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Fine behaviour of balavages in potential theorv

N. Boboc

1. Introduct ion

We consider a standard H-cone of functio-s S on a set X (i.e. 5 is

the set of aII excessive functions with respect to a sr-bmarkovian resolve-lt

absolutely cont inuous on metr isable space X).  For any f ine open set U of  X

we denote Oyf, the set of  a l l  points x€X for which X\U is th in at  x and

by  5(U)  the  loca l i za t ion  o f  S  on  U ( i .e .  the  se t  o f .a l l  pos i t i ve  fu i rc l ions

t on U such that t is f inite on a fine dense subset of U and such that there

exists a sequence (sn)n in S, sn f in i te for  any n€N for which the sequuence

(=n-Bnuun)n increases to t  on U).  Any funct ion t  € S(U) may be extended to a

f ine cont inuous funct ion on' i i  which is also denoted by t .  We remark t l -nt

if X j.s a harmonic space and S is the convex cone of all superharmonic functions

on X then S(U) means the set of  a l l  posi t ive f ine superharmonic funct iors on U.

I t  is  proved that for  any posi t lve Borel  funct ion f  on X, the

function BX\U f is f ine continuous at any point x 6 U.

Let now (*n)n be a sequence of . .J which converges in X to a point

z e,  U. The sequence (xn)n is cal led maximal i f  we have

tim .X\U;, r ^X\Js e)D  
" \ X n /  

-  b

for  eny universal ly cont inuous element s f rom 5. I t  is  proved that the

ccnucnnp (*  ) -  wi l l  be maximal i f f  (x^)^ converges to z wi th respect to theJ v Y u g | n . ' * . . - . ' . n . n - -

natural  topology on U associated with the H-cone S(U).  Therefore for  any

" posi t ive Borel  funct ion f  on X dominated by an element s € S which is f in i te

continuous at z then we have
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l im Bx\uf{rn)  = BX\ut(z)

rr-t&

Particularly we have this last relation for any

f  on  X .

Finally if z et then it is proved that if U is a Doob set then

there exists a fine neighbourhood V of z and a positive real function c on V

such that

-E,,t- '<c(v)' 
tr*t '  rF Y e v

v

where g)tu means the balayage of  the Dirac me€sure t ,  on the set X\U'

Such inequality extend in a more general frame the well known Harnack

inequal i tY.

These assertions extend some similar results obtained in the classical

p o t e n t i a l  t h e o r y  b y  M . B r e l o t  ( l 4 l ) ,  l l l )  a n d  i n  t h e  f r a m e  o f  h a r m o n i c  s p a c e s '

u n d e r  v a r i o u s  g e n e r a l i t y ,  b v  E  S m y r n e l i s  ( l y l ) ,  t t - g a u e r  ( l t l l  W .  H a n s e n  ( l 1 l )

W .  H a n s e n  ( l 5 l )  a n d  I .  N e t u k a  ( l B l ) .

Prel  iminar ies

^ ' l  ' l  f h . i  n  n r n o -  S  W i l l  b ed I . |  L l  I I J  P d H G J -

remember the fo l lowing:

positive bounded Borel function

a standard H-cone of  funct ions cn a set  X

L .

I n

(  l 2 l ) .  w e

a) 0n X there are distinguished two topologies which are strongly

related with s.  The f i rst ,  cal led the natural  topology, is the coarsest

i t o p o l o g y o n X s u c h t h a t a n y u n i v e r s a l l y c o n t i n u o u s e l e m e n t o f S i s c o n t i n u o u s .

The set X endowed with the natural topology is a metrisable space with countabie

basis. The set X is called saturated if any H-integral on S which is f inite

on the function I is represented as a finite measure on X; the set X is

carred semisaturated if any H-integral on s which i-s dominated by on H-neasure

w h i c h i s u n i v e r s a l l y c o n t i n u o u s i s r e p r e s e n t e d a S a m e a s u r e o n X . I n f a c t X

will be semisaturated iff the set of all H-integrals on s which are reprcsented

as measures on x ( i .e.  the set  of  a l l  H-measures) is sol id wi th respect to the

natural order in the set sx of all H-integrals on s' The set X is called nearly
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saturated if any universally continuous H-integral on S is represented as

a measure on X. It is known that always there exists a set Xl)X such that '

5 is a standard H-cone of functions on X, and such that Xt is saturated;

generally the set X is f ine dense in Xt

b) If A is a subset of X we denote Oy BA the map on S into S defined

by
A ,  |  1

B  s -  A l  r ' e  S l s ' > s o n A  l .

