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S o m e  n e w  p r o o f s  i n  c o n n e c t i o n  w i t h  J o r d . a n  o o e r a t o r s
_ _ _ _ _ 1 : : _ : : = :

by  IONASCi I  J .  EUGE} I

. 0  1 .  f n t r o d u c t i o n

- I n  t he  p resen t  paper  we  g i ve  new p roo fs  to  some resu l t s  l r a

U r g r T r S ] ,  w h e r e  w a s  u s e d .  s o m e  t e c h n i q u e s  f r o n  t h e  t h e o r y  o f  d . e c o n -

p o s a b l e  o p e r a t o f g e  O u r  a p p r o a c h  i s  t l i f f e r e n t  a n t l  i s  b a s e d .  o n  t h e  w e L l

knona  theo rens  o f  f ac to r i za t j . on  foe  nonnega t i ve  ope ra to r  va lue i l

f u n c t i . o n s  ( s e e  [ t o ] ,  [ t t ]  )  .

T h e  p r o o f s  h a v e  a n  a l g e b r a i c a l  c h a r a c t e r  w i t h  a  f e w  e x c e p t i o n s .

T h e r e f o r e r  t h e  f a c t s  c a n  b e  p r e s e n t e d .  i n  a n  a r b i t r a r y  c n - a l g e t = " ,  a n d

w e  i l o  i t  w h e n  i t  * i f  f  b e  t h e  c a s e .

T o  b e  m o r e  p r e c i s e ,  l e t  H  b e  a  c o m p l e x  H i l b e r t  s p a c e  a a d .  t ( $ )

the  a lgeb ra  o f  a l l  bounc led .  l i nea r  ope ra to rs  on  I I .  The  connec t i on

b e t w e e n  t h e s e  t n o  t y p e s  o f  d . e c o m p o s i t i o n ,  w i l l  b e  n a d . e  r * i t h  a l c l .  o f
' .

t h e  n a p  i , ( g ) 3  T  +  Q n r  v h e r e  Q r  :  I R  *  r , ( E )  i s  d . e f i n e d ,  b y

q r ( t )  =  e x p ( - i t n * ) . * n ( i t t )  f o r  e v e r y  t €  I  o

T h i s  n n a p  i s  a  v e r y  k n o w n  o n e  ( s e e  [ 5 l r  [ 5 ]  r  [ z ]  ) .  r t  i s  c t e a r  t h a t

O T ( t )  a  0  f o r  a l l  r e a l  t r  a n d  i f  T  € l ( U )  h a v e  i n  . a t L c l i t i o n  s o n e

p r o p e r t i e s ,  t h e s e  o n e s  v i 1 1  b e  r e f l e c t e d .  b y  0 n  i n  s o m e  w a y  a q d

r e c i p r o c a l l y .  f r  o u r  c a s e  0 n  s a t i s f y  t h e  f o l l o w i n g  t h e o r e n  f r o m  [ f O ]

( t r r ,  j . j )  z

. 2 n

T H E O R E M  A .  L e t  P ( t )  =  f r . t i  b e  a  p o l y n o m l a l  w h o s e  c o e f f i c i e n t s  a r e
- -  : ; 6 r  

-

opera to rs  oa  E  anc l  wh ich  i s  aonnega t i ve  on  IR .  Thea  P  r  e *Q where  I  i s

: t )  =  f l ,n .  * i  f  or  some operat  ors
o s

//



Q o r Q 1 r . . . p Q o  o n  H .

'  l h i s  n u s t  b e  h a p p e n  l f  T  h a s  a  J o r c l i . o  d l e c o m p o s l t l o n l  !  *  N  +  e r

H h g r e  N €  I , ( f l )  i s  a  n o r n a l  o p e r a t o r  a n d  e  a  n l l p o t e n t  o p e r a t o r  o f  s o m e

or r l e r  k  r sh ieh  commute  w i th  N .

In  the  oase  k  :  2 ,  we  g i ve  an  i nc lependen t  e lenen ta ry -  p roo f  an4

accu ra te  fo rmu las  to r  t t  and  Q  an  func t i ons  o f  T  and .  T * .  Un fo r tuna te l J r r

i n  t he  genera l .  caae  such  fo rnu l *u  
" j 3 *u  

to  be  ve ry  comp l i ca ted . .

