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Abstract The present paper gj-ves a procedure to determine an

opt lmal  robust  contro l ler  by us ing balanced real izat ions ln  the

sense of  Jonckheere-s i lverman[8J and an opt lmal  so lut ion to  the

one-b1ock Nehar i  problem obta ined f rom a subopt imal  one v ia

s ingular  per turbat ions nethod.

our procedure is different from the ones analysed in the book

of Habets and seems to have some advantages as examples taken from

the book of  McFar lane and Glover [9]  do suggest .

1 .  In t roduct ion In  the last  years,many papers have been

devoted to  the robust  s tab i l i ty  in  the gap-metr ic(or  equiva lent ly

wl th  respect  to  per turbat ions in  the normal ized le f t  copr ime

fac to r l za t i on ) .We have  i n  m ind  p r lmar i l y  t he  books  o f  McFar lane  and

Glove r [9 j  and  Habe ts [4 ]  and  the  re fe rences  the re in .

The a im of  th ls  present  paper  is  to  g ive a procedure to

determine an opt imal  robust  contro l ler  by us ing balanced

rea l l za t i ons  i n  t he  sense  o f  Jonckheere -S i l ve rman [8 ]  and  an  op t i rna l

so lut ion to  the one-b lock Nehar l  probleur  obta ined f rom a subopt imal

one v ia  s lngular  per turbat lons method.

Our procedure seens to  have some advantages wi th  respect  to
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t he  ones  ana lysed  i n  the  book  o f  Habe ts .

2.  Pre l lminary known facts

2. ' l . , .  Jonckheere-Si lverman invar lants  and balanc ing Consider

t h e  m i n i m a l  s y s t e m  ( A , B , C i ; t h e n  t h e  R i c c a t i  s t a n d a r d  e q u a t i o n s :

- T a , .  a ,  ^ T - , .  a ? a
A - A + t l ^ - A E b ' t t + C  

- U =  U

^ , , . , , - T  a , ^ T ^ a , .  n n 7
A I + L A  

- - J L ' L I + b D ' = V

( 1 )

( 2 )

have  s tab i l i z l ng  so lu t i ons  X>0  and  F>0 .

Acco rd i -ng  to  the  resu l t s  o f  Jonckheere  and  S j - I ve r rnan IB ] , t he

eigenvalues of  the matr lx  XY are posi t lve and invar j -ant  wi th

respect  to  any nonsingular  coord inate t ransformat ion 7 in  the s tate

space;we shal1 caI I  these invar iants  Jonckheere-SiLverman

inva r ian ts .

I t  i s  sa id  tha t  a  rea l j - za t i on  (A ,B ,C)  i s  ba lanced  i n  the  sense

o f  Jonckheere -s i l ve rman  1 f  t he  R icca t i  equa t i ons  {  1  )  and  (2 )  have

the so lut ions.  x=Y=diag(orr r ,  .  .  ,o . r . )  respect ive ly ,wi th  6t lor ) .  .  to . )O

w h e r e  - I *  a r e  n * x n *  u n i t  m a t r i c e s , k = 7 r . ,  r r .

I f  we star t  wi th  an arb l t rary  min imal  rea l izat ion (A,B,C)  and

wl th the corresponding so lut j -ons X,Y to  the assoclated Riccat i

equat lons,a balanced real izat ion in  the Jonckheere-Si lverman sense

is  obta ined by the fo l lowing a lgor i thm which wi l l  represent  a f i rs t

component of our procedure to compute the optimal robust

con t ro l l e r :

7 " '  S tep :  De te rm ine  the  s tab i l i z i ng  pos l t i ve -de f i n i t e

so lu t l ons  X  and  y  respec t i ve l y ,o f  t he  R icca t i  equa t i ons  (1 )  and

( 2 1  ;
2"d Step. '  Consider  a Cholesky f  actor izat ion x=ZrZ;

3 'd  ' tep. '  Per form the s ingular  va lue descomposj - t ion

zYz"=RE2R? wi th  R or thogonal ;



4 ' h  S t e p ;  D e f i n e  T : 12  and compute  TAT- I  ,TB,CT- |

n

Af te r  such  t rans fo rma t ion  we  ob ta in  a  rea l l za t i on  wh ich  i - s

ba lanced  i n  Jonckheere -S i l ve rman  sense  and  we  sha l l  wo rk  fu r the r

w i th  such  rea l i za t i on  deno ted  aga in  (A ,B ,c ' ) .

2 .2.  Robustness in  the Gap-Hetr ic  Given a nominal  s tab le p lant

G ,  t he  robus t  s tab i l i za t i on  p rob lem in  the  gap  me t r i c  cons i s t s  i n

f i nd ing  a  con t ro l l e r  K  wh ich  s tab i l i zes  a l l  t he  sys tems  G^

sa t i s f y ing  6 (G ,G^ )< r ,where  6  deno tes  the  gap  be tween  G and  G" (see

i1 l )  and  r>0  1s  ca l l ed  robus tness  rad ius .

As i t  is  known th is  problen is  c losely  re la ted wi th  the

robustness wi th  respect  to  per turbat ions in  the normal ized le f t

cop r ime  fac to r i za t i on .Reca l l  t ha t  a  doub le  cop r ime  fac to r i . za t i on  o f

the iorm G=fr - l . f f=NM-r , isnornal ized i f  M'M+N'JV=Iand f f i *+f f i r  = f ;such

factor izat ion is  rea l ised by us ing s tabi lLz lng so lut ions to  the

R icca t i  equa t i ons  i  1  i  and  (2 i  . 1 "4  ,97 .  The  robus t  s tab l l i za t i on

problem wi th respect  to  per turbat ions in  the normal ized le f t

cop r ime  fac to r i za t i on  cons l s t s  i n  f i nd ing  a  s tab i l i z i ng  con t ro l l e r

K ior  a l l  per turbed systems Gai  = ( f r+Agr l - t ( . f f *Ap)  ,where Lg,A1€RI{-  and

l A ;  A ; [ - (  r ( s e e  1 , 2 , 4 , e ]  )  .

An impor tant  resul t  in  i9 ]  1s the fact  that  the maximum

robustness radius is r*rr=yi l , ,  where y*rn, =rfGt wlth oro beei-ng the

largest  Jonckheere-s i lverman invar iant .

fn  the fo l lowing we shal l  essent ia ly  use the impor tant  resul t

i n  [ g , theo rem 4 .3 ]  wh ich  s ta tes  thaL  a  con t ro l l e r  f f  i s  a  so lu t i on

to the opt imal  robust  s tab i l izat ion problem wi th respect  to

no rma l i zed  1e f  t  cop r ime  f  ac to r j - za t i on  i f  and  on l y  i f  ;R= tw '  w i th

U ,VeRIT  sa t i s f y ing :

1
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[ f  t f ] ' i s  t h u s  a  s o l u t i o n  t o  t h e  o n e - b l o c k  H e h a r i  p r o b l e m  ( 3 )

3.  Opt lmal  so lut ion to  the Nehar i  problem v ia s ingular

perturbations

I t  i s  known [3 ]  t ha t  t he  d i s tance  f ro rn  an  an t i s tab le  m ln ima l

s i s t e m  C ( s ) : = ( A , B , C , D )  t o  t h e  s e t  o f  s t a b l e  s y s t e m s  e q u a l s  t h e

Hankel  norm of  G which is  equal  to  the largest  Moore s ingular  va lue

o f  ( A , B , C ) .

In  th i s  sec t i on  we  s ta r t  w i t i ] -  a  n in ima l  p ian t  C (s ) := (A ,B ,C ,D)

w i th  A  an t i s tab le  and  we  look  fo r  a  sys tem G, (s ) := (A , ,B " , c , ,Do )  w i th

A" antistable such that |-O-.O"i l .=16!*=1t,whire F, is the largest bdoore

s i n g u l a r  v a l u e  o f  ( A , B , C ) , t h a t  L s  P r ' i s  t h e  l a r g e s t  ;
'glXenvalue

of  PQ,where P and A are the Gramians of  (A,B,C)  def ined by the

tyapunov equations;

i lt-,q'l I u lll
i l  "-1.[ " ' | l l-=

1

The system 6"

a s s o c i a t e d  t o  6 [ 3 ] .

tet Y')Itr' and

fo l lowing that  the

AP +  PAr  -BBr  =  A

Q A + A ' Q -  C  r c =  0

is  a so lut ion to  the one-b lock Nehar i  problem

def ine w: =T-'Q( r-y' 'PQ)' '  -rf ie 
'shalI 

show in the

systern:

( 4 )

t b ,el (s) :  = ( -  (a+.Bg'wl ' ,  wB, -cQ, D,

j .s a solut ion to the suboptimal Nehari  probtem tre-C'I-<T.

proposi t ion 1 The natr ix  W def ined .above js  a s tabi l iz ing

pozi t ive-so lu. t ion to  the gane- theoret ic  Riccat i  equat ion:



( a - y - 2 e c r c ) r w + w ( e - y - 2 p c " c )  +  w ( B B ,  - \ - r p c r c p \  w - 7 - z c r c  =  o  ( 7  )

Proo f  [ ' r om (  5  )  we  deduce  tha t  t he  fo l l ow ing  equa l i t y  i s

ver]. r ] .eo :

I f  we  de f i ne  th

w e  o b t a i n  f r o m  ( 8 ) :

and  thus :

|  -e*y-"ncrc -Ap-pA "+ T-zpcrcplIr tr-pOl lyrt  -  pOl
l  

r v  v

L - T - r c r c - y - z g r g p s a r l t  O J T O J

Since y ' I -PQ is  nonsingular  and -A is  s tab le,we deduce f rom

(9 )  t ha t  w :=Q(y ' t -pQ) ' ' =y - 'Q (T -T - 'PQ) - '  i s  a  s tab l l l z i ng  so lu t i on  to

the Riccat i  equat ion associated to  the haml l ton ian f i rs t  matr ix  ln

t h e  l e f t  s i d e  o f  e q u a t i o n  ( 8 ) .

