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Corollary. Let X be a complex projective local copplete iIntersec—

. : . , n o ;
tion of pure dimension m, let f:h———aPc:bﬁ a Finitse morphism, and Iet

541

i T . . E .
}CPC e a olosed local complets intersection of pure codimension
; ; R o . . .. . . .
Then the induced map fﬁzﬂifn,f (A)}———+n;<PC,>) is bigecotive If iSp—d
® Y

4

-~

and surdsctive 1f i=mp—d+l.

Theorem B and its corollary generalize many previous results bry
Barth, Larsen and Ogus. Felated results were also proved by Milrioy,
Lazarsfeld, Newstead, Sommese and others. We refer the reader to [F-L]
&% and its referenceg; [So], as well as to the recent paper by Lyubez-—
meids Lley 3.

Mow, let k be an arbitrary algebraically closed ground field. Then
we have the following connectivity result of Fulton and Hansen [F-MHI
(see also [Bal, for a special casel.

Theorem C.bLet FiXx——lP wP" ke & Ffinite maorphisme from an irreduci-

Ele varietv Y over k such that dipdX¥Znti. Then § 7 (A2 iz conpected

If im theorem © we assume in addition that f(X) and A have a pro-

per intercection fi.e. dim(fXIMAY=dimf(XI-n cmdim (Xm0 ) then we have

the following stronger conclusion involving the G, condition of  Hirvos-

.t

naka and Matsumura (see THi-Mal):

Theorem D. I» of Theorem C assume ip addition v d

FCXY and A have a proper intersection. Then f "CAX-W is &, in X-W for

Y From the field of radio-

isomorphism. Morsover, " (A} pects gvery olossd

gnEian 2.

Note., Theorem D is proved in [B-Ball, and implies

it

tirngs {Fal which assserts that ANB-W i G,

in A-W oand in BeW for eve-

34

A i ; . . . . I : P
vy irreducible projective subvarieties A and B oof P zuch that dimiad+
tiorn, and for &

roper intersec

dimiBEr»zn+l and A and B hs

fii

T
£
e
-

subschamns W oaf @O such that dimiWiSdim aAnEr-2. The proof of theo-

remn D ogiven in [E-Eall us global methods and relies on some sl

proof of his result

of Hirona ard Matsumara [Hi-Mal, while Falting

rat bhe complex-anal i

maebthods., Mot

EEuUlt fin previously known g

this papsr is, using algebraic methods, to get

p . el T . .
e foem (X, T T LAY, whaere fiX

is a fimite movphism from e smooth  drveducible  variaeby X it hhat

Aimc¥12m+T, char (k=0 and fiX) and A have a proper interssction. Th

will invelve the Picard group and  the Abhyankar-Grothendieck
: : alg
1

e [BGA-11). They could be conside-

sic fundamental group 7
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ved as complementing theorem D (in the case when dim(X)2n+2), o the

ore hand, and in some sense as partial algesbraic analogues of  theorem
B, on the octher hand.

Theorem 1. Let Fex——P uP" ke & finite morphismn frop a smpooth ir-
reducible variety X over k. Sszume charlkd=0, dimdXI2Zp+2 and F::fMICAﬁ
norpal (where the Inverse image of the diagonal ix taken in the scheps

theorebios Iz that FOXY and A have a proper inter-
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section (i.e. dimdyd=din X2-nd. Then the natural maps
Elg?(ﬁ)———aﬁl;?(Y) and AlLECYI—Ddlb{X)
of Picard and Albanese varieties are isoporphisps.In particalar, gixd=
ge¥a, wheres q(v):hz(v,ov}. If in addition dindX22Zn+2 and ¥ ix  smooth
in codimpspsion two Then there ix a caponical exact sequencs
Q2 —P i X P iV ) —— 0
Combining theorem 1 with some results of Barth-lLarsen we get:
Coraollary. Let 9:@———+Pﬁ Le oa Finite porphise from a smooth  Irre-

Irrada—

ducible varisty 4 of Jdimension & over Lk, and let B bs a
. . . ; 5 ; . 5
cible subvariety of dimension & of P . dssawe chardkd=0, arbZn+:

FEEnR . Aszume also that 908) and B have & propsr intersection in

garmal .
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(s oa@n isoporphisn.
the corallary, Since Zh2a+2 the results of Barth and Lar-
mEt bt s

Cgen mentioned above Cwhich have b

and Pic (BY=200,
o

also proved by
¢i3l.