.1[_! .  Prel imir lar i  es

T l r e  s o n n u t a t o r  C ( f r S )  o f  t w o  o p e r a t o r s  T r S €  l ( g )  i s  t h e  o p e r a _

t o r  c l e f i n e c t  o n  f  ( r )  b y  c ( T r S ) X  =  T X  _  X S  f o r  a t I  x €  t ( U ) .  F o t l o w i a s
' [ Z ]  w e  d e f i a e  t h e  r e l a t i o n  o k  o n  l ( u )  b y

( r  ) T n o s  i f  c k ( r r s )  ( r )  =  o (r e m*)

a n d  f  b e i n g  t h e  l d . e n t l t y  o p e r a t o r  o n  B .

A n  o p e r a t o r  T  €  l ( n )  u i l l  b e  c a r L e d .  J o r d a n  o p e r a t o r  o f

a  d . e c o r n p o s i t i o n  T  =  A  +  N ,  w h e r e  a  i s  s e r f a d j o i n t  a n d

p o t e n t  o f  o r d e r  k ,  c o n n u t i n g  v i t h  A .  r t  i s  e a s y  t o  s e e

o r d . e r  k 1  i f  h a s

N €  t ( H )  a  n i 1 -

tha t

( z )

and

ck(r ,s )  ( r )  =  (s  -  s )  lk l  =  rk

3 )  e x p ( z r ) e x p ( - " s )  =  r  +  D f n  -  s ) h l
j = 1

*  |  n o - 1  s  * - o *  ( - r ) k s k  ( r €  n 1 1
1

- J
i l
! a

f nOS fo r  some k r  t hen  the  above  en t j . r e  func t i on  mus t  be  po l y ' non i .a1 .

ue  a l read ' y  saw 0 f  anc l '  0 - *  a re  nonnega t i ve  ope ra to r  va lued  func t i ons
!

IRr  which are g iven by:

f o r a 1 l  z Q Q .

I f

A s

on

( 4 )

( 5 )

o q  ( t )  =  e x p  ( - 1 1 1 , * )  u * n  ( i t T )

0
It

*  ( t )  =  e x p ( - i 1 1 , )  
" * p ( i t r " )

/ /



I f  T^n*!  for  sone k € i l  ,  i t  1e ao conpulsoly that  lnOf ,  such hov

l s  shonec l  i n  [ 6  ]  r  by  cons i . c l e r i ng  i n  t he  p lace

oa t ion  w i th  the  va r l . ab le  on  a  we igh te i l '  Sobo lev

t o  a n  i n v a r i a n t  s u b s P a c e .

f  0 n . l s  p o l y n o n i a l t  s i n c e 0n is  nonnegat ivep  i t  nus t  have eveo

2n+1
r - \  r  G(t )= 
*n, t i t '  

then P2n+1 = 
t*  ry  

inpl ies

= l lm S*  (  q  / t2n+1 s  o  r  hence P2n+1 =  0 .  By
f , ' | -o  

-  r

quas in i lpo ten t  equ iva len t  anc l  wr i te

, j [ _J r  f he  goa l  o f  t b i s  sec t i on  i s  t o  p rove  the  fo l l ow ing

t h e o r e n  w h i c h  c b a r a e t e r i z e s  t h e  J o r d . a n  o p e r a t o r s  i n  t e r n s  o f  !  a n d .  E

1 H E O  R E M  3 . 1

tet T e I., (H) ancl

i legree.  IndeeG-*J

?zn+1 : o

l le f in i t i  on

g

czk'1 (rr, r) ( r) = c2k-1 (ux, n) ( r) = 0

c o r r e s B o n c l i n g  t o  i z l  a n c L  t h e  f a c t  t h a t  N k  =  N * k  =  0 .

f l e n c e  ( i i )  f  o l 1 o ] I s .  O b v i o u s l y  k  =  1  i s  a  . t r i v i a l  c a s e  '

F o r  t h e  c o n v e r s e  w e  g i v e  f i r s t  t h e  p r o o f  o f  t h e  c a s e  k  =  2 ,  s i n c e  a s

ue  s " I r  t he  t rea tnen t  i s  e lenen ta r t rp  and  we  ge t  exac t  f o rn ' ru las  fo r  A

anr l  N  as  func t i ons  o f  f  and .  T * .