To prove that  I f  ls  pos i t ive-def in i te  we consider  a Choi .esky

factor izat lon Q=R'R and we obta in:

w= !-2Q(j.-r-2po) 
-1 = T-2R 

'n(I-T-' ,PRrR) -1 = T-zR 
r(I-1-zppp 1-1R

s ince  T '>4PR ' (s ince  T '>PQl , f ron  the  l as t  equa l i t y  above  i t

f  o l lows that  , t>0.

coro l lary  The natr ix  ' (a+garx) '  is  s tab le.

P roo f  Wr i t e  equa t i on  (7 )  l n  t he  equ iva len t  f o rm:

-  (a+  BB? I { ) rW-w(a+BBr t i l  +WBBr ry r+ r - z  ( f  + ryP)  c rc ( I+PD =o  i  10 }

[ - a  o  l [ r l  f  r l ,
I  n r n  "  t l l  ^  l = l  ̂  l ( - A )
[ - u  r -  . c L  J L v  J  L l /  J

e  s l m i l a r i t y  t r a n s f o r m a t i o n :

f  a -

r ,  = l f  r  -P l
t  0  r J

( U , l

'[ ;" .1,] ' "[;J='[i] ,*,

' 5



Since  the  l as t  two  te rms  in  equa t i on  (  10 )  a re  pos i t i ve

semide f i n i t e  and  the  pa i r  (B 'w , ' ( a+an 'w) )  i s  de tec tab le

( - (a+ag 'w)+BB ' /w=-A  i s  s tab le , s ince  A  i s  assumed  an t i s tab le ) , t ak ing

in to  accoun t  t ha t  W i s  pos i t i ve  de f i n i t e  acco rd ing  to

Propos i t i on  1 ,we  conc lude  tha t  t he  ma t r i x  - (e+an ' x l  i s  s tab le

The  Coro l l a ry  shows  tha t  G" '  de f i ned  by  (  5  )  i s  s tab le .

P ropos i t i on  2  We have  nc ' c " ' i l . rY .

obtained when

r e a l i z a t i o n  o f

( r r  I

A'II + traJ + ̂ 1-zllcf cnII + BnBa" = o

i s  ve r i f i ed  by :

l r J t

( 1 3 )  i n  i 1 2 )  o n e  o b t a i n s  t h e

he  pa r t i t i oned  fo rm o f  { t ? i : -

.  The b locR (  1 ,1 )  o f  ( tz l  |  -AP'PA"+BB'=0 i

.  The block 11,2 ) of ( 12 ) :  A'A-BBt'w+BB"w=0;

.  T h e  b l o c k  1 2 ' 2 )  o f  
. { L 2 ) :

;  (e+ an'wl 'w- w(A+ BB'r i l  *wBBrw+ T-'  (r  * wp) c?c1r+ Plf i  = o

The  f i r s t  equa t i on  above  i s  ve r i f i ed  because  o f  (4 ) , t he  second

is  obv ious  and  the  th i rd  i s  j us t  equa t i on  (10 i  wh ich  i s  t rue

accord ing to  proposl t ion l .Therefore we conclude that  f I  is  a

so lu t i on  to  the  R icca t i  equa t i on  ( tZ ) .

n

Proof  consider  the d l f ference-system Go:=G-G,r

c o n n e c t i n g  i n  p a r a l l e l  G  a n d  - 6 , ? ; t h e n  u s i n g  ( 7 ) , a

Gd is  (AorBo,corDo)  rwhere:

l e  o  I  l r l
u ,=Lo -  (AtBBrnr l i  Ba=L*. |  ;  co= lc  cPl

We shal I  prove now that  the Riccat i  equat ion:

[ - p  r ln : = [  r  w ]

I ndeed ,when  subs t i t u t i ng  (11 )  and

fol lowing equations correspondi-ng to t

I L Z I



rn  o rder  to  p rove  tha t  ncu i l -s ' t , cons ic le r  the  ad jo in t  sys tem o !64 :

* = -elx- CJu
Y = B [ x

A  d i rec t  ca l cu la t i on  us ing  the  equa t ions  above  and  (12 )  shows

that  i f  u  is  an L ' ' input  then we have:

lr'xat 
= 

l*rnpfxd,t 
= 

I*r(-aatr-Ila J-t-'ncicd[l xcit =

: * o

I t t -* r+urca)Ilx+x III ( -*+cr"u] x-T-'tcrTfc:cp)d dt -
!-

1

f  l -+ (x"I Ix) *^{ 'uru- (yu+y-lcol l-v} r(yu+y-1cf lx) jdt
!*L ctc

Since A,  is  d ichotomic the term:

r dr  :  (x"(  r )  t rx(  t )  )  dc
J d t

vanlshes and hence we deduce that :

Therefore the .L'-norm of (-Ao",-Co',Bo') is less or equal than

y;s ince the norm of  an operator  equals  the norm of  i ts  ad jo in t 'we

conclude that treon.sy
tr

Remark For the two-blocks Nehari problem the correspondlng

fo rmu lae  to  (6 )  and  a rgumen ts  a re  i n  i 7 l .
E

fn the fc l l lowing we are in terested in  s tudy ing the behaviour

o f  G , ' a s  y + p r . T o  t h i s  e n d  w e  s h a ] l  a s s u m e  t h a t  ( A , B , C , D )  i s  a

ba lanced  rea l i za t i on  i n  t he  sense  tha t  P=Q=d iag (P , r r ,  . ' , L t f I ' ) ,where

H r ) . . > ! o > 0  a n d  r *  a r e  n k x n ,  u n i t  m a t r i c e s , k = 7 r . .  r P

Denote Mrr :  =d iag(Lt r I r ;  .  .  ,1 toI r )  hence P=Q=diag(Pr IuMrr)  .

Take y2:=pr2+8 and comPute:

- ,  
^ ' ,

I y ' y d t s T 2  I  u r u d u
J J
-O -O



( 1 4  )

- (ear{+p181.a1r) xr - ( eA"lt+ltrarB,fl x2 + F1B1u

-  iar l  +w"r(6;ErE"i  xr- {a2! +w"ria).8rEe") xr*wr"(e )Eru (18)

-PrCrxr - CrM,rxr+ Du

g to the theory of  s j -ngular  per turbat ions th is  system

d i f  -B ,B , r  i s  s tab le , tha t  i s  l f  B '8 , "  i s  nons ingu la r .

that  BrBr '  is  nonsingular  and per f  orm the usual

tak ing :

I  r , r-  o
w : = T ' e ( r - r - ' p o ) - '  = i  e ' 7

I  o wr,  (e)

f rr,, IWrr le)  l=  d iag{  =-r  ,  r  (15 )
I  Pi- t ' i "e l '= '""o

Cons ide r  t he  pa r t i t i ons  a f  A ,B  and  C  con fo rma l l y  w l th  the

par t i t l on  o f  w  as  fo l l ows :

- [ur, 4r1 ['r la = l - '  .  l ; B = l - .  1 ; c = [ c l  C ^ ]  ( 1 6 )

[Ar t  Ar rJ '  IBr l

'  
T h e n , w e  o b t a i n  f r o m  ( 5 ) :

[  ,  - 1  - ,  (  -  r  1

A,;, = - (A+BB'wt' =l -(o,1.+p'B''") -[^;.+ 
"'"4 |

[- ,"f,+rr, (e) BzB{l - {arlz*wrr(e) nra{\ Lt ' - ! - 4 - . ' J  ( 1 7 i

I  F r p  I
, .  B l : = r r= [  

* , r r r J r ' r r ]  
,  

" r : = - cp := - [ p , c ,  
- c& r i ;D !=D

The real izat j -on above corresponds to  a s lngular ly  per turbed

( two- t lme-scale)  system;the correspondlng equat l -ons nay be wr i t ten

a s :

w h e r e :

can

I  tn '=
I
I  x 2 =

I  r =
Accord in

be reduce

Assume

c t i o n , b yredu



t t v ,

w n e r e :

Aait = la{r* wzz(a) ara{1 @rn{1 -ra"a{ - aA- w^r(o) ara{

8" , !=  - lA{ r+wrz(o) .ar r rJ  taraf ) - t+wzz(0}Ba 
(20)

c,,: = 1rrcr tarn{\ -'ara{ - ctrzz

D"r, = - FrCr larrf) -t", * o

A usefu l  resul t  concern j -ng G".  1s s tated ln  the fo l lowing

theorem:

Theorem The systen Go. defined above ls a solution to the

optinal Nehari probTen for G.