) . . T i ) e ,
inclusion of B oin P Then D= CA ard  since

£ e s h¥4
famrywds

PP OMI AL (BRI Ic (A2 thy .50 and

(B d

theorems, or also by [Hal., p.2790,

Than the
ard Fic follow from theorem 1. Since the &lbane-

of bhe Ficard waristy, bthe statement about  Alb

. e PP
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: : : . r g ) .
cible subvariety of dimension b of P . Assume char k=0, atb2Zn+l

7t fo - . P n
fbsn . Assupe also that g¢AY and B have & proper intersection in P

a

Then there Iis & ﬂuncnx';l gexact seguence of profinitse groups
h 4
e &g =i

B r alc o
¢y ey y—ont ey —— 1.

F4
Praonf of the corollary. We proceed similarly as in  the proof o of
the corollary of theorem 1. Since Zbin, B iz algebraically simply-—-con-

nected (this fact is already a consequence of theorem ©, see LF—1.3).

Then use the isomorphism nfl*lﬁaﬁi_nllg{ﬁ7m alth) (esee [BGEA-11D,

: 1
the right-hand side is isomorphic to ﬂ?lqtﬁb because B is

and
algebraical -
ly simply-—connected. o

Proofes of theorems 1 and 2

The proofs of theorems 1 and 2 rely on the Grothendiesk-Lefschetsz

‘theory as developed in [8EA-11 (see also EHa]l), and on the idea of

Deligre's (see [F-L1) consisting in veing the following elementary and

emar kable geometric construction (which was alsco used in other- clas~

sical or mordern problens, sse e.g. (La-5cl).
Z2n+l

Irn the projective space g of coordinates tAﬁ,.,.,\-

i

[l i =3 1—-
|+1

der the limnsar subzpaces
) anl .
- relP Fwma . .mn =0 and
ri+ 1 - Q iy
=1 ¢ )G[PLH-‘.]’ P . ’
Ll SO ey B % T e =M, =0 %
. 57 r  anat TS n+l 77
K ) - . ) L (ol e
and - eat U=P ~&L1LLﬁ). Consider the morphism giU——P =P defined :

Sy

G T e g o By v g R ) g AR % 3 ¥
35 Ay el 5N T R s
Thern-q isobhe projecbicon of & Tocally trivial Gwaundlﬁ i b
ber th
Zarishki topology?, where G is the multiplicative group. Let H be the

: 2n+l -
linsar subspace of P defined by the equatic

Pk

&

. I W memap
el o=

e T RS W O L R T

Then Hal and g/H defines an iscmorphisn between H and A, In parti-

cugary 1t we set X'i=fiX), we get the comnutative diagram
; Y:=¥’my,nAf TLAY C >UV:mU%,xV?K

pxs

s SISO gl
s =AU, ,C U, 1mg TEXTD € sl o P

B
2
2
3
i ]
%"!

and
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[t

with Gy and Oy also projections of locally trivial Gm~bund1eg. Let

2! be the closure of U

in P£n+1. Then Y! is the zero locus of the

iy
Pa) . .
&(n+id

section 5’=€5{7...,5A36H“(Z’,0”,(1) i "y owmikh 5§=(mi—‘ 2LV, =
b

n+i+l

O,..0,n. Since by the hypotheses of theorems 1 and 2 X' and A have a

:pruper intersection and since Y'=('MNA we get cmdlmz, A cUdlmU (Y? )=

X!

codim, ., (X'AAY+1=n+l. In other words, Y' is a complete intersection of

- : i 7 e
Z' with the n+l hyperplanes of P given by x

tion Lefdl

x?

