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Abstract

' A set T together with a symmetric ternary operation Y:T]=->T is said to be

a  ( g e n e r a t i z e d )  t r e e  i f  Y ( x , x , y )  =  x  a n d  Y ( Y ( x , u , V ) , ' Y ( y , u , V ) , 2 )  =

=  Y ( Y ( x  , y  ) z ) , u , v )  f o r  a l l  x  r y  , z , u  r v  ( T

Extending suitably Stone's duality for distr: ibutive lattices it is shown

that the category of trees is dual to the category having as objects the systems
. t t

(X ,0 ,1 , -1 )  where  X is  an  i r reduc ib le  spec t ra l  space w i th  gener ic  po in t  0 ,1  i s
' 

the unique closed point of X and J i, a unary operation on X satisfying the

following conditions:

i )  1 1 x = x  f o r a l l x € X ,
f - r ?

i i )  for  each quasi-compact open subset U of  X,  the set lUt= lx6X: f  xf  UJ

is quasi-compact open too, and

ii i) the quasi-compact open subsets U of X satisfying 
' lU=U 

generate the

topology of  X.

It is also shown that the category of.trees is equivalent to the category
:
.  having as objects the systems (A,v,A, J)  where (A,v,A) is a distr ibut ive lat t ice

and I is a unary operation on A such that the following conditions are satisfied

i )  
- l  

i s  a  negat ion ,  i .e .  1 - la  =  a  and J (avb)  =  la4Jb fo r  a ,b  €  A ,  and

i i )  the subset T(A) = 
{  a 6 A, 

' la=a} 
of  A generates the lat t ice A.

/
. t ,
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Introduction

According to | + | , we understand by a (generatized) tree a set together with

a symmetric ternary operation y,1r-vT satisfying the following.equational

axioms:

Absorp t ive  law:  Y(x ,x ,y )  .3

S e l f s l ; i s t r i b u t i v e  l a w :  Y ( Y ( x , U , V ) ,  Y ( y , u , v ) , 2 )  =  Y ( Y ( x  , Y , z ) ,  u , v ) .

I t  i s  shown in  l+ l  tha t  the  / \ - t r " " ,  as  de f ined in  l l , t , z l  ( in  par t i cu la r ,

the simpticial trees), the distributive lattices and Tits' buildings are natural

examples of such generalizecl trees

The trees form a category Tr having as morphisms the maps f :T->T'sat isfy ing

f  ( Y ( x  , y  , z ) )  =  Y ( f  ( x ) ,  f  ( y )  ,  f . ( z )  f o r  x  , y  , z  Q  T  .

The main goal of the present paper is to describe the cjual of the category Tr.

This task is achieved by extending sui tably Stone's dual i ty for  d istr ibut ive

lat t ices

1. Stone's dual i tv for  d istr ibut ive lat t ices

By a lattice we understand a poset A in which every non-emptv. f inite subset

F of A has both a join (a least upper bound)VF and a meet (a greatest lower

bound)Af.  tn ls is equivalent to saying that A is equipped with t t lo binary opera-

i ions  v , I  such tha t  bo th  (A ,v )  and (A ,A)  a re  semi ]a t t i ces  ( i .e .  commuta t ive

semigroups in which every element is idempotent) satisfying the absorptive laws

a r t ( a v b )  =  a ,  a v ( a A b t  =  a .

Usual ly (as for  instance in l : ,g l ) lat t ices are assumed to have an in i t ia l  and

a f inal  e lement.  However,  f rom'technical  reasons, we are forced to consider

in the following the general case.

The lattices form a category Lat having as morphisms the maps f,!,-1$ satisfyin

f ( a v b )  =  f ( a ) v f ( b ) ,  f  ( a A b )  = " f ( a ) A f ( b )  f o r  a ,  b € A .

The lattice A is said to be distributive if the distfibgll-Ve-leu. a/f(bvc) =

= ( a A b ) v ( a A c ) h o 1 d s f o r . , . . l , " ? * * e t h a t f f i l a t t i c e t h e

. /



dual of the identity above

Oenote by DLat the full

latt ices. The empty lattice

Iat t ice is a f inal  object .

semilattice of

bga imp ly  b€ f .

ideal is called

An ideal I of the lattice

f  i l te r ,  i .e  .  a^b  (  I  imp l ies

is cal led a pr ime f i l ter .

?

is  sat isf ied too.

said to be spectral (or coherent)

non-empty closed subset of X is".

i s  an in i t ia l  ob ject  o f  DLat

Defini t ion.  A subset I of a lattice A is calted an ideal of A if I is 
--Effijb

i . e .  a G I , b ( I  i m p l y  a v b € I ,  a n d  I  i s  a  l o w e r  s e t ,  i . e .  a ( I ,

subset F of  A sat isfy ing axioms dua] to those def in ing an

f i l t e r .

An t

A

subcategory of Lat having as objects the distributive

while the one-element

A is said to be prime if  i ts complement in A is a

either a (I or b€I. The complorsrt, of a prime ideal

Defini t ion. A topological space X is i f

t ) . . t

closure

is

of

sobeq, i .e.  every imeducible

a unique point  of  X,  and

the

i i) the family of quasi-compact open subsets of X is closetj under finite

intersection (in particular, X itself is quasi-compact) and forms a base for

the topology of  X.

Denote by l r rSp,ec;  the category of  the systems (X,0,1) where X is an i r re_

ducible spectral  space with the gener ic point  0,  having a unique closed point  l .

The morphisms in lrrSpec, called coherent maps. are those continuous functions
' f :X->Y 

for which f (0) = 0,  f (1)  = I  anO f- l (U) is quasi-compact whenever tJ is

a quasi-compact open subset of y.

1.1.  Theorem (Stone's representat ion theorem for distr ibut ive lat t ices)

The category l lrSpec is dual to the category i l - .

The d.rat i ty sends an object  (X,0,1) of  l r rSpec to the lat t ice of  proper quasi-

compact open subsets U of  X (proper means U I  f r ,  tJ /  X,  equivalent ly,  0(U and
,-

l fU) ,  and a  d is t r ibu t ive  la t t i ce  A  to  the  sys tem (Spec A,  f ,  A) ,  where  the

space Spec A is the prime- spectrum- of A. The points of Spec A are the prime

ideals of  A,  whi le i ts open sets 'may be ident i f ied wi th arbi t rary ideals of  A,  a
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point P being in an open set I if f f dp. The correspondence a->U(s) =
r

=feeSpecA, ^frJ establ ishes a latt ice isomorphism of A onto the latt ice of

proper quasi-compact open subsets of Spec A. i.

Thel?is an alternative description of the dual of the category DLat.

Dqfini t ion. By a quasi-boolean latt ice we understand a distr ibut ive latt ice A

in which for arbitrary a,b,c(A such that agc5b there exists (of course unique)

d€A sa t is fy ing  cz \d  :  a  and cvd  =  b .