A c c o r d i n g  t o  t h e  o b s e r v a t i o n  w h i c h  w a s  m a d . e  i n  $  2 t  ( i i )

L n p l i e s  t h a t  t h e r e  a r e  e q u a l i t i e s :

o f  I 1  t he  nu l t i p l i : .

space orr  lR r  rest  r i  c t  e ,

anc l  a lso P2n+1

S r r €  L ( H )  a r e

I  ' - ,  f  l f  l . ln
!l -|co

( i )

( r i )

T  i s  a n

)e
T oek-1  [

k  e  No .  The  fo l l ow ing  two

J o r d . a n  o p e r a t o r  o f  o r c l e r  k

JT
a n c l  T n r O - r  0 '  (  s e e  ( 1  )  )

: : 'A + N r . rhere [  =  A* anc l

A .  T h e n  w e  h a v e

cond i t i ons  a re  equ : i va lea t  :

N  i s  n i l p o t e n t  o f  o r c l e r  kr f  ( i )  h o L c l s ,  t

cornmut ing  w i th

O * ( t ) = I + a r t +  n r t '  a n t l . o n * ( t )  = r + 3 1 t +  
" r r '  

f o r a l t t  B

. 
' 

//



,a,4

vhere

( 6 )

:so that

0)

( t )  =  o  * ( t )o - ( t )  =  r  f o r  eve rJ r  rea l  t ,
f "  r -

. :
' l

A + A E r R - no 2 T o l u . l T D D - U t
- t l  1

0 *
T

, L e t  C  -  t 3 '  ( A 2  -  B r ) r  v h i c h  i s

Tben

tbe

( e )

i s  t he  tLes l re< [  n i l po ten t

F i r s t  o f  a l l ,  l e t r e  c h e c k

f q \  
' 2  

'
\ t t  B -  =  A , -

I

;

se l fad .Jo ln t  s ince , 2 \r r o n  ( b l

n

A1

g e q u e n c e

oa  the

3r 3z * azBl = o-r

A r + B r = L l = B ? .

{.
C . = -  t ( n ,  -  82 )81  =  i a r l a  +  iB ra ,

there  ex ls ts  R =  C3,  the  se l fadJo in t  cub ic  roo t ,  ob ta inec t  by

cont lnous  .  func t lona l  carcu lus  fo r  nor rnar  opera tors .

L ,e t  shor  tha t  the  opera tor

s = t ( i a l + R )

o f  o rd .e r  2 .

t h e  n e x t  t w o  p r o p e r t t e s  o f  R

and RAl + P  =  0 ,

Iu t teed.  we may wr i te  the  sequence

^  2  c . L  , LR" =  cB =  (c t )B  =  fn . ,  (E ,  -  B2) (A2 -  Bz)81 ] *  =  [ ] . ,  ( * f  * ' l i | ) r r ]6  =

[n,(e,  + Br)2ni1t  = t  f ]+ = ai .

C.e r ta in l y  we  bave  usec l  aga in  re la t i ons  (5 ) .

F o r  t h e  s e c o a d  e q u a l i t y  f r o m  ( g ) ,  r e t  u f r  c o n s i . d . e r  a

o f  po l yaomia l s  (po )  w i th  pn (o )  =  0 ,  un i fo r ro l y  conve rgen t
t

s p e o t r u n  o f  C ,  t o  t h e  m a p  t  *  t 5 .

' , r '" '//



- 5 -

E e n c e ' 1 t 1 g e a s y t o s e e t h a t r o ( c ) n , + 3 1 P o ( c ) = = F t 6 ; a 1 1

n o n n e g a t l v e  i n t e g e r s  r r  [ h e h ,  a f t e r  p a s s i n g  t o  t h e  l l n i t r  w o  g e t

R A .  +  A . R  =  0 .
t l

T h e r e f o r e ,  e q u a l i t i e s  ( 9 )  i m p l y  t l n a t

n2 = * [R2 -  Al  + r (zu, ,  + arR)]  = o.