= . =) i #a &
i tneie1? t piks P
Lemma 1. In the above notations the Grothendicck-Lefsohets condi-

b

¥) holds for the pair (UY,Y), g Ffor eyvery open subset V

&:-)‘

o U, such that yai and for every locally free sheaf F on Vo oof finite

rank, there

0

H™ U Fr—H U

£

is an open . subset V' with YU ' such that the natural map
oA SN 4 i o ’

E is an isomorphism, where U iz the formpal com—

Xy X7y

pletion of UV along ¥.
0 &

joe u is fipite and O., (19 ample, 6,01 1
s

Proof of lemma 1. We shall give two proofs.

First proaf. Since f:X——X' iz finite and surjective, the mgrpﬁw
f’:ux———»ux, is also finite and sur jective. In particular, it ma-
censs to speak about the extension }t”)~flUX,)———+H(Uy) o f fieldz

aticnal functions. Let then Z the normalization o f 2 in H(Uy)y

Far, R 5 - . : ;
gat 0 (1d3=u (D,,L13), where url—I' is the camnonical morphism.

alen ample.

i

/
-

On the ather hand, in both theorems 1 and 2 f 7CA) is contained in

‘REQCX). Because the morphism Gy is the projection of a Gm~bund1e and

vaf o

ot N ; ’ Sy - T
CAY - Lvia gy, @ follows that Ycﬁegiuy). Therefore Regild, dcd. In
~ 3 ~

s

other words, the embeddings Y ——l, ard Y ——7 are equivalent in the

v Fegill. 1. Set = =u (s?

that both Uy and Z contain a common open neidhbowyrhoodocf Y Lna-

#

yoand s=is

mo,ﬁl,..n,in). Then s ds a aqlobal

b
X i i
.®in+1)

zzcticon of the ample vector bundle 0,010 and the zera locus ofssg

moides. with YO (hy vhe above commutative diagram). Then I-Y ie oo

by the p+l affine open subsets O $m, by syugll $88 0 In particular,

computing the cohomology sof Z-Y by Cech we get that od(I-Yisn, where

cd(Z-¥) is Hartshorne’s cohomological dimension defined by odii-Yi=

L o o~y P E— . - . -
o>/ heCah (Z-Y) such that HACZ-Y, 5020 (ses . 0. CHead, b R B L
& i
dimtZi=dimi¥)+1Zn+2, we infer that od(Z-Y)= dimlZi-Z. Bl

wth bhen by a result of Hartshorne (8

that Lef(Z,¥Y) holds. But in génaral 7 is not smoobh.  Howew -

B, L 15 2, cand Y.oig.oa locgl cdpiplete intersection in Z
Cmimoce Y ‘umplw @ inten ok s B s R T S Thier byy - &n

appropriate change of Hartshorns

1=8
e ®

=it

v, the inequality cd(E-YisdimiZo~% wtill

T hazor 8o

arguiment s

it v B

wat i m]
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Second proof. Since Y' is the 1nterfe tion of 2 o with ‘a = linear
2+ : = . e
subspace of P et of codimension n+l in i S and ClemZ,LY’)=n+1, by

EHi=MZ1, lemma 4.3, Y¥ds6G. in 2!, or else, Y' is B - in UX,} Because
) s}

f’-UX———»UA, is proper and surjective, by [Hi-Mal, theorem 2.7 we in-

fer that wa’klﬁY’) is alao hj in Ux , and hence Y is G? in 7 becauss
Ycﬁegiux)cz, Since ¥ is the zéro locus of a section of gn ample veobor
bundle of rank n+ladim(Z), it follows that Y meets every hypersurface
of Z. Then essentially applying a result of Speiser (see [Spl, theorem