Thus the boo.Iean algebras are those quasi-booiean lattices which have an

ini t ia l  and a f inal  e lement.

Def in i t ion .  Bv a quasi-boolean space we understand an object  (X,0,1) of

I r rSpec  such tha t  the  subspace Xf  dO, iJ  sa t is f ies  the  Tr -ax iom,  i .e .  fo r  a l l

x ,y€X,  x ->y  (1 .e .  y  i s  con ta ined in  the  c losure  o f  { - }  I  imp l ies  e i ther

o t  Y  =  I  o r  X  =  Y .

The duality between DLat and IrrSpec induces by restfiction a duaLity batween

the sategory of quasi-boolean lattices and the category of quasi-boolean spaDes.

In part icular,  the duals of  boolean algebras are those objects (X,0,1) for  which

F ' l

X  \ t 0 , 1 J  i s  a  S t o n e  s p a c e

Definit ion. By an glqgred guasi-boolea we understand a quasi-boolean

spg'ce (X,0,1) together wi th a part ia l  order \< such that for  a l l  x,y €X, there

exists a lower quasi-compact open subset U of  X sat isfy ing x t 'U and y6 U,

l
whenever  x .Sy .  I t . fo l lows tha t  0  {  x  6  1  fo r  a l l  xSX.

T

The ordered quasi-bool-ean spaces with order preserving coherent maps form

a category 0QBooIsSP.  '  .
. :

L .Z.  Thro i " r .  Thercategor ies I r rSpec and:OQBooleSp are canonica l ly  isomorphic '

Given an object  (X,0,1)  o f  I r rSpec,  ie t  A be the la t t ice of  quasi -compact
(  n  - 1

open  p rope r  subse ts  U  o f  X ,  and  l e t  B  = )Uu  U  (V .  \ h l . )  :  n€N:  U ,V 'W '6AJ i  .

B is  a  quasi -boolean la t t ice generated by i ts  sublat t ice A.  Moreover  BU IXJ i t  t

base of  the so cal led patdrtopolopv on X, wi th respect to which (X,0,1) becomes a

quasi-boolean space whose quasi-compact open proper subsets are exactly the
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members of B. Considering the partial order on X given by the speoiialization

reldtion -;1 ryif,fi respect to the A-topology on X, we get the ordered quasi-boolean

space asociated to the object  (X,0,1) of  l r rSpec. Note. that  the A-open sets of  X

are identif ied with the lower (with respect to ->) B - open sets of X.

Conversely,  g iven an ordered quasi-boolean space (X,0,15),  the lower open

subsets of X form a topology on X with respect to which (X,0,1) becomes an object

of  I r rSpec, whi le the special izat ion relat ion is ident i f i fed wi th the, :  part ia l
a

order .<

1.1. lqrqf_laly._ The forgetful functor from the category of quasi-boolean

some d is t r ibut ive la t t ice Alatt ices into DLat has a left adjoint; its value at

is the quasi-boolean l.attice -freely generated by A.

2.  Distr ibut ive lat t ices and i r reducible spectral  spaces with negat ion

Deiil i t ion. By a negation on a dis'Lributive lattice A we understand a unary

operat ion l :  A->A sat isfy ing the fol lowing equat ional  axioms:

Doubl.e negat ion law: J- la =

De Morgan lar^r: J (avb) = Ja rf J U

Note that the equal i ty J(aAb) = ' lav1b 
also holds

The distributive lattices with negation form a category

morphisms the lat t ice morphisms f :A->B sat isfy ing f (1a)

category of  booleah algebras is ident i f ied wi th a non-ful l

NDLat  hav ing as

= I f(a) ror

subcategory

a €

o f

1u,={x€ x '1" f  uJ is

A.  The

NDLa t .

Defini t ion.  By an i r reducible_spectral  space with negat ion we understand an

object  (X,0,1) of  I r rspec together wi th a map J:X->X subject  to the fo l lowing

condi t ions:

i )  l l x  =  x  f o r  a l l  x (  X ,  a n d

ii) for each quasi-compact open subset U of X, the set

quasi.-compact open too.
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The irreducible spectral spaces with negation form a category NIrrSpec

having as morphisms the coherent maps f :x-> V sat isfy ing f (Jr)  = Jr(*)

fo r  x (  X .

The next lemma is immediate

2 . 1 .  L e m m a .

x.->y implies

2r2 .  Lemma.  Le t  A  be

spectrum. There exists a

negations ol X.

Proof.  Assume J i r  .

J p ,  =  { r  Q  n ,  1 a $ e }

compact open subset of

Le t  (X ,0 ,1 ,J )  n "  an  ob jec t  o f  N l r rSpec ,  and le t  x ,y  €  X .  Then

Jf-ritX,fn particular, lO=t.

a distributive lattice and X = SpecA be its prime

canonic bijection between the negations on A and the

negation on A. Given a prime ideal P of A, the subset

is a pr ime ideal  too,  and 
- lJP 

= P. Let D be a quasi-

X .  Then

r x  i f  n = i l
I

l D = { d  i r  D = x
I
LuC la )  i t  D  =  u (a )  f o r  some  a€A ,

so. D is quasi-compact open too. Thus we get a

Conversely,  g iven a negat ion Jon X, def ine

. assigning to each a € A the unique element J a

The'next theorem is an immediate consequence

negat ion on X.

the unary operation 
-J:A,-->A 

ny

-  A  + ^ - . . L : ^ r -  
- l l r l ^ \  

-  r r l - l ^ \g A Io r  h ln lcn  ,  U(a /  =  U(  {  a /  C l

o f  T h e o r e m  1 . 1 .  a n d  L e n n a  2 . 2 .

2 .  J.  Theorem.The categorg " NIrrSpec is the dual of the category
" J

This duali ty induces by restr ict ion a duali ty between the category of quasi-

boolean latt ices with negation and the category of quasi-boolean spaces with

To get an alternative descript ion of the category NfrrSpec we need the

fol lowing concept' .

Def in i t ion.  By an ordered quasi -boolean space wi th  negat ion we understand

ordered quasi -boolean space 0( ,0,1,  O together  wi th  a negat ion l :X->X

the underlying quasi-boolean space (X,0,1) which is compatible with the part ia}

NDLat .

an

on
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order ( ,  i .e.  x {  y impl ies 
-7 y. . ' -7x for  a l l  x,y € X.