Proof  When wr i t ing equai ion (10)  in  a par t i t loned form

a c c o r d i n g  t o  ( 1 4 )  a n d  i 1 7 ) , w e  o b t a i n :

n - 4 .
x r  =  -  tBF ; ) - ' \BLB I ' x2 -B tu )

Hence we obta in the reduced order  system G",  o f  Gur  :

| :. - ^ .- | n

I  
nz  -  Asr^z  'Dsru

T

[ -rt = C"rxz*D"ru

.  T h e  b l o c k  ( 1 , 1 )  o f  ( 1 0 ) :

l o \ / r \ . 2
-l !-ro,1 *\a,a{i -l*q, *!}n"a[|.4",",'* .1 (cicr*

\  e  e a  [ .  e  i i  
e 2  e z  p l + s '

F? n.rn * r? ̂  '-.t* Fl.,."., ) = n
g 

*1 *r '  
g 

*t"r 
,z 

*l *r,;

and  hence :

vi@raf -crrcr) *e ( lrrArl+FrArr-c1rcr) = 0

When wr i t lng the l ,yapunov equat ion i5)  in  the par t i t ioned form

wl th Q=diag(urr ,Mrr) rone obta ins prArr '+p lAt t -cr r ( r=gr therefore the

equat ion above g ives B7Br"=grrgr .on the other  hand i t  is  known[8]  that



f o r  a  ba lanced  rea l i za t i on  B ,B , r= ( ' , r g r ;we  conc lude  tha t  t he  re la t i on

above  g i ves  no  new in fo rma t ion .

.  T h e  b l o c k  ( 1 , 2 )  o f  ( 1 0 ) :

t , , \-[u;. 
la,a,])w,,(e) 

- 
+ lA,,*B,B{w,,(el :  .  *8, B{w,,(e) n

r  -  u l  d  i  u i  r y  . 1

#lo*, 
*lc{cr+c{crurrwrz (e) +r1 c{crttrrw^z (e) 

l= 
o

t ' J -  
' v  -

From the  express ion  (14)  o f  , ,1  iE  resu l ts  tha t

wr(  c )  =Mrr(T'r-Mrr ' ) ' ' ,  theref  ore:  ,

p, [Arr+8, Bfr'rr(a) ] + eerSlwrr(s] - c{crl (pt*r l ra}"l -1 = 0

and  hence , fo t  E=0  i t  f o l l ows  tha t :

Ar, * Brdwzz (aJ = p;t c{ c, lplr-alr\ 
-r

.  T h e  b l o c k  ( 2 , 2 )  o f  ( 1 0 ) :

- lAzz+BzB{wz, (e) I rwrr(e) -wz,zk\ l4r+arlr'wrr(a) J + wrr(e} ara{wrr(zl

+ | r+Igrwrr(el irc{c"l r+M^rwrr(e} I = o
Fi+e

Using (zLl  , f ron equat ion above we obtain:

Artrwrr(e) + wrr(e) 4, = + t (pi*e ) t-{rl-'C{Crt (Fi*e) r-1t' 1 -t -
Fi+e

wrr(e) BzB{wzz{e)

there fore , fo r  e=0 i t  fo l lows tha t :

( 2 2 1

1 0

r + Mrrwr, (e) = J * aiz Q' r-Mizl -t = iy2 z -al2| -1

U s l n g  ( z t )  , a f t e r  s o m e

correspondlng to the block

(21 ' ,

algebra ic  manlpulat ions in  the equat ion

( t  , 2 )  , w e  o b t a i n :



A.Awrr(0) + wrr(ei  Azz = p;2 (ptr  -MirJ -Lc; 'c" ip l t*air ' t  -L -
I  z J  I

w r r ( e )  $ )  a r a f  w 2 2 ( o )

W e  s h a 1 l  p r o v e  n o w  t h a t  4 " .  i s  s t a b l e ; u s i n g  ( 2 0 )  a n d  ( 2 3 )  i t

f o l l o w s  t h a t :

A*r ' i ' rr(0) + W22(A) A:, = t (ar! *Wrr{A) B2B{) tElAlr) 
- 'ArA{ -a{"

w22 (o) B2B{) w22 (a} * wzz 1o1 7 zrnrr (BlBx") -' (4r+ BP{wzz(o) ) -4a -

Bz&{w2z$) I  = tArl  +wzz{o) B2B{) ( .81.81) - 'BrB{wrr(o) + (241

waz(o) ara{ taraf l  - t  t4^ + B4{wzz(0) I  -  wa2(al ara{wrr(0) -

piz ( pir- Mlrl -tcrrc,(vir - ai) -L

We have  a l so  f rom {22 )  t

[A.,,  + a.,afwrr(0i ]  r(r. ,arr) -1[A.,2+Br Br'wr.r.(0) ] =

p r' I vlJ - al) -1 c{ cr( B1B1 ) - t crt c, I plz - t t}r\ -L

since BrBr?=grrg* fron equation above and from the inequali ty

cr (€r 'cr ) - 'c r r 's r  we obta in:

[e., * arafw^r(0) J r(a.,rrr] -1[Ar"+8., B{wr.r(0} ] s

rri' fiit-at) -tc{c,Uir - a},\ -'

therefore, tak ing in to account  the express lon (20.1 for  B"" r f rom (24 ' t

i t  f o l l ows  tha t :

A " r w r r ( o )  + w z z ( a ) a $ <  - B r r B { ,  ( 2 5 )

From ( 20 ) we deduce that Ao.+B"Pr?=-A,, ' i  slnce (A,8, C) 1s a

ba lanced  rea l i za t i on  w i th  A  an t i s tab le  i t  f o l l ows  tha t  A*  i s

a n t l s t a b l e  t o o  ( s e e [ 3 , t h e o r e m  4 . 2 ] ) . r r o m  t h e  e q u a l i t y  a b o v e  w e

conc lude  tha t  t he  pa i r  (A , . , 8 , . )  i s  s tab i l i zab le .S ince  wr ' (0 )  >0  f rom

the  i nequa l i t y  t 25 )  we  conc lude  thaL  A" .  i s  s tab le .

We sha1l  prove now that  G".  sat ls f ies the inequal i ty :

1 1



IG- G", [- s y

f o r  a l l  T > F , .

Let  def  ine tbe d i f  f  erence system Go, :  =G-G".  which has the

real ization ( Ao., Bo", Co., Do.) ,  where :

f ' A
I A  U

o , t t - l n  n
t - --ar

Cons ider  now the  R icca t i  inequat ion :

Aa,fr,+E,A;r+ (tr,C$ +nn,ofr\ Qzt-oopf; 
-1(C,',.II, +D,t,Bdzi +

B*.ef, < a

We shal l  show now that th is inequat lon 1s sat lsf ied by:

r.i=[ " : []l I
[;; ; ;;;;; I

r  F 1
t D t  _

;  B a r = l  n  l ,  C o ,  =  [  C  - C r r J  i  D a r = D - D " ,  { 2 6 )
[ - e r J

( 2 7  |

( z a 1

where the dimension of J equals the number of columns of A* and
p=diag ( Fr[, Mrr)

When  subs t i t u t i ng  (28 )  i n to  (271  we  ob ta in ,us ing  (20 )  and

( 2 6 1  z

.  r ' n e  | ] l . o c K  I I r I l  o f ,  l z t l i

-AP-PA T+gg t  =  g

.  T h e  b l o c k  ( 2 , 2 1  o f  ( 2 7 1 t

. .  T h e  b l o c k  l L ' , z )  o f  1 2 7 )  z

[ a , , . |  [ o  1  _  _ a  [ o l
l+ ,1* [u"1]* t ' " " '= [o I

t 2



Ao,wzz(o) + w22(o) a{r+ lc:r  -  w?z(o) c{r-  F. ,au1a, (a.a{ l  - tcrr l  .

lrri-plc, (.Br8rr) -1crtl -1 
[ cz - cnrwrr(0) -prci (ErErti - ia{a",) + ( 29 )

B"B{' s o

f n  o r d e r  t o  p r o v e  ( 2 9 ) , w e  c o m p u t e  f i r s t , u s i n g  ( 2 O ) , ( Z Z l  a n d

t z J r :  
I

A$wza(o) + w2?.(o) ef, = pit (pir -Mi) -'c{c. 
@.a{7 -Ln,n{wr.r(0) +

lrr'wrr(0) ;r;rr1;rErr) -1clrcri*1Li -alr',-. - iiit tvlr -al) -tc{cr. ( 30 )

( p?t-wt) -, -wrrrc\ Bz+{wzzrc}

A d i rect  ca lcu la t ion us ing (ZO1 shows that :

c{-wrr(ol c$ -prB!,Br(rrrr"y -1 = ( p'"r*a}rl-ac.flr-cr(rrrr} "cf1

and hence,  s lnce BrBrr=grrg, .and.  y '>p , '  , \ ]€  have:

t c{ - wr^ (al c:, - pp{,n, (sro{l -'cA ly' z - 1t'rcr(ara{1 
-rsrt -r -

Icz- csrwzz (o) -prc, (Brrrr) -taita"rl = lplt-wl) 
-lcrt.