It is known that for anY x 4 X the maP

,  A . .
s  - - >  B  s ( x )

is an H-integral on 5 dominated by 6,". Hence if X is semisaturated then
A

the above H-integral is represented as a measure on X denoted bv t *'

In the sequal if f is a positive Borel function on X we denote Oy OAt

the funct ion on X given bv

A A
B  f ( x )  -  € x ( f  ) .

A

c ) I f A i s a s u b s e t o f X t h e n A i s c a l l e d p o l a r i f B s - 0 f o r m Y

s€ s.  The set A is cal led th in.  at  x i f  there exists s€s such that

A
B s(x) < s(x)  The set A is cal led total ly th in i f  i t  is  th in at  any point

x € X. The set A is called semipolar if i t is a countable union of totally

thin sets.

Let now X be a nearly saturated set (with respect to s) and let Xt be

rt
the saturated set (with respect to S) such that XC Xf' Then any Bore]

measurable subset of Xt\ X is semipolar and this property characterises the

fact that X is nearly saturated. Moreover in this case a subset A of X wil l

b e s e m i p o ] a r i f f A i s s e m i p o } a r a s s u b s e t o f X ' . I f X i s . s e m i s a t u r a t e d t h e n

any Borel measurable subset of Xf-X is polar and this property characterises

tha t  fac t  tha t  X  is  semisa tura ted  ( l l l ) '

d) Suppose nol,r that X is nearly saturated and 1et U be a fine

open subset of x, tJ l0 . rrde denote by 5(U) the convex cone of all positive
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functions t on U such that t is finite on a

+ L ^ +
Ll tct t

t  -  sup fr-arut ls ' : :  so, s-Bnij
')

s  {  t ' i .

I t - is known that ( l ; l l  SCU> is a standard H-cone of funct ions on U. I f  X is

semisaturated (with respect to s) then u is also semisaturated (with respect

to 5(U). The H-cone s(u) is cal led the local izat ion of s on u. Moreover i f

s € Srtes, t  < oo and t (  s then we have

(u -  ssut)  lu € s(u).

Part icular ly s l  U € S(U) for  anY

and s€Sb then the elernent from S(U)

u '  - B [ U r '  w h e r e  s '  €  5 b ,  5 '  {  s .

fine dense subset of U and slch

s€S.  we remark that  (  [  I  l )  l t  t€  S(u)

given by t A (u-gX\Uu) is of the form

of funct ions on a set  X.

S the function sup si is
t _ -

n ) )

usually suPerharmonic on X

.I  is  an increasing fami lY

of  funct ions

e) Suppose that 5 is a standard H-cone

Then for any increasing fami ly (  sr)  ,nt  
f rom

fine cont inuous. Indeed for any n € N we have

i n f  ( s u p  s , ,  n )  -  s u P  ( i n f  ( s i ,
t  i e l  i e l  

1 1 '

and the assert ion fo l lows from the fact  that

s u p  ( i n f  ( s , ,  n ) ) a  S .

i e l  
n

If the elements of^ S are called

t the fun'ction of the form suP- s' where (st)t
1  , 1

in S, is cal le 'd hYPerharmonic on X'
. ,

2 . The stardard H-cone S(U as a standard-Fl:sone

In this paragraph if U is a fine open subset

f ,  tn"  set  of  a l l  points z€X such that X \  U is th in at  z '

f ine open and u is a fine dense subset or T. we intend to

a standard H-cone of functions on t ' In fact any element

of X we denote bY
(\t

0bviouslY U is

represent 5(U) as

t  6 S ( U )  i s

r-
on the extension set U.
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represented as the fine continuous extention ont'of the function t.

