
#ffi
IMAR

NSITNMJL DE M.ATEMATICA
AL ACADEIiJ1IEI ROruIANE

PREPRINT SERIES OF THE

OF THE ROMAN]AN

INSTITUTE OF MATHEMATICS

ACADEMY

lssN 0e503638

LOCALIZATION OF ENERGY

AND
DUALITY FOR EXCTSSIVE

by

FIJNCTIONAT.

MEASUR[5

VALENTIN GRECEA

PRIPRINT No.2/1993

E l  t ^ t  a n p ^ ? a



I

LOCALIZATION OF ENERGY FUNCTIONAL
AND

DUALITY FOR EXCESSIVE MEASURES

by
, VALENTIN GRECEA

January, 1991

Inst i tute of  Mathematigs of  the Romanian Academy P.0.Box. I -764,

R0-70700 Bucharest ,  Romania

rk
?

,,1 -.
rll
:,{. {
.1
: !
:l

, l

,.1
. 1

, r

r!'+
1.{

,l
, j
. l

. {' t

i
. ' t
..i
I'"1
I

: ! . :

. J, t

i o
i

. ' j

: i

, l
L,:-i

::-:

,.|



i

Loca l i za t i on  o f  ene rgy  func t i ona l

.  and
)

dual i ' ty for excessiye measures

t 'l b Y \: ,

Va len t in  Grecea

In  the s tudy of  excess ive measures,  an impor tant  too l  is  the energy

funct ional .  l . thenev"r f f  =  (Va) . t>Ois a submarkovian resolvent  o f  kernels

on a measurable space (X,  I , ) ,  two ' .  outs tanding ordered convex cones ar ise.

First ,  the convex coneEnff  of  a l l  excessive funct ions on X, and second,

the convex cone gxc(1I  o f  a l l  excess ive measuru,  onT, .0n the car tes ian

product exc( l l )  .8. | )  is  then def ined the energy funct ional  L,  which gene-

ra l i ses  the  no t i on  o f  ene rgy  i n  c lass i ca l  Po ten t i a l  Theory .  0n  the  o the r  hand ,

for  any.ordered convex cone.C one consider  i t 's  dual  C*,  the ordered convex

c o n e  o f  a l l  p o s i t i v e  n u m e r i c a l  f u n c t i o n a l s  o n  C  w h i c h  a r e :  l )  a d d i t i v e ,

2 )  i nc reas ing ,  i l  con t i nuous  i n  o rde r  f rom be low ,  t t )  f i n i t e  on  an  i nc reas ing

dense  subse t .  Then  C*  i s  an  o rde red  convex  cone  w i th  usua l  ope ra t i ons  and

po in tw ise  o rde r  re la t i on .  G iven  two  a rb i t ra ry  o rde red  convex  cones  C ,  and  C ,

w e  s a y  t h a t  C '  a n d  C ,  a r e  i n  d u a l i t y h i t h  r e s p e c t  t o  a  p o s i t i v e  n u m e r i c a l

func t i ona l  t au f i ned  on  ca r tes ian  p roduc t  C . ,  x  C ,  i f :

a )  f o r  a n y  c r € C '  t h e  n i a p  
" z 1 H ( " r , " r )  

b e l o n g s  t o  c ;

b )  fo r  any  c rQC2 the  map 
" l  

€Xt " r ,c r )  be longs  to  C i  .

T h e  d u a l i t y  f u n c t i o n a f X i s  s a i d  c o m p l e t e  i f  a n y  e l e m e n t  f r o m  C f  i s  o b t a i n e i t

as  i n  a )  and  any  e lemen t  f rom C |  i s  ob ta ' i ned  as  i n  b ) .

F rom the  we l l  known  p rope r t i es  o f  ene rgy , func t i ona l ,  t he  o rde red  convex  cones

.  E * " f t } J  
" n a  f l l } J  a r e  t h e n  i n  d u a l i t y  w i t h  r e s p e c t  t o  L  ( i n  f a c t d  d u a l i t y ,

t h a t  i s  w e  r e q u i r e  o n l y d c o n t i n u o u s  i n  o r d e r  f r o m  b e l o w  i n  p r o p e r t y  3 ) .

Genera l l y ,  L  i s  no t  comp le te .  Th i s  happens  however  whenVposseses  a  re fe rence
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point  out  that  whenever  I  is  an exces-

s ive  measure  and we cons ider  the  ordered convex  cones  Exc  g(1)= f t€excQ) ;1

<<f l "oEt l l l r= {  
r r , "  set  of  c lasses of  excessive funct io-ng,  f  in i te 5 " . r . ,

t h r o u g h  t h e  e q u i v a l e n c e  r e l a t i o n  s r u t g s  =  t F " . t . ] ,  t h e n  w e  c a n  d e r i v e  f r o m

L,  in  a. .  canonica l  manner ,  a  funct ionalYgon the car tes ian product  Exc6( \ )1 x

"€0hg.hat 
expresses the complete duatTty o"t,*een Excg(\)l 

""a 8I)'g i"
r i

measure .  The  a im  o f  t h i s  paper  i s  t o

above sense.  As a consequence,  we can prove d i rect ly  for :

convex subcone H of  Exc ( \ )  ,  some of  the resul ts  f rom

a n

tll
a r b i  t r a r y  s o l  i d

c o r i c e r n i n g  d u a l i t y

and  b idua l  i t y  f o r  t he  o rde red  convex  cone  Exc ( \ ) ,  w i thou t  us ing  the  desc r ip t i on

of the dual  Exc f t } )  s iven in [ t ]



I  .  P re l  im i  na r i  es

In  th i s  sec t i on  we  reca l l  some {ac ts  abou t  excess i ve  measures ,  ene rgy  func t i -

onal ,  and H-conerTFrouEf ioq. r t ' th is  paper  (x , I , )  is  a  measurable space and

\r f= (va)<>oa submarkovian resolvent  o f  kernels  on (x lCl  ,o :  * ich the in i - .

t i a l  k e r n e l  V  =  V n  =  s u p  V ,  i s  p r o p e r  ( t h a t  i s  t h e r e  e x i s t s  a  s t r i c t l y  p o s i -
v t r ( 6

t i ve  measurab le  func t i on  f  on  X  such  tha t  V f (ooon  X )  and  s t r i c t  ( t ha t  i s

vl>0). t . le denote byffUf (resp.Eft l t )  trre convex cone of al l  supermedian

( resp .  excess i ve )  f unc t i ons  on  X .  No  cond i t i on  o f  f i n i t ude  i s  imposed  fo r

excess i ve  func t i ons  i n  no ta t i on  above

t le  denote  UVTt r " tp . fO)  the  convex  cone o f  a l l  pos i t i ve  numer ica l  ( resp .

bounded)  measurable funct ions on X and for  any measure p on (X,T)  and for

"ny 
f  #*e denote OV 

P(tJ 
the integral  of  f  wi th resoect to f .

Fol  lowing [q ana [5J ,  a posir t ive,measur"!orrTis cal  led" l ]6xcessive (or s imply

e x c e s s i v e )  i f  i t  i s  (  f i n i t e  a n d

t . !ou* <E o VA> o
z. t*u"r' F when q( y' w

t t  can  be  shov rn  ( re "  [ r r J  )  t ha t  i n  ou r  hypo thes i s  (V  s t r i c t )  i f  a  . d  f  i n i t e

m e a s u r u  t  o n I , t " t i s f  i e s  1 . ,  t h e n  2 .  i s  a u t o m a t i c a l  l y  s a t i s f  i e d  b y  F  .

l . le  denote by Exc(V)  or  s imply  Exc the convex cone of  a l l  excess ive-measures

rY.
On rJ\r .

P i r g E t l y f r o m  d e f i n i t i o n ,  i . t  t h e n  f o l l o w s  q u i c k l y  t h a t  f o r  a n y  f a m i l y  F  i n  E x c ,

we  have  i n f  F€Exc  and  i f  F  i s  upper  d i ' r ec ted  and  domina ted  i n  Exc ,  we  have

sup  F  €Exc ,  where  i n f  and  dup  a re  taken  w i th  respec t  t o  t he  na tu ra l  o rde r

i n  t h e  b o u n d e d l y  . : o o m 0 $ d t e n l d t t i r i e ' , o f , n l l i r p d b i t i v e  f i n i t e ' r n * r u r " ,  o n T .

