 1 y % Ap* p
Bt [- _ g p,p}1F | il Ui
s lashy |
A . 45 B oD F 5
‘D;Kﬁl[j( et e ) + Ly DDy 11 4T - 4,05 Fy= -
Dy Fq=Doq F i ;
e Pagt

v

4.D -I_ )F
( 1111 P 1 ‘ L A W €N
¥ o i +F1 - XLDllFlw e (Dy " Dy JK
L0, 0 F :
i 11 1

By D - pl)r .
v 24 +F
D 6" a‘f"‘ 11 l 1
21P11%1 .
DyyD11"
Taking  into account that id the first
X _ :
D21 e
% ¥ T
column of K we have 1 ( igh ll f' Py = P1
\ DQl 11 G
sl 1 ¥* pl A
Sl e Dyy ) P 200 3+F1 Py
0 = wn A ~ :
We deduce flnally that ?TaL‘MA-B DK 1C+BlFl = I :
%u 7 ?644 bn, R Wl( St %2,2, Fog }627, . %44
We have only to check that > L aﬁl
' ¢
}e([ = i %'M R+ ]e(z+ R gﬁ“ - ?1’ R =
i
= %}‘LJ{ —-— R;{Q(R + ?’f‘ R }6“ ?L R‘.—:
- =1 RAY. gl awetd
= Jd/(AwBl 2K o e ﬁLR(A—BlDQK C)-£R +CTKTC -
wo=1 -1
L r’L RB, R= -J%L(R+A*R+RA)+§;L[C K D251R+RB1D2K 6 Y

*o-1
«¢"K™" C- ?Ha BJR .
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B a0

~We may write

R +A R+RAr-C C - X F F F D1D1F hence
1 s ol et o
’}6,2 = J"’ ClC,l+F1 1" d*z F DlDll RBy & m 1)2 D,)BiR +
-1 -1 =1 94 >
t i oF k" DBy f{+ﬁm3 D, v losc* i e +W//V//V@.r clcl+FlFl

) K

- ?&,F D D P +(C+ y»DZB R) K (C+ D2B R)'/AGRBlﬁlR =
-1 A

ﬂclclwl = FLF DlDlF i RB, 11<+(c C+J¢D231R e (c -G+

*-/\1/\ A/\l(\

S
+ FLDEBlR y +C* K" (C-C+;LD2}313)+(C—C+}§Z R) K6 40K €
We have as above

4 L
C C{ ? D2BIR-"‘ P2 (

% 1
20 g v
Fl and we deduce

B

~ o

it e 4 px
#, = ;- 01C1+F1 1 )ﬂ F lelF FRBlrslml} , F1(D

4 5 4y % e (T
+&ﬂfFlD12 0 +XL 2 12 1f’J@L el C Cl+ Fy l—J;F DyDyF-(Fy~
i 3 L *'\: ‘(k L
aﬂD'L] ) Sy - P11 £ 6}11 F1D11011F 7 1‘”1‘“}%11’12?2‘

v

o¥ 4

Lptp ; 4y
+XLF2 2F+JC 3* lle}sDDF F

4k KL
e

v D} }3 ZQL ﬂ;c Cq “87 , (DyF -»Fl) *(DyF- Flh yf&

and finally (?@1*9§l
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STABITIZING COMPENSATORS

WITH DISTURBANCE ATTENUATION

by Vasile Drégan i

: Abd}act. Extending and adapting recent constructions in
H* control, stabilizing coumpensators are constructed for
time-varying control systems, such that after comp?nsation the
Opérator from perturbations to the quality output is striétly
contracting.

¥/

1. INTRODUCTION.MAIN RESULT.

Consider the system

x’mA(t)x+B1(t)ul+82(t)u2
ylzcl(t)x+Dll(t)ul+D12(t)u2 {Lel)
y2=C2(t)X+D21(t)ul

where AMR — oM (@) ,B

SR A

Gy et e

3 X,

. XN
25 pl

i=1,2 ’Dij: IR -3 i,j=1,8 (matrices of corresponding

pyXm,

dimensions with real entires) are continuous and bounded.
A compensator for (l.1) is a system
xczAc(t)xc+Bc(t)uc

Yo=Co ()%, +D (tIu, A2

AC,BC,CC,DC being continuous and bounded on R. The compensator
is coupled to the system (1.1) by taking Ua=Yos Up=Yge

A compensator (1.2) is stabilizing for (1ald if the system
obtained by such coupling defines an exponentially stable
evolution in the absence of disturbances Uy e If the coupensa-

B
tor is stabilizing , for every disturbance y in LQGRJR l)
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oo by

there exists a unigue output y, in L°(R,R 7) and T
. 1%
thus defined is a linear operator. The compensator is Y=
disturbance attenuating if (| o Ly,
i e Y194 | 7

In the first part of this study ( [ 1] ) we have proved that
under the structure assumptions ! 1)Df§ﬂt)D12(t) and :
DQl(t)D;i(t) are invertible with bounded inverses;

2) with

Ty >=Ipl—D12<t><D{2<t Dl ey

T72(t):Iml-D;;(t)(DQl(t)Dgl(t))'lngl(t)
@ A—Bz(beDlg)’lszcl) is detectable and ‘
(A—BlD;l(D21D§1)—102, B,TI,)is stabilizable, existehce
of a stabililzing -~ with y»adisturbanae attenuation compensa-
tof (1.2) for (1.1) dimplies existence of positive semidefinite,
bounded , stabilizing solhtions for three Riccati equations
associated to the problem. The main result of this paper
consisié in the construction of a family of stabilizing com-
pensators with X’» disturbance attenuation by using these

solutions of the Riccati eguations.