The ordered quasi-boolean spaces with negation and the order preserving

coherent maps which commute with negation form a category N0QBooleSp,

Ad a consequence of Theorem 1.2. we get

2.4.  Theorem. The categor ies Nrrspec and .NOQBooleSp are canonical ly

2.5. Corollarv. The forgetful functor from the category of quasi-boolean

lattices with negation into NDLat has a left adjoint; its value at some distributir

lattice with negation (A, l) is the quasi-boolean lattice with negation freelv

genera ted  Uy (n ,1 )

Some part icularly interesting fu11 subcategories

def ined as fo l lows.

of NDLatand I'llrrSpec are

Def ln i t ion.  By a quasi- l lneqr, lat t ice we unclerstand a distr ibut ive lat t ice wi th

negation (A, J) in which for each a € A eithet o r< I a or J. ., '  t

Denote by LLinLat the category of  quasi- l inear lat t ices.

Oef in i t ion'  An i r reducible spectrar space with negat ion (X'0 '1 'J)  is  sai-d to

be quasi- I inee! i f  for  a l l  x,y€ X ei ther x_->y or y -> x or x - 'Jy ot
t

Jx-ry

Denote by QLinSpec the category of quasi- l inear irreducible spectral,spaces.

2.6. proposit ion. The dual i ty NDLat-> NlrrSpec induces by restr ict ion a

dualitv QLinLat->QLinSPec .

proof.  Let  (A, J)  Uu a distr ibut ive lat t ice wi th negat ion.  We have to show

that the necessary and suff ic ient  condi t ion for  (A,1 ' )  to be quasi- l inear is that

i t s  dua l  (Spec  A,9 ' ,  A ,  T  )  i s  q ras i - l inear .  
'

F i rs t 'assume tha t  (A ,J )  i s  quas i - l inear ,  and le t  P ,Q €Spec A be  such tha t

pdn ,  Q t ' n  ano  pd ln .  Le t  d€ ' lP ,  i . e .  l d+P .  We  have  t o  whow tha t  d€Q.  Bv' r - '  - f  f  '

hypo thes is  the re  ex i s t  a€p t  Q ,  b€Q\P  and  c€P such  tha t  l "6a '  Le t  e :  =  .

=  (aAa)v (JbAc) .  As  (A , l )  i r  quas i - I i nea r ,  we  d i s t i ngu ish  two  cases :



Case l : e {  
-7e .

'  - g

I

Then aAd *< bv Jc €Q, whence aAd€Q. Since by assumption af  Q

i t  fo l lows d €Q.

Case 2:  Ju S e.  Then bA-ld 5 avc( P, whence

t -  l u l ot h a t b f P  a n d  r . t , . .

bA-ld€ P,cmbary to tl-E assumption

Consequently, (  Je and hence d€Q as contended.

Next assume that (SpecA,p,A,-1) is quasi- I inear,  and let  a(A be such that

^ # 1a. To concl-ude that l .  - .  a we have to show that for  each Q€SpecA, a6Q

i m p l i e s  J a € q . ! . t  Q C S p e c A  b e  s u c h  t h a t  a C Q ,  s o  1 " # 1 Q . B y  h y p o t h e s i s  t h e r e

e x i s t s  P € S p e c A  s u c h  t h a t  l a e P  a n o  a { P ,  s o  l a C r n l p .  R s  a f  Q \ P  a n d  1 a € P \ l Q

i t  fo l lows tha t  e i ther  P$Q or  
-7P-Cq,  

whence 1a€?n7pgq.  o

] .  Some basic propert ies of  t rees

Let T be a t ree with the ternary operat ion Y.

Def in i t ion .  A  subset  I  o f T .i.s said

b ( I  imply

to be an ideal (or a convex subset) of T

Y  ( a , b ; c ) €  I .

As the intersect ion of  a famity of  ideals of  T is also an ideal ,  we may speak

on the ideal  generated by a subset 5 of  T arrd c ienote i t  by l5 l .  Nothe that l t ' r l  =

l t " J l  = { . } f o r  a ( T ,  a n d  l { u , u } 1 , =  l a , b l  = f v t . , b 1 4 )  ,  c Q T }  = f c 6 T  : Y ( a , b , c )

fo r  a ,b  6T,  c f  .  l r t l  Lemnia  2 .5 .

Def in i t ion.  By a ce l l  (or  a  s implex)  of  the t ree T we understand an j .deal  I  o f

T o f  the  fo rm I  =  la ,b l  w i th  a ,b€T.  G iven a  ce l l  T ,  any  a  6T fo r  wh ich  there  ex is ts

b€T such tha t  I  =  la ,b l  i s  ca l led  an  end o f  the  ce} l  I .  The ' (non-empty)  subset  o f  a l

ends of  the cel}  f  ,  denoted by QT, is cal led the boundary of  the cel l  I .

Accolding to l+ l  Lemma 2.5. ,  the boundary ? I  of  a cel l  I ' is  a subtree of  I .  and

there exists a canonic map Xt_->?I,  ^F> e'such that I  = 1",61, ?* for  a e > I

.no  f f i  =  Y(5 ,6 ,6 )  fo ,  a ,b ,c  €a I .  G iven a  €?  r ,  the  ce l l  I  becomes a  d is t r ibu ' :

t i ve  la t t i ce  w i th  respec t  to  the  par t ia l  o rder  O 
9"  

i f f  b6 la ,c l ,  w i th  the  in i t ia l

element a and th.e final element 6. tne boundary it ,u identif ied with the boolean

subalgebra of the distributive laltt ice (I, C) consisting of those elements which

. / .

e .

{

e

i f  f o r  a l l  a , b , c  6 T ,  a  ( I  a n d

d)
I

= c
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have (unique) complements

Some useful elementary facts proved in | + | SZ are collected in the next propo-

s i t ion .

1 .1 .  Propos i t ion  Le t  I  be  a  t ree

a )  ' l a , b l 6 l a , c l  =  l a , Y ( a , b , c ) l  a n d  l a , b l n  l o , " l n l " , . l  =  f  v { " , 0 , c ) J  f o r

a r b , c (  T .

b )  c 6 l a , b l  i f f  l a , c [ n l u , c l  =  { . 3 .
c) Given a€T, 'T becomes a meet-"semilattice with respect to the partial order

( g i v e n  b y  b  C  c  i f  b € 1 " , " 1 ,  w i t h  t h e  m e e t  b A  c  =  Y ( a , b , c )  a n d  t h e  i n i t i a l
a a a

elenent a.
n

d )  Fo r  a ,  b r , . . . , bn  € I  ,  n2 I ,  n  l a , b r l  =  l . , b l ,  whe re  6  =  n fb r , . . , bn ]  i s  t he
i=1

meet  o f  the  fami ly  f  Or , . . ,bn lw i tn  respec t  to  the  order  
?

e )  F o r  d l , . . . , a n € T ,  n 1 l  t h e  i d e a l  l r t , . . . , B n l  g e n e r a t e d  b y  t h e  f i n i t e  s u b s e t

{ . r , . . . , . n } e q u a l s f  p f . ,  . n J , a c r J  = { u € T , t  { ^ r , . . . , ^ n J  =  b }

f )  L e t  3 1 , . . . , 0 n ,  b l , . . . , b * € T  b e  s u c h  t h a t  i . l , . . . , 6 n l n  l b l , . . . , b * l  i s  n o r r -

n'pty.  n=-,  l . r i  ; . ,anlnlr ,1, . . . ,b* l  = |  q{or, . . .bm}, ."1,4{0r, . . . , t |  = 'Q&r,1. . , .n1,. . . ,

O, /u r , . . . , . . , 11 .  I n  pa r t i cu la r  fo r  a ,b ,c ,d€T ,  e i the r  l a ,u ln l " ,d l  i s  empty  o r
D;

l a , o l n l c , . l l  :  l Y ( a , b , c ) ,  Y ( a , b , d ) l  =  l y ( a , c , d ) ,  Y ( b , c , d ) 1 .

