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FREE PRODUCT OF C¥ — ALGEBRAS
VIA A FAMTLY OF MAPS

by Valentin Ionescu

ABSTRACT. The existence of the £ree product for conditional
expectation families (particularly for state families) is

established in the category of the unital c¥ - algebras.

Iet I be an index set and (["-")]._e T e family of index

sets, For all ny1l if ¢t = ( il’ o o .,in)e I® denote

Q::E,x cee X f:

m

("), 4 such that Y™ _L%nrz — UI[: , and
te tel™” )

Denote again el

Let also be given a family of xﬁaps

. . ’ ~m . ’ . :
D (D= {Ciys )l €15 4 # bppy 12 femas]
for all n7 1, and r
i :: {. I L .
( _L]. and 11 are respec"‘g{vely denoting the coproduct and the

product in the category of sets.)

l. Let now{AL,CbLE be a couple for all i€ I, where

@)
A; is an unital ¢¥ - algebra and q}b:{k(’ 5 0(;,6‘—-: } is an

%

arbitrary family of states on Aj.

In this context one can establish the following theorem:




-2 -

Theorem l.l. There exists a couple {A,C[)} y Wwhere A

is an unital C* ~ algebra and o ={ \Q@O; o € F} is a family
of states on A, such thet: |
(1) There exists an unital = - homomorphism;’.:A.-—"A
for each 1€I, such that A 1is generated by U 3» (A.) 3
blc)

C

for each i€I and deP

l‘ﬁ)

¥, ¢t ,cvt))

@ ¢

-e

(3)? (g @0 jcam)) kf’ ") \p (a.)lf a, € Ken g
( 14j%4n), for all ny1l, 1:._(11, o o .,in)e Dn(I) denotin%

Nt:(dfa ’}“"q'?m) ; for each « ¢ [ . |

|
Remark 1.2, 1) Let [ =/\ for all ie I and A:IxA—)

|

JAYOR A for ieI and n e/l , Take ‘b’é@tw)_A(LJ, )
if t - (il, ° [} t’i ) a.nd. 0( —(CYL (I 'IQ’CM) for lé Jén (n/ i

In this case (3) becomes: ‘f’ (2‘1(a‘) 4, (an) = O if

(Mg . . '
\&3 3)(%‘) -0 (4éggm} for all n) 1,(,, - ,L,,)ED(I), h.(:./\
- Under this forn, (3) recalls D. Voiculescu's notion of j

free"i‘ndependence,‘ if one takes |A| = l,‘and{A,CI)} recalls

his concept of reduced free product ( {9] ).
| i 1) Let |Al=2; for example A\ ={1,21} ,
(1)&:{\{33),\?‘:&)}. rake At]xA —/\ given by A p=2, AYXSER N veT)i
and agaﬂ.in_v‘(j {J"’! %) =A£93‘,°(¢,1‘) for T=(4,+im) >N = ooy 'mi
|
|
|

In this case, (3) contains, renotying\f“’m"‘"')by l{“’ and\f( SR
)
by P " |
- Gelmo de o) = \'P (“4 ‘F (a,) - if \F (eL )=0  (M£ks
) @ .
and \F(L(-jg(aﬂ N ﬂd,}a"‘)) = L{JC‘ )an e \{)C“Cam if \?Cl(qk) 20 Ueke,
for all n»l, (il, « o ,in) € Dn (D).

Thus, (3) recalls the notions of "W - independence" and

n ¥ _ independence"IfifRoduced by M. Bozejko and R. Speicher

((31), and{A,Cp} recalls their symmetrized product.

e/




.be the unital % - representations given by Gelfand-Neumark-

Proof of the Theorem 1l.1l.

A simple recourse to the exmstence of the coproduct
in the category of unital algebras ([21), supplies an object
A having an unital algebra structure ( the free product of
the unital algebras Ay ie I) and the canonical homomorphisms
:}::AL —A , for ie I, which are unital, such that A is '
algebrically generated by U:eI 2. (Ay) .