2. SOME PRELIMINARY RESULTS.

v

C
1
Denote B:(Bl 32), C:( } ) Dln(D11 Dyo)
Cs »
# 2 Im 0 '
K=D,D, ~ 4 .. Thefirst Riccati equation reads
e o g &

R‘+AF (£)R+RA(t)-[ RB(t)+c§(t)D1(t)3 K"l(t>{fB¥(t>R+Df(t>Cl(t>1 +

463 (£)C4 (£)=0 | £ac1y
and our assumption is existence of a bounded , positive semi-
definite solution such that with F:«K“l(B*R+D;C]) s A+BF

defines an exponentially stable evolution.
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F1

Let F= ( > and associate the system Y i
F2 :

x’:[A(t)+Bl(t)Fl(t)Jx+Bl(t)ul+B2(t)u2
¥1==Dq o (£ IF, (84D 5 (8)uy +Dy 5 (1)uy (2.2
ygz[CQ(t)+D21(t)Fl(t)] x4D, (1)1, e

We have proved in [1] that a stabilizing cohpensator with
Y’—disturbance attenuation for (4.1) 1is stabilizing with
)P—disturbanne attenuation for (2.1) .We shall proveé now the

converse of this result and we shall construct a family of

stabilizing compensatxrs with X’~disturbance attenvation

for (2.2). We shall use the following result (see for exam-

plesilin ).

Propesition 2.1 Consider the system

x€=A(t)x+3(t)u
y:&(t)x+ﬁ(t)u
with continuous and bounded on [R coefficients, Assume thatvﬁ
defines an exponentially stable evolution. Thenvthe following
properties are equivalent
a) The input-output operator Tyu from LQOR,mm) to
LzoRdRp) has the norm strictly less than JP .
b) The Riccati equation
p’ +A(t)p+pA(t)+LpB(t)+o*(t)D<t>] Ly 21-D* (+)D ()] YBY ()P4
+D*(t)0(t)3 +C* (t)C(t) 0 :

i

has a positive definite , bounded on R solution B such that
Am%( af“ I-B*D)“l(%*§+D*6 )y defines an exponentially stable
evolution,

Let us rematk now that if (1.2) is stabilizing with y—wdis»

turbance attenuation for (1.1) ,then  X[=A,X,+ é; B,U, s
4 G Bt A Dcuc | is stabilizing with 1l-disturbance

Vo= E:
(,
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pu.

attenuation (shortly contracting ) for the system——

27 4
X ‘=AX+ W? Blu1+ V}C 82u2

~

Conversely ,.if xcmACxc+BCu

~

=0 x

N RN
b pe R pE oD U, id stabilizing
and contracting for the abbve system, then by taking Acmﬁé

N

A A s
Bo=N§ B, s Co= N C, y D= X'Dc we obtain a stabilizing
compensator for (1l.1) with X— -disturbance attenuation., It is
why in the following we shall restrict ourselves to the ease

F=l .

Propesition: 2.2 Consider the system (1.1) and a compensator

(1.2) .Assume. 1) A and A, define exponentially stable
evolutions 27 1T ﬁi is the unigue bounded on R solu-

; T ; o % ; .
tion to the Liapunov equation P +A P40t =0 ¢ then

' ¥
(Dll D12) Dyq D12) Dyq Dlz\
* ~ =7
G B B0 I
R Dy, O Bys 0/

~

; A6  ¥a <
CCR=Ba Dot A+B,B,F ) is detectable.

5) Dgl(t) is invertible for all telR and
A»BlD;]lC2 defines an exponentially stable evolution
| 4) Let G, the input-output operator from
; B e Sl Ny
L“(R,R ) to L°(R,R “) assoclated to the compensator (1.2).
Then IIGC1[4.1 A

Then (1.2) stabilizes (1.1) and is contracting .

Proof, Although this result is essentialle ccnfained in (%)
we shall scketch here a proof. B

a) Apply Proposition 2.1 to (1.2) under assumption 4)

to obtain a bounded ,positive semidefinite stabilizing solution

7 to the corresponding Riccati equation .The evolution after
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12
§

e —

coupling the compensator id defined by

x “=Ax+B,(C ¥ +D,C %) _

X =B,Cox+A X (2.3)

Let (i ) be a solution of this system and let
¢

V(t)=x* (6B )x ()42 ()T (£)x,(1)
A direct calculation shows that

Vot )= lcl(t>x(t)}2-lcz(t)x(t)|2+x*(t)ﬁ(t)Bg(t>[bcﬁt>xc§t)+
+Dc(t)c2(t)x(t>3 +[jcc(t)xc(t)+nc(t>cz(t)x(t)J*’32(t>§(t)§(t)—
«KZ(t)l:§(t)BC(t)+CZ(t)Dc(t)Jtlnpf(t)Dc(t)3 1L ey
+DZ(t)GC(t)J ) -\cc(t)xc(t)\ o (t)m(t)B (£)8, (£)x(t)+
+x*(t)o;(t)BZ<t)%(t)xc(t)