(  3 1 )
I r- c, (cxrq) -lc{r [y^t- p?c, ( c'rcL\ -lcrt] -t I r- q (cJq) -lc?r .

c"lvlt-wl) -'s prz Uiz-*ti)-'c{ rr-cr(cfq) -1cTr c, tplr-a?r\-'

For the last  two terms in  the 1 'e f t  s ide of  {29 l ,  ,we obta in wi th

l z v )  a n c l  l z t ) .

B"p:, = -pit er?t-drl-,c{c., (a'arrl -tcrtc, (vlt-ml^y-].-

. . - L t - - 2 -  . - 2 r - 1  n T n  r -  - T r - 1  -  - T ' . ' '  t ^ \  . . - 1 . . .  / ^ \  .
F: .  ( l r r l -Mzz l  - L i  L r t t ' r s r  I  'E tEzw22  lV /  -F r  w22 \V )  . ( 3 2 )

' 
Br&rttBrBrt) 

-tcrtc, 
tp?t-at l-t +:ffzz(0) Ba&rr2? (0)

w h e n  r e p l a c i n g  ( 3 0 ) , ( 3 1 )  a n d  ( 3 2 )  i n  ( 2 9 )  o n e  c a n  d i r e c t l y

ve r i f y  t ha t  t h i s  i nequa l i t y  i s  t rue .

Cons ide r  now the  ad jo ln t  o f  Ga . r i . e .  :

1 3



-  " r  . - T
* = - A i r x - C d r u  

( 3 3 )  .

Y = Bk* ni'u

A  d l r e c t  c a l c u l a t i o n  u s i n g  ( 2 7 )  g i v e s  f o r  a n  a r b i t r a r y

u e L ' (  - a , a )  |

f - - f

Ir'rat 
= 

I &'B**urDo,] @f,x+n!,uJ at < - llxr Iao.II,+

tr,-1s- tof"? *BaFJ,j Q'r-Dd,D;,)-l(cd,tr,. *i*u;,) I x+
-  ( 3 4 )

u"n*n|rx * xrBapfuu + urD*Df,ul at = 
f , - o\,** urcop.g-

x\.j+ vT,cJ,- xr {r,c|, * Bop:,') gl} - o",o:,1- '

( cc.Ir, * D *B :,J x + u rD *B !s. * x'n o-p i' + u rn in fiul d t

Since Ad, ,  is  d ichotorn ic , the term:

/ t*'u,*+x {[I,.*) d" = I #. ,*rlr,x] ,lt

van ishes , then f rom tS+1 i t  fo l lows tha t i

lrrratr- f [x'(-tr ci *Bdp;,| Q't-popi,) -u] (r't-napi,] '
-- -an

tQ'r-DaPJ') (-cal '  +n*e[ ')x-u' ]  dt+72 !urudt

From (35 )  we  deduce  tha t :

for  a l l  ueL ' ( - - re)  r therefore the.L ' -norm of  ( -Ao ' r -Co' rBo ' ,Do' )  is  less

or  equal  than y.Since the "6--norn of  a  systen equals  the -1"-norm of

l t s  a d j o i n t , i t  f o l l o w s  t h a t :

t s s l

f  ^  -  ^ f  ,
l y ' y d t < T 2  I  u r u d t

J J

t 4



n.-  n .  . .
ludr  l€ 5 I

The  inequa l i t y  above  ho lds  fo r  a l l  y>p r , ; acco rd lng  to  G love r ' s

theorem [  3  ]  , ,  GoJ .=n G-G". [ -21r ,  ,  then we obta in i l  c -c" , f ,  -=Ft  ,  theref  ore G".

i s  a  so lu t i on  to  the  op t ima l  Nehar i  p rob lem.

n
We summarLze  the  s teps  l ead ing  to  the  op t ima l  so lu t i on  to  the

Nehar i  problern:

7 " '  S tep . '  Compu te  the  Gramj -ans  P  and  0  assoc ia ted  to  (A ,B ,c ) ;

2 'd  Step. '  Per form the balanc ing t ransformat ion T Ln the sense

o f  Moore ; th i s  t rans fo rma t ion  can  be  ob ta ined  us ing  the  a lgo r i t , hm

desc r ibed  i n  Sec t i on  2 .1  l n  wh ich  X  and  f  mus t  be  rep laced  by  g  and

P respect lve ly

Replace A<-TATI ;BITB; C*CT| ;

3 'd  Step. '  Per form the par t i t ions (15)  conformal ly  wi th  l r r  g iven

b v  (  1 a ) ;
4'h step; Compute the real izat iot  (A",rBu,,C",rD,")  of  the opt imal

so lu t ion  G""  Eo the  Nehar i  one-b lock  prob lem,us ing  (20) .

n
Remark The above procedure is described for the case when BrEr'

i s  i nve r t i b le .

F rom ( fS )  i t  f o l l ows  tha t  i f  B ,=6 , then  the re  a re  no  s ingu la r

per turbat i -ons and le t t ing s=0 we get  d i rect ly  the opt lmal  Nehar i

aprox imat ion

I f  Bp:  is  s j .ngular ,by an or thogonal  t ransformat ion i t  takes

the form:

1

.B..B.r 0 Ir a  
I

0  0 J

where t ry is

we obta in a

component has

procede as in

nons ingu la r .A f te r  t he  co r respond ing  t rans fo rma t ion

s lngular ly  per turbed system for  which the fast

the dinenslon equal to the rank of BrBr' and we may

the gener lc  s i tuat ion when 81Brr  is  inver t ib le .
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We deduce  tha t  t he  d imens ion  o f  t he  op t ima l  Nehar i

app rox ima t ion  ob ta ined  by  ou r  p rocedure  equa ls  n - rank (8 ,8 , ' )  .

4 .The  op t ima l l y  robus t  con t ro l l e r

We sha l1  app ly  the  p rocedure  1n  the  p rev io t t s  sec t i on  to

de te rm ine  the  so lu t l on  to  the  op t lma l  robus t  s tab i l i za t i on  p rob lem

wi th  respec t  t o  no rma l i zed  l e f t  cop r ime  fac to r i za t i on .

Reca l l  t ha t  t he  no rma l i zed  l e f t  cop r ime  fac to r i za t i on  i s

ob ta ined  by  us lng  the  s tab i l i z i ng  s .o lu t i on  to  the  R icca t i  equa t i on

( 2 ) , a n d  i f  t h e  r e a l i z a t i o n  ( e , n , C )  i s  b a l a n c e d  i n  t h e  J o n c k h e e r e  -

S i l ve rman  sense , then  we  sha l l  have :

[ ;l:l ],= (o.,'., [::;1, [l::] )

, t ) t  J b ,

( 3 8 )

Tak ing  i n to  accoun t  t he  s t ruc tu re  o f  t he  sys tem (35 ) , t he

op t i rna l  so lu t i on  to  the  Nehar l  p rob lem (3 )  has  the  fo rm:

( r z 1

since a realization of vr is (A,-BoDor'tco,BoDor-'  ,  -Dor-rcorrDor-t ) ,

the opt imal  contro l ler  K=IJV,  has the f  o l lowing s tate space

rep resen ta t i on :

& = (Ao - aoo;|Corl x", + aon-olu

*, = Aoxr+Eo ( -nlc*xr+ nlui

Y = cotxz+ Dot( -D;tCr"\+Do:1u )

When  subs t rac t i ng  the  f i r s t  two  equa t lons  (38 )  one  ob ta lns :

* r - * .  =Ao(x r - x r )

s ince  A"  i s  s tab le  (because  (  37  )  i s  a  s tab le  so lu t i on  to  the

op t i rna l  Nehar i  p rob len )  we  conc lude  tha t  (3S)  has  an  uncon t ro l l ab le

s tab le  pa r t ; a f te r  remova l  o f  t h i s  pa r t  we  ob ta in  the  fo l l ow ing

I b



e q u i v a l e n t  r e a l i z a t i o n  o f  ( 3 8 ) :

,r(s) : = (A"-Bpo)co, Bp") , cot-DniD-Jco, DorD")i ( 3 e )

A  d i r e c t  c a l c u l a t i o n  b a s e d  o n  t h e  f  a c t  t h a t  ^ 5  v e r i f  i e s  ( 1 )  a n d

(Z )  shows  tha t  t he  con t ro l l ab i l i t y  and  obse rvab i l i t y  Gramians

a s s o c i a t e d  t o  t h e  s y s t e m  ( 3 6 )  a r e  E ( f + E ' ) - '  a n d  5  r e s p e c t i v e l y .