But, of courée, one can easily make ji hermitian-and
organize A like a % - algebra, by appealing to the existence
of the involution on each Ai.

Thus, the condition (2) and (3) remain to be exploied.

Let 1€ I be arbitraly fixed. Let then(m ™, M, <), x el}

~Segal construction which is respectively applied to the state
g, el , of the femily(. , taking the same Hilbert
space H; and the same vector %, €H; ,[3,1=4 , for each x.el?
One can proceed in this manner by a recourse to the infinite
tensorial product ( [6] , (4] ), but one may loose the cyclicit]
of %L . .

One can now consider the free product{H,g} of the family
iH.; St

Thus ([1],(31), one has (4|l =1, and,denoting H :=H. 9(}2%
i€ I, one can write: ,

H:=G¢o® ® He...eH, . (.1

mzd (yooe)bn) € D, (1)
As 1t is kpown, 1f (5 0.9 ¢ @ M@ .-oH then HxH, :@H,,
¢ 11,7t )ED)

U-)
and this isomorphism is g;lven by ‘the following unitary operatq

operator vy ok

Vig=get




el e...el) if iy =1 and n» 2
VL({:%\GL;) - {:%% if il - i and n. = l
;e e .. el) if i) #14

for all n» 1, ( iy, . . «,i )ED, (I),&‘;euﬁz. ( 1¢j<n).
One can therefore give, with respect to the previous decompo-
sition of H , the following unitary = - representation 7N;
of B (Hi) into B(H) | 7
AT = L N(Teid) | y for all T € B(H;) .
Moreover, if one identifies‘%sg; in (1.1) one can consider
the following orthogonal decomposition of H:
H=H @ H;
Then, one can also observe that the subspaces Hi and H:: of H
are invariant under the action of A (T) for all T € B(Hi)..
Let o°=(«® )ceI e be“ fixeg: « el for each iel.
iLet n»1l, ¢ =7(il’ o o .,in)eI . Denote O(t‘:;:(o(g‘,...,qc'm)e}:
With the above considerations, one can now construct the unita

% — representation i dof Ay into B(H) given by
k

[ 2, ) 7
l‘k “(. (O.) \Y
g, @)= (1.2)
\K‘fﬁ‘):t 2)
O lck Trck ()

for ac Ai , with respect to the precedént orthogonal decomposi
k _
tion of H into H; & H; , ( 1¢k¢n ).,
k k

Remark that the = - representations v‘*""

‘s L A -—»B(H)’
1¢ k4n, have the followino‘ properties:

10 gLty COR \{) % - (mod H?_ ) for aedy

50 G @y ”.mn( M)chH Q. 9“3 ok, k

(6 te)
if a; € Ker Y. (1£kg n-l), for all nz 2,

t (il’o'c o,l )EDn(I)




In fact,
| (ol ) o8
T (g = kgkkv(ck“)m))% ® 0
-\t &2 ,
= \/L-k (Tl’ck "’)ch) ® (d )\/fv.%
- \y (@ ;
= V‘L (TTL_K “ (o @°d>(9§ck®%)
- \/A (ot
TN (g ©9)
- _ (otf-K)
' - “;:y_ () %‘:k b)
and then

(Z U‘("'d )( )2 ‘é‘ "‘)(a)%§ -<% G‘(L“‘qm)(q)gb ——&F( &)

3

(a)
:<‘%) \: tk(ﬂ)‘%' >_k§)& L“)(OL)

<%"u’ _" ( 'gtk> B iu)ca}

i

therefore (lo) is simply a transcription of the fact that n.p-ffl’

is the GHS representation (with the vector 2. ) of the state
() -
Y.,

Also, if a €K \()WW‘*J ) for ijeli:=fe, .., i} > 1%
("t)

results ‘ni“ t, °"°))(a,)% € H and then, for (1 , il) € D2(It)

given on Ai o

and (i1, . . «,i e Dk(It)’ because Hu@"-@HckC HC{ , one has

LZWE ° K(”V(f
q(a 0(‘ e (H ®- ®Hv~) =09 o kT& (i(;)))QHM ® . @H:g)