Ihe first condition in 2) glves ¢, ,=-FB, and we deduce with
zcz;kI-Dgchul(B:§+DZCc) '
V’(t>z~\<I~D12D{§(t>>01<t>x(t>\ 1€ (£ )%, (£)4D, ()0, (£)x(t)-
«ﬁg(t>§(t)x(t)ig ~le@snt s m(t) % [Ih[t)xcit)+02(t)x(t)]\

Tt follows that t—V(t) is decreasing. We deduce next

T s
% 2 o w2 2
K s(Ilelez)ClX] dt +g\ CCXC+(DCLZmB2P)X\ dt+
£ ; : ' (2.4)
gl o 2 A . ey
+~$ | (1-D2D Y2(T % -Co )l @t =V(t )-V(T) £ V(%) ¢

o

e RGBT

with ¢ not depending upon to and T 5 and we may take T=00 .
Lad

The detectability assumption in 3) implies existenge of L
: .l e o : ol aliet e
such that ALY A+B,B,P+L(I~Dy D 1?)0 defines an exponentially
stable evolution . We may write further the representation

.t
x(t)=X4 (t t, )X +St Xﬁ(t,S)BQ(S)[CC(S)XC(S)+(D:(8)C2(s)—

b

~Bj(s)B(s)x(s)] @s +§: Xﬁ(t,s)z(s)(IuDlQ(S)EfE(s))Cl(s)x(s)ds
.
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been shown in [1] to be a necessary condition for @ijtPHOGA
of a stabhilizing and contracting compensator).

Take now T, (t)w fD (t)D Q(t)]/é

B it
Tgl(t):[Dlg(t;Dlg(t)f]7D12§t)D11(t)

and define Tll from

1* il = g *
111(t)1ll(t),1ml D11 (E)TT, (£)Dy 4 (E)

Then i s ¢ A
lll(t) 0 ) (-Iml 0 ( Ell(t) 0 \
KlEd= | ¢ SR o : ke :
fgl(t) ng(t) 0 Im2 T2l(t) ?cht)
P (T
“Ton (L9 Dpp) F=BRRDIC,
Denote Ap=A+B, T ?(Tgl 0 )F {2.6)
cl’cml+D1?qu(L Tpo )

We\may write then

1268 (t)+A (t)R(t)+R(t)Aw(f;+}l(t Tll(t)lll(t)P (t)+
1;F<t>01,Fft>30 ! (2.7)

A rather standard Liapunov egquation argunwhu, based on (2+%7)

leads to the fact that Ay defines an exponential}y stable evoz

lution{ £21).

C

~ T] lFl
Wéﬁave only to remark that with A»AF 5 O
1,F

N v
S

= (\A/\ 1- n N
e B e i 0 ) R+ICeA+BF ,hence (4, C)

is detectable. Consider now the systems

=)
X ‘=(A+B Il)x+BlTll 185V,
R L e
P e | (oiien

)
Yp=(Cotlyy F 1)X*D?1T11V1

Profiosition 2.3 The compensator (1.2) is stabilizing and

contracting for (2.2) if and only if it ¥s stabilizing and

eontracting for (2.27).
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Proof. We have only to study the input output operator since
stabilization is not affected when we replace (2.2) by (oantye
* -
Take D, such that DL(t)QL(t)=77l(t) to have for
T R T ‘ % 71/% R i
UCE)=(D (8) Dy p(E)(Dy (8D 5 (£))7) U(t)U (t)~1pl.

Denote
A+B.F +B2DC(BQ+D21F1 BZC

-2 Ji o
Ao“ _
BC(C2+D21F1) AC
By +ByDo Doy
:BOx i Coz (“F2+Dc(02+D21Fl) CC) ©
BcD21

After-eonpling (1.2 te (2,:2).we obtain

a % X . %
dt ( Xn\ :Ao( XC\ ey ylzleCo( X,

and after coupling (1.2) to (2.27) we obtain

i X oy
ET'k .\ e o 3 s o L

f(D11+D12DCD21) Uy (2.8)

(2,87

Denote by G .the input-output operator associated to (2.8) and
o :
by the input-output operator associated to (oI i

A direct calculations shows that

Rt »i
e e ) oo (2.9)
'5_
¥ r"l' m 5 - > L4 s et
where U,DLDllD 11 ! lll are operators defined by multiplication

with corresponding matrices. We have
hleQ:: £ Guy,6uyd = Axul,G%Gul>> and by (2.9) ,.ualng the
fact that U 4is ddometric we deduce
S A % ¥ . W et
| }lu = & ul’DllQLDlDllul> + <‘ul’illG G Tyyvq >

2 % ¥ e
"<iﬁﬂD11711D11u1>'+<1ﬁJ111G GTllul>

and taking into ccoomfit the definitdon of Tll P



£t s i S e .

2 2u, AR (T-GE)T . >
[yl et s ey (G BTG iy
# ¥ 3 o~
and finally <uy, (I-G Gluy> =4ﬁ_ P11 (I-GYG)T >
From here it follows that (1 Gll<1 iff I Gll<] and the
proposition id proved.
We are now in position to prove the main result gf  this seetion

Theorem 2,1 If (1.2) 1is "stabilizing and contraseting for

(2.2) ‘then 4t ig stabillizivg snd contracting foxr (l.1).