Thgorem l. Any element t€ S(U) may be extended to a fine contiruous

^.r ';)

positive function f on ii. In this way S(U) is represented as a standard

H-cone of funct ions on the set '6such that the subset ' [ru is polar with

respect to this standard H-cone of functions'

proof. The first part of the theorem follows using the fact that the
v \ t l

convex cone of elements of the form (s-Bn *'s)/U where s 6 SU is a solid

subcone of s(u), which is increasingly dense in s(u) and contains a strictly

positive element namely (so-BXVS 
)/tJ, 

where so is a bounded continuous gene-

rator of S. Indeed any element of the form (r-gX\U')/U where s € 5b has a

.  f ine continuous extention on'T ( i 'e '  ( ' -gxus)/f)  and the funct ion (so

BX-\Uuo)/ [ i ,  .  st r ict ly posi t ive funct ion on'T.  Now i f  t  € S(U) we have

t (x )  -  sup ( in f  ( t ,n(so-B^uuor(x) ) )  +  x€u '

Since there exists tn € Sb , dn ( n to such that

in f  ( t ,  n(so -  Bx\u=o))  (x)  -  !1"  
-  ax\usn) ( ' )  + xeu

then the element

t n  -  i n f  ( t ,  n (so -Bx lu .o ) )

has a fine continuous extention Tn on [. fnu function

"^J

t  = s u P t n
n

is a fine continuous extention of t because

inf (T, n(ro - ,*tuuo)) - 
E on d' .

From the above definit ion of T i t  fot lows immediately that we have

--+ + -
t l * t 2 - t l * t 2

,----__/ ^)
i . , r  ( t - -  t^ )  -  in f  ( t '  ,  t  )r r r  \ r I ,  t  ,  Z ,

H ^-/

_  
t i t t  - - ' t i T t

and therefore replaceing t bV ? the H-cone S(U) is represented as a stardard

H-cone of functions on the set' i i '  ; i



- 5 -

Let now s^ be a bounded continuous generator of 5. To prove that
o

t 'ru is polar in t with respect to the standar'd H-cone of functions s(u) on

f\,

U it wil l be sufficient to whow that

tRfr\u(r-sX.uso) - o

whereT.A *" .nu the balayagemtfesbset AofTwith respect to the H-core of
D

funct ions 5(U) on U'

L e t ( G n ) n b e a s e q u e n c e o f f i n e o p e n s u b s e t o f X s u c h t h a t G n ) X \ U

and such that

A BGn u- - BX\ur^
n o - " " o

IJe have
G- G -x \Jr .Gn -  \ , ,  c / r r \

, 'n  ,o -  Bx-rro -  B n =o -  B^ -(B "  so)€ S(U)

BGn ,o - u*-'uo u =o - Bx\uuo on Gnnd
:

and therefore

t- tru ,^ - oAU e ) -< Bun u - ,*tu uo + n€N,
- B - - ( 5 O  o  5 O ' / + ' u  o O

tu tv {uo-Bx\u so) - o.

T h e o r e m 2 . s u p p o s e t h a t X i s s e m i s a t u r a t e d a n d l e t f b e a T : , ' . * " B o r e l

funct ion on X. Then for any f ine open subset U of  X the funct ion B^'" f  is  i

a 
fine continuous at any point of t i i  If moreover f is dominated by an elenent

s€S then we have

sxlut li,€ s{u), uturb dgut lV

proof .  suppose that f  is  of  the form f  -  t , - t i l  where t" t ' !  4 s,

t ' ,  . * (  t , ,  t , ,  f in i te.  We want to show tnat BX\Ut/ t t  €S(U).  Indeed let  s €S
U

be such that f*<s. For any s'€ S such that s'2't '  on XU we have

s ' )  s ' n  t " ,  gX \  U (s ' n  t " )  -  B I \U t "
/
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and therefore

-  t -.

Since s' is arbitrarY we get

_  BX\u t , l u .

v \  , r  w \  l t  _ X \ U . , ,
BX 

-U f  _  Bn  
- t t r  _  U ' .  t ' .

t!

i . t follows that BX\U f is f ine "continuous on X and therefore on'Ll '

L e t n o w F ^ b e t h e s e t o f a L l b o u n d e d f u n c t i o n s f o n X s u c h t h a t "U

there exists an'increasing sequence (fn)n in (SO-Sb)+ il i lh f - suP fn' If
n

_ . - -  L ^ . , ^

f .eF -  and ( f - )^ is as above we have
u  ' - n -  n

oX-Ur  t  RX\Uf
" -r'l I 

-

From the previous considerations we have-

Bx\uf' l '* € s(u)
" r u

' ' ' . ' . ' '

and therefore,  s ince gX\Ut is bounded'
' .

BX-uf lf € sCul

t particularry Bx\uf is f ine continuou, on T. trle remark also that if f 6 Fo'

g € Fo, f d. g then we have .

Bx\u(g-r) 16 € scu>
. .