1

A fu r the r  t rans fo rma t ion  de f i ned  by  ?=  ( f *X ' )  T  l eads  to  a

b a t a n c e d  r e a l i z a t i o n  ( A , E , e , D \  o f  ( 3 5 )  w i t h  t h e  G r a m i a n s

- j

F = A = X ( f + X z y  z

When performing the =diag ( or l l  Err)  ,we obtain :

; d = t d ' . ,  E r J  ' ( e o 1

where :

1

1

- t 4
A = l  -

L?-'

par t i t ion .E

n',1 I4l
L, l ' "= [aJ

1

= -AfL+orcr"cr i  &z= (r+o2r1 a Ga.ft+c{cnl.rr)  (r+l l r1
1 1

= ( t  +o?i l  ( r+E;r )  
"  

(  -a '1  +o${c)  i
I .1.., 1

= (r+ Etr l i  { - A"!"* cr"c}( z +I,1) a ;
= -oLCtT ;  Ez= -Er"C2r ;

1
4 ,

Arr

,
.27-

ithz

EL
( 4 7 ]

t  , . - + , F  1
q = I  

-  i r+oj )  " t l  
l ,  u ,

[ 
- o,. 17 +2f) 

-? 
c, .|

Since (A,E,e, f i l  is  ba lanced we can apply  the procedure

d e s c r f b e d j . n t h e p r e v i o u s s e c t i o n t o g e t t h e s o l u t j - o n t o t h e

op t ima l  Nehar i  p rob lem assoc ia ted  to  t36 ) . t e t  us  remark  the  fac t

that  the par t i t ion (40)  generated by the par t i t lon of  I  is  the same

to that  induced by the par t i t ion considered for  the Nehar i  problem;

- f
t n d e e d , s i n c e  F = A = 2  ( 1 ' + E e , - ?  , w e '  o b t a i n  f r l = o 3 . /  ( f  + o ? )  , i = 7 , . . , t ,

t he re fo re  the  deg rees  o f  mu l t l p l i c i t y  og  F r  and  o ,  respec t i ve l y ,a re

e q u a l . H e n c e , t h e  p a r t i t i o n  ( 4 0 )  c a n  b e  a p p l l e d  i n  f o r m u l a e  i 2 0 )
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w h i c h  g i v e :

wnere :

A r , = - e { r . * E u , C r D r r . ;

T t

En, = o; '  (r  +oi) 7 (r +zfr i l (  -or,  +trrcl 'cr) (  ciq) -1cl '*

frr , to ) Ezzc{ t-  ci \c{c} -rc{ -  t !  ;
l r ' l

. I (t+ozL 
-t 

t - flroitB,.t( crrq) -rc{crL* r a{frr) |c " r = l  r  l ;
I t tnl.|") 

-? 
t -Frcr (c1rq) -'cr'* r) cz[zz ]

I  ^  - 1  . ^ r l
= I  

-p, (r+ol) 
-zs;tart(c1rcr) -- .1 

|u " r ' = l  
"  l ;

[ 
- g, 1z +E]ri 

- 
s cr ( clrc1) -16'rr+ zJ

(  4 2 )

oyffr' ( 4 3 )

C o = - e " r ; D o = - r t r ,  ( 4 4 )

( ,39 )  we obtaj-n the real izat ion of

1

F r - o r ( r + o l ) - z

J ' -  , ^ r  t -  .  2 r  - r .  -  [
w 2 2 \ t ) /  =  t l + 0 1 ,  a J a g t

I
L-^,..,,o?- azi

) , = , .  .  . . ,

(  _ t
=  4 i2g1 ra ,  ( f  +o? )  2fr,,

S l n c e :

Ao= A",  I  Bo= B* i

using the expressions above and

the opt imal  contro l ler  K.

l, le present now the global algorithm to get an optimal robust

contro l ler  for  a  min imal  p lant  (A,a,c)  in  the gap metr j -c(or

equlva lent ly  wi th  respect  to  normal ized le f t -copr lme

f a c t o r i z a t i o n ) :

7 "  S tep :  De te rm ine  a  ba lanced  rea l i za t l on  o f  (A ,B ,c )  i n  t he

sense of  Jonckheere-s l lverman,apply ing the procedure descr ibed in

S e c t i o n  2 . L ;

,  zod s tep:  Compute an opt imal  so lut ion (Ao,Bo,Co,Do)  to  the Nehar l
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p r o b l e m  (  3  )  u s i n g  t h e  f o r n u l a e  ( 4 2 ] t  ,

3 ' d  s tep :  De te rm ine  an  op t lma l

r e a l i z a t i o n  ( 3 9 i .

t { J 1 , t 4 4 , ;

r o b u s t  c o n t r o l l e r  K  w i t h  t h e

We supp l imen t  t h i s  a lgo r i t hm w i th  a  tes t i ng  p rocedure ;we  know

tha t  a  con t ro l l e r  i s  op t ima l  i f  when  i t  1s  coup led  to  a  f iC t i ous

p l a n t [ 9 , e q . ( 4 . 3 1 ) ] , o n e  o b t a i n s  a  s y s t e m  w h o s e  f l ' - n o r m  e q u a l s  t h e

opt imal  robust  rad lus g iven by f  ormula r , " *= (7+orn ) - ' / '  .or r r  test ing

procedure consis ts  in  per forming the / f -norm of  the system obta ined

by  coup l i ng  the  con t ro l l e r  ob ta ined  by  us ing  the  above  a lgo r i t hn  to

the  f i c t i ous  p lan t .We use  1n  the  a lgo r i t hm fo r  compu t ing  the

I f -no rm a  p rocedure  desc r ibed  i n  t5 l .

5 . Exanples

We sha11 apply  the a lgor i thm descr ibed in  the prev ious sect ion

to compute robust  contro l lers  for  some examples deta i led by

McFar lane  and  G love r  i n Ig , chap te r  7 j . t he  examp les  g i ven  l n  i 9 ]  a re

loop-shaping problems which are so lved by determin lng a shaped

plant  G"=WG,where I {  ls  a  shaping funct ion,adequate ly  choosen and G

is the nominal  g iven p lant ; the the subopt imal  contro l ler  denoted K-

for  G" 1s determined wi th  respect  to  le f t  copr ime factor j .zat j -on and

the so lut j .on to  the loop-shaplng problem is  obta ined when tak ing

K=WK-

Al though we have used a test lng procedure which consj -s ts  in

comput ing the I f -norm of  the resul t ing system obta ined when

coup l i ng  the  op t ima l  robus t  con t ro l l e r  t o  t he  f i c t i ous  p lan t , i t  i s

des i rab le  to  make  o the r  t es ts  as  a re :

.  t he  ca l cu la t i on  o f  t he  e igenva lues  o f  t he  resu l t i ng  sys tem

obta ined when coupl" ing the opt imal  contro l ler  to  the g iven p lant ;

.  t he  ca l cu la t i on  o f  t he  .  s tab i l i t y  rad ius  s t ruc tu red  o r

unst ructured 1n the sense of  Hinr ichsen and Pr ichard accord ing to

the formula r  = (  l f i (s f  -A*)  - tp l - )  - t  
[  5  ]  ,where Ar  is  the matr ix

corresponding to  the c losed- loop systen GK(I -GX1- '  and the matr ices
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D and  E '  a re  chosen  in  o rde r  t o  i nL roduce  the  a f f i ne  pe r tu rba t . i ons

of  t l re  f  orm A*+DLE wi th  d unknown.

In  the  fo l l ow ing  we  p resen t  t he  resu l t s  ob ta ined  when  app ly ing

t h e  m e t i r o d  o f  o p t i m a l  c o n t r o l l e r s  d e s c r l b e d  i n  S e c t i o n  4 , f o r

e x a m p l e s  2  a n d  3  f r o m  [ g , c h a p t e r  7 1 .

Exanple 7 I t  i .s  a  loop-shaping design example for  the at t , i tude

con t ro l  o f  a  f i ex ib le  space  p la t fo rm.The  nomina l  p lan t  G  i s  g i ven

i n  A p p e n d i x  a n d  i t  h a s  1 0  s t a t e s , 4  i n p u t s  a n d  5  o u t p u t s l g , p , 1 9 3 ] ;

t he  shap lng  func t i on  cons ide red  i s  W=d iag {4200W" ;4200W" ;4200 I " }

w h e r e  w . : = ( s + 0 . 1 ) / s  [ 9 , p . 1 4 5 ] ; t h u s  a  s h a p e d  s y s t e m  c "  w l t h  1 z  s t a t e s

has  been  ob ta ined .