P

Proof. From Proposition 2.3 we may assume that (1.2) is stabi=

lizing and contracting for (2.2°). With notations (2.6) consider

. the system

B -1 -1~
% »AFX+(B1-B2T22T21)u +R2T22 5

o -1z :
ylxc1 FX+TTID11 1+D12quu2 (3'10>

4y

For-2yp Frxedy
By coupling (1.2) to (2.27) we have seen that we get (2.87).
Lf we take V12§2 and ﬁ%m?l we may see that when coupling (2.87)
to (2.10) we obtain the same inpug-output operator as by cou-
pline. (1.2 to (1l.1). The conclusion of Theorem 2.1 1is obtained
by applying Proposition 2.2 to systems(2.10) and §2.87).
In Pact 4£ (1l.2)1s stabilizing and contracting for (2.2" ) we
have (2.87) with exponentially stable evolution and contracting
input~-output opérator properties required for the compensator
in Proposition 252,
A direct checking shows that the corresponding D21 is . in (2,10
Tll and is invertible; the corresponding'matrix for condition
3) in Froposgition 2.2.4s
Ap+(By ~B, T, 1T

B 23 ol
al)lzl ok ok e ByTppToy Py =AeB T 5o  Fy +

+B,F,+B P =BT 50, Fi=A+BF  and defines an exponentially

stable evolution. Condition 1) is also clearly satisfied .
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SO

The Liapunov equation in 2) eeads

PR BPlesC S 0 R B0

I3 I3 1 ¥ 1 0 L o 8 i
and we see that P=R ; we have further
o F e Py Dy,T55
Com s +R(By BZTQQT?l
' Taq 0

g o B o
ByT55) = (G T yDpy-FTy 1 1 #R(B =BpT55To1 ) €y pDypTo5e

o ‘ T
+RBQT2é> . We had RBZ+C D12+F*( ?3) T..= 0 and

1 ¥ ol
ol 1az
6 o ool p¥
1,5 o Sl D
22 -
o
G n et 2D P s \ prl p¥ e N
Yoi o ek ot 29 Pyolynselb,. 5 dence
00
0 DA eRBL oL =0
Bl h g e
: 0 -1 ¥ 5 e 2 o
T‘l 117017 7Py (D7 oDy )T DyoDy =Dy D12P??T22J¢1
unn 2y BTy hence '
* -1 *f* e T T
1 “7W 1071 ~BBoT55 o =Cy Wull~(cl WD12+RJ2)P221%1~c19FD11
e . IS
T 21 =L 0 e 3 =
oy o Dy=C1Dy 1 +! & To5 Dyo []'C Dy #F Loy .=
g T s
: Tso
Tl L ﬂ\k 1 ] i
=G Dy +(F1P 475055 )Ty, =F] 717111 -RB)

and the first part of E8ondition 2) is checked.
What concerns the detectability , let us see that we have to

s 4 o i P voa ”“ l =y ¥
consider the matrices A +B2T2)B R= A+3?T2?T bl ﬁgfg

F 21
4B, (. 7 e A%BQAQ+BZTQE'2LF1 B (Tl 1+T§? Fo+
+DY 501 )= A““Q(D12”2z) Lol ana
(I 91°T2%T?i f;)” e Dy (D300 1200 5=
T1,0y g=T110y+ T1 1Dy 57 53(Tp Tpp)P=1110,

since 771D12z0 and the detectability condition &s the one

in the statement. It remains to check condition 2)
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. Dy T 15 V(M0 D1,T53
’é T2£D12 0 e 0 :
. _
lf D, Tl Dy 147 11 "1 - 0
: 0 ngnf;DlzT >
But Ty T,,=I-D,;TI;D;; and the condition is verified.

Let us check the system obtained by coupling (2.87) to (2.10)

a x x >
at XC) ﬂAO( X, e T11< =1 Elx”ll e

d oo *nl 4 {
T X FApEH(By-BoT,ooT »1>“1+3212z BT o(_x ) +H(Toy*
O 5

#0550 Doy D77 (=T Py ¥y )

>
~ > 1 : , =L
A e e N O( X.C)JF(T Dy Y

iy i P b
(=293 Fy %4050 ]
X 2 3 Satgace
%T( }._; ( A+B T +B,D, (Co4Dyy Fy ) B,C,, )( % ) :
X
SO BC(C rDPl 1; A@ XC
By +B5D,D5q - (A+B2DCCQ)X +B,0,%,
- (le"ul)” +
B 1)21 BCC,/:.X-i»f{cx(1
(B, +92D0021,E (rex (’(31+32Dc921>”1
+
{ -‘-.
% B,,D Bl(x~x) BoDoq Uy
&%
S

