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'  U * r r - i r g  [ - e m m * .  ? . . t l - r e  f o ] .  l r , , b t i r l q  " o r a d i e n t  s y s ' t e n r "

1 ( j )  # = t G )  ,  Q $ = x t ( t ; G )  , . . . , $ = x [ ( t , E t ' . . ,  '  t r - r ; G )  ,
c i f  d E t  o E u

mee t  { : h r . :  [ j r nL :en i , - t i r  c :amrn r t t i n t l  co r rd i . t i , ons  i n  ( i ] ) . .

i

f l i - qg r ' : - t  J . .  l - - p t -  f , g7 , . . . , geeVec t (R t )  be  c l i ve r r '

f  i r r i t - e 1 y  q e r r i e r a t e d  c , v e r  R  a r r d  { y l ,  .  . . , Y 4 : / t g 1 , . . . , g e ] i  a

Let .rr !*

n r . : n c t l ' ; l f  f t i -
5 - - . ' -

s y s t e n i  f n r  I t  ,  t _ e t  X J  ( t , p )  ,  j = Q , ! , . . . , M  ,  t i + :  t h e  v e c t c r  f  i e L c l s

d e f i . n e l r j  i r r  ( 9 ) .  T f r e n  t - h , - : r e  e > r i g t  a n a l y t i . r : a I  v e * c t c r  f i e L c J : i ;

q ieVec t (Rn+1)  ,  i =0  ,L ,  . .  . ,m  .  s , t - t ch  t l - ra t

qj I t r p ) = g l  ,  J = 0 r J - 7 , , , 1 f { t ,  t ' l l - i e r e  X a = { = g o  a n l i

6 1 fs p.lftl
.  .  t  v  t  ! . L

.  .  .  ,  <} ' )  { t ,p)  =M (V)  (  t ,p)  €Rs*1 .

t h e t  e a c h  X l  ( t r p l  g e n i : r a f e s  a  f  1 o w  a n d

6



c j r ' : r rn t t r  Or { , l - )  U)  ,  T€R,  x€R!  l - i in  i -1nw g t - :n r : ' : ra t -ed  b 'v

y 1 ,  j = 0 , L , . . . ,  M ( Y o = f )  .  l - h e r r  t l l r :  s n l L t t ' i f i r r

G ( 0 , 0 ; x ) . = x  c a r r  l i e  k t r i t t e l n

4 )  G ( t , p ; x ) = G o ( t ) o  G L ( t t )  o , , , o  G t { ( C " )  ( x ) .  a ' n d

b r )  g € r t ( g t ' . - . , g ^ )  i ' F +  q € r o o ( q L , " ' , Q ^ )  w i l

1 n (  1 ( l )  w i t t r

I  n x i s t  : ; t - t r : h

( t ,p )€Rr4*1  "

{ : h a t  r ' f : ' i h e r : r e n r  1  i n  t 1 l '
conc l r - tE innE i r i  L -e . :mr r . ra .  : : '  l - rn1d ' : f id

) l a J ( t , p l b j ( t , p l = e 1 ,  i = L , . . . '  w h e r e  e L ' - . . r € o  i s  t h e

c a n o n i c a l  b a . s e  i n  . R r  , ,  a J (  t , P ) = ( a / ( t , p )  , . . .  '

d e f i n * d  1 n  ( 1 1 ) .  I l e n o t *  A ( t , p ) = ( a 1 ( t , p )  ' . . . ,

t 1 l  ( : - . t . . e  a p r : l i c a t - i o n )  t h e  a n a l y t : i c a l

( d e t  a ( C , p )  ) - 1  c ; r n  t l t ?  E : i i c p l  j c i t e l v  c o r n p r - t t e d

f i r i c i  i r t - r n i v l : i , : : a l  f u t r - r c ' j :  i n n s  b 1  ( U r p ) ,  .  .  . '  b n ( C ,

Def  i  ne  go  (  t ,p )  =  (1 ,0 ,  .  .  .  ,0 )  r€ ,Re l ,  g t  ( t ,n ,  = t r , l

a n d  u r s i r t q  (  1 f , )  w e  g e t

a i l t , p )  )  r

ar ( (  t ,p)  )
- -  -  t  1 ' -'  > l - l f , . l F .  l

r r l h i r h  a ]

p) r:r-ri 1- i 1

\
.  leRe1,

t P l  I

7

' l - F r f

rilriqi:
- f h e  

P r c , a ' F  j . s  s i m i
FY l-rYF'nt he.rl i i.