. t

g)  For  each subset  S  o f  T ,  the  idea l  lS l  i s  the  un ion  u l f  l ,  where  F  ranges

over the fami ly of  a l l  f in i te subsets of  S.  
F

Def in i t ion.  A t ree T is said to be boolean i f  for  every cel l  I  of  T,  QI = I ,

respectively l inear if every cell of T has at most two ends

Let T be a non-empty t ree and let  a € T.  Then, according to l+ l  Lemma 2.6. ,  T

is boolean iff T is a quasi-boolean lattice with respect to te: order C .
a

Note also that a tree T is l inear i f f  the fol lowing equivalent statements hold:

i )  F o r  a l l  a , b , c € T ,  c ( l a , b l  i m p l i e s  l . , b l  =  l a , c l V l c , U l .
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( I inear)

- 1 0 -  :

For al l  a,b€T, the part ial  order ql induces on the cel l  la,bl  a total
a

order with the init ial eleir lent a and the f inal element b.

4. From distr i -but ive lat t ices wi th negat ion to t rees

The category DLat of distributive lattices is naturally identif ied with a non-

ful l  subcategory of  the category Tr of  t rees.  6 iven a distr ibut ive lat t ice A, the

ternary  opera t ion  Y:A1->A,  (a ,b ,c )F>Y(a ,b ,c )  =  (aAb)v(uz tc )v (cn  a)  =  (avb)  a (bvc)

n(cva) is a t ree operat ion on A.0bvi-ouslyr  sf ly lat t ice morphism is a t ree morphism.

If J ir a negation on a distributive lattice A then this one is an auto-

morphism of the underlying tree of A. Thus the category NDLat of distributive

lattices with negation is identif ied with a non-full subcategory of the category

ITr of  l fees wi tn invotut iou the objeets of  JTg are pairs (T,s)  consist ing of  a t ree

T and of  an automorphism s of  T subject  to st  = idT, whi le the morphism (T,s)-> -

(T' ,u ' )  are t ree morphisms f  :  T->T'  sat isfy ing the equal i ty f4s = s 'sf  .

By "coniposing the forgetful ' functor -Nllgl-tllf with the functor ITL ->].! ,

(T,s[*>Tt = 
{  x €T,sx=x} ,  we get a functor / t  ! !Lg-t-r ] f ,  assigning to a distr i*

h u t i v e  l a t t i c e  w i t h  n e g a t i o n  ( A , J )  t n u  s u b t r e e  o f  A  w i t h  u n i v e r s e f a e n  r l a  =  a J .

4.1.  LgUg- The functo,  f : I lDLat -> Tr induces by restr ict ion a functor

from the ca'LegorSr NQBooJeLat of quasi -boolean }attices with negation to tl ie catgggry:

Bool .eTr of  boolean trees, respect i 'yely a functor f rom the category QLinLat of  quasi-

l inear lat t ices to the 'category LinTr of  l inear t rees

Proof  .  Le t  (A , l )  U*  a  quas i -boo lean la t t i ce  w i th  negat ion ,  and le t  a ,b ,c f  T :  :

= f  (n)  be such that c belongs to the cel l  l " ,b l  1of  T.  In part icular,  a{b\<c{avb.

By assumption there exists a unique d€A such that c l td = aAb and cvd = avb.

App ly ing  the  negat ion ,  we ge t  cv?d =  avb  and cA- ld  =  aAb,  whence d  =  -J  
d  6T.

Moreover ,  i t  fo l lows eas i l y  tha t  the  ce l l s  l . ,b l  and l " ,d l  o f  the  t ree  T  co inc ide ,

concluding that the t ree T is boolean.

Next  le t  (A , "1 )  be  a  quas i - l inear  la t t i ce ,  and a ,b ,c ,d€T be  such tha t  c ,d

belong to the cel l  l " ,b l  of  T,  whence anb(c(avb and aAb*<d{avb. hle have to show

t h a t  d €  l a , c l U l . , b l .  S e t  e  =  ( a A c ) v ( U A d ) .  B y  h y p o t h e s i s  w e  d i s t i n g u i s h  t w o  c a s e s .

Case I :  e (1e .  Then anc{bvd,  whence aAc(a^(uvO)  =  (aAb)v(aad)  =  and{d .



Applying the negation we get also dqavc,

Case 2: ']e(e. It follows a Ad{bvc.

Oefinit ion. Given two

T consist ing of  those x€T

l " ,x lAB is  non-empty .  Ca l I

In,,particular., for A
= { * e T : b 6 x } .

( a

.  . , .
+ +

*.-.-.. ---'

a n d  h e n c e  d e  l a , c l .

Proceeding as in the case 1, we get

d €  l b , c l .  E

5. From trees to i.rreducible spectral spaces with negat-ion

' The aim of this section is to construct a contravariant functor Spep; -Ig.-t

NlrrSpec from the category of 'trees to the category of irreduciblerspectral spaces

with negation as defined in $2
-,

' ' I

5.1.  Shadows in t rees

subsets A and B of a tree T, let ShA(B) be the subset of

for which theire exists a €A such that the intersection

ShA(B) the shadow of B with resqg-qt *tg A.
c  1  |  .  C  -  . . r  t . ? .= f  r ]  and B = f  oJ ,  Sh. (b) :=  ShA(B)  =1,  *€T:b € ' la ,x i , t  =

/

s
a

c)  Let  x€-Sh"(Sho(c) ) .  Then there ex is ts  y  € la ,x l  such that  c  € ln ,v l .  I t

f o l l o w s  Y ( x , Y ( a , b , c ) , c )  =  Y ( x , Y ( a , b , c ) ,  Y ( y , b , c ) ;  =  Y ( Y ( x , a , Y ) ,  b , c )  =  Y ( y , b , c )  =

The basic propert ies of  the sets 5h6(B) for  A,B g T are col lected in the

following lemma l

5 . f .1 .  Lemma.  Le t  A  and B be  subsets  o f  a  t ree  T .

a) I f  A is non-empty then BgShA(B)

b )  s h A ( B )  - _  s h e ( b ) .
a e A ,  b € B

c )  S h . ( S h o ( c )  )  . =  S h r 1 . , b , " )  ( " )  f  o r  a , b , c  €  T .

d) I f  A is an ideal  then Sh6(ShA(B)) = ShR(B).

e) t t  A is an ideal  then A and ShO(B) are dis jo int

f )  I f  A and B are ideals then Shg(B) is an ideal .