55 m[ﬁ+39(r)ﬁmgl P ALY T8 4B, (<P xaD  (CptDyy Fy 0x4C % ] -
sl -
mB?TPQ ?l(F X~ Uy )=B D D?l(le 1 )4B}ul 82 22T21 i
r ~ : i ~ ,
=AX+B2F2(X~X)+BZDCC2X +B2DCD21F1(X~X)+32CGXC+
+B,D D. +B.,u

| o Ui e Bk s

%
e ~~AX+B 70X tBoD CoX+(ByF -B,D, Doy Fy (Y x)+B,D,D

Qn

2yt b



and - edxs . A &
3% ~AX+BQDCCQX+BQCCXC+(BI+BQDCD21)El(x-x)+Blu1+B DCD21 1

We deduce that %T(ﬁlx)zA(%LK)+82F2(§;x)+B1F1(§—X) and since

A+BF defines an exponentially stable evolution. We deduce that

e

X
o5
(1.2) to {1.1) . We see further that

& 1 '”-1-. : B T . V2t
Y120y X4D) 5 To5 T  FyxaDy oF x4 T Dy ug+D) 5 (-Fox+D Cox+D Dy Fyx+

~7 . 2
¥=x and the evolution for ( ) is the same as when coupling
¢

: L
£0 % 0= D12(Tzz ' tD Doy ) (FyX=1y )=Dq 5D Doq 0y +Dy 5To 5T 1y +

. +(Cy 4Dy 5D 0 )%+ T1yDyquy
_":;‘ y e
4 T1 1211 +01 9755701 =D11 Dy o (D501 ) T DYpD1 1 4Dy o (D 501507 D50y 1 =Dy

Fa P r.o= A R T W AN é > claim’
and finally Jq (01+D12Dcv2)x+(011+D12DCD21)ul and the claim
is . proved, . the reésult of ~the coupling of "(2.87) te. (2.10) 1s
Q ; the same as when coppling (1.2) to (1.1). The theorem is

completely proved,

A class of systems for which this structure holds is of course
the one for which D”l is invertible since for such systems
2 :
Tl2xO .. Bor such systems the stabilizybility assumption implies

j that A-B D?l<D21 21) defines an exponentially stable
s evolution.,
. o A X Ipl 4
i Let us recall now that we had D,= ey KmDQDguy

a - Dy G Qi
‘ o b LR | $ 3 -

| 712»Im3«D21(D21D21> D,y and IPI«D11T12D11 > ¥ T s

! ; 2 Z.] ¥ By

4 Let us compute K™"DyBix = .

. : W

! e have 2

: D -1 D =D, Bix

| - (D)7 e Dy Uy=Dy, By X

| ¥

: Dy Dy 8y #Dgy D3y up=Dpy By %
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e

Since Dy Dy is invertidle , we deduce that
3 ¥ (=1 e o e *
Uy=(DgyD5q) "Dy Byx=(DpyDyy ) "DpyDyquy
and the first relation leads to

% : e Rl e = NS
(D11D11°Ipl)J1”D11D21(D21D21) Do e ?
Lk e ] £ o1k
“D11057 (Dp3Dyy ) "Dy Byx =Dy T1,B)x=0
;e = : 2 g K
that is (D11T12D11-1p1)ulzo hence uy=0, Uy=(DyyD5;) "Dy Byx
We deduce that

. 0 ;
T ((D 5L )" b B :
il Vol

The second equation reads

RS G T Be e e S ot i T | % ®¥ el £
S =A5+5A" -5C K _C b»Bngﬁ C5=5C K DQBl“BlDZK‘ D2B1+BlBl
~ o ey \

we have C K 1DQB%:(C* Ch) % ‘ &

2 2 1 2 (D n¥ )“lD * /

: 2121 2d 1
e ; £ (=1 o
00l DoBayd iy :

A | % % * .
TR g L N T

21721 i

s * (~1 *
PByDan (Moiiag ) Do By
and thé Riccati equation dis
. gy e L L e aal o
$= [ A-ByDJ, (D5 D57 ) Cy 1s-sL 4%, (D, D5 )7 Dy By ]

kel - - * 42 R B
-SC* K™Cs4By [ T-D.5 (D,,007) u21J By

and if 7123;30 we deduce that the Zstabiliging solution is 5=0.

We shall perform now some algebraic manipulations. Take
Di,(t) a (mlwpz)x m, macrlx such that
(.I
b (1) . .
is mnitary. Recall also that we
Vit )= e Y. 3
(Dgy (£)D5 (£))77D,, (%)

defined another unitary,, matrix 12 U(t). Let us write

D13ty Dyyle)

+ s
T4)D, - (£ V()= o1 0o
(£)Dyq ( Doty )
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Lemma 3.1 We have V(t)Tll(t)V*(t)m 25

S 0 o

with T17(t) and 122(t) invertidle.

Proof. Simge Dy (£3D5(£)=Th (t) * , U(H=(D, (). D, (t):

% e 24
(D24 ()8, (6)) %) we have

e . , !.ﬁw/
V(£)DJS (£ CE)=V(+ (D (£)D, () Df}<ﬁ>fﬁzﬁﬁ(Dﬁiﬁﬁi%aﬁﬁ)é?=
SR O R Sl oo -
DYy (£)) (P11(#))
B 22
Py7 () b7 ()