Indeed let (fn)n be an increasi.ng sequence in (SO-SO)* such that sup fn - f '

S i n r : e  n - f  - 6  F ^  w e  h a v eu l r r u v  Y  - n -  ' o

o X \ U ( n _ t  ) 1 6 , e S ( U )u  \ v  - n ,  , U

and (BX\u(g-fn) lT)n is q specif icarly decreasing in s(u) ' Hence

'  (s ' -Bx\ut"L € s(u).

BX\ut" /u *SU) A l  
t ' lu ls '  6 s '  s '  2 t ' o n  x \ u J  =
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ux\u1n-t) lg - i l f  sX\u(g-tn)lO e s(u) '
n

S u p p o s e n o w t h a t f i s a p o s i t i v e b o u n d e d B o r e l f u n c t i o n o n X .

tde have

Bx\ur = inf fBx
Since the f  amilY (Bx\ Uu 

16)n 6 r

we get

\ / t r t  .  V \  l l  1

sxut l f r  -  tnt  I t t tunlU I  oero'  e>- f  Je sCu> '

Part icular ly Bx\Uf i ,  f ine continuous on t '

S u p p o s e t h a t f i s a p o s i t i v e B o r e l f u n c t i o n o n X . W e h a v e

Bx\uf  -  , rpBX\U( in t ( f  ,n) )
f l  

v \  t t

From the previous considerat ions i t  fo l lows that Bx-uf  l5 is hyperharmonic on tJ

(wi th respect to the H-cone S(U)) and therefore i t  is  f ine cont inuous on U'

Moreover if f is dominated by an element s of s then BX\ ut 
l! '  is dominated

bV s l ,  and there fore  be longs  to  5 (U)"  In  th is  case we have a lso

Bx\u( inf  ( f  ,n))  lX 4S(U) sx\u( j .nr(s,n)) h{ int(s,n) ln '

and therefore

t'r ut 11, {5(u) '' ,.

rral tnnnoov in the =bd;td H-cone of functions S(U)t  3.  The natural  topoogv in ;"-  - - -  - t  -

I f U i s a n o p e n s u b s e t o f X t h e n i t i s k n o w n t h a t t h e n a t u r a l

t o p o l o g y o n U i n d u c e d b y S ( U ) c o i n c i d e s w i t h t h e . r e s t r i c t i o n t o U o f t h e n a t u r a l

topology on X induced by S. This assert ion is not t rue i f  U is f ine open'  Also

even i f  U is open the natural  topology induced by S(U) on the f ine open set T

;o T of  the natural  topology on X induced

bY the H-cone S'  I
. t  "

\ug I

o '  9 )

g  €  F o ,  g z f ] .

f i, specifically decreasing in S(U)
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P r o p o s i t i o n J . S u p p o s e t h a t U i s a f i n e o p e n s u b s e t

the natural topology on u induced by the standard H-cone s(u) on u

for which any function of the form t-BX\ 
Uu

all universally continuous elements from S

Proof. Let So be the set of all univer:.. ' 'u continuous elements

from S. We show that for any s€So the element s.BAU s is l-continuous with

respect to the standard H-cone S(U). Indeed let (tn)n be an increasing sequence

from S(U) such that suP tn - s - BX\J s on U' We have
n

v \  t t
t  * B X \ u u  e s
n

and 
^

t  * B X \ u s  T  s' n - l

Hence the sequence (tn + BX\U s)n converges uniformely to s on X and therefore

the sequene ( tn)n converges uni formely to =-BX\U s on U'

Conversely suppose that t € S(U) is an universally continuous element

f r o m s ( U ) a n d ] e t s o b e a b o u n d e d c o n t i n u o u s g e n e r a t o r o f S . W e w a n t t o s h o w

t. : f  t  is  nf  the form t  -  s-BX\U s where s€S is so-cont inuous'  lndeed since

^ oX\Uc ic c{-s l6f ly posi t ive on U i t  fo} lows that there exists a( > 0 such
uo-o  . :  ' " - ; l ; : " : '  '  

, " : ' - - - "  - ^  - : ^ -^  o - ic fc  ,  t - r -BX\U u .
that tsc(so_Bx\uso) and therefore there exists s € s such that

Moreover l^,e may suppose that s is such that if 5' ' .- '  s satisfies the property