eac l r  X i  ( t ,p )  cc . r 'n  be

tt

T
t 1

I

t4.

i x y ( D r p )  a i ( t , p 1 = g r  j . E  E l t t - r i v a l e n t  t o  f i n i l i n g . b J € R r  i i t . t c h  t h a t
,F

J'r

1 3 )

1 1 )  X J  ( t , p )  =

r

5 i  nce  Xo=f=go

l  a r  1 :o
t lre

r^rr  i .  f - ten

ai  ( t ,  p)  Yk ,

lsct",  (V)

a.nd Yf 91,

J = ! , , , . , M  r 4 h e r p  a / e c "  ( R t 1 $ 1 )  a n r J

; .o fo* .  . . * f r r  f€Jg  f r r  sor t€s  i : i : l *d  C)0

i = L ,  ,  .  ,  1 r f t  i t  i s  n h v i o l r s  t h a t  s r - - ' 1 v i  n q

ancl  a /  . r r *

and r - ts i  n , t

f ' r - tnct i  nn

I a,..J t: ne t- c:

l i r i g  ( 1 : i ) .

i = t , , , , t m

f ,  x  1  l t ,  p l  fu( t ,  p)  =9
J-0



u
1 4 )  D * t  

( C , p )  e j l t , p l = g t ,  j = 0 , 7 . 1 , , . 1 r 0 ,  g o A f  '

J 'o
J ' f re : : ,F jc i : r r , :J  gc-- r . i . t .  jn  Th*orsni  l .  j .s  b; r : :ed c ln t t re ex i 'Et : r " l r lce cr ' - r

E , c l l t l : i a r i : :  i n  (  1 i : j )  w f r  i r : h  a .  1 1 n u ' l  n n | ?  t ' t t  w r - i t e

i r )  9 ?  = x t  ( t , p i G ( t , p ) )  ,  i = Q , L ,  ,  ,  ,  t M ,  t o a r
d t .

t  - + g  ( t , p )  q j ( t , d = s t ( G ( t , p ) ) , i = 0 , 1  1  " '  1 I h
I r  d t t '

T a l l i n r j  d j . t " e c t i n i l a 1  c l s r i v a . t j . v e s  j . r i  ( 1 5 )  w e  o b l : a i n

E f i t t 'p )  
Iq t ' '  q t^ l  J ( t 'p j  =Lgt"gr ' l  (G(  t 'p )  )L & )

f r : r  a.ny 7r,  i rd} ,7- ,  ,  . .  r / r i l  '

* Q i r r c e  ! h r - ,  s ' a I L t t r n n  G ( s , r i x )

s u c h  t l - r a t  G ( t r p i X )  = x  ,  F r c i r n

( s ,  r l  € v ( t ,  p l  i  n

1 6 )  h r e  q e t

( 1( l  )  v. ias dnf i  nerrJ

(

,,t

I 7 ) i x 1 ( t , p i x } t q l , , q ' \ l ( t , p ) = | g ' , , g J , J ( x )
t:o

f r t r  a n y  x € R !  a n d  j 1 ,  j 2 € { 0  , ! ,  '  ' .  r l r t  '

Re t r .e . l t j .ng  6hat  i s  c l i :nq- i  in  (17)  k l€ l  ob tar . j .n  a  h r - rn rc :m*rFh j . : in r

b e t y r e e n  t h E - "  t r , r , :  a . l 1 e b r a . s  f  ( g 0 , 9 a , . . .  r 9 ' )  ,  L ( q o , Q L r . . .  r 4 ^ )  s r - t n i r '

t h a t  g e : j ( E o , . , . , g t )  i f . F  Q € L ( q a , . . . , q . t )  r ' r i 1 1  e r < i s t  { : t - t I f  i l l - i n q

I t l  , X xJ ( t ,p l  e1( t ,p)  =9,  ( t ,p)  eRt t 'L
J-o

S t a r t i . n q  i n  ( 1 { l )  w i t h  6 ( 0 , 0 , ' x )  = 5  a n r j  n * i i c i n g

t h a t  X J * t ( t , t '  , . . . , t j i ; )  = y J * l ( x )  1 : o t -  t = t t = . . . = t t = O ,  j = 0  , ! , , "  ' , M - t

t Jg  c t r l l - -  the . - ' sn iL r t - i i l r r  in  (1 ( : i )  a : i  i s  c j * f in ; : r j  in  (b1)  anc-1  ' l -nE i  [1  t - i r r - r i :

i s  c c , m F i e t e
T h e  f a ] 1 a r . r i n q  l l r e o r € i m  * L a L * s  t h e  f f i . 1 r - l i f o l r J  s t r r - . t c t r - t r *  r : f  1 : h e

s o l u r t i o n  i r i  1 1 t - r )  r . r i t h  X o A G ( 0 , x 0 ) e R t  f i , v e d  v r f t i c t r  F r o v i r j * s  t h t *

B



s r - r p L r n r t  o F  ; - , . 1 1  * i : l t - t t i n n g  i n  ( t )  u r i . t l i  x ( 0 ) - x o .