[ o  f i n i s .h  the  p roo f r  l t  i s  eaough  to  show tba t  t he  ope ra to r
\---\
A =-=t* - -  l {  is  se l fad. jo in t  aat l  comrnutes wi th  N.

Le t  us  oo t i ce  tha t  l {  can  be  u r i t t ea  l n  t he  fo rm

( ro )  t l  =  ] { r  -  r *  - , [ ( r  -  r * ;q r r *  -  r *n ) ]+ ]

anct  thea A hag the form

( r r )  E = ${n + r*  + t ( r  -  n*)  ( r r*  -  n*r) ]  t l

For  the  oomrnuta t iv l t y  we use the  fo l low ing  J .enna yb ich  has ,  ia  some

' noyr an tnd.epead.er i t  character

LE} IMA 1 .2

o  L " t  Qc  t ' ( u )  be  a  c * -a lgebr^ ,  l f qa l  =  tN^u  €d ,  N2  =  o ]  anc l  t he  naps

o+r q-  c l .e f ined.  bY

( rz)  o*(n)  = t [N -  N'6 t  (*"r )*  ;  (***)* ]  ror  a l . t  l {

fhea we have

(r) oj <fqncv{rb
( i i )  o * o  o _ =  o _ o  o * = i d

( f r f )  N  € , ' f  conrnuteg  w i th  a  se l fa t l jo in t  opera tor  A  6 i . , (u )  f  r  and.

onLy  i f  A  conmutes  w i th  N -  Nt+  anc l  NN*  (o r  l r * tu ) .
, . t t . . *  x  a

Proof .  te t  us  d .enote  by  Ro =  (N-w1a -  (uu ' - ;e .  [hen

+.o f (u )  =  (u  -  rs* )z  +  uo '  +  (u  -  o t * )Ro +  Ro(N -  N* )  =  0

L f  w e  s h o w  t h a t  R 3  +  ( u  -  N * ) 2  =  0  a n d  ( t t  -  u * ) R o  +  R o ( N  -  N * )  =  0 .

Ve choose ana logous ly  a  se l luence o f  po lynon iars ,  (An)n> ' ,  w i th  Qn(O)  =  0

. // .

, ' :



. 7

un i fo rn ly  convergent  on  tbe  ln te rva l  lo r  l  lN l  l l  to  the  func t ion
t

t  +  t o .

E e n c e ,  f o r  e v e r y  n o n n e g a t i v e  i n t e g e r  n ,  i s  n o t  d i f f i c u l t  t o  s e e

t h a t  w e  h a y e  t h e  e q u a l i t l e s l

(n*r)e;(tvl*) = 0, Neri(r,r*u) = %1un*1.u and.

r e o ( u t r * )  = e o ( r * n ) N = o .

f h e n ,  a f t e r  p a s s i . n g  t o  t h e  l i m i t ,  l t  f o l l o w s  t h a t  ( r v * u ) 1 1 * * * ) * = o

rv(r,r*rq;* = luut*;+u anct N(r'ru*;* = 0.

F i n a l l y ,  t h e s e  r e l a t i o n s  i n p l y  t h e  d , e s i r e c L  o n e s 3  :

( l l )  n f  = N N *  + N * $ = -  ( u - u * ) 2 ,  R o ( w - N * )  +  ( N : l r * ) R o  = 0 .

A n a l o g o u s l y  o - ( r , i ) 2  =  0 ,  T h i s  s h o ! , r s  ( i ) .

F o r  t h e  p o i n t  ( i i ) ,  t e t  u s  c o m p u t e  o _ (  o * ( u ) ) l

o* (  o * (u )  )  =  * (  o * (u )  o * (u ) *  -  [  o * ( r ) i  o * ( r , l ) ] *  +

f h i s  t i m e ,

r+
o+'

+

. +

f r o m  ( 1  3 )

,  a ^ 2
o+  =  ?L f i o

w h e r e  l N  +

A n a l o g o u s l y

o+ 
" ;  

=  t [ l r v  +  u* [  +  N *  N* ]2  and.  by  the  un iquenes

s q u a r e  r o o t r  f f € r i n f e r  t h a t

I
I

I

I  o*(r,r).o*(*)*l* = *(N - ]I* * [oi". l* +

I o* "iitl
we have

(N - tr*) 2

+ N*N _ (r,r
r+ 

* u*tt)+.