1, or also [Hall, p. 202, cor.2.2) we deduce that Lef(Z,Y) holds. In

[85p1 and in [Ha]l the variety Z was assumed to be smooth.  However,

Speiser's proof still works Z is only smoobth along Y. o :

i
Lemma 2. In the above situation and notaetions (including the proof

of lepmpa 12, for svery In-u ly free sheaf G of finite rank on f::}/y ¥ '

the sheaf G(m)::GQO?am) iz gensrated by its plobal ssctions. §

: Proof aof lepma 7. Lemma 2 is a direct consequence of Froposition

1.3, page 168w f [H.:—;w.]1 (which ds-the key point in provigg She effecti~ ;

vity part of LeffiZ,¥)). In: fact, propeosition 1.0 of Hartshovme’ s book
acsumes that 7 is emoocth. Since in owr situation YR
:H:

-~
s
“

Tk e g PR D Aary v |

&Y

place Z by a resalution of singularities in such a way that -Reglils ;

Famnains un:ﬂanged, and then we can apply proposition s from  Havrt-
sk ne Bowodk gquoted  al b ~Z¢,Y' ithe ewistence of such &

Lelofn s assld st least in charscteristic zeroby Hivonakal. However,
we do not really nesd the re of. singularities, because 1f we

A t.

procof of propoasition 1.3 in Hartshorns

pothesis that YeReg(Iy is . aotually sufficient Lo capply

iy madils ke o0 TN o

i 2
Sy,
it
e
T

Corollary (of lemmas 1 and 2). In the sitdetion of lepwd I

fy g compputative dis

The existence of diagram (#F)  WaE DYooy

ove Mo e

we krow that LﬁfﬂUYgV} Molds. It FEmnalns

ad

LI

Lo prove the pf g f EOU Y. e procesd  exactly
H

b
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the proof of theorem 1.5 of EHaJl,pb.172~173. For the convenience Qf;-

the reader we repeat the argument here. Let & be a locally free sheaf

U/Y
guence of the form

* @b @ - Ba 2

chlp) -—————+thlm) i 501

on Z=Z/Y= of finite rank. Using lemma 2 twice one gets an gract se- I

for some positive integers m, p, a and b. Considering the locally free

sheaf Erﬁgmzﬂozt—p}eb,02{~m)$ah, from Lef(Z,Y) we infer that there is

an apen neighbourbood VYo oof Y in UX such that the natural map HU(V,E) : !

ek : : : : . ?
——H (Z,E) is an isomorphism. This implies that the homomorphism @ €

Huﬂi,éh comes from a homomnorphism

NeHamVCDV€~DJQbyGK(~m)$a)=HU(U,E)y
i.e. p=¢. Then it is clear that Fro=Coker () is a coherent sheaf on V7
such that F!'2E. Since & is locally free, F° is also locally fres along

Y. Therefdre, shrinking V' if necessary, we net the desired neighbour-

hood  Moodf 2 dn Uy such that Fi=F'/Y is locally fres and HJQU,Fﬁz

n

i) , |k A e
HT (VT Fr s (Z,F). a
Note. Using thegorem D and arguments zimilar to those of the second
proof of lemma 1, one can prave that, under the hypotheses of theoramns

3 ey
faibr 2 Lef@ef T 1)y ialen holds.

Lamma 3. . Tn af theorem I and in the above notations

p— AP
WOFrpRIEn Q.

T~
=)
i

be included in &

"tk

of the Fforp

3
b
fis
=

Fal

o g fn o o gy e 3 - I Rl 4 Y Y s ey T e, T y B Lo - Ty SR S [ o o,
wherse B =Py L. 0@ (0,122 15 B progeq tive bundle
2

’ . 11 sl . ; i
wandle 0C1,00@0¢0,12) on P xP via the morpnlss

£ e 2l I o T RS ey Dl < 1 Y UL U V. T - =y RO
3w TR W iz th= RYQ G IO Ty R SORpLERs Py RIAGES o A " 28 B e
) A A b
L Bt S i eors £ 5 i
(o0 07— = A L B P Al s = e R ]
e
3 Bk N T DLEY o] it g e 5 .
Lhe property baotwssn B, and N, 15048,
a
; 2 e & = e 3 e s s s e i
and P b B = oEn B s SREEE S SRR TR0 A
7
N of - ! T g e gy e ae W,
z af L of i codingnsion Zi

. i ; il e Ve . s o N i e
the blowing up b P——bP™ ot P alorg (At

nion ol Ul af the linear

: s e AalTevE .
: .