When apply ing for  c"  the a lgor i thrn descr ibed in  $ec i ion 4 we

obta j -n the opt imal  robusL contro l ler  K- .we use for  th is  contro l ler

the test  descr ibed at  the end of  the prev lous sect ion;  the opt imal

robus tness  rad ius  equa ls  fo r  t h i s  examp le  O .26320135805525 ,wh11e

the f i - -norm of  the system obta ined when coupl ing the controt ler  to

t h e  c o r r e s p o n d i n g  f i c t i o u s  p l a n t  e q u a l s  0 . 2 6 3 2 0 1 3 5 9 0 5 3 9 8 .

We remark that  our  opt lmal  robust  contro l ler  K-  has 11 s tates,

wh i l e  t he  one  ob ta ined  l n  t9 l  a f t e r  reduc t i ons  has  on l y  10  s ta tes ,

but  we ment lon the fact  that  the matr ices descr ib ing our  f ina l

con t ro lLe r  K=wK-  has  the  l a rges t  coe f f i c i en t  2 .7703 .10 r  wh i l e  f o r

the subopt , i rna i  cont , ro l ier  g lven in  [  9 ,  p .  195 ]  these va lue is

5 . 3 0 8 6 ' 1 0 5 " A  r e a l i z a t i o n  o f  t h e  f i n a l  o p t i m a l  c o n t r o l l e r  K  a n d  t h e

eigenvalues of  the c losed- loop system obta ined when coupl ing th ls

con t ro l l e r  t o  G ,a re  g i ven  i n  Append ix .

The unst ructured s tabi l i ty  rad ius in  the sense of  Hinr ichsen-

Pr i cha rd ,  compu ted  fo t  D=E=I . " * . ,  l s  O .2ggg .1 .0 - " .

F igu res La  and 1b show r i G (cr( r-6fr? -1) ) and

tl k (rf(r-crt -1) )

con t ro l l e r .

respect j .ve ly ,determined wi th  the opt imal  robust

2 0
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F i g u r e  1 a  :  1 /  ( 6 i c x (  I - G K )  - ' )
F i g u r e  1 b : 1  / o ( X ( I - c K )  

- ' )

ExanpJe 2 This  example is  a  loop-shaping problem for  an
a i r c ra f t ,  hav ing  a  nomina l  mode l  g i ven  i n  Rppend ix (see  a l so  l g ,
p.  198I  )  ,  f  or  which a shaping f  unct ion w=d. iag{24wo,  L2w",  z4w"}  wi th
w " - ( s + 0 . a ) / s  h a s  b e e n  c h o s e n  (  [ 9 , p . 1 G 3 ]  ] , o b t a i n i n g  t h u s  a  s h a p e d
sys tem G"=wG w i th  B  s ta tes ,3  i npu ts  and  3  ou tpu ts .The  op ! ima l
s t a b i l i t y  r a d i u s  f o r  t h i s  s y s t e m  i s  0 . 3 7 9 6 0 9 6 2 9 8 6 5 1 8 .

Us ing  fo r  G"  the  a lgo r i t hn  desc r ibed  i n  Sec t i on  4 , iE  resu l t s
a robust  opt imal  contro l ler  K- ;  a f ter  coupl ing i t  to  the f ic t ious
corresponding p lant  one obta ins a resui t ing system which . t f -norrn
e q u a l s  0 , 3 7 8 5 0 9 6 2 9 8 6 5 0 1 .

The f ina l  opt imal  contro l ler  K=I{K-  has 10 s tates,whl le  the one
o b t a i n e d  i n  [ 9 , p . 1 9 9 ]  a f t e r  r e d u c t i o n  h a s  9  s t a t e s . T h e  l a r g e s t
e renen t  i n  t he  rea r i za t i on  o f  ou r  op t ima l  con t ro l l e r  K  i s
3 . ! 7 4 5 ' 1 0 ' , w h i 1 e  f o r  t h e  s u b o p t i m a l  c o n t r o l l e r  g i v e n  i n  [ 9 , p . 1 9 9 j
t h i s  v a l u e  i s  9 , 1 6 7  0 .  L 0 ' .

The real izat i .on for  the f ina l  opt lmal  contro l ler  K determined
by apply ing the a lgor i thm f rom sect ion 4,and the e igenvalues of  the
resul t ing system obta ined when coupr ing K to  G are g iven in
Appendix.

The  uns t ruc tu red  s tab i l i t y  rad ius  i n  t he  sense  o f  H in r i chsen -

Pr i cha rd rcompu ted  fo r  D=E=f ro * ro  i s  0 .1304 .

F igu res  2a  and Z D show 7i k (6jr(r-cfr1-1) ) and

I i  lo  ( I i ( f -Cr( )  -1)  
)  respect ive ly ,determined wi th  the opt imal  robust ,

2 ' t



c o n t r o l  l e r  .

F i g u r e  2 b :  L  / o ( x ( r - c K i  
- ' )
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Append ix

E x a m p i e  i

( J ( S l : = [ A , b , e  , l )  I  w n e r e
[ =
Co lumns  1  th rouqh  5

Columns 6 through 10

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
U  .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
1  . 0 0 0 0 e + 0 0 0

- 6 . 9 0 0 0 e - 0 0 3
O . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

$,=

O .  0 0 0 0 e + 0 0 0
1 .  . 7 0 0 0 e - 0 0 3
O . 0 0 0 0 e + 0 0 0
1  . 8 0 0 0 e - 0 0 3
0 .  0 0 0 0 e + 0 0 0

,  1  . 3 0 0 0 e - 0 0 3
0 .  0 0 0 0 e + 0 0 0
I . 6 U U U E - U U J

O . 0 0 0 0 e + 0 0 0
3  . 8 0 0 0 e - 0 0 3

1 .  C r 0 0 C r e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
U .  U U U U E + U U U
0  . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
U  .  U U U U E + U U U

0 . 0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 2 . 8 1 9 0 e - 0 0 1
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

U .  U U U t ) E + U U U

0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 .  0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 C r O
0 .  0 0 0 0 e + 0 0 0

U .  U U U U E + U U U
U .  U U U U E + U U U
1 .  C f  0 0 0 e + 0 0 0
U ,  U U U U E + U U U
0 , 0 0 0 C r e + 0 0 0
0 . 0 0 0 C r e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
U .  U U U U E + U U U

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
O .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- J . .  t u  / u e - u u t
0 .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
1 . 0 0 0 0 e + 0 0 0

-  I  .  U b U U E - U U I

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 5 . 8 0 5 0 e - 0 0 1

0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
O .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
1  . 0 0 0 0 e + 0 0 0

- I . 5 Z U U E - U U I

0 . 0 0 0 0 e + 0 0 0
- 1  . 0 0 0 0 e - 0 0 3

U .  U U U U E + U U U
1  .  1 0 0 0 e - 0 0 3
0 . 0 0 0 0 e + 0 0 O
5  . 0 0 0 0 e - 0 0 4
0 . 0 0 0 0 e + 0 0 0
3  .  O 0 0 0 e - 0 0 4
0 .  0 0 0 0 e + 0 0 0

- 1 . 5 0 0 0 e - 0 0 3

0 . 0 0 0 0 e + 0 0 0
- 1  . 3 1 0 0 e - 0 0 2

0 .  0 0 0 0 e + 0 0 O
6 . 4 0 0 0 e - 0 0 3
0 . 0 0 0 0 e + 0 0 0

- t  . 7 4 0 0 e - 0 0 2
0 .  0 0 0 0 e + 0 0 0
5 . 8 0 0 0 e - 0 0 3
0 . 0 0 0 0 e + 0 0 0
2 . 5 0 0 0 e - 0 0 3

. 0 . 0 0 0 0 e + 0 0 0
2  . 0 0 0 0 e - 0 0 4
0 . 0 0 0 0 e + 0 0 0
6 . 7 0 0 0 e - 0 0 3
0 . 0 0 0 0 e + 0 0 0
8 .  8 0 0 0 e - 0 0 3
0 . 0 0 0 0 e + 0 0 0
3  . 8 0 0 0 e - 0 0 3
0 . 0 0 0 0 e + 0 0 0

- b .  J U U U E - U U J
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C -

Columns 1 through 5

1 . 7 0 0 0 e - 0 0 3
- 1 . 0 0 0 0 e - 0 0 3

U .  U U U U E + U U U
0  . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + C ' 0 0
] .  / U U U E - U U J

-  1 .  .  0 0 0 0 e - 0 0 3
r  .  /  U U U E - U U J

1  .  8 0 0 0 e - 0 0 3
r .  l U U U E - U U J
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 .  0 0 0 0 e + 0 0 0