( r {  -  * * )*o + Ro(N -  ** )J  =

F*)nol = *[ l rq + 'N*l  
. -  (r , r  *  N*[ 2

(  o f  o * ) *  =  * ( l N  +  N * 1  -  N  -  t t * ) ,

T h e r e f o r e  o - (  o * ( u ) )  =  * ( N  -  N *  +  N  +  N

T h e  e q u i v a l e n c e  f r o n  ( i i i )  f u  € a s y

s u p p o s e  t h a t  t h e  o e l f a c l j o i n t  o p e r a t o r  A

)T

*
* [NN"

= (ivru

t o  p r o v e ,  i n

commutes  w i th

o f  t h e  n o o n e g a t i v e

p r o v e s  ( i i ) .

o a e  u a y .  l e t  u s
')f *

N - N  a n d N N .

(

* )

o* oll* =

N  w h i c h

//



:F,-

Then A conmute wl th  t [Nn,  e lnce NN* + N*N + ( l r  -  u*)2 = 0.  Eence,  A

conmutes wi th  (w*u1*,  ( rvu* ;*  and.  then wl th  o*( lv )  and of  { rv) .

F ina l l y ,  A  commutes  w l th  o_ (  o * (U) )  =  U  as  requ i red .
, )-'--

R e t u r n i n g  t o  t b e  p r o o f  o f  t h e o r e n  3 . L 1  o n  t h e  a c c o u n t  o f
- \\ l+ .,+

above-*qetra,  we nust show that A connutes wi th N -  N" = [  -  T-\-
*

i l l {" .

Us ins  ( t  t

t h e

and

---' 
-

) ,  t h e  c o m m u t a t i o n  w i t h  !  -  r *  b e c o m e s
. , F2 (r r

same

(1  4 )

From

-  t " r )  -  f ( n a ,  -  A t  R )  v h i c h ,  b y  e q u a l i t i e s  ( g ) ,  t h i s  i s  t h e

w i t h r

t b i s  w e  o b t a i n :

* *
I R A ' = ! [ - [ f .

I

- iRA, RA, RA. =
t t l

4
3u t  R '  =  13 ,  (A ,  6  

" z )  
and  then

1 1
n)a]  3  a  \ (L2 nr )  f ,  =  Gz -  l r )a f  =

1=  ( B e  O Z ) '  a n d  h e r e  a g a i n  b y  ( 9 ) ,  B Z  -

f f e a c e ,  ( l  q )  h o l d s .

'  To  p toye  the  comnu ta t i on  w i th  NN*

f u l f l l I e d  b y  T :
? J * ? r ( .

e ' ( n  , n )  ( r )  =  c 2 ( T r t ^ )  ( r )  =  o .

More  p rec i se l y  we  inave

z * . o * . , - * . * , * . * ,
c )  ( r r n ' )  ( r )  =  T '  ( t  -  T - )  2 r ( l  -  T - ) T *  +  ( n  -  T " ) T * ?  =  o

anc l  rep lac ing  f  =  A  +  N  and  us j .ng  the  fac t  a l ready  p roved . ,  t ha t  A

commute s i th  N -  s ' r  we obta in the c les i red.  equal i ty :aNN* = NN*A.

r , e t  o b s e r v e  t b a t  t h e  f o r m u l a s  ( 1 0 )  a n d  ( r r )  w h i c h  g i v e  t h e

opera to rs  A  an i l  1S  ag  func t i ons  o f  f  and .  Tx ,  a r ,e  spec i f i c  t o  one  case

o f  noncomnu t ig  func t l ona l  ca l cu lus .

i l o v ,  r l e  c o n s j - i l e r  t h e  g e n e r a L  c a s e  o f  t h e  T h e o r e m  5 . I .  F r o m  ( i i ) ,

get  t ,bat  the rnaps 0m and. q *  are polynornials of  degroo at ,  noaL'  .
,E 

T^

- 2 .