Proof. The statements a) and b) are immediate.

i f f  A and B are dis jo int .
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=  c ,  i . e .  c g  l x , Y ( a , b , c ) 1 ,  w h e n c e  x € S h r 1 . , b , " ) ( " ) :

Conversely,  assuming x€ Shy(. ,b,c)  (c) ,  we get

c  =  Y ( x ,  Y ( a , b , c ) , c )  =  Y ( Y ( x , a , c ) ,  Y ( x , c , c ) ,  b )  =  Y ( y ( x , a , c ) ,  b , c ) .

set ing y  = Y(x,a,c) ,  i t  fo l lows y€ la ,x l  and ce In ,y l ,  whence x€sh"(sho(c!_.___

0bviously,  d)  is  a consequence of  c) .

e )  A s s u m e  A  i s  a n  i d e a l  a n d  l e t  a € A A S h A ( B ) ,  i . e .  b e  l a ' , a l  f o r  s o m e  a ' € A ,

b €  B .  T . h u s  u €  l a ' , a l A B  g  A n B ,  w h e n c e  A A B  i s  n o n - e m p t y ,

f )  Assuming tha t  A  and B are  idea ls ,  le t  x ,y€ShA(B)  and z€Jx ,y l .  tnus

b f  € l a ' x l  a n d  b r € l a , V l  f o r  s o m e  ^ I , ^ Z € A ,  b l  , b Z € B .  f o  c o n c l u d e  t h e t  z g s h A ( 8 )  i t

su f f i ces  to  show tha t  Y(b ,  ,bTz)e  lV(ara2 ,Y(b l  ,b r ,z ) ) ,  z l  s ince  '  Y(b l  ,b r ,z )  € ,

e  l b f  , b . , l g  B  a n d  Y ( a l , a ,  Y ( b ' b , z ) )  €  l ^ L , ^ Z l g A .  T a k i n g  t h e  p o i n t  z  a s  a  r o o t

of  the t ree T and using the notat ion 6,4 and U instead of  
t ,  2,  

y,  we get

X A y  =  Y ( ' x , y , z )  =  2 . ,  Y ( b l  , b , z )  =  b l n b z  =  Y ( a l , b P x ) n  Y ( a } b z , y )  =  ( a r n a r n b i n b r ) r

V (atn yA brf i  b2) t /  (atA arn btn y) u (xn arn btA b)v (atn x^ a}n b2) c (atn ar) u

u  ( a r n b l n  b 2 ) u G r n b t n b 2 )  =  Y ( a '  a z ,  b l n  b 2 )  =  Y ( a t ,  d z ,  Y ( b l ,  b 2 ,  z ) ) ,  a s

required. tr

! . t .  The fundamenta l  ex is tence theorem for  pr ime j .deals  in  a t ree.

An ideal P of a tree T is said to be prime if its ,complement in T is also an

idea1. Thus the complenent lP,= T\P of  a pr ime ideal  P of  T is a pr ime ideal  too.

In particular, the empty set / and the whole T are prime ideals

Denote by Spec T the non-empty set of all prime ideals of the tree T. Given

a  s u b s e t  A  o f  T ,  l e t  V ( A )  = { o g S p e c T  :  n ( r }  a n d  U ( A )  = f  n € S p e c T :  P / l A  = f J =

= fJe ,  pCv (A f  obv ious l y ,  V (A )  =  v ( lA l )  ano  U (A )  =  U ( l n l )  r o r  each  AST .

. j .Z.L. Theorem. Let A and B be subsets of a tree T. The necessary and suff ic ien'

eondi t ion for  v(A) f tu(B) .  to  be. r lon-empty is  that  ln ln lg l  is  empty,

proof  .  Assuming that  V(A)  n  U(B)  is  non-empty,  le t  P€V(A)AU(B) .  Then lA lg  P

a n d  l e l g - l P ,  w h e n c e  l A l A l B l  i s  e m p t y

Conversely, assume lnln lgl  is empty. We may assume that A is non-empty
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since otherwise f  e VCnlnU(B). By Zorn's lemma there exists an ideal, ' -P of T which

is maximal amongst those containing the ideal lAl,  and disjoint from the ideal lgl .

Accord ing to  Lemma 5.1.1. -  the s ta tements e)  and f ) ,  P = ShlAl  (P) .  I t  remains to

'  show that the ideal P is pr ime. Let x,y€ JP and z€ lx,yl .  We have to show that

ze '1p.  Let  Q = InU{x}  l .  n= P is  a1 ideal ,  i t  fo l lows by Proposi t ion J . l . -  the . - ' : :

s ta tements e)  and g)-  that  Q = ( /  l * ,p | .By the maximal i ty  o f  P there ex is ts  l i
^ E o
P \ r

b €  l B l n Q ,  i . e .  b € l B l n  l * , p [  , 3 r € l o o , "  p C P .  0 n  t h e  o t h e r  h a n d ,  s i n c e  z e l x , y l n  l p , z l

and  b€ lx ,p ln lU ,y l  i t  f o l t ows  by  P ropos i t i on  1 .1 . - the  s ta temen t  f ) - t na t  Y (x ,y ,p )  €

€  lp , z ln  l b , y l ,  whence  lp , t l n  l b , y l  i s  non -empty .  Assuming  z€P,  we  ge t  l p , z lgP  and

hence lU,y lA P is  non-empty.  Consequent ly ,  y€ ShlAl (e l  =  P,  cont rary  to  our  . . - . .  ,

assumption. Thus ze1P, as contended , a

5 .2 .2 .  Coro l l a rv .  Fo r  eve ry  subse t  A  o f  t he  t ree  T ,  l n l  =  ̂ 4 . .P .PC V(A)

5.1. The orime spectrum of a tree

t the set of al l  pr ime ideals of T. The
\

Let T be a tree and

fami ly of  the subsets U(A) = 
{  tg X: PA A = f l }  ,  fo.  A ranging over the f in i te

subsets of  T,  contains X = U(0) and is c losed under f in i te intersect ion,  and hence

is the base of  a topology on X; cal l  i t  the spectral  topoloQv on X. By Theorem 5.2.1

the map I6+U(I) induces a bijection of the set of all f initely generated ideals of

T onto the base above

Note that the subfami ly of  basic open sets U(a) = 
f t€ 

Xraf  eJ for ,  a€T

generates the spectral topology on X.