, -BX\U ,  i  . ' -BX\uu

then sSs' .  Part icular ly we deduce that s1o(so'

cont inuous. Indeed let  ( .n)n be an increasing

r - T = n  W e  h a v e

Bx\u .^ f BX\u,-  n l

and therefore 

l im ,-  -oXv s )  = , -Bx\ur,l im (sn-u 
"n

sup (,4-rrx'-Bx\u6n)) - u-BX\u t

n 
k ln  ' )

of

is

i e

X. Then

the

continuous
coarsest toPologY on U

where s runs the set of

t
We prove now that s is so

sequence in S such that
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Since t = s-Bt'\ ' '  s is universally conti-nuous in S(U) then for any 6,> 0 tfere

exists n.€ N such that' € ' -  

v r l l  
)  t " "

nln€ --> s-Bx\u u {,Sn(un-g^uun) * e (so-Bx\uso)

nlng --, ,-BXs s r. sn-BX*rn * t (so-BX\Uso)

and therefore

fDf f "  - - )  $  4 5-  + I tO-  u -  . '  l l

which means that s, is so - continuous
* t ,

' 
The assertion from Propo,sitim follows now using the fact that any

s , S which is so-continuous is the uniform timit of an increasing of universally

continuous elements of S.

Def in i t ion.  The natural  topology on T ( inou."d by the standard H-cone

of funct ionS(U)isdenoted by fo(u,t l .  The topology [-  
( t  $,fr)  *hi .n i t  the

ccJsest topology on f which is finer that Q(U fT) anC To(Dti is called

the maximal topology on fr  associated with the standard H-cone S(U) '

Corollarv 4. The maximat topotogy on fi iu tn" coarsest topol-ogy on

l : t  P  ^  |  -X \ i l
U f or which any function on 

'U 
of the f orm s/g and B" 

-"u/T 
is continuous t ',here

:rents of S.

Coro-I larv 5.  Let  z ' - -  U and let  (xn)n be a sequence inT'  Then

(x_)^ -> z in the maximal topology i f  f  (xn)n -s 7 ln q(x) artd for  any
' ' n - n  r '  ' '

universally continuous elei;' ':nt s of S we have

gX\u s(z)  -  l im Bx\u s(*n) .
n ->oo

Remark.  I f .  z€frU tnun a sequence (xn)n in U uir ich converges to z

in the maximal topology on U is cal led "maximal wi th respect to z" '  This

te rmino logy  was in t roduced by  Bre lo t  ( l5 l )  anO was used by  Smyrne l i -s  ( l9 l ) ,

nauer ( l lD ,  Hansen ( l5 l )  and Netuka ( l8 l )  in  the  case o f  the  theory  o f  harnnn ic

space5 
N

Theorem 5. Let U be a f ine open subset of  X and let  z€ u.  Then



for anY

that

ttu#s,,*, = cL-lTXt'!-)

or equivalent

f ine l im t  (x)  -  l im t  (xn)

u)x-> 7 n->ob

for any sequence (xn)n in u which is "maximal with'respect Io z" '

we have

Proof .  AnY e lement  t '€

e x i s t s  t ' €  S ( U )hypothesis there

t  +  t r  -  s  o n  T

- r l -

there exists s€ 5 finite continuous at z such

S(U) is considered as a funct ion ont '  ay

such that

U be a fine open subset of X' Then for any positive

v\l  I
funct ion B^-uf /n ' is  TI  -  cont inuous'

t  6 S(U) for  which

- l

t  4  r (u) " 'u

By the definition of the topology fl(Uril) the functions t't ' and sft are lower

semicontinuous with respect to the topology eo(U,fr) anO therefore with repect

to Ir tU,f l .gV hypothesis s is continuous at z with respect to fo(X)h and

therefore ul i th respect to f l (Ud). Uun"e t  and t '  are also continuous at z with

respect to trrtu,tl. Hence we have

t(z) -  f ine t im t(x) -  q- l i l  t  ! I )
tJ?->z 

- U ?*-"

proposit ion 7. Let u be a f ine open subset of X and let z€T' Then'

for any posit ive Borel funct ion f  on X for which there exists s€ s f ini te

continuous at z such that f-<s, the function BX\uf lg is F, - continuous at z'

;e from Theorem 2 we
Proof.  The assert ion fo l lows from Theorem 6 sinc

deduce

ax\uf /-,D  r r  g  S ( U )