' 1 1 t - 0 - : . - i : . i - . r '  I F  f t  j c ;  f i r r i . t - e : i y  ( - ' r c : r r c i r a t r - + c l  o v e r r  R  u r i L t - r  I Z L , . , ' , 2 \

a -s  a  qF l r r€1-a1 : r : r  3 ; .7g l te tn  ; : t rc l  d in  I r (g t ,  .  .  .  ,9 ' )  (xo)  =k<n ' lh i : rn  l :h r ' r r r r

e ;q i i " t - :  a ,  e t :p r i3 ra t r . r r  F iys ' l :e rn  {y l  ,  . . . ,Yq  Fr : t -  f  t .  : ; r - rc l - r  t l ' r ; ' i t :

Cr )  ts1(Xo)  .  .  . ,  Y t (Xo)  c - r r .e  l  i r r r :a r -1y  i t - i r j r ' : rper rc ] r rn t  in  Rn

c r )  Y 1 ( x s )  = 0 ,  J = k + ! , . . . , M ,  ,

C r )  L Y L , . . . , Y 4 = 1 2 1 , . . .  , Z q T "  p r i t h  a  n o n s i n . l u t l ; r r  ? € L ( R f r ; R H )

I h.eo1_ffi 11

L e t  : t € R a  b e  f  i x e d  a . n c j  d i n  l r ( g ! ,  . , . , 9 ^ )  ( x o )  = k < n

t T . :  I f  b e  F i n i t e 1 Y  r l r ' : n r : r a 1 - e d  o v e r  R  a ' n c l  { Y t , , . . , Y q  1 1

gnnera to r  - . ; ys ten i  $a r  f  t  wh r i ch  n ree t : ;  ( c ) ,  G )  i n  t he  Rerna r l i '

Assr- t i r r * . tha j :  ea.ch Yl  qerret -ates a f  lovr

G , ( O  ( x )  ,  ( e f t ,  x e R n ,  i = 0 , 1 ,  .  .  .  , k  ,  v r h e r *  y o a f  "  l J r  i t e

P = ( t l ,  . . . , t * )  a n ' j  c i t - : f i n e  G ( t , f i x o ) = G o ( t ) o G 1 ( t 1 ) o  . , . Q G y ( C * )  ( x o ) '

T h e n  . .

c) i  ) sraig( t, f ;xo) Fen {cn r j . : ;  <1 k-djn C*nanifoid ^

i i )  I 1 ( 9 t , - - . , 9 t ) ( y ) - - T " S s ,  ( V )  y e s c  u u h r : t - e  "  T " '  m e a ' n : :

t an len t  spacE :

i i i )  r r ( g 1 t . , . , . g " )  ( c (  E , f  i x o l ) * s p 6 n {  
j g  ( t , f i x o ) , i = ]  i  " ' , k l

9 l  t h e r e  e : t j . = t  i n c a l v t i c a l  i * n t i r e  1 : u r n c t i o n s  b J ( t , p ) , € R t  E i r - t c h

t h * t  a n y  s c l r - t l r , - r n  
. X ! ( x o ) ,  

L E I O , T ) : ,  i n  ( t )  f a f ' l  b *  i - t i w i - i t L e n  a s

x;  (xo)  'Go (  t )  (Yu (  t )  )  '  r r rhe i -*

yu  (  t )  €ss ,  yu  (  t )  =G(0 , .6 (  c )  ;  xs l  ,  t €  [ 0 ,  T1  ,  and

c7



{ e l t l  = f l  , , ( r ) b I ( r , i i ( t ) ) ,  f ( o ) = 0 ,  r c | a , f l
dt t:, 

'

Y : - g t r :  l " c i - r t s i  i n  [ . e m n i ' * g  L n i . : ; t n r j ' ' i  t ' r r : l ' r !  '  [ - E : t
Vy  l t y ; l c i1 : f t ' : l s i s  t f r r , r  co f - l cJ r - ts j ' c t r r -q  in  L 'e t