A  l e s s  t r i v i a l  f a c t  i s  t h a t  t h e  R i e s z  d e c o m p o s i t i o n  p r o p e r t y  h o l d s  i n

E x c :  i f  q ,  ! , ,  F ,  e E x c ,  f  < F r  *  F  z  ,  t h e n  t h e r e  e x i s t : { r , n z  € E x c
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,  tuch that  f  =1t  ' *12,  
1r (  t  , ,  1z(  t  , .

, t f  I  
i s  a  pos i l i ve  rneasure  on tsuch tha t  

f  
U  t ,  (  f in i te ,  the l ,  i t  fo l to tn rs

f r o m  d e f i n i t i o n  r h a t  p V ( E x c

r  . l

Def  in i t ion (  t4J or .  [S]  ) .

The energy functional on the cartes.i 'an liroduct Exc xEn}) ir ar," *p

L::. Exc *8U ---+ T* oef ined by
-l .L(F , ' )  =  sup ty l ' l  :  f u< f l

t { e . l i s t  t he  fo l l o ,w ing  p rope r t i es  o f  L :

l) For any , eBLt the map

F * r ( f  , s )
i s  add i t i ve ,  inc reas ing ,  andd.on t inuous  in  o rder  f rom be low (  

F^r '  $  +

t (  F n ,  i  V  r (  f , s ) )
2) For any F Exc the map

)

s - -?u( f  ,s )
i s  add l t i ve ,  . i nc reas ing ,  and .d  con t i nuous  i n  o rde r  f  r om be l  c l , n t ' ( sny '  s  : ; ,

t (F  ,sn)  V  r - ( f  , s )

3) For any f €r*", s = vf€tQD we have

r .(E,vf '1 = f  tr)
4)  For  any.  F=pu€Exc,  tgECyl  we have

L( yv, s) = l ,  (s)

5)  For  any  f  6exc ,  there  ex ig ts- )

tha t

a  s t r i c t l y  p o s i t i v e  e l e m e n t  , e E R ) |  s u c h

t-( 
f  rulr{ oo

( ln  fac t ,  le t  g  €T g>0 such tha t  
[  

(S)4oo and pu t  u  =  Vg) .

t { e  r e c a l l  a  c o n v e r s e  o f  2 ) ,  w h i c h  w i l l  b e  e s e n t i a l  i n  t h e  s e q u e l .

Theorem (see [5J )
( t  ^ -

F o r  a n y  t u p  g , E f t l * R *  w h i c h  i s  a d d i t i v e ,  i n c r e a s i n g ,  d  c o n t i n u o u s  i n

o r d e r  f r o m  b e l o w ,  a n d  f i n i t e  o n  s o m e  s r r : i c t l y  p o s i t i v e  ,  € 8 V ) ,  u 4 o o t l a . s . ,



t h e r e  e x i s t s  a  u n i q u e  e x c e s s i v e  m e a s u r e  f o n J ( s u c h  t h a t  g =  f ( t  , . ) .

Note  tha t  genera l  l y  a  s im i  l a i  conve rse
' f o r  

an  examp le )

'F ina l  ly - ,  we,recal  I  lsome e lements f rom H'  cones theony. .

Let $ = (Sr()  be an ordered convex cone contai 'n i 'ng a nul l  e lement 0 and

s7t0  fo r  any  s€s .  l ' /e  say ' tha t  S ' i s 'an  H-cone i f  the  fo l low i r ig  p roper t ies

a r e  f u l f i t  l e d :

t )  For any fami ly Fc,s there exi ,sts the greatest  lower boundA r  and A(s + r1=
= s  +4 \ .F  fo r  any  s€S.

?) ror any upper directed and dominated fami ly F€S we have v(s+r)  = s+vF

for  any  s€S (Vf  ex is ts  f  rom l ) )

,  F o r  a n y  s r  r l ,  s r € D  s u c h  t h a t  s < r l * r 2 ,  t h e r e  e x i s t  t 1 ,  t 2 € . S ,  s = t r * t r r

at  (  t t  ,  t2 (s2 (Riesz decompos i  t  ion property)  .

0 n  ( s , < )  w e  d e f  i n e  t h e  s p e c i f i c  o r d e r  d  O V

s{ t++ J  u€s ;  S*u  =  t

l f  F c s  i s  a n  u p p e r  d i r e c t e d  f a m i l y  a n d  t h e r e  e x i s t s  s  =  V F ,  b r e  w r i t e  F 4 s .

A  map  
P  t  s  ' - ' - l \  wh ich  i s  add i t i ve ,  i nc reas ing ,  con t i nuous  i n  o rde r  f rom

be f  on  ( r /  s  = t f  (F )  f  y t t l )  and  f  i n i t e  i nc reas ing ty  dense  (V res ,  I  F  y '  r ,

f  ( t ) < o o ,  V t  €  F )  i s  c a l l e d  H  i n t e g r a l  o n  S .  l t  i s  k n o w n  t h a t  t h e  o r d e r e d

convex cone S* of l  a l  I  H in tegra ls  endorared wi th  the usual  a lgebra ic  operat ions

a n d  t h e  p o i n t w i s e  o r d e f  r e l a t i o n  i s  a n  H - c o n e  c a l l e d  t h e  d u a l  o f  s .

Le t  now s#  be  the  dua l  o f  t he  H  cone  S*  and  cons ide r  t he  canon ica l  dmbed ing

o f S i n S H

S3s - - -+  Tes# . ,  t ty l  =  p(s)  ,Vyes*
I ' f  S *  s e p a r a t e s  S ,  t h e n  o b v i o u s i y  t h e  a b o v e  r n a p  i s  i n j e c t i v e  a n d  S  w i  l l  b e

i d e n t i f i e d  w i t h  i t s  i m a g e  t h r o u g h  t h i s  m a p .  S  b e c o m e s  a  c o n v e x  s u b c o n e  o f  s * *

fo r 'p roper ty  1 ) no t  va l  id  (see  (5Jl s
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and  the  o rde r  r t< r t  on  S  co inc ides  w i th  the  t race  o f  t he  o rde r  bn  5s  i f  5 *

separa tes  5  i n  o rde r  t oo ,  t ha t  i s

Y ( ' r ) < y ( s r ) ,  V y a s * = + ' , - 4 s 2
Let  us apply  these considerat ions to  the convex cone Exc.  From prev ious

remarks,  Exc is  an H cone ry i th  natura l  order  on measures.  Moreover  i f  FcExc

we  have  AF  =  i n f  F  and  i f  add i t i on " i  I y  F  i s  upper  d i rec ted  and  domina ted

then VF = sup F. '  Note that  the H cone Exc posseses an impor tant  proper ty ,

be lng a cone of  measures:  For  any uPPer d i rected and dominated ( ,esp.  lower

d i rec . ted )  f am i l y  FCExc ,  t he rb  ex i s t s  an  i nc reas ing  ( resp .  dec reas ing )

s e q u e n c e  
f  n . F  

s u c h  t h a t  V F  =  , : p  E  n ( r " r p .  
A f  =  i n f  

F  
" ) .  

T h e r e f o r e ,  i t
p O

i s  s u f f  i c i e n t  t o  a s k  i n  d e f i n i t i o n  o f  a  H  i n t e g r a l  o n  E x c  t o  b e  d c o n t i n u o u s

in  o rde r  f rom be low .

From now on we denote by S the convex subcone 
" f  ECt ,  consis t ing of  a l l

C- A a,. (\ !-
funct ions s  €  dnn such that  s<oo 'Va.s .  

'  '

Note  tha t  genera l l y  S  i s  no t  an  H-cone .  Fo r  any  sES the  map

f  
- > L ( F  , s )

i s  a n  H  i n t e g r a l  o n  E x c  a n d  i f  w e  d e n o t e  b y q t h e  m a p  t ( . , s ) ,  t h e n  S

is  embeded in  Exc*  as a convex subcone.  Horeover  
I  

t t  in ject ive and there-

f o r e  w e  c a n  i d e n t i f y  S  w i t h  
? ( S ) .