Corol larv B. Let

bounded function f on X the

s/x
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W e r e m e m b e r t h a t a n e l e m e n t t o f a n H . c o n e T i s c a l t e d s u b t r a c t i b l e

if we have

t '  €  T ,  { t ' i  - - )  t<  t ' '

For instance if (X, yH) is a harmonic space and U is an open subset of X then

a

any positive harmonic function is subtractible in the H-cone s(u) of all positive

superharmonic functions on U. Moreover any positive superharmonic function on U

which is harnmic outside a polar set is also subtractible'
a

Prooosi t ion 9.  Let

for any subtractible element

at z such that t-<s/U we have

f ine- l im t (x )

u a x->z

U be a fine oPen subset

t € S(U) for which there

of X and Let ze T. tn.n

exists s6S fi.nite continuous

-  T,  -  l im t(x)
t U )x->z

Proof.  The assert ion fo l lows from Theorem 6 since we have

t  C 51u;s/u '

Corol larv 10. Let U

substract ib le element t  6 S(U)

a f ine open subset of X. Then for any bqlnded

have that  t  is  a  d-cont inuous funct ion on U'

be

WC

t

In this section u wil] be a fine open subset of X and z a point in X

such that X\u is th in at  z.  we denote as in the preceding sect ions by'u t f re

s e t o f a } l p o i n t s y € X s u c h t h a t X \ U i s t h i n a t y . t ^ l e s u p p o s e t h a t X i s s e m i s a t u -

rated we respect to the H-cone S'

Lemma 11. Let F,  be the

,  . X \ L '
such that ei  

' " ( t ) '  eo '  Then there

have

set of  a l l  posi t ive Borel  funct ions f  m X

exists toQF, such that for  any f  G F, we

I v ef,i rxu(r ̂7. nl C I vefrl
L -  

, - y  , _ O .  J

where Af ,n..nu the fine closure of A'

Proo f '  For  anY f '€Fz  we denote

a|}ctr. *3



_ 1 ) _
f l  " "  r  

' l
:  '  :  v ( i l , ^ .  ?

f  , - . 1  e  " : " ( f )  < e a h
A " =  i V 6 U ' l  G Y  - - J

L l - la s

0bviously A. is f ine open and z €A+. Moreover if (fn)n is a sequence in Fz
v Y ' - - - - - J  

I  I

then there exists f.GF z such that
' )

A+ = fln*
I  t ,  . r ]

Indeed let (an)n be a sequence of strictly positive real nnbers- such that

i.'.

KU roY .n E^)" 
(fn)< ao '

T h e n '
' t

i l -  Zanfn G F,
n

and we have

S l tu ( t ) . *  - - )  t l t u t t n ) ' o '  +  n€N
v

and therefore

A * C A  n t
r  r ,  . r . l

- f i

Now we remark that for any f. € F z the set l.ltn" is absorbent in

t\t

u with respect to s(u).  From this fact  we deduce that there exists a sequence

(fn)n in F, such that

- f i  n e  r  f i  n o
'  - / - \  ^ r^ r  ' ! v  -  t  \  T r I l  

r t ;

.  "  /  \  H a  - '  ' ^  r  h f

e  f S F z r  
r '  ' n

' ,

D e f i n i t i o n . A f i n e o p e n s u b s e t U o f X i s c a l l e d a D o o b s e ! ( w i t h

respect to s) i.f for any fine open subset v of u there exists a fine open subset

\/ nf V such that v\v^ is totally thin and such that for any positive Borel
o 

,rt, , 
-

function f on X f or which BxNf is f inite dense on V then Bx\ uf is f inite

on V^
. U

/ .
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Remark. Suppose that (Rn+I, #H), n;0 is the harmonic space assmiqt'ed

with the heat equation on Rntl tnen any open subset of Rn*l is .a Doob set with

respect to the H-cone s of all positive superharmonic functions s on this

harmonic 
:pace. 

Indeed let U be an open subset of Rnil , '  V be a fine open subset of U

and;ret  f  be a posi t ive Borel  funct ion on X such tnat BX\uf  i .  f in i te dense on V.