For  each P€X,  the  c losure  o f f fJ  l=  V(P) ;  i .e .  the  spec ia l i za t ion  re la t ion-on-

X coincides with the inclusidn of  pr ime ideals.  In part icular,  X = V(0),  i .e.  X is

i r reducible wi th the unique gener ic point  0.  On the other hand, t t fT]  = V(T),  T is- :

the unique closed point  of  X.  Note also that X is quasi-compact s ince U(0) = X is

the unique basic open set containing T.

5 .3 .L .  Lemma.  The  space  X  =  Spec  T  i s  sobe r .

to show that the function PF>V(P) maps bijectively X onto the

irreducible closed subsets of X. The injectivity is obvious.

Proof.  We have

set of all non-empty
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Assuming that C is a non-empty irreducible closed subset of X, Iet P = A Q. We
N A P
q L  e

have to show that the ideal  P is pr ime and P€C. Let a,b€ 7P and assume that there

- l  ,  |  -  h  a  F t t /  \ F t t /

ex ls rs  some c  e  1a ,b ln  p .  I t  fa l lows c$v(c )$V(a)Uv(b) ,  whence,  by  the  i r reduc ib i l i t

of  C, ei ther C$V(a) or C(V(b),  contrary to the assumption a,b€lP. Therefore

the ideal P is prime.

I t  remains to show that P€ C.
n "  n

such that rcA U(q) and C$ U-V(at) .
i = l  

-  
i = l

fo r  some io€ f l  , . . . ,n3 ,  whence , ro6  t ,  a  cont rad ic t ion .  t r

, .1.2.  Proposi t ion.  The necessary and suff ic ient  condi t ion for  an open subset

D of X = SpecT to be quasi-compact is that 0 is a finite union of basic open subsets

o f  X .

Proof. It suffices to show that for each finite non-empty subset A of T, the

bas ic  open se t  U(A)  i s  quas i -compact .  Assume U(A)  =  
.Vr r ,  where  the  Dt 's  a re  open.
i € I

| l l i thout lbss of generality r^re may assume ihat fcr each i€I, Di - U(Bi) for some

f in i te non-empty subset B, of  T.  Suppose that for  each f in i te subset F of  I ,
t

U(A) f  U 0 , .  Le t  M,  be  the  se t  o f  those func t ions  f  , [ -1  .Y_r ,  sa t is fy ing  f ( i )Gg.
i € F  r  I'  i e . F  '

for  : .6F and U(A)d V_UCf( i ) ) .  By hypothesis,  the f in i te sets M,.  are non-empty.  The
' i 6 F

sets MO together with the restriction maps ,rr-t trr. tot F lgf Z form a directed

projective system, and hence the projective l imit M = Lim MO is non-empty. Conse-

quent ly,  there exists a funct ion f ,  f -> .9_ U' ,  such that f ( i )€B, for  i6I  and

for each f in i te subset F of  I ,  u(A)nv(f( l i r t ru 'non-empty.  According to Theorem

5 . ? . I . , I n l n l f t f l l  i s  e m p t y  f o r  e a c h  f i n i t e  s u b s e t  F  o f  I .  A s  f ( I )  = L / f ( F ) ,  w e  g e t

l r ( f  ) l  =  U l tCr ) l  uy  Rropos i t ion  l . l .  -  the  s ta tement  e )  - ,  whence In ln l r ( r )  |  =  f r .
F ,

By Theoren 5 .2 .1 .  aga in  i t  fo l lows U(A)d .V U( f ( i ) ) ,  con t ra ry  to  the  assumpt ion' i € r

that u(A)S .YDi.  o
i € I

5,3.3. Lemma. The necessary and suff icj.ent condit ion for a quasi-compact open

Assuming PfC,  there ex is t  .1 ,  .  . . , .n€ T ,  n)L,

Since C is irreducible, i t  fol lows CCUl.ro)

a

. / .
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proper subset D of X = Spec T to satisfy the equality g = -f D: ={t€ Xr'lef O} is

that  D = U(a) fo l  some (unique) a €T.

Proof  .  0bv ious ly  lU(a l  =  U(a)  fo r  a t t  a€T.

. Let D be a quasi-compact open proper subset of X and
n

Proposi t ion 5.3.2. ,  D has the form t lu(Ai)  where n71 and

f in i te subsets of  T.  i= l

y.  The case n = I  is  t r iv ia l  so we
i= l  

k
may assume n72.  Le t  k€ I , . . . ,nJ  be  max imal  w i th  the  proper ty  

n  lOr l  t  g  and

k i:=l _'
suppose kcn .  By  Theorem 5 .2 .L .  there  ex is ts  P€u(A, . . . , )nv (  11  la r l ) .  s ince

K + l  
i = l '

P€u(Ak+r )So  =  Jn ,  i t  f o t tow,  l r f  $ . r ,o r r ,  i . e .  a r6Tp  ro r  some a i€A i ,

r .< i ( r< .  p ick  some b in  h" ,or t .  rn" l  : , :  ;&r , . . . , .nJr t r .  0n the other  hand,
i = l  t  b "  ^ - -

( " , k
c€  ( t  l b ,a i l g  n  lA i l  I  P ,  a  con t rad ic t i on .  "

i=1 i = 1

Let a be the unique element of

assume D = -/ 
u. By

the A.ls are non-empty
I

contradic t ion.

n
i dea l  n  lA i l .  Obv ious ly ,  DSU(a ) ,  whence

n
Next  le t  us  show tha t  r r l iA l l  i s  a  s ing le ton .  Assuming thecont ra ry , le t

i = 1n
a,b€  A lA . l  I  be  such tha t  a /b .  By  Theorem 5 .2 . I .  there  ex is ts  a  p r ime idea l  P  such

i = l ' n

t h a t  t i € P  a n d  b € J P .  A s  a €  P A  h  l A i  I  i t  f o l l o w s  r t ' o ,  a n d  h e n c e  7 p g l n  =  o .
t = l  

r

i ,  n
Consequently, b #1r since u€ f i  fn., I

i = 1
, a

the

i = 1

U(a)  = lUfa lS  ln  =  D,  so  D =  U(a)  as  contended.  O

A c c o r d i n g  t o  L e m m a  5 . 3 . 1 .  a n d  T h e o r e m  5 . 3 . 2 . ,  S p e c  T : =  ( S p e c  T ,  A ,  T , l )  i s  a n

bngect of the category NlrrSpec. If f:T->T' is a tree morphism then the map

Spec T'-> Spec T, P'F>f- l (P')  is  a morphism in NlrrSpec, so we get a contravar iant

functor Spec : Tr -> NlrrSpec. By Lemma 5 .3 .t , the spectral topology on Spec T for

any tree T is generated by those quasi-compact open proper subsets D of Spec T

sat is fy ing  lD  =D,
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5.1 .4 .  Lemma. The functor spec: Tr -> Nlrrspec induces b)ffiiiction a

functor from the category BooIeTr of boolean trees (respectively from the category