D e f i n i t i o n

An e lement  u of  an orc iered 'convdx cohdC, (  )  is  ca l  led weak uni t  i f

v ( c A n u ) - c  ,  V " g c

0 f  cou rse ,  we  suPPose  tha t  cAnu  ex i s t s  and  th i s  happenes  i f  C  i s  a  l ower

l a t t i c e  f o r  e x a m P l e .

I t  ls  known that  i "  Et t ) ) r for  any s . , ,  sZ we have s lA=z = i " f f i )  "he."A

m e a n s  t h e  e x c e s s i v e  r e g u l a r i z a t i o n  o f  t h e  s u p e r m e d i a n  f u n c t i o n  i n f ( s . 1  , t Z ) .



I t  i s  e a s y

for both S

Genera l  ly

to  see that  for  any f ;0

and effi

such that  Vf4oo,  u  = Vf  is  a  weak uni t

is 'easy to  see that  Exc has a weak uni t

i f f  
'D 

posseses a referenc€.{measure,.

Exc has not  a  weak uni t .  I : t

De f i n i t i on .  t "a  C  be  an  o rde red  se t  and  C 'CC a  subse t .  We  say  tha t  C t  i s

s o l l d  ( r e s p . , i n c r e a s i n g l y  d e n s e )  t n  C  f f  f o n y a n y  c r € C ,  a n d  a n y  c € C , . ( c t

: ?c€C,  ( resp .  f o r  any  c€C the re  ex i s t s  an  upper  d i rec ted  fam i l y  FcC,  such

tha t  c  =  VF) .

P r o p o s i t i o n  l " l

Le r  C  be  an  H-cone ,  C lcC  a  so l i d  i hc reas ing l y  dense  subcone  o f  C  and  
l r  

a tT .
' * -

Then  the  func t i ona l  p  de f i ned  on  C  by
I

r
P(c )  = .  sup{  ; t (c . t  )
r L '

i s  t he  un ique  ex tens ion  o f  p  to  an  H

P --'-+ Ft l

:  c r € C 1 r

i  ntegra I

-\

" r ( *
on C and

is  an isomorphism between the ordered cones

for  the proof  o f  a  r rpre genera l  s tatement)

the nnp 
)

c f  and c*  (su"  [z l  p top .  2 .2 .2 . )

a :

2 .  L o c a l i z a t i o n  o f  t h e  e n e r g y  f u n c t i o n a l .

Th roughou t  t h i s  sec t i on ,  
!  

i s  a  f l * : ed  e lemen t  o f  Exc ,  and  we  de f i ne  on  T

(c r .  ( t J  )  t t re  equ iva lence re la t ion

f r v g 4 + f  = 9  ( " . r .  V r , g € T

Denote UV % the ordered convex cone obta ined by factor izat ion of  the ordered
I

convex  
"onu  

f  re la t i ve  to  th i s  equ iva lence  re la t i on ,  t he  a lgeb ra i c  ope ra t i ons

and  o rde r  be ing  i nduced  on  T  l n  t he  canon ica l  manner .

cons ider  now u* .6d ! f  
{ t tu rxc ,1 , ( (F}  

Us ins  the  Radon N icodym der iva t ive

i t  i s  easy to  see that  t * " t  =  
h .uxc,  T l=XtA- t1  .  Note that  F
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becomes a weak uni t in Exc 
E

.  Derine now EfU)$ =tf '  :  h € Efff f  ,  h(ooq".. .)  and s* ={? , ,eE(UJ,

,  
, (oo  

' \7u . . . ]  
.  0bserv ing  tha t  V IA = ,0  =r$  tn )  =  0  fo r  any  A € l f  and

any 
$€ 

exc,  we have the fo l lowing sequer lce of  inc lus i 'ons of  ordered convex

cones

' t . - tE*f -Tt
R e m a r k  2 . 1 .

For  any  weak un i t  u  o f  5 ,  u  i s  a  weak un i t  fo r  f , t f f l  too .  Indeed,  i t

f o l l ows  f i r s t  t ha t  u )0  on  X ,  Then ,  us ing  an  a rgumen t  f rom f6 ] tn * t "  ex i s t s

f )0 ,  V f (oo  and Vf (u .  As  we ment ioned in  1 ,  V f  i s  a  weak un i t  fo rEtUt

and there fore  u  i s  a  weak un i t  fo r  8  tV l .

There- fo re  S6 is  so l id  and increas ing ly  dense in  $ (UF .  l , lo reover ,  fo r  any

h €t \ } )  and for any weak uni t  u€S we showed above that

h  =  s u p  h A n u

. 1 A - n - -
and 

'thereforer 
h'= y I]i l i,n the: orderied conve)c .onfr(.|)g . Obviously

..4. f\ '1.
t r . , ( n u € S g  a n d  t h e  s e q u e n c e  h A n u  l s  i n c r e a s i n g  ( t o  h ) .

s

P r o p o s i t i o n  2 . 1 .

Fo r  any  \€ rxcq  and  s1 r  ,Z€E t t )  such  tha t  r f  ( rZ  
f  

6os .  w€  have  - '

L ( Y 1 . , . r ) ( u ( \ , s r )  .  1 1:"

Proof .  .

r rom [a l  there  ex is ]s  an  inc reas ing  sequence f  n r7{ ,  "na  
by  proper t ies

l )  a n d  4 )  o f  L ,  i t  i s  s u f f i c i e n t  t o  p r o v e  t h a t

f (s.' ) (. f (sr)

i f  s r ( r z  l V  a . s .



l l ,

Because va,{v we have p (*v*, , ) { f  tcv*rr) ,Va}o and iet t ins c(__+e6
we ge t  t he  des lde red  i nequa l l t y .

D e f  i n l t i o n  2 r 2 .

For any 
{ee*" let us denote by Hq.r,u unique n6p on Excqx EtUf*

wi th values in T* such that  f fg,E,C) = L(T,h)  for  anyle i r""g 9":
.  h €E(1h such that  h< oo,  q: . r .1 €rrd we cai l  Yr .n"  F 

rot""r izat ion
o f  L .

f  n  o rder  to  p rove  the  proper t ies  o f  f  *  ( rn*  rwr  2 . .9 . )  we sha l l  use  es"
F

sent ia l  ly  the consideratrons f  rom f tJ conc"rning Exc g una $f l f l  .  l , |e

keep the same notat ions for  ease of  the reader interested in some detai ls.

Oun lnterest , : is  to emphasize t$e phenomkrom of local  izat ion.

Fo l low ing  [ t )  ,  the  reso luunt  " f=  (va .h>o induces  a  fami ly  o f  morph isms

Uf= tuj )"a, o on the ordered convex cone tf q  j u s t  s e t t i n g

rJ?=fr  greT,  gor .>o
b y o b s e r v i n g t h a t  f  = 9  F  " . r . : ) v f  

= v g t " . r .  I n d e e d  i f  A € T a n a

F rol = 0 therr F (uuro)(-*[ta) = 0 for any c() 0 and rett ins d.-?0
^ t rwe ge t  

$  (V to l  =  0 .  Then i t  l s  easy  to  see tha t  the  fami ly  tuJ  l " (>  0
sa t ts f les  the  reso lvent  equat ion .  l {e  ca l l  reso lvent  on  T  uny  fami ly  o f

rnrrphlsms 1l '= (r I )4> 
o :n TFwhich dat isfy the resorvent equat ion

I t  can  be  shown tha t  fo r  any  c (>  0  there  ex is ts  a  un ique nnrph ism u ! *on

Tq ,r.r, *,at

Ja'l?,g = It,Jf;o( -V,,s€y
( tn  t l . re  sense tha t  there  ex is ts  a  kerne l  4*  on  

E 
such thar

'  5'-'11 :S = I ug dF V,,n€'E
and the fami iy lJt :  (v: l { )o. ,  

o is a submarkovian resotvent on Tq
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We note that i f  there exi 's ts a resolvent Ui f t  = (Ut)€t> 
0 of  kernel ,  onT

in  weak dua l i t y  w i th  t , I  re la t i ve ly  to  g ,  then V€*  i s  ob ta ined f rom Vf ,

in the same manner descr ibed above.