I f  xo=(x, , to)  € v and DxI is a rectangle wi th the center in x such that DxI c U

then i f  vo -  (v i , t )  € (DxI)AV is such that

Bx\ur(vJ < oo

we have

gX\ut(y ' ,  t ' ) .  q

for  any y '€ D and any l "  t '  Hence the set

$  y € v , A ( u * r ) l g x \ u f  ( v )  =  
" ]

t  
t  =  u , '  I  \ u z - r l l e  \ r '

is a subset of a set of the form

(  ' '  r /  r r  1
f v - Q " t ) /  t = L s  J

'  for a suitable L: and therefore the set

{ vevlgx\ut(Y) - + oo }
t-

i s  to ta l lY  th in

Theorem 12. Suppose that u is a Doob set wi th respect to s '  Thm

there exists a f ine neighbourhood V of  z such that for  any posi t ive Borel  funct ion

t  f o r X w e h a v e

6 ) t u ( t ) '  &  - - ' E l u ( f ) < #  v Y e V

Proof. .  Let  F,  be the set of  a l l  posi t ive Borel  funct ion f  on X with

.  AU( f  )<  oo  and le t  fo r :  anv  f  eF ,  'a  z  , X u ( f  ) .  * 1  .A f  = ,  
l u a U /  L y  J

From. Lemma l l  there exists fo€ F 
,  

such that

- f i  np
A o C o ' r l n e  + f ' e F z ,

, o
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that there exists a fine open' subset Ao of A, such that At \ Ao is totally thin- o
v \ i l  u

and such that B^t ' f  iu f in i te on A- whenever f  €F-.  The set V^ -  A^. . r lz? is a
o  z  o  o  * -

fine neighbourhood of z for which ,,"..1:ot

vGvo,t)tuct l(  o0 -=> dlct>'""
, v

Corollarv 11. (Harnack inequality). Suppose that U is a Doob set with
, -

respect to S. Then there exists a fine neighbourhood V of z and a positive real

tunction C on V such that

-r --) gltu. ,<rl tt)u .V 6
t  - ' -  - \ /  7

Proof. From the preceding theorem there exists a fine.neighbourfrood

V of z such that for any positive Borel function f on X we have

X \ U  - . .
y * v, e){crl. ." -::> q ; 

-if 
) a "..

. Hence we. have

y 6 v, t)"u{r) - o --) gxtu{r) - o
v

- X r U ,  -  .  . j  ! L  - ^ - - -  Y \ l  I

and therefore q '  
-  

i  is  absolutely cont inuous with respect to E , ' "  for  any
.y€ V. Hence the Radom deri-vative gU of tr^ 

'" 
t^,ith respect to e.rX\J ls

a posi t ive bounded funot ion.  I f  we put,  for  any Y€ V,

c(y) - inf [a( 
> o/ or<o( , t)s -.., 

]

then we have

t e x)< 
"(v) S )*



- 1 6 -

References

- 1. H. Bauer. Fine boundary l imits of harmonic and cal-oric functions.

8u11.  Sc i .  Math .  109,  337- t61 ,  1985

o [ lz. r1{.  Boboc, Gh.Bucur and A. Cornea.Order and Convexi ty in potent ia l

theory.  H-cones. Lecture Notes in Math.  851, 1981, Spr inger-Ver lag,  Ber l in '

New York.

? t\t Boboc, Gh. Bucur. Nhtbal' localization and natural sheaf property) .  l l  .

in standard H-cones of  funct ions ( I )  Revue Roum. Math.  Pures et  Appl .  30,  L.26,

1 9 8 5 .

4 .  M .  B r e l o t .  S u r  l e s  e n s e m b l e s  e f f i l e s . 8 u 1 1 .  S c i .  M a t h . 6 8 ,  L 2 - 3 6 ,

l q h h
L 7 + + .

\ ,

5. M. Brelot .0n the behaviour of  harmonic funct i .ons in the neighbourhood

5. W. Hansen. Fine boundary l imi ts of  f inely harmonic funct ions.  Math.

Ann.  274,  643-647,  L986.

7.  G. Mokobodzky. 0perateur de subordinat ion des r6solventes 1981

(Manuscr i t  non-pubi i6)  .

8.  I .  Netuka. Fine behaviour of 'solut ions of  the Dir ichlet  problem near

t l  a  . - i  r r - ! L  1 1 r  1  0 0  1 0 0 4 1'  an  i r regu la r  po in t .  Bu l I .  Sc i .  Math .114,  L '22 ,  1990.

9. E, Smvrnelis. Sur les l imites fines des fonctions harmoniques et les

sui tes maximales.  8u11. Sci .  Math .  97 ,  16I-115, Lg73 
q