V(t)[:Imjani(t)711Ct)Dll(t)]v*(t):v(t)V*(t)~V(t)D;l(t)Dl~(t)w

11 ¥
- T 0 (e b v
D (6D (V) = ( o ) e :
2 : 12 ¥
. 'p, (075 ¢t))
17 wohd Tl g &
Sl L2 a0
(Dy; () Dy Ghd= o1 x 12

e s L2 e

373 YT - i +3 D e SR G, : N O ave
Since 1ml Dll(t)le(t)ull(b) >YI 0 we have

ey

% 1) 11 e i
Lo SRy YT
my ~Po 11 g - 1 my =g

and also
. e T R oL
I, =(P13 (£))"Dyy (1)-(Dy5 (%)) ull(t)t‘lmjmpz (D) B (el

(bl e SR ST

Recall also that

Bo

r.X» f T '_'X 3 5 AR
fll(t>f11<t>"1ml Doty TRy (8D, . (%) hemoe

V(t)[Im]wnfi(t)Tll(t)bll<t>3v*(t)mV(t)T{l(t)mll(t)v*(t)x

=V( 5T LV, 5 (B ()

If we write Tll(t) Tlg(T)
o p : :
e must +
V(t)Tll(t)V%(t)x o we mu compute
: y T
Bl ¥ il e [ 4P
pld (fll(t)) 0 | lll(t) fll(t)

i such that

o

CEEER D 0 22 (1)



o

[ Fny-p, -(p7} (4D17 (%) 4p ()} p %)
»(D (t)) D%l(t) (D (t)) D (t)
2
Reading to  (Ty (t))*T{§( el u(D (t))*D%%(t)
l
(Tff(t))*ml“<t> = (D] <t>>*D?“<t> (3.1)

o <t>>* 15 () <T11<t>f”T2§<t> £

Po
-(Dy <t>> Dll(t> |
For the first equation in (3.1) we may take T =[ I -
13 my =Pg

1 is invertible ; the second eguation

~-(D 115¢D ']/2 and Tl

2
gives T%i and the last eguation allows to define Tii gine

vertible. Recall that

Dy
I":V'%T\[:z<5-& D-){: (D D‘-}“ )"’32) . % %
1 A P e & : (D21D21) D21
~ 2 e, ¥ (=1 : ey 3 LN
=D D 4Dyq(DpyDyy)7 Dy;  hence DYD, =I-D3, (DpyDyy) Dyq=tl
ey e % i
and U (Ipl D11T72D11)Um1 U DllDLD D11U v
~ 5 N 3 ¥y % o * M ik R ¥ "'1/ N = e
On the other hand U'D,,V =U Dll(pL bgl(uzlﬁzl) 2) hence
e
1)) E* = DJ} and we dedguce that
]l J. e r)‘L < e & & <A L
ll 11 # 21 %
Iplwmq C)}l) <J
Vi B 0l 0w ,
11211 2 21 %
“BE (D) In, 01 e O
. = e % * i s e s n
The condition IP] D11T12111 i l by is equivalent to
. 1.0 11 % k ?1 *
¥ =1 1] ?l »*
Sl T >¥ ot
Use all these formulae to write
12912 ]2 % 1L * 1 X512,
2u(D g - 41>151 o T g e (D
pL2 Tl Tl pad il Lo das
mIp2 (D ) { pl-m2+ [:Imlwp2-(Dll) Daa (D 117 3 et

“kp p¥

) x1-1p 1; R - -
=1 -(01%) LIpl“m2~ e ety Dy Dy ) gDy Pl

2

1



=] He

% (=1 ¥ Cn ¥ NSy
=Dy 11 Dll) 711”11921<D21D21) 'ﬂD21D21

11 ¥ 11 11 ¥
1. Lol S i -Dy )
m,” 31 11 L 11'P11
/2 S ks . -
n? =(Dy'yDy o)’ Dy 11172L1m1‘D11171D113
A /\-‘%
= DyoDys

Lemma_ 3.2 Consider the system
‘ (
Xy zA£X£+BQuK
“C X, +D,u
Ve A
and assume : o) - A, defipnes an eXpo
A%
evolution %) GQM Ll oy owibere
ponding inpuﬁuoutput operator . Asociat

X

-AQX,+( 0BV Y,
L)l w-‘x, "’l
(Fp )

a ~

1 A -

Qf

Thenthe CerGEpOﬂGlng input-output opar

Gl

Proof- We have Uh = \f‘*“ end G
(”l1<tv> v
y(£)=VE(t) D (t\ (i) u(t
’-i AL(s t)C (s )D ?(Q)u(Q) ds
O
iy1° = §1y<u>\ 2at= | wrcemPleercetic
(2 *ultrat + g | D, (t)D 2(t)u(t) ~By (%)

Dfé(%?u(s)ds‘ “dt= < u, D f (12 l) Tll

A ;‘g/\ .
+< Dyu 4G, G, Dyyu > o Binte

gl* /\ /\

,Jl‘1 -] :

[yl %= < uu> +<fD12u, (GQngl)D{Zu S £

— ~
é[lw(l« “G@@)F_I\\u“z where rLImzé Dl

-1 l 21 x
e s

¥ A ¥ -%_
T oDy 1D10(DypPy o) 7=

nentially stable
G, 1s the corres-

e the system

\Y ag.