( y l r .  , . , y r y  b e  t t - r r :  q s r r 6 : ' r a t r i r  $ v s t e m  q i v e n  b y  h y ; : a t t - r f J E  j s i  i r f ' r d

x J ( t , p l  ,  J = \ ,  "  " M  
t  d e f  j ' n e l c i  a 5  i n  ' L - e m n i a  1 '  $ j ' r r r c :

y r ( > r o )  = Q , j = k + L , . . ' , M  q r J e  q e t ,  t h ; r { :  t h e  E n l u t . : j . n r r  j . n  { : t r e  f o 1 . ] ' r : i ' ' - l i n l l

'
Fr"oben i  r- ts;  - ' :Ystem

1 9 )  - O = Q  - s 1 e )  ,  #  = * J  ( t , p i G )  '  i * L "  "  ' M ' p € R H ' G ( 0 ' 0 ; x o ) = x o
ac  oc j

c a n  b e  P l r  i t t E i n  s ' s

?( : ) )  G( t ,F t xo )  =G0( t )  oG1(11 )  o '  '  '  oG .v (c * )  (Xo )  hc ( t ' f i xo )

f  or  any t€R,p€Ra t  r ' ; t r r : re  p= l t1 '  '  ' ' "  t * l  '  fJn t  h*  other  '  hand t ' l - r *

r . - i . .  0 G t ,  n n - i : i n q u r l a r  o n e  a ' n c J
m a t r i : <  # ( r . ' f ; x o )  

i -  a

?1)  t#r t ,P;xo)  J  -1= [  f tG* ;xo)  J  - r '

Hhere xt=Gt( t*) (xo) '  '  '  '  '  xx'r=Gr( ft) o'

c l e f i n i t i o n  ( E e e  ( : ( 1 ) )

.  .  t - *  (  c r ;x* - r )  1- '  t *  (  t ;x r )  I  -1

. . o G x ( c * )  ( x o )  , x f 1 ( t ' 3 1 ; x o )  "  
F Y

z ? i  = 9  t  t , F i l t o \  ' x J  ( t , p r G ( t , f  i x )  )  = Q  j = J c + ! "  '
O C 1

J

a.ny c€R,p€RM,.peRl  .  l ' J '?  shal l '  show that  
f f i t t ' f ;xo)  

'  j=L"  "  'k

a r e  l i n e a r l y  i n c i e r , r a ' n c 1 * n t  i n  R n  b y  p r a ' r i n g  t h a t

? r , )  f  1 ( t , 9 ) n  t #  ( t , f  i r ' o )  1 - 1 x  1 ( t , f  i G { t ' d ; x o )  )  '  i * ! "  " k

a. rP  i  i  ne ; r  1  - " '  i  nde i : :s *nc le 'n t '

A  g t r ; r i q i i r :  c n r i t F i L t t a t ' j n r t

r Flll r €l= ;-' irt a b i rj riE

t t  ( t , f )  =t(exP ad--tkY r) '  '  '

. fk  ( t , . f )  =r l (xo) ,  J<k-L

s,. tr[--rllls t- ha t i^lij'j have  the  f c l  ] ' | f r i { i n i - l

t i t

? 4 )
(exp ad. t1,tYJ.1) 14 (xo) ,



D e n c L r  B l  a  ( M x I n  n i a t r i . ; < ; r r ; : ; c c : i a . l : e l , : l  1 : c t  y l  r - . t ; i . r t g  t f r c l  n i , : i t : r ' i , i l

r e F r 6 . r : i r y n l : a . t : : i . f i n  n 1 :  l Y l  r y L )  ,  .  .  . , l Y J , Y t ]  ,  .  ,  , l y J , y K i  r r i l c c l i r c l i r i q  t r : :

1 : h e  ' F i i r n d  c - r F r t - r r : ? i ' a t n r  $ v s t e n r  l y L r . . .  r y q  l J s ' i ' 6 r ;  ( : 4 )  '  t l r r i

s,- ,gr. taL iorr : ; .  ( l l . - i )  ra. I t  t . rel  ret 'Jr  i t tsrrr
;15 )

t i  (t, f ' l  =iyl.(xo) , . . . , rt (xo) , 0, . . . , ol (exp- tk}'1 . . '  (exp- t1*tBJ*Ll J7