D e f  l n l t l o n  2 . 4 .  (  [ 1 ]  )

-  t fe  denote  by  E(Ut )  ( res i .  e ( 'U€x) )  t t re  convex  cone o f  a l l  e lements teTf r
such thaa 

.
d.vlt/t (resp. *u.^€ "t/t) when

ana  f<oo( tha t  i s  u4 , t ro f  a . s . )

t t  can be shovrn ( t3J ) that E(17h and Et1)t* l  are H'cones and we have

rheorem 2.5. (  t3] )

t )  For  any s*€Et1r€* l  the map €(rn)  f rom E(Vq)  ln to !  o" r ined bv

. s *-? ',0[5 ,uio g I ug ?<' ]
b e l o n g s  t o  ( E ( U F ) ) *  a n a  t h e  m a p

s* --3' 0 (r*)

is  an lsonrcrphism between the H cones E( ' t lE* l  and tet l )€ l ln

i i )  F o r  a n y  s € E ( ' l ) 6 l  t h e  m a p  0 * ( r )  f r o m  E ( U E * )  i n t o {  d e f i n e d  b y

s* ----) '"0 f['? d t : vt *Q'* 
]

be longs  to  ( r ( 'pF* ) )n  and the  map

s **  8*(r)

i s  an  lsomorph ism between. the  H cones  E(Vt )  and te  { f f x ) ) * ,  and we have
t /

0( rn) ( r )  =  9* (s ) ( r * )  ,  Vs€E( t l8 l ,  skE(" \ ' t x )

The nex t  resu l t  g ives  a  charac ter iza t ion  o f  the  e lements  o f  Exc  q  $

rheorem 2.6 (  [4]  )

For.any oL*r* t  ,n"r : . " i r ts  an unique element tUt(U8*l  such that

t =  t ' \
and the map U/ .A

\**n
is  an isonrorphism between the H cones Fxc G. and E(Uf * t .

5

g.,/ oo



( ln  fact ,  the proof  lmi ta tes the case of

wl th  respect  to  ( ,  Ut  us ing the t iandon

of  dua l . i  ty . .

P ropos i  t i on  2 .7 .  (  t l l  co ro l  l a r y  2 .5 ) ,

The cones E(V€)  ana EtUg co inc ide. .

two resolvents ln

N icodym de r i va t i ve

weak dual i  ty

and  the  re la t i on

Recal l  t r ra t  [ (u1q ={ f , ,  neEtU,  h(ooF" , r }

P r o p o s i t i o n  2 . 8 .

For  any \€ExcS :T 
for  any s  €E( t r , : :€a.s .  we have

where s, o n .""f:,l:il,:::':1,;""r,,3, *;"3; nl&,,,
elernent  or  E(UF*)  such thatn=t ' (  ,E. r "o . ,by '  theoren 2.6.

Proof .
'.

0 f  course we have to  prove only  the second equal i ty  in  (1)  because the

, - n t '

f l r s t  l r i  j us t  de f i n i t i on  o f  Ysand  the  th l rd  i s  t he  l as t  s ta temen t  o f  t heo re rn
\

2 . 5 . ,  t n  r e l a t i o n  u r i  t h  p r o p o s i  t i o n  2 1 7 .

Therefore,  f rom def tn i  t lon of  0  ,  we have to

L("L,s)  =  sup 
{Ut l  I  Vf (s

(o f  course ,  f  # in  above express ion) .

Indeed,  f rom Hunt ts  theorem,

L(1, ,s)=sup
n

For the converse inequal  i  ty ,

a n d  t h e  p r o o f  i s  f i n i s h e d .

Theritrem 2 .9.

1 )  The  nnp  ,
' L  l O  - s
h -F  o(c ( ' ,  r , )

I
is  an isonnrphism between the H cones Enn*

( t )

t he  un ique

prove the

g  a . s .
)

r e l a t i o n

]

there exi sts a sequence Vfn V s and therefore

L(t ,vrn)=sup ,rL(rn)(sup 
{t  t ,  :  vr(s F ". ' . }

we use  p ropos i t i on  2 .1 .  Ve  have

vf(s f  u.r .  => ryL(f)  = L("r l ,vf)(L(1,s)

,  - . * ,
and E.xc a

F



t 0

2) The rnap

\ -+Yq(1 , . )
is  an lsonnrphism between' the H-"Jn".  Exc q ""d E(t){
P roof

We reca l  I  tha t  YF t ,  
*u  

un ique.  map on Exc  
6  

X .  f (U f  such tha t

**t1fit=r (vL, h) ) '

f o r  any  \€Exc6and  fo r  any  r ' e f t ( l ) ,  h<9?€  
" . r .  

F rom theorems  2 .5 ,  2 .6

we keep .ri", gn= is an isomorphism betweun [.fl$€l "na 
E(UQttlrr@^,s an''isomor-

phlsm between e( . \ } t * )  
"na 8t t l6  ,and f ina l ly ' t r ' "  *p  tL- j t t "L  is

an lsomorphism between Excg ana e i \ ) to) .  proposi t ion 2.8 shows that

r) ffs (.,t '= ooGt (V(.)) , V! e En)r
zl X;(n, .)= O(Y(t) ) ( ') ? YtL€Exc 6
and bo th  s ta tements  o f  theorem are  c lear  now.

Renrark that  the H cone E(U€*) played an evanescent role for  our PurPose.
We produced from L, a map 

Ft."  
Excq XfJU)t  that  expresses the complete

dua l l t y  be tween Exc  
1  

and E\ } )  t  
a l though L  fa i l s  to  have th is  p roper ty

dua l  o f  Exc  q

i n  s e c t i o n  1 .

wha t  f o l  l ows ,

fac t  t ha ,  S  
E

Exct i  n the
t

t h a t  i s  i n  a

r e l a t i v e  t o  E x c  a n d  l t U .  T h e r e f o r e  w e  s h a l l  i d e n t i f V  E ( V ) E  w i t h  t h e

,  t ha t  i s  t he  same w i th  the . (  dua l  o f  Exc  
€s  

as 'we  renn rked

H o w e v e r ,  n o t  t h e  d e s c r i p t i o n  o f  f x c ! ' i t s e l {  i s  e s s e n t i a l  i n
\

as  we  sha l  I  see  nex t  sec t i on .  ! . { e  sha l  I  use  essen t i a l  l y  t he

i s  6 m b e d e d ,  i n  t h i s  w a y ,  s o l i d  a n d  i n c r e a s i n g l y  d e n s e  i n

s t r o n g  s e n s e  s t a t e d  i n  r e m a r k  2 . 1 . ,  b y  u s i n g  w e a k  u n i t s  o f  S ,

manner  no t  depend inO on  
f  

.

3 .  Dua l  i  t y  and  b idua l  i t y  f o r  so l  i d  convex  subccnes  o f  Exc . -

Th roughou t  t h i s  sec t i on 'H  i s  a  f i xed  so l i d  convex  subcone  o f  Exc .  l t  t hen  
. . ,

f o l l ows  tha t  H  i s  an  H-cone  (w i t f r  t he  o rde r  i nduced  by  Exc )  wh ich  Posseses  :

a  d u a l  H x .  T h e  p u r p o s e  o f  t h i s  s e c t i o n  a r e  t o  e s t a b l  i s h . r t h e  p o s i t i o n  o f  S

J

r e l a t i v e l y  t o  H ' i  a n d  t h e n  t o  e s t a b l i s h  t h e  p o s i t i o n  o f  M  a s  a  s u b c o n e  o f  M x * .
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P . r o p o s i t i o n  3 . 1 ,

Let  us conslder  the set

o f  Exc ,  and  M i s  so l  i d

Proof .

a l

U Exc s.  Then
q  € n  B

i n c r e a s i n g l y  d e n s e

sol id convex subcone

a convex suDcone.

H  i s  a

i n H a s

T =
and

,Yt^"e].