‘Vq(TTW"“"’) o &) Ve (H, @ . e HE )

"V"( m o) @0\)(% BH:, & .. @ U )
‘(‘t ;

( ( p(t))(q)gl-a‘ @(Hc, ®... ®HL\<))

)%UA‘ @(H @ B H )

CH% K H;@ @H:‘

‘3
W“"(Jc 2) )

Therefore, it results 2° by a simple induction,

Observe that another transc’ription of 1° is <.§)0—¢m,«3<)(a)g>=?§°’§)a

./ | |




] «) S
,and, using 30 ’ (W o @ )(jq(aﬂ) Ve 3‘: (um)) = U[’\’ J(QH v \P (am)
Loy L1 "’YI.

From lo and 2°Ait‘}:cesu1ts the followihg property for the
% - representations T oo A' — B(H) (1<kem)
30 <8, T gy v e ) a2y = \?(qo)(a‘) \P:‘" Dy
if a, e Ker k?c(zt""w,«,;)) (Lskg¢n )
for all ny 1, t=(ij,. . .,in)e Dn(I) .

In fact, under .these considerations, one has, for 4] € H;
by 1°
<% ! G-U:“"(?‘)(M) e C'(‘:'"'“qf'n—a)

n ?

(S0 ) -
(T ey =

=<3, q_m,«?‘)@‘) o s, ),g\fm S +
+4g, rlanty, . T m-udw(a 4’%5 €
" i @ e, g |
because one has 0““4'“313(-) T Yo, o L 3 ’ ')s by 29,

in H., Therefore a trivial induction furnished the assertion 3°

One has for each m>» 1l and (il, . . .,in)e IV  the
% = homomorphisms q e E) y L¢ k¢ n, from A;  into B(H).
k
~ Then, using, a procedure of inductive limit, for example

in the category of unital algebras, one can obtain the

existence of an unital homomorphism T%%: A ——B(H)such that:

TE (4., @) g fam) = T @y v TR () |

fO.’L‘ 8,11 Il7/ 1 and (il,o L[] .,in)e Dn(I) " if ake A.ik (l&kén).

In our context it results that ¢®? is hermitian, therefore

one obtaines, in this manner, an unital % - representation
of the unital = - algebra A into B(H). |
Denoting by ‘“*S the vector state on B(H) corresponding

to J% s, One has
«?)

(wy o o®)oj, = ¢

for all ie I
G

)
if o e ke g0 ©D) L (LeEE), (1,001, € Dy(D,
for all n»1.




e

) ¢
::w%°¢W)

Therefore, it remains to éonsider the state‘fw
corresponding to the representation T’ and the properties (2
and (3) are also satisfied.

The = - representation of &he free product A of the
algebras Ai, ie I, are in one - to -~ one correspondence with
fa@ilies of = - representations of A; ie I, which act on
the same Hilbert space.

By analogy with the tensor product, one can introduce

the following pre - C* - norm on A :

flocll = Aup{]hnanl y T = = -representation of A%
that extends the C* - norm on Ai, ie I. Then, taking for A
its coﬁpletion in this norm, one can easilly see that this
construction defines a coproduct in the category of Cx-alge-

bras.