1  *  * - I
i R - A r  =  ( T E - T [ ) , .

t '

( B z

Lz

A 2 )  ( a '

JT
T T r -

+

9 l

.  a 2^z l  =
* ., l

$
+
,i

::r.-{ w e  u s e  t h e  i d e a t i t i e s

UE

2k

//
-. 

r'.,/



Eencer 88 ue have saict ,  11e applXr the fb,eoren A of  factor izat lon f rom

p] aue to RosenbLum ant l  Rovnyakr uhtcb genetal iZes the analogol ts

c lass i ca l  resu l , t  o f  FeJ  e r  and l  R {  esz .

! [ o reove r l  we  nee t l  t be  fo l l ow ing  va r ian t  o f  Bheore rn  2 .4  f rom [ f  O l  ,

conce rn ing  the  un iquenes  o f  sueh  fac to r i za t j . on .

IEEOREM B

Le t  G .  anc l  G^  be  two  ope ra to r  va lue t l  ou te r  f unc t i ons  on  R .  ( i n  t he
-  i  1 , "  Z

a e n s e  o f  H ] ) .

( r )  Ue have * l *1  =  t l * ,  3o€o l f ,  anc l  on lv  i f  Gz  =  UG1
' /  *  r ^ - + \  * ^ - * i r

G ,  =  U * G ,  & o € o  w h e r e  O  i e  a  ( c o n s t , a n t )  p a r t i a l  i s o n e t r j ' c

o P e r a t o r  o n  H .

(g) rf alt,  * irr, for continuouslv Gl , Gz, ancl

G l  ( t o )  =  c 2 ( t o )  f o r  s o m e  f i r e d  t o €  R ,  t h e n  G 1  s  G 2 .

T h e .  p r o o f  o f  t h i s  v a r i a n t  i s  o b v i o u s r  v i a  t h e  o r i g i n a L  r e s u l t

from [fr].

3 y  t h e s e  t h e o r e m s ,  t b e r e  a r e  u n i q u e  p o l y n o n i a l s  u  a a d .  v  w h o s e

oe f f i c i en ts  axe  ope ra to rs  o t1  g t  such  tba t  

i l
lt. t+

( 1  5 )  o n ( t )  =  o ^ - ( t ) u ( t ) ,  o - , * ( t )  =  v ( t ) v ' ( t )  f o r  a l l  t € R . .
I

k -1  k -1

(1  6 )  u (o )  =  v (o )  =  r '  u ( t )  = I ' u ' t i  v ( t )  =  [o r t i
T=0 't j =0 '''

an rd  u ,  v  a re  ou te r . func t i ons  on  R  ( i o  sense  o f  tZ l l

s i n c e  o r ( t )  '  o  * ( t )  =  o - x ( t ) o r ( t )  =  r '  w e  h a v e
, T I

. r * ( t ) . r ( t ) o ( t ) . , , ' * ( t )  = v ( t ) . ' * ( t ) o * ( t ) u ( t )  = r  ( t  R )

B u t  f o r  s m a l l  t  )  0 r  u ( t )  a n c l  v ( t )  a r e  i n v e r t i b l e  o p e r a t o r s .  T h a t

l n p l i e s  a e x t  e q u a l i t i e s :

'  
,  +  ,  . . *

( 1  T )  ( u ( t ) . r r ( t ) ) " ' u ( t ) " ( t )  = u ( t ) " ( t ) ( " ( t ) " ( t ) ) ^  =  r

\ - i
W e  k n o u  t h a t  u ( t ) v ( t )  = b W . t '  f o r  s o m e  i n t e g e r  s  a  O  a n c t  W r €  t ( E ) .-J =o

t
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Fron ( t  ? )  we c ree  tba t  n l "u  =  O i f  s  >  O.  lh is  lnp l les  the  fac t  tha t

W ,  = 0  f o r J  > 0  a n c l t h e n
J -

u ( r ) v ( t )  =  v ( t )  u ( t )  =  r

* ;  in fact  for  a l l  t  € lR.