T*

.  (  ' l  . , r  " . i
l le remarked in sect ion 2 that  for  any $ eexc we have Exc6 = 

lneEx:;

ryL=

For the f  l rs t  asser t ion,  observe f  i rs t  that  each Exc6is  a so l  i 'd  convex sub '*

i n  t h e

cone  o f  Exc  and  the  fam i l y  (eXc t )  
E* *  

i s  upper  d i rec ted  re la t i ve l y  t o

l n b l u s i o n  ( f o r  a n y  t  t ,  €  z € H  l e t  
[ = ? t  

+ ! r € i l ;  t h e n  E x c  
t  , a E x c q a n d

ExcU-C.  Excg ) .  Fo r  t he  second  asse r t i on ,  l e t  \ € I -and  choose  
$€H 

such
1 2  s  -

t frat ne Excg . t t  then fol  lowsn= 
Ytn 

n€ and consider. the sequence

F  i  
= ryLAn€ . t "  have  n€€  t ,  f t  be ing  convex  cone  and  the r td fo re  tn€ t

because  E  
" (  "E  

and  H  i s  so l i d  i n  Exc .  The re fo re  t ' l  i s  even  d  i nc reas ing l y

d e n s e  i n T  s i n c e  Y  e  n  
= !  T h e  s o l i d i t y  o f  M  i n l i  i s  o b v i o u s ,  s i n c e  H  i s

s o l i d  i n  E x c

U s i n g  P r o P o s i t i o n  1 - 1  a n y  H  i n t e g r a l  f * t *  
c a n  b e  e x t e n d e d  u n i q u e l y  t o  a n

elementP ot  l *  ana therefore r ' l * * f r " .

So ' ,  we can studyf i *  inr t "ad of  l ' t *  and we wi l l  work wi th

sequel

Let now f ailn and denote Pe = 
P

P r o p o s i t i o n  3 . 2 .

Exc6  fo r f€  M.

p to Exc6 belonss to exct : .
' |  

. r r -  1 -  l f o r t
Converse ly ,  fo r  any  func t iona l  y  :  F - - - , *T*  such tha t  p l . f xc t r€  Excg t ' '

any  
!€  

H,  i t  fo l lows l r€ f f :  There fore  $re  can ident i fV  f r "  w i t -h  the  fami ly

{ , y F )  f  €  M :  P € * e x c { ,  V t u M  a n d  s u c h  t h a t  t o r  a n y  $  1 ,  t r € n , F , ' ( I ,

we have  P t r l  r * . $ , *  t . .F1 ] .
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Proof . '

T h e  f i r s t  a s s e r t i o n  f o l l o w s  f r o m  d e f i n i t i o n  o f  H  i n t e g r a l s ,

.  that  Exc q is  a  so l  id  suDcone of  Exc,  for  any $ € Exc.  The
'  t r  

)

slnceT = 
,eY r t*"  q and the famitr  (ExcE, 

e * ,n is  upper:
' !

and the fact

second fol lows

di  rected.
i

!

Ue wish to use the resul ts f rom sect ion 2 to study'#.  For any y*?o, the

net  (yE )  
E€ H increases  in tu l t i ve ly  to  p  ind  we know the  descr ip t ion  o f

f  l  - -  r  E  - -  -  ^  4

l r t  ,  fo r  
"ny  t  

.  M0re  prec ise ly ,  fo r  any  m€n-and fo r  any  
E €  t '  le t  us

conslder.  the project ion of  m on the cone Exc g ,  that  ls  take B g (m) dgf

r \ b s
V { t e  E x c g  t l t <  - } .  F r o m  d e f  i n i t i o n ,  a g  ( m )  *  

l * " € ,  
a n d  t h e  n e t

e q ( i n )  
t € M  

i n c r e a s e s  t o  m  o n l y - b e c a u s e  m  6 . T = # r t * . €  ,  a n d  t h e n - i t

s e e m s  n a t u r a l  t o  a p p r o x i m a t e P  w i t h  t h e  f u n c t i o n a i t  t ? f ,  =  
P  

o  B $ .

However,  we don' t  knovr yet  nei ther l r  n iP belongs to Tf .  Suggested nv [ t l

the  fo l low ing  propos i t ion  makes more  exac t  above d iscuss ion .

P r o p o s i t i o n  3 . 3 .

a )  For  any  F  €Exc  and m(Exc ,  we have
)

( 1 )a E ( m )  =  V m A n $
E n )

a n d  t h e  o p e r a t i o n  B  q  d e f  i n e d  o n  E x c  i s  a d d i t i v e r i n c r e a s i ' n g ,  c o n t i n u o u s  i n

o rde r  f  r om be low ,  con t rac t i ve  (B t (  1 )  and  i dempo ten t  (4 ,  =  g2E  )
s -  5  I

U)  f f re  ope ra t i on  m - * rn -Bq  (m)  de f i ned  on  Exc  i s  i nc reas ing .

Proof

F o r  r e l a t i o n  ( t )  * u  h a v e  t o  p r o v e  o n l y  t h a t

a g  ( m ) <  V  m A n $
5 - n l

( s i n c e  t A n t ( m  a n d  b e l o n g s  t o  t h e  s o l i d  c o n "  E * . i )

Let {€ Exc q , oL< Ifir . We have

1= Yllnt <Y ' 'n"t

[ne Exc;1(''J<YmA n . t  .
)

a

I

a n d  t h e r e f o r e

B 1 ( m )  =  v



t 3

t t  fo l lows now f rom genera l

a l  l .  t he  p rope r t i es  I  i s ted  i n

shoor  that  the operat ion l -B

and  the  p roo f  i s  f i n i shed

. '  \

C o r o l  l a r y  3 . 4 .

For  any f t€Ho and for  anY €QM we have

a) e?1, €lx (and we remarked that sup ttP =f )
3 r  r , r  5 l

theory of  H cones that  the operat ion B E Posseses

a) ( r""  p1,  tn. .z l .9) .nt  to b)  i t  , r r r r l .es to

i s  i nc re :s ing .  Le t  m , { *2 .  We have

I t  t hen  fo l l ows  exac t l y  as . i n  t he  case

r s

H

i s

i s

an convex subcone of

g i v e n  b y  t h e : f o r m u l a

u ( . , s )

i s  n o t  g e n e r a l l y  i n j e c t i v e  ( F o f - ; e x a m p l e

9(S) the inrage of  S inTx through (p '

a n d  f o r  a n y  s € S  t h e  a c t i o n  o f  $ ( s )Ti-

take

I  (s)
o n H

,

*r*B ! 
(mr)=m'+'V *zA"F= 

Y 
(m,+mrAnF) =

= v (m,+m2) A(*l+n F.) < V {rnfo*r} A(mr+nE)=mr+B q (m'1 )
n t n

b) P- Btr€ 3*.
Le t  us  cons ide r  no ,w  L IE  x  S .

M = Exc that  the map

I
s --

a r r rap f rom S in toTf ,  which

= l - =  E x c g ) .  H o w e v e r  d e n o t e
E

V m € M ( r  )$ ( s ) ( m ) = l ( t n , s )  , V m € T  
( 1 )

0n the other  hand note thatT*  separates j f  s ince l*>gtS)  and $(S)  sePara-

t u t T  ( i n  o r d e r  t o o )  b y  a b o v e  r e l a t i o n  ( t ) .  f n e r e f o r e

i t ' s  image  inTx*  th rough  the  map

w e  c a n  i d e n t i f y - M ' w i t h

m --)h' , fi(P 1 =y (m) , VF € H*

and H becorngs an o-rdered convex subcone of l l*x.

P r o p o s i t i o n  3 . 5 .

F o r  a n y  w e a k  u n i t  u € S ,  t h e  e l e m e n t  f  
( u ) € ? ( S ) C l *  i s  a  w e a k  u n i t  f o r f r * '



Proof .