This change of ¢ ,ac(” doesn't distort up"" el

i
i
i

|

Remark 1.,3. One can observe there also exists another family
, ' , |
GF= {0 s we ) of states on A such that |

’ FW( 0 .
(2')%ﬁw)°3c: f% ) for all ieI and «cl’

( .
(%2t ) Okt )
[CH (

F )
(5') “P (j(_d(“d- “jiM(q"")) = LP‘.q ) eene \P';m.
if az‘el(m%{"’cs) , (1¢j¢n), for all n31,

“e

Am b

-e

62 = (ig,. . .;in)e Dn(I)’°@:=(dq’ Cees s )

for each wel .
In fact, for all o<’ one can also construct the unital
% - representations ¥l of Ag into B(H), 1< k¢ n,

fpr each ny 1 and B:i= (il,...,in)e IE (denoting(x%p~qdh)=;qt),

given by ' |

- (1.3}
’ 0/. : . ‘




w8 =

e ‘fﬁi‘t‘% '%& ) o
eFlod) (@) = | (1.3.)
| o o ("‘tu)
for ac Ai s With respect to the same nrthogonal decompositions
'oinnto H, q;H , 1< k<.
| The # - representations 0‘#““'“’%) sy L<kg¢n , have
the following properties: . (M)({;o())
¢g, ¥l g a3y = g, T for Aikaa, ;
g, e g L g F i) 98y = \Vk'f (f,o(etog, N \éﬁi«)(eﬂa)(%)

if o ekm\f? (14 kLn), for all n>»1, t::(il,...,i.n)eDn(I),

_(O(gi,. .)O(CM) .

Therefore, the existence of Cb# having the prbperties (2")

and (3') becomes clear.

A couple{A,Cb} given by the Theorem 1.l can be called

e reduced free product of%Ac,@c}_ 1v:'La Y and (3)
’ ve

the free independence property on A via X .

Moreover, one can interpret a triple {A, <I> ;(p#}' like a
symmetrized free product of {AL '(M'el via T s and the
1 .

asser tions (3) and (3') like the symmetrical free independence

property on A via v o

OBSERVATION 1l.4.

Let [3:/\ for each ie I, A:IxA—/\ gi ven by Aw,v)=a¢
with a bijective map ¢:/\ —A , and agalnf‘““uc, ) =
= Atcj'qdﬂ‘)if t'—' (il’...,in), O(t =(dl:4)'"')d(:“)~

" Take A={4,2,,.,m} (Cmy»1l) ando‘e—qn(the synmetric
group of order m), ‘
Then J( \.(JEA“’K)), keA } = CI)‘.' _ for all ie I .
| . ’ . o/c



» via Y s which are different,

{ 2 ... m

3
If 0‘;{:( ) s it results @»i (ID « Therefore,
there exist, in this case, a reduced free product {A,CI?}' and

a symmetrized free produét {A, <I>, CD# } of {A;, @c}

m om-4 oo g

cel ?
4 2 ive M ' #
If ¢ =< ) s 1t results d) = CI) o Therefore,
W meq e 4
for this choice of Y , the objects furnished by the Theorem 1.

and the Remark l,.3, are identical.




2., Let B be an unital C* - algebra.

Consider now{Ac,CD‘;} for all ieTI, where A; is an
. unital C* - algebra such that A;> B3l,  and P, ={?§a¢; s, ef]

\ 5 |
is an arbitrary family of no¥m one projections of the

c® - algebra Ay outo its C*- subalgebra B,

Theorem 1,1 can be generalized in this context.

Theorem 2yl. There exists a couple{A)([)}, where A is

an unital C*¥ Talgebra and (I):{kpw ; o€ P} is a family of
conditional expectations of A onto B such that:

(1) There exists an unital % - homomorp‘hism gd:/x.b-f—->A

for each i€ I, such that 4,(B)=B , i.e. B identifies with

a subalgebra of A so that A:Bal_A, an@ A is generated by |
UCGI & (Aé) 3

(2) Yoy, = ngd"’ for each ie I and «el' ;

) 9l g =R AT 8 € b )

(14 j¢ n), for all n>1, t:(il,...,in)eDn(I),

denoting = (¥ sy ) , for each el o

: i
Some preliminaries are necessary. f

» The projections of norm one and the conditional expecta—j
tions are respectively considered in the sense of [11] and ‘
o) - f12] . |

The terminology for Hilbert C™modules is that of [8]

(see also [5] , [7]). But the principal reference for 2.is[9

2.2, Let X and Y be (right) B-modules, equipped

with B = valued inner semi~-products (i.e. non-negative 'hermi-

tian sesquilinear maps, which are assumed to be‘ antilinear in

./Q V 2




the first argument) and vedtor space structures over the ?
complex field, respecting the module actions, Assume moreoveri
that is given an unital = -~ homomorphism X:® — L(Y) .