+I .o_w,  for  t  and s in  R we can wr i te ,  by (15)
'  

o *  ( t  +  s )  u ( t  +  s )  =  e x p ( - i s 1 * 1 u *  ( t )  o ( t )  e x p ( i s r )  o r  ,

*
( t  e )  u ^  ( t + s )  u ( t + s )  =  [ " ( * )  e x p ( - i s r )  u ( t )  e x p i s n l r u ( s )  e x p ( - i s r )  u ( t )  e x p i s p

T , e t  u s  o b s e r v e  t h a t  t h e  r n a p  t  +  u ( s )  e x p ( - i s n ) u ( t )  e x p i s f  ,  f o r  e v e r y

f l x e c l  s €  R r  i s  t h e  n o n t a n g e n t i . a l  l i m i t  o f  s o m e  o u t e r  f u n c t i o a  o o  t h e

h a l f - p l a n e  y  >  O  t o  R  ( i o  s e n s e  o f  U t T .

f h i s  h a p p e n s  s i n c e  i f  G  i s  o u t e r  o n  R  a n c l  X G  t ( H )  t h e n  i t  i s

a l s o  t r u e  f o r  t h e  n a p s  t  - r  X c ( t )  a n d .  t  - |  C ( t ) X .  T h e r e f o r e ,  ( 1  g )  a n d

Theore rn  5 . tGL)  g i . ve  us  the  fo l l ow iag

,  ( 1  9 )  u ( t  +  s )  -  u ( s )  e x p ( - i s r )  
" ( t )  

e x p i s T

I f  w e  d i f f e r e n t i a t e  ( 1 9 )  w i t h  r e s p e c t  t o  s ,  a n d .  e v a l u a t e  i t  a t  s  =  C

we ge t

( e o )  u t  ( t )  =  u ' ( o ) u ( t )  +  i  [ u ( t ) ,  r ]

w b e r e  [ a n  B ]  =  A B  -  B A  f o r  A ,  B €  t ( g ) .

F r o n  ( t : )  r  a n  i t l . e n t i c a t i o n  o f  c o e f f i c i e n t s  g i v e s  U l  *  U 1  =  i T  -  i t ' {

o r  T  +  i U t  =  ( r  +  i u t ) * .  ' t h e n  w e  c a n  d e f i n e  t h e  s e l f a d . j o l n t  o p e r a t o r

A  =  T  +  i u t  a n d - N  -  - i U t

S o l v i n g  t ' h e  e q u a t i o n  ( Z O )  w i t h  t h e s e  n e w  n o t a t i . o n s  v e  h a v e

(z' t)

(zz)

u( t )  =  exp ( -1 t r4 )  * r .p ( i t n )  .

t h e n  i f  w e  i n v e r t  t h i s r  w €  g e t

v ( t )  =  e x p ( - i t r ) e x p i t A .

'  
N o w ,  1 e t  u s  w r i t e  t h a t  u  a n c l .  v  a r e  p o l y n o m i a l s  o f  d e g r e e  a t  m o s t  k  1 :

( 2 i l  c k ( a ,  r )  ( r )  =  c k ( r ,  e )  ( r )  =  o .

. // .



I 1 0

For k = 2 Lt  le aasy to see that (2i l  inpLieo the concn*f f i61i  of  .0,

anc l  T .  Eh is  l s  t rue  in  geaera l .  and ne  ske tcb  the  proo f  fo r  k  =  7 t

e l n c e  i t  g o e s  a n a l o g o u s  f o r  e v e r y  k .  f h e r e f o r e  ( 2 i l  b e c o m e s

1 9 ' ' 4 1 0 D l(z i l  a2  -  rL t l  +  JAr4  -  T2  =  [ ,2  -  r r 'L+  t ra "  -  a '  =  0

SLnee A is  se l fad . jo in t ,  there  er is t  a  spec t ra l  neasute  E concer { t raFt r

o n  n  ( s e e  [ 5 ] )  w h i c h  g i v e s  a  s p e c t r . a l  r e s o l u t i o n  o f  t b e  i d . e a t i t y

E ( t ) = E ( ( - * , t ] ) a n c l w e h a v e t b e r e p r e g e n t a t 1 o n . . ,

^ (a  =  )  t a n ( t ) .