S I .
ator G, satlisfiies

L e o
g is defined Dby

0

- V(%) ( s
B&( t)

A ene
§ XZ(sgt)CZ(s)

(Dgl) w2+

have further

W h® +(\\ng2~1>uﬁ£%u“24

2D12
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We shall use the lemma above to prove

Proposition 3.1 Assume that a) D;éDlg " D21D5i are
invertible with bounded inverses b) Df]'ﬂlnn sl =1

1 my
DIJ.HED;‘Lé1 YIDJ< ij for 411 . te R
o ¢) (TCq, 8- BQ(D*I)l,z)“]‘D;gcl)
is detectable d) The Riccati egaution

i
positive semidefinitey stabilizing solution.

RoeA" R+HA0(RH+C Dok (3 R+D Cy0+C4 C =0 has a bounded on iR,

Consider the system = fomil

o

AXfBlul+B2u2

y1m01x+Dllul+D12u2

For this system a family of stabilizing compensators with

33_ disturbance attenuation (contracting) is
4 3
& & T
z % =&k, #(0 B v u
| £ € ﬁT( 6 )
4 N
i & m g e 7
y’ “12 > z«}»(l l( 1 ) D]_QLJQ W Uy

uzzﬂll(ulmslx)

e )
u,= T30y, ~T53 Ty By +155 (Toy . - Ty IFx

i AR N h b B 4 3R Al i AT

where Ay, B,,C,,D, are arblirary, with AE defining an expo-

nentially stable evolutlion and strickly contraecting input-

; output operator.
'% Proof, After coupling the co mpensator oneé has
R R S N A e S i e
;n 1(1 r1"1
| -1
Yol “1”11 1“1’12T;323’e
i 2~mT le+1)]ul
il el £t e
Vel 12 €y g*’(D (37 Dyole ) Vo
and Proposition 2.2 and Lemma 3.2 are applied.

In fact we have seen that the last relations correspond to




ORI

Sl

exponentially stable evolution and strictly contracting in-

put-output operator, while the first relations ceprresponding

to a systems satisfying the conditions 1n Proposition 2.2,

In this way we have only to check the claim concerning the

result of coupling and we see it directly.

ud

Remark, If we denote Vulm L } then Uy above does not
u2
1 i
depend upon uy .We have indeed wu,= T? ‘190€xﬂ+ e
A ; uinP%x i g N "
41 T 1 ' L .
PR(DIL(TII) DygDy WI VI 5 5 [-TopTo)V V2 52
ug =-Fox j g
e
e .0n the other hand Tglv*gu
it g pe it BLoi gl g
=thohh s 12P11 1 21 /1 It Tl
i I~
and we deduce Uy= 1L12u£ K+T2i(D3j&D D 021)(u ?Y)fb?
s an, wl, 00 L20 11 il 11
wnere By;=pf} (1977 ey F-n22enilcr- (01}) ) T (03 0y -

2)“ =¥ I st v ¥ X -1
~Df3==(D] 5Dy 5) D10y L I+ 5 (T-Dyy 119 Dy4) T 507 114Dy 43!

= ¥ "1;.‘:
Dop (Do Doy ) ™ e

R -
Sines y2u02x+D21 p o We deduce ufsw(n2lD21) &C,~+(D 3 ’yQ
and since L (Jql 1) AP21 1 we shall have

; ,,,r‘1‘“':}-'/\ D¢ /z 5 sy
ug“lggblzc@iy q)(U11+Jimu uql)(D2, dl) (C +0, l)xel Ry

By
*fzz(“11+”12 z”21)<931“°1)
We have also 5é*A;fQ -B DZl\D'l 21)

The main resiilt in this section is

~T
(0, *DZL )X
Theorem 3¢1  Add to the assumptions in Proposition 3.1 the
ones we mentioned at the start of the section, Then a family of
stabilizing and contracting cowp@nsators is
Lo * “1/& ]
x’=[A-B 21<D21 ?1> c +B ¥ - 32T2?(D11*D1/ QD?L)(D21Dil) (Cot

1 iry ¥ ¥ iRE ] "
Doy P01 % B350 oo+ [ B0y (05903707 LB 155 (0) 44

S X =
*DlzuzDzl)(Dzlnzl) 1,



e
Xl ==B ﬁ (D D’ )"%(C +D )x +A X, +B D (D ) /
1= 84P21 (P21 D5y 01y L PP 51057
1 -1 n¥ =1 -
uy=To5D chexa"122(911+D1/DeD21>(D21921) <02+D21P1)X *

N s ¥ -th
+Fox+T55(Dy 1 +D1 9D Doy Y (Do Doy ) “¥2

where AQ,E ,C DQ ‘is an arbitrary system with AQ defines an
v

exponentially stable evolution and the input-cutput - operator =

d8.- striclly contractinmg

Proof, The conditlon 31172m0 implies %ID =0 and

B s Bl semnd o 0t en. D )“%> u’ BB (DT )
el i il ells el " Ky
i

and in the system obtained after coupling the compensator one

/ Q

Al gm_ AN sEhe * «] e oy B x *-1/2

gets S=(x-x)=[A 58 e D5 0700, (x £y« 30l (D, BE)

2 uga(D D )"%(‘ = x)] leading finally to x=% and to
‘:I_ Ql 21 yz 12 - C ) R 5 3 ¥ 100 18 y (8 3

the system

v I“__ }“ T }:; nt .L.~
X WJA,mla}\Bqu

y WC }!D D

11“1* 1oty
L
3 wRQLQl(u wb1V~)