Then one can canonically define a B - valued innér
semi-product on the algebraic tensor product of X with Y
over B (by analogy to a inner semi~product inducing on a %

C¥~ algebra via a state).

Let XQBY be denoting the pre-Hilbert (right) B-module i
ebtained by separation with respect to the semi-norm deflned‘
by the pregtious B-valued inner semi-product. |

If X and Y are Hilbert (right) B-modules and TeL(X) ,
one can easily observe that T ® 1 del ( X Ggf).

2.3, Let H;be a (pre~) Hilbert (right) B-module, |

gcH, » such that <%.,%.>= 1 » @nd 2B —L(H;) De an i
ﬁnital *® - homomorphism, for all ie‘IQ | |
Then, one can construct ( H: = é@g 4 34D (the analogue
of the infinite tensor produégeéf [6]; see also [4] ) by éh;
inductive limit procedure, It ié endowed with a ( pre-)Hilberi
(right) B-module structuré$gﬁ unital = - homémorphism;(ﬂ5~4u;
This infinite tensor product is also associative and ?
distributive with respect to the direct sums of (pre-)Hilbert%

(right) B-modules.

NOTE

Here,< ,> and L(E) are respectively denoting the
inner semi-product and the bounded operators on the B-module .
E equipped with £ ,> . ‘

B is endowed with the inner product <be,b,>=blb, . For |
a B—module E, eqipped with a B-valued inner semi-pfoduct,

e




“then the isomorphism H ~ H.‘ ®6 H(.) CatLl is given byV,;:H——»H,@?)H

- 12 - |

one naturally define the orthogonal complement of each

B-submodule of E.

Sketch of Theorem 2.1lys proof

One can proceed like in 1, In the following we review

especially the differences., The recourse to the existence of -
J
the coproduct in the category of unital algebras furnishes the |

unital albegra A and the unital = - homomorp}hisms 1ot Ao —A
ie I,‘ such that A is generated by Uie[ 4(A:) ., One can |
identify B with ji(B) by a simple algebrical exercise. |

Lot 1€ I be arbitrarily fized. Let then(m ) H;, . ,x, ALY
o ef} y De the unital # - representations supplied by the
énaiogue of the Gelfand - Neumark - Segal construction perfor- w
med in [9] , which is respectively applied to the projections |
of norm one %(0(;) ydeelt y of the family CD; , taking the |
sane \I‘iilbert (right) B—mddule Hi= B Hg and the same vectoi
2.4 ® 0 € BoH; for each «; el |,

One can proceed in this manner by recourse to 2;2 ~2e¢5
Thus, one obtaines the unital = - homomorphisms A B——L(H:) ,
AZ B ——L(H)  so that 7.(6)(b®R) =Lb ®A (KL .
One can observe that ﬂc(dc)(b)z b for beB .

|

The Hilbert B-module free producir{l—l,-g}of the family
{H;‘,%L}‘ . is defined by
Le

H=Ro® @ ® H: 8 - ®H, = B@®H°
"24 (Y -)tm) € D,(0) i
.‘s‘—’ 48®O e BaH°

Considering H(i) : = Beaqu1 (C,,~?-)CM)GDM(1)HC\@B'”®Q>HE“C' H |

(
1

such thdt




if i, =1 and n»?2 |
° 0 ° l 4 !
e, e 6k |
%(L:@@‘B»:‘) - 1:1@)% . if il = 1 and. n = 1 ‘
, |
oolte ... 02) if i, #1
for all ny 1, (i ...,ide Dy (I), &‘;eH; (1< 3¢ m).