Fi rst, we show that for any V , P € E* we ha"ve

( v A f ) e  = V F A S r E
l t a ,

(Recal l  that  y t  
o=t  

| f  le*" t  for  any t ra- t *  and !€  M).  The f  i rs tA is  taken

in  the [ l  conef i *  and the second in  the H cone fxc]  .  The inequal i ty  ( is  then

obvlous.  For  the converse,  f rom proposi t ion 3.? i t  suf f ices to  shorv that  the

maP

Tts m .---* tEAPgt'l

ts  wel l  def  ined on I  t f , " t  is  we have

fo r  m Q Exc t rc ' .H
s

t 4

vgln 1. l  F l  
=)EzAP €,  I  rxc Qr

By theo'rem 2.! the nnP

i r  € ,  ( €  r .

r ^ r o  a a f
r r v  Y v b

. f e H * u
we have

'1n3

t€*f f t , . ,  tE)
ts an lsonnrphism of H cones betweJn EtUf g and rxcf '  to: E =F 

2, choose

r , ,g  €E( \ } ) ,  h ,9  f  i n i t e  f  z  " - r . ,  
such  tha t

' lgr ( ' )  = Xgr( ' ,  tFr)  = L(m,h)

a n d

Plrt* l  =Ktr(*ftr l  = t(m,s)

f o r  a n y . r 6  r x c ! 2 .  l f  w e  . " n " . : u t * " ^ t l G E x c € z  
" t o i t r a r y '

\ }5 ,  (m)  =X61 (m,h 
i t ) "  

=  t - (m,h)

and

Hg, t*l = XS, (*,? t, ) 
= t' (m, $)

0n the other  hand,  i t  is  easy 3o see that  for  anY 9,h €8( \D and for  any

n"uu fr)U =?€A and therefore,  for  any m 6'  Exc 
Qf€E*c f  Z

&lt*,-ftdga) 
=ot' n P E,, t' l = {g,' t ',t Ir A ?6.r1

= ,L (m, r, Ag) = Hg, (','ft F ,) =s f , t's $ z
)  €,HY grt* l

above  asse r t i on  i s  P roved 'and the

A?g z) =
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Take now u€S r"reak uni t  and Faln.  For any E€H we have

,  ,  (yA n Q(u))q = Pg n n$(u) i  ' '  = Kt ' '$tn d!  )  =

=  L ( ' r h A n u )

,  Y frng(u),F = 
Y 

( l '  ̂n?(") l t  =' :P

,  VP€ t *

Hence

and therefore

t h a t  i s  $ ( u )

t ( . , h A n u )  =

=  L ( . , n 1  =  P F

VpnnQ(u)  =  P
n l  |  |

i s  a  w e a k  u n i t  o

t !

have

aip r,) = f
SfEta g (m),

Ler  noor  1 le l * .  By theorem 2.9,  for  any t€  H there ex is t  an un iqueiE*Emt

s u c h .  t h a t .

Pg= Xtt 'St '
t f  t h e r e  e x i s t s  t € S  s u c h  t h a t  f l ( $ ( t )  '  t h e n

,^ .. .

f o r  a n y  
t €  

* '  t h e r e  e x i s t s  a n

t t €  S  s u c h  t h a t  h t  = : !  .  l n d e e d ' : "  t T

tr< ?c + tu = trntn t ( ' $ nq= n t1 't':'t =
where nt*  Enf i  is  an representant  o f  

' t i6 ,  
and we can take s !  =  * t ; \ t '

P r o p o s i t i o n  3 . 5 .

, !€ S such .rt". tq=?!

t  t r r

Let  f  
g .E*  dominated by an e lement  of  9(S)  and for  Q€ H choose an e lement

have then

($ ( 'E ) ) .
Proof

For  any m€M we

( e E ( m ) )  =  f t ( t g ( m ) )

Q t  =  L (s6  (m) r , s t )  =

. W e

=at

C o r o l  l a r y  3 . 7

T h e  s e t  o f  a l l  s p e c i f i c  m i n o r a n t s  o f

-{'
d e n s e  i n  H ^ .

=*fg(u1t'),?tr) =
a  5  

( f  t sg  ) )  (m) .

e lemen ts  f rom 
$ (s )  

i n 'T i *  i s  i nc - reas ing l y

nEA
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Proof

From p ropos i t i on  3 .5  i t  su f f l ces  to  show tha t  f o r  any  f€?n  domina ted  by  an

e l e m e n t  o f  $  ( S )  ( t i t < e  n . $ ( u ) ,  w h e r e  u € S  i s  a  w e a k  u n i t ) ,  t h e r e  e x i s t s  a n  F

y p p e r  d i r e c t e d  f a m i  l y  c o n s i s t i n g  o f  s p e c i f  i c  m i n o r a n t s  o f  e l e m e n t s  f r o m  Q ( s ) ,

such  tha t  P  
=  V  f  i n l * .  We  take  the  fam i l y  :  '

o =t't (ptq € H
I n d e e d ,  f o r  a n y  € € M ,  l e t  s g  b e  a n  e l e m e n t  o f  S  s u c h  t h a t

P€ = f fF(" 'F )
From p ropos i t i on  3 .6  we  have  then

,(
r t  (p ,  =  r t  tQtsE ) )

and  f rom co ro l  l a ry  3 .4  we  have

ui ,g(sq ) ) {9(sg )€$ts)
a n d

V B 1 P  = p
t €  t ' l  s '  I

Theo rem 3 .8

The  convex  coneT  i s  a  so l i d  subcone  o f  i t s  b idua l  
- l { * t ^

P roo f.

Let  meT ana tet  feTl# such that

f 6t'
t h a t  i s  [ - ,  u o + r !  i ,  a d d i t i v e ,  i n c r e a s i n g ,  c o n t i n u o u s  i n  o r d e r  f r o m  b e l o v l

( a n d  f i n i t e  i n c r e a s i n g l y  d e n s e ) s u c h  t h a t

f ry l<; ' tp)  =1l(m),  Vp =n*
Consider  the funct ional  I  

"9  
:  S - -+T*.

obv ious ty  f  oP  , r  add i t i ve ,  i nc reas ing  and  con t i nuous  i n  o rde r  f r : om be low .

Le t  u€S  be  a  weak  un i t  such  tha t

m($(u )  )  =$ (u )  (m)  =  L  (m,  u )

( t / e  can  choose  u  =  V f ,  whene  f€F is  such  tha t  f l o ,  m( r ) ( . og  and  V ( r ) (oo .

T h i s  c h o i c e  i s  p o s s i b l e  s i n c e  m  i s  d  f  i n i t e  a n d  V  i s  p r o p e r )  .

We have then
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I-o o(u)<i'tqt,))( oo
'  t  1  

- \  
|

and  hence ,  f rom l5J  tne re  ex i s t s  an  un ique  mr {  Exc  such  tha t

f " O ( s ) = L ( m , , s )  ,  V s e sr  I  r -

But we knowi ,rr". I-6?on Ix and hence on I 
(s).. ftrerefore

l -o$ t ' )  -  L (m, ,s ) (L (m,s)  =? tg t . ) l

f o r  any  sGS.  l f  we  Pu t  s  =  V f  we  ge t

ml ( r ) (mr ( r )

tha t  i s  mr (m,  and hence mreT,  wh ich

r .--,
r - m l

Vre t
l. le show that

domi  na ted

s u c h  t h a t

We known an" .  f  =  ml  on  
9(S)  

by  cons t ruc t ion  o f

by  an  e lement  o f  9 (s )  and fo r  any  
e  

€  t  choose

P c =  K ,  ? - ll S -  - " q ' : ' " t '

From p ropos i t i on  3 .6  we  have .  t hen

Bt ,y ,=  u t  (9( 'q ) )  ,

we get  r rom (3) :

a n d

i s  a  s o l i d  s u b c o n e  o f  E x c .

on Ix

ml.  r -e t  f  €m*

an e lement  tEa t

Y6. ,
W e  c a n  w r i t e  t h e n

I i ' i  ( l '  )) = fiui (?('!,,< [i?"F)) =
=t tg i 'E l l  =  t - (m, ,s ! )  ( t )

l f  we take  
f  

la rge ,  such tha t  t t  € -E ] "g ,  we.  have

and recarins (r) ,",. , t ; : , :"€:"=r:f(n' ' ' t  

) = [E(' ') =Pt' 'r =t ' '(y)