0 . 0 r 1 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
1 . 8 0 0 0 e - 0 0 3
1  .  1 . 0 0 0 e - 0 0 3
1  .  8 0 0 0 e - 0 0 3

1 . 3 0 0 0 e - 0 0 3
5  . 0 0 0 0 e - 0 0 4
O .  0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0

Columns 6 through 10

0 .  0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
1  . 3 0 0 0 e - 0 0 3
5  . 0 0 0 0 e - 0 0 4
6 . 4 0 0 0 e - 0 0 3

2  . 8 0 0 0 e - 0 0 3
3  . 0 0 0 0 e - 0 0 4
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
Z  .  U U U U E - U U J
J  .  U U U U E - U U 4

- 6 .  0 0 0 0 e - 0 0 4

3  . 8 0 0 0 e - 0 0 3
-  1  .  5 0 0 0 e - 0 0 3

0 . 0 0 0 0 e + 0 0 O
0  . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0

0 .  0 0 0 r l e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
3 . 8 0 0 0 e - 0 0 3

- 1 . 5 0 0 0 e - 0 0 3
- 5  . 5 0 0 0 e - 0 0 3

D -

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 O 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0  . 0 C r 0 0 e + 0 0 0

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 O 0

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 O 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
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K ( s )  :  =  ( A K , B K , C K , C K )  w h e r e

AK=
Columns 1  th rough 5

0 . 0 0 0 0 e + 0 C ' 0
U .  U U U U E + U U U

- { ,  { + z 3 e + 0 u z
- 8 . 2 7 3 3 e + 0 0 1
8 . 9 8 7  5 e + C r 0 2

- 5 . 5 2 7 5 e + 0 0 2
- L  . 2  8 9 9 e + 0 0 3

L .  b 4 b J e + u u l
- Z  . 0 5  9 3 e + 0 0 3

L  .  Z  L J b E + U U J
- 2 .  I  / U J E + U U J
- ) .  )  I  L L e + V U Z

/ .  I J U J E + U U Z

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 C r e + 0 0 0

- 7 . 2 3 1 1 e + 0 0 2
I .  U U q J E + O U 2

4 . 5 3 2 7 e + 0 0 2
4  .  b u 5  I e + u u l

- 7 , . 6 2 0 9 e + 0 A 2
- 3 . 5 4 5 0 e + 0 0 1 .
- z . u 6 a 5 e + u u J

I . 5  / b U E + U U J
- r .  I  r l  5 / e + u u J
- r .  v b { t e + u u J
- b . 5 b y J e + u u l

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 3 .  y J . J y e - u u t

L  . 9 +  U y e - U U l
4 .  t 6 J J e - U u Z
J  .  U +  Z y e - U U  2
J  . 3 b  Z b e - Q U 2

- 6  . 4 7 0 0 e  - 0 0 2
/ . 9 Y U J E - U U Z
/ .  b l b b e - u 1 /

-  z  . 9  /  ) a e - u  1 b
- J . 5 U  / 5 e - U t b
- 1 . 0 3 2 5 e - 0 L 7

0 . 0 C r 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
B  . 7  0 5 4 e - 0 0 3

- 7  . 4  5 6 9 e - 0 0 2
J  .  U U b  t e - u | J  2
8 . 0 2 9 1 " e - 0 0 2
8 . 1 8 7 9 e - 0 0 2

- r .  + 6  |  I e - v u z
6  .  Z 5  y J e - U U J

1 . 5 6 2 4 e - 0 1 8
- u . J J / + e - u l /

1 . 6 5 7 I e - O t 7
-  1 . 6 9 9  t e - | . )  I  I

U .  U U U U C + U U U
U .  U U U U E + U U U

- I .  I l J U 4 E - U U I

+ .  u y S b e - u u 4
- 2  . 4 3 1 " 4 e - O 0 2

2 . 6 4 2 9 e - 0 0 1
6  .  0 7  5 4 e - 0 0 2

- f , .  U f , I U E . U U l

4 . 2 5 5 5 e - 0 0 2
- I . 2 8 5 4 e - 0 1 5
3 . 0 8 8 7 e - 0 1 5
z .  z I U y e - u 1 b
1 . 1 5 4 5 e - 0 1 B

Columns 5 through 10

0 , 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 6 . 8 7 9 1 e - 0 0 2
- 1 . 0 4 3 0 e - 0 0 1
- 2 . 4 7 5 0 e - 0 0 1
- 3 .  B 7 5 B e - 0 0 2

9 . 3 8 1 1 e - 0 0 2
J .  U 6 5 + e - U U 1

- 1 . 3 8 9 9 e - 0 0 1
- 9 , 7  5 3 1 e - 0 0 2
- b .  ) v  I  I e - u u 2

5 . 4 5 8 8 e - 0 0 2
r  .  /  b u u e - u u 1

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 5 . 0 1 0 8 e - 0 0 2
- 1 . 1 5 1 0 e - 0 0 1

1 ,  . 3 2 4 0 e - 0 0 2
- ! . 7  6 3 7 e - 0 0 1
- 9 . 2 9 7 3 e - 0 0 2

9 . 3 3 5 8 e - 0 0 2
- 2 . 7  1 8 5 e - 0 0 1

2 . 4 7  2 9 e - 0 0 1
J . .  /  / b ) e - u u I

- 1 . 0 3 7 3 e - 0 0 1
2 . 3 4 7  9 e - 0 0 1

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
+ .  t  t  ) 5 e - u u z
2 , 9 9 4 ' J . e - A 0 2
r  .  u u 4 4 e - u u  I

- 2  . 5 8 2  1 e - 0 0 1
- 1 . 0 4 4 0 e - 0 0 i .
- 4 . 3 6 9 7 e - 0 0 4
- 2 . 9 0 4 5 e - 0 0 2
- 3 . 3 7 9 3 e - 0 0 1

t . 1 O 2 9 e - 0 0 1
- 5 . 5 7  1 8 e - 0 0 1
2 , 6 3 1 7 e - 0 0 2

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- o .  I  /  / b e - u u t
5  . 8 9  1 2 e - O 0 2
7 . 6 8 2 7 e - 0 0 1

- 2 . 5 0 2 8 e - 0 0 2
- 1 . 0 5 2 2 e + 0 0 O

7 . 4 9 6 8 e - 0 0 2
- 2  . 3 9 5 0 e + 0 0 0

1  . 2 8 8 7 e + 0 0 0
- 2  . 7  1 6 0 e + 0 0 0
- 1  . 3 1 3 7 e + 0 0 0

t . 1 7  2 9 e - 0 0 L

0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 1 . 5 5 9 0 e - 0 0 1
5 .  1 5 5 5 e - 0 0 3
1 . 2 5 3 9 e - 0 0 1
1 . 4 0 9 4 e - 0 0 1

- 3 . 8 2 2 8 e - 0 0 1
3  .  7  2 6 9 e - 0 0 1

- 3 . 9 6 7  5 e - 0 0 1
1  ,  ) 9  U J e - U U 1

- 4 . 5 9 4 7 e - 0 0 1
- 3  . 1 3 5 4 e - 0 0 1
- 3 . 2 1 9 7 e - 0 0 2

Columns 11 through 13

0 . 0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
2  . 4 3 4 1 e - 0 0 1
2  , 2 4 2 7  e - A 0 2

- Z  .  5 8 1  1 e - 0 0 1
8 . 8 7 9 4 e - 0 O 2
5 . 3 3 3 5 e - 0 0 2

- ' J , . 4 3 2 1 e - 0 0 1
9 . 6 8 8 3 e - 0 0 1

- 4 . 7  5 0 8 e - 0 0 1
4 . 3 5 0 0 e - 0 0 1
4 . 9 2 5 2 e - 0 0 1

- 2  . 4 2 7 7  e - O O l

0 . 0 0 0 0 e + 0 0 0
0 , 0 0 0 0 e + 0 0 0
5  .  0 3 4  1 e - 0 0 2
4  , 1 5 4  8 e - 0 0 2
r .  / u J J e - u u l
2 , 4 7  2 5 e - 0 0 1
1  .  8 9 7  2 e - 0 0 1
3 . 8 2 8 5 e - 0 0 1

- b  .  I  t z J e - u u J
5 . 8 9 2 8 e - 0 0 2
2 . 3 5 6 1 e - 0 0 1

- v . 5 u v J e - u u l
3 . 4 0 3 8 e - 0 0 2

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- ' 1 , . 7 4 7 5 e - 0 0 1
z ,  L v t J y e - u u l

- 2  . 6 4  9 4 e - 0 0 1
4 . 2 3 5 5 e - 0 0 1
r . J e u S e - u u 1

- I . U J J Y E - U U I

- Z . Y  ) 5 Z E - U U J

u .  b 6 y 4 e - u u l

7 . 0 7  4 4 e - 0 0 1
- : , .  u u l 5 e - u u l
- 1 . 0 0 4 5 e + 0 0 0

z5



l f , n -

1 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 4 . 4 4 2 3 e + 0 0 3
- 8 . 2 7 3 3 e + 0 0 2
8 . 9 8 7 5 e + 0 0 3