LinTr of  l inear t rees) to the category NQBgoleSp' of quasi-boolean spaces with

the category Qlinspec of quasi-r inear imeducible spectralnegat ion (respect ively to

spaces) .
i.;

,;r

t

:a

Proof. First assume T is a boolean tree and let P,Q be proper prime ideals

of  T such that PgQ. We have to show that p = Q. Assuming the contrary,  there exist

a , b , c € T  s u c h  t h a t  a € P ,  c 6 Q \  p  a n t  U / q .  I t  f o l l o w s  y ( a , b , c ) 6  Q \  p  s o  w e  m a y

assume from the beginning that c €la,Ul .  By hypothesis there exists dCT srrch that

l a , b l  =  l c , d l .  n t  a C P ,  
" f , e  

* "  g e t  d € P g Q ,  w h e n c e  u d  l c , o l E q ,  a  c o n t r a d i c t i o n .
' Next assume T is a l inear tree ancj let P, Q be prime ideals of T such that

{0 ,  Qy 'P  ano ,#1Q.  we have to  show tha t  Jp€n.  By  assumpt ibn  there  ex is t

a , b , c ( T  s u c h  t h a t  a € P n  l Q ,  b C  a n  7 p  a r r d  c €  p o Q .  A s  y 5 a , b , c ) €  l a , c l n  l u , " l g p n Q ,

we may as .sume c€  la :u l .  Le t  o€  ] r .  By  hypothes is  we.d is t ingu ish  two cases :

Case 1 :  Y ( a , b , d ) €  l a , c l .  t r r e n  y ( a , b , d ) e  l a , c l n  I n , o l g  ? n 1 p  =  f r ,  a  c o n t r a -

d ic t i on .

Case 2 : Y ( a , b , d ) €  l c , b l .  T h e n  Y ( a , b , d ) € A n  l a , d l ,  r v h e n c e  d f  Q  s i n c *  . / 0 .  o

.  The distr ibut ive lat t ice wi th negat ion f reelv penergtecj  bv a t ree.

By composing the contravariant functor Spec : Tr -rXlgSpgg- as defined j.n $5

with the duality NIrrSpec->NDLat we get a covariant functot{ r I*r-rlDLa! which

assigns to a tree T the distributive lattice of quasi-compact open proper subsets

of Spec T together wi th the negat ion D{ ' -> 7o =/ f  €sp.,  T :  lp {rJ.L

Accord ing  to  Theoren 2 .3 . ,  Propos i t ion  2 .6 .  and Lemma 5 .1 .4 . ,  the  func tor  t

induces by restriction the functors Boole Tr -> NQBooleLat .

6.1.  Lemma. There exists a canonic natural  t ransfqrmat ion 
{ : idrr-> f" t

More.over f is an isomorphism.

Proof  .  G iven a  t ree  T ,  f ( { ( r ) )  = fu (a)  ,  a6 t }by  Lemrna 5 . i .3 .  The canon ic

map ?(T) ,  T-r7if tr l ) ,  aF, u(a) is a tree isomorphism by Theorem 5.2.L. s



natural transformation t rd.f-ridttDt.t.

Moreover t(n) is injective for any distributive lattice with negation A.

Proof .  Let  (A,- ' l )  U" a distr ibut ive lat t ice wi th negat ion,  and T r=fGJ)

be the subtree of  A wi th universe { .€A: 
- Ia = ^} .  The map 2A _.rZT, P->PnT

induces a morphism Spec (A,1)-> Spec ( f )  in the category NlrrSpec. Indeed, let

P  be  a  p r ime idea l  o f  A ,  and le t  a ,b ,c  €T.  Assuming a ,b  €P i t  io l lows Y(a ,b ,c )€  P

s ince  Y(a ,b ,c ) r<avb 6P.  Assuming a  { ,  ,  o$e  * "  ge t  Y(a ,b ,c )  t '  e  r in . "  aA br<Y(a ,b ,c )

and aAb,/P. Consequent ly,  PnT is a pr ime ideal  of  the t ree T. Note that  JPnT =

=  T \ p  =  - l ( p n T )  
f o r  p € S p e c  A ;  f e c a 1 l  i h a t  T p  =  { .  € t , 1 a f e J  f o r  p € S p e c  A .

as  f  e€Spec A :  PAr6ur ta ) ]  =  UO(a)  fo r  a l l  a  6 t ,  the  map above is  coherent . .

By duat i ty (Theorem 2.3),  we get a morphism t(n), f i f ) - tn of  d istr ibut ive

lat t ices wi th negat ion.  To conclude that t (A) is in ject ive i t  suf f ices to show that

the canonic map'5pecA->SpecT is onto. Let Q be a prime ideal of the tree T. Denote

by I  the' i .deal  of  the lat t ice A generated by Q, and by F the f i l ter  of  A gencrated

b y  
- J Q  =  T \ Q .

ideal  I  is  d is jo int  f rom the f i l ter  F.

c o n t r a r y ,  w e  g e t  s o m e  a l  a n € " 7 Q ,  b I , . . . , 0 * € Q ,  r 1 > 1  ,  n ) L ,
m n m

Y 0, , .  set  a = Aa'  b = . i /u i ,c  =0f . ,  anJ.  we set
j= f  i= l  '  j= l  '  b l *  *

^ m m m
a n d  f ) t o r , . . . , b , n ! =  ( A u r ) v  V ( o i A c )  =  (  A b . ) v ( b n c )  =

c 
r r r /  j= l  J  j= t  J  j=1 ' l
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6.2. Lemma. There exists a canonic

Claim:  The

Assumi nn the
n

such that 4 r, {
i = l '

n
c  =  a v V ( a . i A b l )

l = I

m
=  ( A b . ) v ( a z t O ) v

j=l 'r

n .
V ( a r n b 1 )  =  c ,  w h e n c e  

"  € l . r , . . . , o n l n l u i , . . , b m 1 5 . : ? o n n- h- 
f t

a contradict ion

Consequently, I is disjoint from F as claimed. According to the fundamental

existence theorem for prime ideals in distributive lattices, there exi-sts a prime

ideal  P of  A containing I  and dis jo int  f rom F, whence Pf iT = Q. t r

Tr*>NDLat is a left adjoint of the functor

y'rruDrrt-r]f. In other words, /(r) is the distributive lattice with negation

freely generated by a tree T.