1 i

- 4 el oy [ o
bnawen . 4 b B v e, bhat | L8

iz a morphism which <oin-

b Q) e T s T e s i g 8 % T e o o £ e e s 8 B T
cides bt the canonical projection poood PiQol, e, 10y, and S| i
% &

"

¢ ; 1 N . ] g . R I
smor philsm betesn L; and. P %F ¢ with Li:mh Glegi B

the cartesian diagram

o Ao



F' g Y

Py Py P

X X * >[P

The existence of the open immersion Uy ——————aPX comes Trom  the

fact that Uy is the pull-back of L:FnaiLiuL?}, while the existence of

UX — 37 from the fact that 2 is the mormalization of 27 in H(UXD

and from the smoothness of UX (recall that ¥ is smooth by  hypothe

Sddig, sl —i¥ i 4856 ~bundliey, Set E. = Lix ¥, il B hen it 0B
RN DR i i i pn, ph
clear that Equ, iz the camplemenk o f Uy in Px. Bince p/L; definss an

e

i8]

isomorphism between L; ard PP it follows that pX/Ei defines an iso—

morphism betwesn E. and X, fel. 200 In opar b loular, E1 and E. are irredu-

-

cible divisors whose intersection is ampty.

o)

Since P,, and Z' are both irreducible and cantain Ux,ﬁunZ’aﬁ an e
A
pen subset, we infer that h(F,, 0=Z'. Recalling that Px ig smooth Cas a
Fat

Pl—bundlﬁ mver the smooth variety X0 and the definitionsof L, h(PX,)m

2 implies that P% deminates I tand this yields the morphism Ry,

Finally, it remains to prove that hYCEib are subvarieties of Z of

codimension 22, i=1,2. Thig follows from b EEL ) MY=0 together with  the

chiservation that. Y is the zero locus of a seckion of an  ample vectbor

Lundle on Z whose rank 16 LEaml ZY . o

Mo we are v

o prove theorems 1 and 2.
4 i e emoaoek B Sy ‘“_l i " F' v gt = [P ——
¥ o jecemmabieand PP gseTa A4S &

A
ie emooth. Since ¥ = f T(A) is the

T :: 1 & 5 N . ks
Bl I =l e o R (O [

: LG
L%D?..n,ﬁnJéﬂ

: e : OO L etnEl)
n+i, the novmal bundle NY R G

g A =

smor pliie B |
e ; e R :- S o T A :
Beaital ) 2y apd henoe Lol S el ,  whmre I,

of ideals of ¥ in Z. Thersfore for every mzl we geb:

e m . : ;
fwith S the m~th symmetrsic power )

T A iz a direct sumowf line bund-
' 1

@ oo Recallingthat Y=1 CD T o f

dimension 2% and char (k)=0 by Mypathe a well khnown vanishing theo-

1y

g Y . T K 142!
romcof Hodaily a-f

P \
ik o 3

i b o
500 e iR = e

_PiciP\i

e b e it
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in which all arrows are the natural ones. By the corollary of lemmas 1

.

and 2 one gets that the effective Grathendieck-Lefeschetz: condition
Leffiuy,Y) holds. Taking into account that U, is smooth and Y meets e

very divisor of UX (in fact, Y mests every hypersurface et w21y oRhEn

LuffIUX,Y) implies that the map < is an ieomorphisma.