"  1 :  r ' r r , r !

: :

two eLosecl  anc l  d , is jo in t  in f ,erva ls
.

nb i ch  su l rounc l  respec t i veLy  o

we  ge t

lnet o = L^, b] and. 6 = ["r dl

anaT, r ,  T t  two c losed Jord ,an  cur res t

an i l  u ,  and have no  in te rseat ion .  Then

. '
sat is fy  the  equa l i t y

( L - r ) r ( E ) = n ( o r )

ancl  then the maP

eat ls fy  the equal i ty

( l  -  l ) e ( g )  =  t n ( r r r )

f o r  E g  c  l o t

f
E ( ; )  

1  \  c / r \ 6 s '= 
f f i  ) '6 ,  

r \e /se
. " '

l '  ' : '

where  r (g j  =  \  t { *  X , . : ( t )as ( t )  i s  aua ry t i c  on  c [ r . .  
:

- t s ? v w

Now,  we use aome id .eas  f ron  L l7  (where  ue  can ' f inc l  a  genera l i za t ion

o f  t h e  p r e s e n t  r e s u l t ) :

P r o p o s i t i o n  1 . 4
.r

I ,e t  T  L (H)  aad A 1(U)  se l fac l , jo ia t  such tha t  T  ^ ,  A .  Then T  and A

commut e .

3y computat ions f rorn (z i l  the funct ion

-  gf -3 r ' (E)  +

. // .
; ,  .  . "

; , , : f  
'

'  -  \  - l a : $ [ ' ] * i , r ( g )s (E )  =  r i (E )  -  #  r i ' (E ;  "  T *

f o r  a 1 I  f  €  c [ u r .

; .:,.t1t 1,t";r,i:1i



,|:  .  * m
$ iqoeroJ  is  a rb t t ra rY

The sane is  t rue  fo l

e';i l l

t i , ) t ,

1r(s)ns(q,) * m ( E - A)-1 u (o) rn (t^r) ag =
ttu1

'  1 , '

.  s ( o ) e ( g )  a g  =  o .
s 1

R\o,  t -h i .s  inPl ies that

and  t t ren  In (o )  =  n (o )n

1 1

I n s t i t u t e  o f  M a t h e m a t i c s

P ' O '  3 o x  1  -

'  
?0700 Buchares t r  R

:

( o c  c l  o )
l '  : : , . . " '

n ( o ) ! ( I  -  u ( o ) )  =  o .

or  equ lva len tLy

of  tbe Rornanj .an Acad.enY
'  : '

7 6 4

o m a n i  a ,

-'  ! '  . : ' ,  F

i l t . .  '  .  '  
, '

. ' r . .1:, . ' .

;'i.:,1,r1 ;1i
t" P lti

(

t
i n

t(.frl

T A - A f .  
:

'
- . - , - ! ! h e p r o 9 f o f P r o p o s i t i o n j . 4 c a n b e n a c l ' e t n t h e s a n e f a s h i o n .

B e t u r n i S  t o  t h e  p r o o f  o f  T h e o r e m  1 , 1  s  s i n c e  A  a n c l  T  c o n m u t e l

l 1 r )  s a i s  t h a t  $ , e  t . r  A  i s  n i l p o ' t e n t  o f  o r d . e r  k  a n c l  t h a t  f i n i s h e s

.  , ^  \
t b e  i n P l i c a t j . o n  ( i i )  ( i )  '

f  - - t

l l h e  1 e m n a  j . Z  i e  i o  f a c t  i n s p i r e t l  f r o m  t h e  n o r k  o f  E e l t o n  L 6 J .

f i , n a l l y ,  I  e h o u l d ,  l i k e  t o  t a k e  t h i s  o p p o r t u n i t y , a n d  I  e x p r e s s

y  gra t l tud .e  to  Pro fessor  S te fan  Fruaza wh ich  wae ny  f , i r s t  te4cher

.  i n  t h e  f i e l d  o f  g p e r a t o r s  T h e o r y  a n i t  h a v e . s u g g e s t e d  m e  t h e s e  p r o b l e m s .

i , " " , t ; r ' . r .  . , ,
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