, l



Proof. Since
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the natural transformation

t. .{'f-rro!!Le! satisfy obviously the. transular identities f<e ) , Z (f ) = d 
{

A a a

and t  (d/)"  d-0 )  =

As a conseouence 6  . r .

having unit ! and counit t

and  5 .2 .  we  ge t :

consisting of those distri

latt ices by their sub-

d ^idT, -t J oJ and

f
id n , ol ts a left adjoint of

*
of  Theoren 5.3.  and Lemmata

h

6.4.  Theorem a)  The functor  o /  : Tr ->NDLat induces an equivalence between

the category Tr of trees and the fr: l l subcategory of NDLat

but ive lat t ices wi th negat ion (A,J) wni th are generated as
. 4  f  

- ^  * l  , )

t r e e s  Y  ( A )  = { a € A :  l a  =  a J  .

b) The contravariant functor Spec : Tr -> NIrrSpec induces a duality between

the category Tr and the ful1 subcategory of NlrrSpec consisting of those.irreducible

spectral  spaces with negat ion (X,0,1,J)  whose topology is generated by the quasi-

compact open subsets D satisfying 
'TU = O.

6 . 5 .  E x a m p l e s

i) .Let  (A,v,^)  be a distr ibut ive l -at t ice.  The product AxA becomes a distr i -

Uutive lattice with negation with respect to the ,operationg

( a , b )  v  ( a '  , b ' )  =  ( a v a '  ,  b 4  b ' )

( a , b )  A  ( a '  , b ' )  =  ( a r t a '  ,  b v b ' )

T ( a , b )  =  ( b ,  a )  .

. The diagonal embedding aF> (a,a) identif ies the underlying tree of A with

the subtree of the lattice above consisting of the elements which are invariant under

q

the negat ion I  Thus we get the -distr ibut ive lat t ice wi th negat ion f reely generated

by the underlying tree of A. Note also that the prime ideals of the underlying tree

of A correspond bi ject ively to the pairs (P,F) consist ing of  a pr ime icJeal  P and of

a pr ime f i l ter  F of  the distr ibut ive lat t i?u A.

.  i i )  Let  T be the l inear t ree wi th 4 dist inct 'e lements a,b,c,d such that

Y(a,b,c)  = d.  The pr ime spectrum of T has B points namely the pr ime ideals / ,

{.}, {O} , {"r! and their complements i.n T. The distributive lattice with negation

JCtl freely generated by the tree T has 18 distinct elements and is described by the

diagram
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0.vb

avcL

o{e t  r t t
a - I dgb r lttt

aal^

rab

7. The distr ibut ive lat t ice f reely generated bv a t ree
\

Let t: DLat-> Tr be the forgetful functor which identif ies the category

of distributive lattices with a non-ful1 subcategory of. the category of trees.
/t

Denote by 1: Tr -> DLat the functor obtained by composing the f unctor 
"{ 

: Tr->NOLa'

as def ined in $5 with the forgetful functor NDLaJ -rgla!. The functor I assigns

to a tree T the distributive lattice 1(T) of quasi-compact open proper subsets o.f

the spectral space Spec T. Note that T is identif ied with a subtree of I(T) which

generates I (T) as a Iat t ice

7.1.  Proposi t iohi  The functor. l :  Tr >!LaL is the lef t  adjoint  of  the

forgetful functor t: OLat-> Tr. In other words, t(T) is the distributive lattice

freely generated by a tree T.

Proof. Let T and A be a tree and respectively a distributive

tree morphism f:T->A, we have to extend it uniquely to a lattice

lat t ice.  Given

morphism

1

ideal  P of  the distr ibut ive lat t ice A, f - ' (P) is a p.r ime

get a map f* :  Spec A.-> Spec T.One cheeks easi ly that  f -  is- - -  -  " ' - -  - X -  - -

a

f :  1(T)->A.

As for each prime

ideal of the tree T, we
.!*

G

. / .

{^e
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a morphism in the category lrrSpec. By Stone's dualitY, wa
-

morPhism f  : l (T)->A. o

8. The boolean tree freel-y generated by a tree

get the required lattice

f  ,  l ,J) ne the irreducible sPectral

uy .3<r) the subtree of the Power set

D of Spec T which are quasi-compact and

Spec T (c f .  $1)  and sat i -s fy  the condi t ion

,  Given a t ree T, let  SPec T = (SPec To

space with negation associated to T. Denote

,SPec T consisting of those proper subsets

open with respect to the patch topology on

'JD = D. The tree T is identi f ied with a subtree of 8(f) ,  and E<l> is boolean

according to Lemma 4.1 . Thus we get a f uncto, E : T}--> BooleTr.

B. l .  Proposi t ion.  The functor .H rs a lef t  adjoint  of  the forgetful  functor

BooleTr-> Tr.

Proof.  Immediate by Theorems 2.4.  and 6.4.  Indeed, ure get a d ' - ia l i ty  betureen

the category IL of trees and the full subcategory of NOQBoqle-Sp- consisti.ng of thosc

ordered quasi--boolean spaces with negat ion (X,0,1,( ,?)  which sat isfy the fo l lowing

corrdition: the lattice of lower quasi-compact operr proper subsets of X is generated b1

i ts menrbers D for which lD = D. O
, .

B.Z.  Remark .  Le t  (X ,0 , i , - l )  be  the  dua l  o f  a  boo lean t ree ,  and 6  be  a  par t i .a l -

o rc le r  on  X mak ing  (X ,0 ,1 ,  r ( ,J ) .n  o rdered quas i -boo lean space w i th  negat ion .  lhe

lattice of lower quasi-compact epen proper subsets of X is not necessarily generated

by i ts members D sat isfy ing JD = D. For instance, let  T be the l inear,  boolean tree

consist ing of  two dist inct  points x,y.  Then X = Spec T has four points,  namely

|  -  a  1  t  1  - . . L - ^ ! ^  ^ r  v  ^ - ^  r r l . , \  - J , 6  J . , l ' l  l l ( ' r )  -
g , r ,  txJ, LyJ ,  whire the open proper subsets of X are u(x) =t9, {- ' r}} ,  u(y) -

=tf ,{- i l  ,  u(x)nU(y) = {fJ ,"0 u(x)t/  u(v) =f p, {*},  {ui l ;  they form a boolean

latt ice Jff l  with 4 elements together with the negation J given'ov 
-IU(x) = u(x),

- fu fv )  =  u (y ) ,J (u ( * )6  U(v) )  =  U(x)uu(v ) .  cons ider  the  r inear  o rder  d  S f *3 t ' {v3 ,

. .<T  on  X,  mak ing  ( * , f ,  T ,  { ,1 )  an  ob jec t  o f  the  ca tegory  N0QBooleSp '  '  The lower

open proper subsets of  X form the chain U(x)A U(v) S U(x) I  U(x)U U(y) '  whose unique

member 0 sat isfy ing 
- fD = O is U(x) -
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8.J.  Example.  Let T be the l inear t ree wi th four dist inct  e lements a,b,c,d

such that Y(a,b,c) = d. The embedding *l_lrt^} H,-t{n}, ct-tf 
"J, 

dt-' '  Q

ident i f ies T wi th a subtree of  the power set  of  the set  wi th three elementt  t^ ,b,* ,

whose underlying tree is the boolean tree freely generated by the l inear tree T.
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