Using lemma 3 one gets an wract sequence of the form
D———»ZEE1]®Z£EE]————aPiciPXJ———E—aPicﬁuxh———aﬂ.
The injectivity =f the mapZ[EIJQZ[EEJ———ePiciPX) comes  from the
following facts: E10E2=0, hX hlows down E1 and EE to subvarieties of 7
of ::ﬂimwnmiﬁn >7. and from the projectivity of P « Recalling +that <

(i miye g

iz an 1c~mnrph1 =m the above exact sequence tranulmt@h into

(33 H———aZEE 1eZlE.. ]————»FxrlF%7—————+F1r(UX Yl———+n

The exact Eequence (2) yields in particular the igomorphism

() Eic O i P'“Ofa b
=) ey y' = Pic Uy e

Mow, for all m21 consider. the m—th infinitesimal ne i ghbour oo P
i

,. M. P
=LY OU /IYJ i N UX amd the standard esxact segquence
Gy 1 o mtd ; e ) i) m+1 .
s T L A1 )i Y J————FPic (Y D)———H Y I 4 i
i e m+1 ‘m 4 {' 3

saume that k

wetrts principle we may &

Singe char (k)=0, by Le
ethe fiwld € of complex numbers. Then NS(Ymh'Trlrt/ 1/PicUCVm}SH &
for every m2l. (Alte srnatively, instead of using Lefechetste - princigle
s analagous facts In bavms af atale cohomalogy.)  This. -dm-

pligs that for every mZl the maps NS(YW,l)———*HB{YT3 arz sinjectdve.
1 Y

Therefore one sequence of algsbralc graups

& P« "
S M N o S i 5 (T el O
Eo! B 5 Y LY el T AY S T AT 3
........... A o ¥ % A, 7
i i 14 H

ith M & linesar alasbraic group.

that

the normality of Y=Y, implie

Sirmce =211 the a are injective we infer that Fic oY 3 s an

liqn varieby for all m2l. Therefore the maps b are all zero  beoause

algebraic group. This implies that

m=1 [ =) »

smor i lemn Tor 8veEry

- et

= Pic tU, o= Al

From (4 and (&) we getv

5 :
£ o b T
P 8 I S R o £

~firet one bEcauwse the Alban

varietiss). The equality

ticn and the fact thg

gty (in the sense of the &

wenee of the first

qiXr=gi¥) 1z & Cone

ity is the dimensicon of oothe s Ploerdl

oo the ivregula
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Aecume now that dim(Xi2n+3 and dimi{Sing (Y 2=dim(¥Y)~3, s ee-dimiyYrz
3 and Y smooth in codimension two. Motice that Y is . a4 Cohen—-Macaul ay

variety because Y is a complete intersection in UX and UX is smooth.
Since Y is a Cohen-Macaulay projective variety which is smooth in oo
$fl$+1 (m21) iz a direct sum of line bundles of the
foorm OY(—j) with j»0, by a gengralization wf the Hodaira vanishing
theorem (see [Bh-8ol, §7.80) we get

dimension two and I

i i
H t.Y,I{\:,'/I\? Lico  for every m2l.
Having these vanishings, the above arguments fand especially (53
show that the matural maps Piciux)———»Picﬂufo}———aPic(Y) are  both
izomorphisms. Now look at the commutative diagram

i) 8}
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) 0

by the ewact seguence £33y and the

Cipces the first two column are obyious

e salen eract. Finally, since E, is-&

n, wa have an ieomor phlem Pi:{PY}EFicEK}” In other wovds, WE

=R @ e g i B LR

the proof of btheorem L m|

whiiek oompl et

s L s i P gty gonl on ahe o . '
I B R e hendieck O

Exzaemple 4.4 and Prop. o}
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; " S Ko SR e T Rl el st ]
Th ndEa b othe first maE LE & b e i

a fibre ef g.0, and the

Yoo d e e

i e i e R B
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Dth,_uﬁ i alseo smooth. By the corallary of lemmas 1 and 2 we et that
the effective condition Leff(UO,Y) helds. Then proceeding exactly as
in the proof of theorem 2,10 page 175 o f [Ha]1 we infer that
n?lg(UQ)EmTlg(Y). Therefore the exact sequence (7) becomes

alg

nalg( 3

S ‘i‘lgt:\f:)__———m

Gm)————+n {xﬁ}-___+1

Finally, since ﬁ?lgiGm)zi we get the result. o
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