'(C +¢fq(ﬁ11 D Dq,)(v -} x) PF X

J )
which is stable gnd with contracting input-output operator

according fo PBroposition 5.1

4, lHu CASE 'ﬂ c

We shall use the duvality defined by £ Phe dwel of  (1al)
is obtalned as . '
x =AY (4 407 (t)u; +”ﬁ5(t)u

yl"B (t)x+D (t)u rD (t)u
yszg (t)x+Dy ,(t)u
Ve see that 772(t) I-(D l(t))%[D <t)(D t))f} =dr #:Kt)m

=1-, et D7 it (o] M- T = Tt
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AR~ arbae

and the structure assumpiion is equivalent to W ( t)c (=t)= O
“hence T1§(t)(cfkt>> =0 ,that is cl(t>T72(t>=o and the dual
system has the structure of the preceding section.
We have still to check that the matrix |
N (t)mcﬁkp)(nlg(t>>*Lulq(t>(u st Bq(t)
defines an exponentially stable evolution ; the above watrix
reads

A*(~t>wc*(mf)D12(wt>[:D*'(«t)Dl?(~t>3”lB§<_t>:

=LA(-t)-B,(8) (D,(-t)Dy (- £y 15 (=)0 (-£) = -
; ~1 V¥ -#
(Awu)(Dl) 3150 DG )T (%) .

, K -1
Hence , in our results we have to assume that A- UQCD]qu?>
I SR o5 e

¥ - e 2 . £y :
D]QC] defines an exponentially stable evolution in order to
be able to apply directly to the dual system the results in

the precedeing section.
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defines an exponentially stable evolution
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stabilizable. ¢) The Ricecati eguation S =A(t)S+

&Ait)m[gc%(t>+ﬁl(t)Dg(t)3%“1(t)[0(t)a+nzct>BI(t)]+Bl(t)8;(t>
has a bounded ,positive semidefinite ,stabilizing solution
(that is A+HC defines an exponentially stable ebolution,
with B= (Hy H2)mm[§0*+BlD§:}£”1 ).Then a parametrized
famjly of stabilizing and contracting compensators is
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5. A PARAMETRIZED PAMILY OF STABILIZING

AND CONTRACTING COMPENSATORS

PR

For the. system (2.,2) it is seen that FVICIZO and that

the corresponding matrix that has to define an exponentially
stable evolution is AsJ ﬁ-.d 1? e
The stabilizability assumption is required for the pair

(A+ByI (D (L 405 8.0 . By By} whaioh 1 written
5 2

Sal 31 21 ?L 2171

5 (A=By ol(DQj ql> L ,+B T12 1+ By T,) and this pair is
stabilizable if (A-ByD} (Dy D)) 10 , B,Tl,) is stabilizable.
As we have seen in the first part of the study the Riccatil
equation is the &ne obtained as a necessary condition.
The final result , obtained by writing the compensator in

Theorem 4.1 for the system (2.2) 1is

*
Theorem 5.1 Assume a) Di*?l)12 and D?lD21 are invertible

with bounded inverses
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c) (T\lcl, A-B,, (o Di)) s detectable

L/ 1 )

and (AﬁBlngl(Euqul) ‘,g T,) 1s stabilizable.

d) Ther Riceati equation (2.1) has a bounded,

positive semidefinite, stabilizing solution (that is -A+BF
3

: : , . £ a%

defines an exponentially stable evolution where km( e

. P .

2

= e
= S i e 3%
1k
e) The Riccati eguation

/\’ ¥ nA " ¥
5 “=(a+B, B J+Q(A4dlrl) -(86*+3, D )KL (CS+D,BY )+B, B -

D 1:‘ ] g e E L) £ 3
with C = LL“L ) has a bounded , positive semidefinite
At A }‘
CZ Doy By

= .
solution (that is A+B}F1+HC defines an exponentially stable
. . : u‘ i : “,}%ﬂ W A Ln
evolution where ﬁw(ﬁ] ) == (50" +B,D.)K Y
Under these conditions a family of uthl]lZiﬁ“ and contrac-

ting ~compensators for (l.l) is

% =[Arprad, (O )= (B, +1, Dy 5 )(D;" )“%(5 LR
(=] A4 D A?“\ ?1 .1 ) 19 j?] Dy #0450, Doy

(=Dl )“%(“ $he 1) § (B, +H (h i) %5’ C
01P21 “2**21*1)- ‘ a* 1?’ 12P10 0 z“v
e ”y D A B 7 TP

X,gz I .Lr)j ( ?l r)l ) ( 2’ r,L J )X- G 'C.}‘»a ¢€/ 2]( r)l /)1 )

/‘) 1, -
u=[ Fp= (03,0150 (B 1 45 0y By ) (D031 )7 (€D 1>]} %

> X . - A A wg".“ “. o o K N

~ r~ ~ . i

vhere Dll ’D12’ D21 and AQ,B@,CQ,DQ are the ssme as in
Theorem 4.1.

Remarks 1. The Riccati equation from e) of Theorem 5.1
may be obtained from the two dual to each other Riccati

equations under a spectral radius property as it has been

seen in E‘].
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2. The main lines of the proof 6f.the results odf this
study follow the ones in [3].

5. A less systematic version for the case Dllmo is

contained in [fije
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