['t (p ) )<tr., ([, ) (2')

and therefore,  l -  u",nn oooJ,nlrou, in order f  rom belowrwe get

[',p, = :rp.Ftt (P ))<ft| (P ) (3)

Now, i r  p.r*  is an ,0.1,r ,"  l iJr" ,L l ,  un u," i 'un.  f  
(s)€ g(s) such

that  
rI  ($( ' ) )  = ? ' r  ($ts))  < oo (4)

[,f ,<c, (f )
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figt't-f )<fi', (g(s)-1,)

a n d  b y . ( 4 )  t h e s e  i n e q u a l i t i e s  m u s t  b e  e q u a l i t i e s . a n d  t h e r e f o r e

I?r't = fi" lit )
U s i n g  n o w  c o r o l l a r y  3 . 4 .  a n d  P r o P o s i t i o n , 3 ' 5 '  r r o m  ( 5 )  w e  g e t

r  \ t  - *
l ( y )  =q ( f  )  )  v f  em

b th  func t i ona ls  be ing  con t i nuous  i n  o td " t  f  r om be lo * '  - ' '

Coro l  I  ary  3.9 
, -

I n  t he .case  Hr=  Exc r  t he  above  p roo f  ghows  tha t  any  l €Exc# ,  f i n i t e  on  some

Q(u ) ,  where  u  i s  a  weak  un i t  o f  s ,  b " i ong ,  necessa ry  to  Exc .  t n  t h i s  case

I

w e  n o t e d  t h a t  5  m q y  b e  i d e n t i f i e d  w i t h  $ ( S )  
s i n c e  $ i s  

i n j e c t i v e '

We recal l  one mcre e lement  f rom H-cones theory '

P r o p o s i t i o n 3 . l o ( t ] l  ; -  
- _  r

Let T be an H cone which po'sseses a weak unit  u. Then tne '" t f-er* '  I"(u)<""]

i s  i n c r e a s i n g l Y  d e n s e  i n  T t

Fo r  a  p roo f  see  (  [D  ,  P ropos i t i on  
l t ' 1 ' )

Theorem 3 .1  1

The  convex  coneT  i ,  an  i nc reas ing l y  dense  subcone  o f  i t s  b idua l  I * * '

Proof

F r o m  p r o p o s i t i o n  1 . 1 0  a p p l i e d  t o  t h e  H . o n " I * ,  i t  s u f f i c e s  t o  s h o w  t h a t  f o r

any  I€ r * * ,  [ t g t " l ) 1w  fo r  some weak  un i t  u€S ,  
. t he re  

ex i s t s  an  uPPer

t -  i c  t h a  q t n r e m u m  i n  I * * .
di rected fami ly  FgT- ,  such that  VF = I  where V is  the supremum

r  ent Bsl-or f ,* ov the formula
f i x  I  a s  a b o v e .  F o r  a n y  €  € H ,  d e f  i n e  t h e  e l e m  

S

r q f ( 1 r ) = _ l  ( t t y ) ,  H *  
c F t

I t  i s  t hen  easy  to  chekk  tha t  BEGO*  fo r  anv  
t€ * '  

t he  fam i l  t  = f f  t l qem

i s  o b v i o u s l y  u p p e r  d i r e c t e d  a n d  f r o m  c o r o l l a r y  3 ' 4  w e  g e t  V F  = l -

|.
l J e  c l a i m  t h a t  A g l - e  f x c E G f r ,  f o r  a n y  

t € t '  
F o r  t h i s '  i t  s u f f i c e s  t o  f i n d '

q E l

f o r  each  FGM,  an  e lemen t  tE€  Exc6  such  tha t

\  
- " :  

E  \  :

(s)
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s i n c e  t h e n ,  t h e

l n  o r d e r  t o  f  i n d

f ^ tBf l  =;-E on I  (s)
\  r ,  

?  8  shows  tha t  i tY  ho lds  on  1 i '
proof  o f  theorem 3.8 shows that  the above equal  I

m g  l e t  u s  c o n s i d e r  t h e  m a P
S F

s, ---+, s * ! (Q (s) )
t r l

f r om S  in to  H* ,  wh ich  i ' s  add i t i ye , '  i nc reas ing l  4 (  con t i nuous

b e l o v r  a n d  f  i n i t e  f o r  s ' =  u .

lVeW e  r e m a r k  t h a t  l f  s ' s r € S ,  t t ( t Z  
E  " ' t '  

w e  h i

u€I t  ($( '1) )<t l f  ($(sr) )  .

I ndeed ,  i t  su f f i ces  to ' show tha t

Bt9(, . , )<B* Q (sr)
l | ,  I

"LUF 
arbi  t rarY. We have

dtg,',) t.v1) =E'.r) (o6vl) = L(agrf 'sr)
Bt ?('2) (ryl) =9(") (rqt = L(Bq{L'sz.) 

.
Hence (2 )  fo l  lows us ing  propos i t ion  2 .1  s ince  usn t *Excg '  fo r  anv  

16 I "

Now, we can def ine the *O YF on 56 bV

Ygo'- ugrl-  tgr, l )  ,V s€s
F r o m  ( 2 ) , 6 * i s  w e f l  d e f i n e d ,  i n c r e a s i n g  a n d  t h e n  i t  i s  a d d i t i v e ,  a n d  f i n i t e

f o r ? =  t  ;  s h o w  t h a t y g , ,  c o n t i n u o u s  i n  o r d e r  f r o m  b e l o w -  r - " . ? g s €

a n a  
{ s i \  i e l  

a n  u p p e r  d i r e c t e d  f a m i l y  s u c h ' t h a t  i / *  
I n  o r d e l t o  s h o w  t h a t

UEq),/ XF*
i t  su f f i ces  to  show tha t

Bt?(, ) 7 Bt?(') in nx
F o r  t h i s r  l e t  

{ € E ' a r b i t r a r y .  
U s i n g  t h e o r e  m  2 ' 9 '  w e  h a v e

u??(, i )( t )  = $(s.) taq\)  = u(eq1, i)  =f fqt tqt i )

'n xgtiEl,o = o| $ (s) (n) ' 
sor id and i n_

There fo re  t ' g  i s  an  H  in teq ra l  on  the  H  cone  Sg  cons ide red  as  a

creas ing ly  J .nr"  convex subcone 
" r  EtMg

i n  o r d e r from ir

(2 )

Let



20 -;

From p ropos i t i on  1 .1  and  theo rem 2 "9 ,  t he re  ex i s t s  t hen ,  an  un ique  e le rnen t

1q* 
t*"F such that

YUIO = ffUt*t,t), Ve et*
and hence we set 

Bg [tg(r] ) ifF,G") = ff.r. * , = l (m 6, s) =

=r'l ,q:,,,,, 
s E r t

t l
F

for any s€S, hence egfe Exc6€,T for any €€l ' t .  Gonsidering n'=. tn*l-r t**
- 3 e )

we have  Fc l4  and  f f l  , ' and  i he  theo rem i s  p roved .

T h e o r e m  3 . 1 2

H i s  so l  i d  and  i nc reas ing l y  dense  i n  l ' 1 * * .

P roo f .

F rom p ropos i t i on  1 .1 ,  any  [ r€H*  ex tends  un ique ly  to  an  e lemen tpeT f  and  ae -' t  I

note by(a) the map

P-* F
that  is  an isonrorphism between the H cones Mt  andIx.  Now, t " t "  f€m#

domina ted  by  an  e lemen t f i ' o f  HM,  where  m€H.  l t  t hen  fo l l ows

l -  -1  'e- t  - l  a \ . )
t  o.-r,t  4fr 'octJ' = m on M^

where  m i s  rega rded  now as  e lemen t  o f  T .

F r o m  t h e o r e m  3 . 8 ,  t h e r e  e x i s t s  * r € F ,  h e n c e  m r € M  s i n c e  H  i s  s o l i d ,  s u c h  t h a t
l l

Lo, j l  =q =ft i  .* t  ont*
t-

and  the re fo re  I  = f i on  M*  and  the  f  i r s r  asse r t i on  o f  t heo rem i s  p roved .