Thus one defines the unital % -homomorphism A :L(H;) — L(H)
by (M) =V (Ted) V. .
One can also consider the following orthogonal decomposition

of H : N
H = HL @ HL . N
and one can also observe that the subnodulss Hi and Hi of H

are invariant under the action of 2.(T) for all T e L(H:)

Let o e[’ Dbe fixed,
' |
For all n»1 and. ’t::(il,..qin)e Dn(I) one can also |

construct the unital =% - homomorphisms G(C“'q‘k’:Ai —H), 1< ksn,i

given by |
) (e, )
Nk TT'_.k (a) 0] j
|
G’(Ck ‘°(CK) () = |
M)
@) liu Trc‘< ()

The % ~homomorphisms G’““’qj“*)tAck——-*L(H) y . lek¢n,
have the following properties:

lo U‘“’k )Q(CK

5

(&)
) (ay § = -2'&?‘.« (&) (mod Htv_) for ach

o) U‘t‘:4;°"~'4) coe e ) ° N 2 :
0 " (o) a ) g (¢M-4) HCMC "L;‘ @B“' 85 Hi,\_4 ®5H‘:"‘

te

)

)
if a, ¢ Ken kpg“ ('L'm')) (l¢<kg¢n-l), for all n=z2,
t= (iy5e00yi )€ D (1), where o4 :=(%,-0 ¥, ) ;
(¢] < . . . SO -
5 < g : G( 40X 4)(%) ‘."\VG‘L\'“‘#LM)(Q’I\) %) - "ﬂ: )(q%’ “_ka-\’LM](am) N
1%} "
T if o, ¢ K k??f“ (bety) (lL<¢k¢n), for all n» 1,

| t:_(il,;..,in)e D, (I), where oz («
40 ¢ % (b) = b for be B,
c/‘

13

N )
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Therefore, one can obtain anunital % -~ homomorphism family |
¢wu/x——»L<H>,«er\2ﬂﬁéiiﬁér T¥(L=b for alll be B,
Denoting by (vg tL(H) —B  wg(M:=<¢,T¢> , one can |
observe that wg is a positivity preserving pro“jection of

the Cc*®- adgebra I (H) ento its c* ~subalgebra B,

Thus, k?“d):: W 0 ¢®  is also a positivity preserving

progection of A onto B and moreover k\OW’(«b) :KFMC)&)L s for all‘%
achA, Dbe B . So that kp“’" yole 7 s are conditional expec-?

tations and satisfy the conditions (2) and (3).
The = -represcntations of the free product A of the
® - algebras Ai, ie I, are also in éne-towone correspondencej

ie I, which act

with families of s - representations of A‘i ,

on the same Hilbert B-module by bounded operators.

A couple {A,@} given by the Theorem 2.1 can be called

a reduced free product with amalgamation of{A¢ ) Cb"’}z‘,él via

y end (3) of Theorem 2.1 the free independence property with;

analcamation on A viay .

Remark 2.4. One can also oBtain the existence of

another family Cb#:{kp#(q’ ;oeer'} of conditional expectationsj
of A onto B such that

\RROL
(2') “f’ﬁd’°j; = E %) for each ie I and xel ;

# K(MJ& \&:‘mt
(31 WH\;W) o 4o lan)) = ué: /“t))(q” kP&n SAL)
if .oy e Ken L[;L_Latci) , 1 ¢j¢n, for all ny1l,

\

(an) )

t:i= (Il,.oain)e Dn(I), 0(4;::(«(_‘1)"‘)0((,‘,“) ? for each

xe [’

. /o




¥ .
One can interpret such a triple{A,@h(b } like a

symuetrized free product with amalgamation of{/h,i&} yia*XJ,
Le
and the last assertions (3) and ( 3') like the symmetrical

free independence property with émalgamation,bn A viay~,
v

Comment. This study will be continued elsewhers.
For example, as a fist step, one can establish a
limit theorem, one can define the white noises and

so on, generalizing the results of[3] .
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