* r ( t , p t = { y 1 ( x o )  t  . . . ,  r r ( : q )  , Q , , . . , 0 } J s ,  i = ! , . . . , k - 1

r , r h e r e  7 r e | K ,  L = ! , . . . , M  ' ,  i E  t h e  c a . n c r l i c a l  t ' a . s e .

l-ref i ne cl (Ifxk) mat-r i x A(pl !Y

2 ( - . )  A ( p )  = ( d ' ( F )  ' . . - , a & ( F ) )  . ,  w t l t ' " r € i  a t ( P )  € . R t r ,  n e e t s  '

z7t  a r(p) = (e>cp-C*B*) .  .  .  (errp- t1*rB!*t)  71,  i=L, .  .  .*-r - ,  ar(F) =lr

( s e e  ( ; i 4 )  ) .

Fr-crn eac i r  aJ($ ' )  e l  iminate the laEt  M-k cc l rn t - - lnr ier r ' t$  and dr :nn1:*

i t  t t y  4 ' J1 ; i )eR t  .  l d r i r : e  , f ( f l = (61 (^ f )  , . . . , d t s (p ) )  a r i d  ( : ] 5 )  b r : c r : rn i : s

7u t ( t , f )  a . f (p )  = tv1(xo)  , . . . ,  v l (x0) ) . { (p )

whers  t ( t , f i  - l *L ( t ,P ,  ,  ,  .  , ,  f t  ( t , . t$ ) l  a . 'd  . { (CI  F .  non: ' in r r * la . r

r n a t r i i l  f a r  w h i c h  ( d o t  , f ( p )  ) - !  c a r ,  b e  r : r : r i , p , - . , t l c l  t s  a n  a r i a l v t i c a l

e n t i r e  f r - r n c t i n n  ( s * e  a p p l i c a t i o r i  i n  t l l ) .  l J s - ' i r r r . t r  ( ? g )  i n  ( : l ' j )  r r r e

Atl
g e t  t h a t  # t f r p ; x o )  r i = ! r . , , k  r  & f ' B  l i n e a r l y  i n d e p e n d e n t  a n d

oc j

ther - r : f  o re  Su nree t  E  t t re  f  i  rE t  cLrnc  l .ns ion  i  n  th*  the l i f - r f ' * in .  Fu t r - th* r  r i ie

r e p r - E s * n i  g j  ( G ( t , 1 5 i l t )  ) ,  i = L ,  .  .  .  t m .  u t s i r t g  x J  ( t , f ; G ( t , F ; x o )  )  1

j - : - r , . . r - k .  F r c , , ; i  L e n r m a  i  ; r n c j  a p r p l i c a t i r f i  i n  t 1 l  N e  r ; e ' : i -

t h e  r e F r r : : i . ! r n t " : t i n n  f c r r  X i ( t , p ) ,  J = ! r . . . , M  .  i ' r t  ' ( l t ) r  d 5 '

r ? )  t x l ( r , p ) ,  .  .  . ,  x 9 ( t : , p ) ) = { y 1 '  .  . . , r 4 a ( 0 , p )

w h e r e  A ( t , p )  € S ( R r , R t r )  j . a  a  n " 1 " l n g r t 1 a r  n , " a t : ; r  f n t -  w h i c f t

1 1 '



( d e t n ( C , p ) ) - t  i ;  a n  c r n c r i l y l : . j . r : " r 1  e r r r t i r e r  { t . . t r i ' : t j . o n  r . l f r i c l - t  p r n v j . c . l c n : :

t h a t  I X L ( t , p ) , . . . , X M ( t , p ) i  i *  a  i t r - i r l F j t ' a 1 : c i r  s y s t i : r i r  f r : r t '  f t  
_ . - - i l ' i c j

t h e . : r e J : r : r . . :  ( i i )  r r n r j  { i i i }  j . r r  ( g )  l - r c I d .  O n ' l : l - i r - ' :  r : ' l : h r : r  h a r i c j  t h t l r r : :

e i r i r = = ' [ . = .  ; .  1 r : j t - r - q i . r i q r t 1 , a r -  
" € g ( R  

H , R \  E r . t c l - t  t h . r t  B A t . g L , . . . , 9 ^ ,

t r ! ,  . .  r f  \ = l y l ,  . .  . , y \ f  r r r r r t ]  B  i *  a  q e * n e r a . t r : r  : i y F r t e t f i  f n r  f  t

l-o 'sn l ve

.l(l )

t he  E i l I r - t ' L i c ' n  Q( t ,p1  fn t -

f , 1 )  T -1A( t ,p )  q ( t , p )  l e  "  i . i he re
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