For  the second t " t "  [ -g***  ,h"n f " ; t€*no and f rorn theorern 3-11,  there
a

ex is t s  a  fam i l yFcg  such  tha t  F  /  [ o * t  i nT* * .  Fo r  each  e lemen t  t €F ,

cons ider the set F. == 
ft* 

tt  \<.] .

T h e n  F a  i s  u p p e r  d i r e c t e d  a n d  V F ,  =  t  i n ' l (  r i n c e  M  i s  i n c r e a s i n g l y  d e n s e  i n i T '

Hence  , r f  t  i nT#  fo r  any  t€F .  Le t  F  =  U  F tc l4 .  Then  F  i s  upper  d i rec ted
t



. t

vF = v (rlr.) = vF = I-o.51
- r  t

Now, obv iuos ly  F o<.r . r '  = 'p  and hence

vr  =[_
I

and the second asser t ion of  theorem is  proved'

in EH

ln Hx
t

R6ma rk

ln  the  pa r t i cu la r  case  H  =  Exc ,  t he  fac t  t ha t  Exc  i s  i nc reas ing l y  dense  i n

t ' : \

Exc* *  resu l t s  d i rec t l y  f rom p ropos i t i on  
' 3 .10  

and  the  puoo f  o f  t heo rem 3 .8 .
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4 .  Exc  and  re fe rence  measure '

t n  th i s  sec t i on  we  cha rac te r i ze  those  H-cones  l vh i ch  a re  i somorph ic  w i th  some

a Q -

fxc (V) , where the resol vent V= (V* )r*, g Posseses i n. addi t ion a ref erence

measure.  0 f  course th is  is  a  s t rong rest r : i 'c t ion,  but  th ls ' :case coverq

however  suf f ic ient  examples.  l le  need some addi t ional  e l 'ements f rom H-cones

theory

D e f i n i t i o n  (  [ 2 ]  )

Le t  s  be  an  H  cone  w i th  a  weak  un i t  u .  An  e lemen t ' s€s  i s  ca l l ed  u  con t i nuous

i f  f o r  any  fam i  l y  Fc5 ,  FVs  and  fo r  any  e>0 ,  t he re  ex i s t s  t €F  such  tha t

s q l t  + € u

Denote by su the set of  a l . l  u cont inuous elements of  s '  l t  can be shown that

S u  i s  a  s p e c i f i c a l l y  s o l i d  c o n v e x  s u b c o n e  o f  S .  A n  e l e m e n t  s € S  i s  s a i i #  t o

b e  u n i v e r s a l l y  c o n t i n u o u s  i f  i t  i s  u  c o n t i n u o u s  f o r  a n y  w e a k  U n i t  u  a n d  d e ' n

n o t e  b y  s g  t h e  s e t  o f  a l l  s u c h  e l e m e n t s  o f  s .  l t  t h e n  f o l l o w s . t h a t  s g i s  a n

n
spec i f  i ca l  l y  so l  id  convex  subcone o f  S  s ince  SO = t rL t  Su*"uk  

un i t

D e f i n i t i o n  t  [ z l  )

A n  H  c o n e  S  i s  c a l l e d  a  s t a n d a r d  H  c o n e  i f :

1 )  T h e r e  e x i s t s  a  w e a k  u n i t  i n  S '

2 )  The re  ex i s t s  a  coun tab le  subse t  D  o f f  5O such  tha t . f o r  any .  s€S '  t he re  ex i s t s

a n  u p p e r  d i r e c t e d  f a m i l y  F  o f  e l e m e n t s  f r o m D  s u c h  t h a t  f V t '

Ue can state now the anncunced character izat ion '  l f  a  resolvent ' \ ) -posseses

a  re fe rence  measure  we  say  tha t ' \ , r i s  abso lu te l y  con t i nuous -

Theorem 4 .1  .

A n H c o n e M i s i s o m o r p h i c w i t h t h e H c o n e E x c V o f a l l e x c e s s i v e m e a s u r e s

w i th  respec t  t o  an  abso lu te l y  con t i nuous  submarkov ian  reso l ven [v= ( t l a r )o \ }o

o n  a  m e a s u r a b l e  s p a c e  ( X , T )  f o r  w h i c h  t h e  i n i t i a l  k e r n e l  V  i s  p r o p e r  a n d
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s t r i c t ,  i f  and  on l y  i f  l l  l s  t he  dua l  o f  an  s tandard  l l  cone .

P roof .

l f  we have a resolventt\. Ias above, i t  is known that S ={r*Et\,n : s<c>@t}i-.}
L * -

i s .a , .  s tandard  l l  cone  t  [Z ]  )  and  Exc  V  i s  i sonn r ;ph i c  w i th  Sx  th rough  the

energy  func t i ona l  ( see  remark  fo l l ow ing  th i s  t heo rem) .

I t  f o l l o w s  a l s o  t h a t  E x c ( V ) ' i s  a n  s t a n d a r d  H  c o n e '  i o n v e r s e l y o  l e t  5  b e  a

standard H cone such that  11 = 5* .  l f  we p ick a vrea$ uni t  u€S and consider

ru  =  f  $ t€H  :  P (u )< l } t hen  i r r  i can  be  shown  tha t  l ( u  l s  a  s imp lex  i n  t he  cone
t l  

- "  
I  r E / \ ' J  - ' -

M and a iompact  metr izable space wi th  respect  to  the coarsest  topology ren-

der ing cont inuous on lv l  the e lements of  .SO 
thnouEh the dual  i ty  re : la t lon between

S and  M.  Us ing  then  Choque t ' s  eep resen ta t i on  theo rem S  i s  i den t i f i ed  w i th

the s tandard H cone of  funct i 'ons Su on the set  Xu of  a l l  ext reme points  of

K u  l e s s  0  '  t h r o u g h  t h e  d u a l i t y  r e l a t i o n

s ----+?

(see  fz l  ,  theorem \ .2 .12) ,  t t  fo l lows then (see fz ]

there  ex i  s ts .  an  abso l  u te ly  cont inuous  submarkov ian

( f o r  w h i c h  t h e  i n i t i a l  k e r n e l  V i s  p r o p e r  a n d  s t r i c t )

?ry)  = f  (s) ,  Vy ex,
,  t heo rem 4 . I t . 4 . )  t ha t

resol u."ntV= (Vot) c( > o

on (xu,p(xu) ) such tha t

s  i s  a  s o l  i d  a n d  i n c r e a s i n g l y  d e n s e  s u b c o n e  o f  T = { , r * E l h  ,  , a o o l [ ' t ] '

Usi  ng then p ' topoei  t ion i t  f o l l ows  tha t  we  have

s#'or5*egrxc V .

Rema rk

We have a l ready noted in  sect ion 1 that fposseses a reference measure i f f

Exc  posseses  a  weak  un i t .  I n  f ac t ,  i f t  i s  a  f i n i t e  re fe rence  measure  to '1 l

i s  an  excess i ve  measure  o f  re fe rence  too  and  i t  f o l l ows  eas i l y

r  e x c e s s i v e  m e a s u r e  i s  a b s o l u t e l y  c o n t i n u o u s  w i t h  r e s p e c t  t o

E x c  =  E x c g n  a n d  w e  h a v e  t h a t  F o  
i s  a  w e a k  u n i t  f o r  E x c  =  E x c q o '

s v  s

1 . 1 .

! l =

then f  o =Ou

that  anY othe

I o '  
t h a t  i s
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There fo re ,  i n  t h i s  case ,  i f we  cons ide r  t h i s  ( re fe rence ) measure  
€o  

tn

theorem 2 .9 , ,  we ge t  tha t  every  equ iva lence c lass  in  E tUEU"ontu ins  a

s ingte representant  r ro*  $(1b,  hence EtW €ost ,  
Exc$0 = Exc,

cD herefore the f i rs t  asser t ion of  above theorem becomes a : 'P
&EO =  L r  o116  - s r  asbe r  L r ' u r r  u

co ro l  l a ry  o f  t heonem 2 .9 .

Horeover, we get g*"%*S through the

complete dual i ty  between the H cones S

energy functional, that <e{p,resses,' the

and  Exc  i n  t h i s  case '
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