- 5 . 5 2 7 5 e + 0 0 3
- 7  . 2 8 9 9 e + 0 0 4

1 ,  . 6 4 5 3 e + 0 0 3
- 2 . 0 5 9 3 e + 0 0 4

1 . 2 1 3 5 e + 0 0 4
- 2 . 7  7 0 3 e + 0 0 4
- 5 . 5 / r l e + u u J

/ .  I J U S E + U U J

CK=

1 ,  Z b  l l e - u u i
- 2 .  4 5 8 5 e - 0 0 2

l .  .  r  1 4 J e - U U 1
t , t J / , t e - v u z

DK=

- + .  l v v v e + u u J
1 . 1 8 8 3 e + 0 0 3
8 .  0 8 8 1 e + 0 0 3

- 2  . 0 8 B B e + 0 0 2

0 . 0 r 1 0 0 e + 0 0 0
1 .  r l 0 0 0 e + 0 0 0

- 7  . 2 3 1  1 e + 0 0 3
1 . 8 8 4 3 e + 0 0 3
4 . 6 3 2 7 e + 0 0 3
4  .  b U 5  I E + U U J

-  /  .  b z u y e + u u J
- 3 . 5 4 5 0 e + 0 0 2
- 2 . 0 8 8 5 e + 0 0 4

r . J / b u e + u u 4
- 1 . 7  4 5 7 e + 0 0 4
- r .  v b + z e + u u 4
- 6 . 5 6 9 3 e + 0 0 3

0 .  0 r l 0 0 e + 0 0 0
0 , 0 0 0 0 e + 0 C r 0

- L .  t  / z 5 e + u u J
- 3 . 3 6 8 5 e + 0 0 2

3 . 2 7  0 4 e + 0 0 3
- l ,  b z 4 v e + u u J
_ ) . I / J J E + U U J
- + .  z  l _ J b e + u u l
- 7  . 4 0 4 4 e + 0 0 3

3  . 7  4  5 6 e + 0 0 3
- I , Z / U J C + U U I I

- ' 1 , . 9 2 5 6 e + 0 0 3
2 . 2 7  0 9 e + 0 0 3

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + C r 0 0

- 1 . 5 0 5 4 e + 0 0 3
5 . 9 0 5 5 e + 0 0 2
7  . 2 3  4 1 e + , 0 0 3
!  . 1 4 2 2 e + A 0 3

- 1 . 5 0 7 2 e + 0 0 3
- 9  .  3 7  Z I ? + O A I
- 4  . 4 0 3 4 e + 0 0 3

z . v v  z v e + u u J
- J .  b  I I Z E + U U J
- 5 . 5 5 4 9 e + 0 0 3
- l  . 4 7  4 4 e + 0 0 3

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 1 " . 5 9 8 0 e + 0 0 3
- 1 .  . 4 2 6 7  e + 0 O 2
9 . 6 7 2 2 e + O A 2
1 . 2 6 2 3 e + 0 C r 3

- 3 . 4 1 2 1 e + 0 0 3
7  . 4 9 9 7 e + 0 0 2

_ J  .  I  l b U E + U U J
z . t t 5 l e + u u J

- 3 . 1 9 6 4 e + 0 C r 3
-  |  , 4 d v  r e + u u J
- 1 . 1 8 4 8 e + 0 0 3

Columns 1 through 5

- 4 . 1 9 9 9 e + 0 0 2  5 . 0 0 1 8 e + 0 0 2
1  .  1 8 8 3 e + 0 0 2  - 7  . 4 ' J , 5 2 e + 0 0 2
8 .  0 8 8 1 , e + 0 O 2  - 9 .  6 3 2 4 e + O O 2

- 2 . 0 8 8 8 e + 0 0 1  2 . 4 8 7 7 e + 0 0 1

Columns 6 through 10

- 7  .  0 7 0 4 e  - 0 7 7  5 . 7 4 3  2 e - 0 1 7
- 7  .  4 5 9 3 e - 0 1 8  - 3 . 2 2 6 6 e - 0 1 7
- 3 . 4 1 9 5 e - 0 1 8  - 2 . 4 6 0 8 e - 0 1 7
- L . 2 7 0 2 e - o 7 7  - 2 . 5 9 8 4 e - 0 7 7

Columns 11 through 13

- 1 . 0 3 4 5 e - 0 1 5
- 8 . 1 8 4 5 e - 0 1 9
- l . 3 J U Z e - U l b

u . J . b J t e - u L a

- 5 . 6 4 5 3 e - 0 1 7
- 4 . 9 6 4 0 e - 0 1 8

z .  L u  l u e - u r  /
- 3 . 4 4 9 1 e - 0 1 7

3 . 3 5 5 3 e - 0 1 7
- + .  2 5 u 9 e - u 1 a

z . ) L b u e - u 1 /
- 1 . 2 5 5 0 e - 0 1 7

J ,  Y b U I E - U I  /

L , 2 0 6 5 e - 0 1 8
L . + Z U t e - U L t
t , 6 5 B b e - u l a

z . v u 5  r e - u r  /
- 2 ,  t z 9 z e - u t  I

t . t z 9 J e - u L t
- 9 . 5 5 4 5 e - 0 1 8

- 5 . 3 2 0 5 e - 0 0 4
- J .  4 t Z T J E - U U J

1 . 8 7  0 9 e - 0 0 4
)  ,  z r  5 + e - u u 4

- v  .  b  l S J e - u u l
7  . 6 9 0 0 e - 0 0 2

- +  . 9  r S Z e - U U Z
q . u t + 9 e - u u L

, .  L  I  J l E - U U I
- 1 . 5 2 5 0 e - 0 0 1
- I  .  U Y b  I E + U U U

1 . 8 9 1 1 e - 0 0 2

3 .  U U l U C + U U J
- 1 , 4 1 5 2 e + 0 0 3
- 9  .  b J  l 4 e + u u J

z , + a t  t e + u u z

- z . v r z t e + u u 3
5 . 5 9 3 4 e + 0 0 2
3 . 8 7  5 2 e + 0 0 3

. I . U U U U E + U U Z

l . 3 J r z e + u u 5
- 4  .  J J  Z + e + U U  Z
- 2 . 9 4 8 8 e + 0 0 3

/ . b r 5 / e + u u r

- 5 . 4 3 7 3 e + 0 0 2
L . 6 t L + e + U U Z
L  .  t 5 9  . /  e + U U J

- J ,  Z U  t  / e + U U 1

The  e igenva lues  o f  t he  c losed - loop  sys iem c  coup led  w i th  K :

- 0 . 1 2 3 0 + 0 . 7 3 6 5 i ;  - 0  .  1 2 3 0 - 0 . 7 3 6 5 1 ;  - 0 . ' 1 4 8 5 + 0  . 7 0 9 B i ;  - 0 .  1 4 8 5  - 0  . 7  0 9 B i ;
- 0 .  0 7 5 0 + 0  .  5 3 0 3 i  ;  - C r  .  0 7 5 0 - 0 .  5 3 0 3 i  ;  - O  .  O 9  4 7 + 0  .  5 1 9 8 i  ;  - O  ;  0 9 4 7  - 0  .  5 1 9 8 i  ;
- 0  . 3 3 8 3 + 0  . 2 ' J . 5 5  i ;  - 0 . 3 3 8 3  - o  . 2 1 5 5 i ;  - 0  . 0 5 1 2 + 0  . 2 2 L O i ;  - 0  . O 6 L 2 - 0  . 2 2 4 9 i ;
- 0  .  0 8 2  4 + O  .  2 4 4 4 i  ;  - 0  .  0 8 2 4 - 0  .  2 4 4 4 i  ;  - 0  .  1 9 3 3  + O  .  2 2 3 8 i  ;  - 0  .  1 9 3 3 - 0  .  2 2 3 8 i  ;
- 0  .  6 9 6 7  ;  - 0 .  5 2 3 1 ;  - 0  . 3 0 8 9 ;  - 0  .  1 0 6 4 ;  - 0  .  1 0 0 6 ;  - 0  . 9 9 9 ;  - 0 . 0 9 9 7
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A -

E x a m p i e  2

0 . 0 0 0 0 e + 0 0 0
^  . ; ^ ^

U  .  U U U U E + U U U
0 . 0 0 0 0 e + 0 C ' 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

G t s ,  : = [ A , E , C , D . l  W n e r e

0 . 0 0 0 0 e + 0 0 0
- 5  .  3  B 0 0 e - 0 0 2

0 . 0 0 0 0 e + 0 0 0
4 . 8 5 0 0 e - 0 r 1 2

- 2 . 9 0 9 0 e - 0 0 1

1 . 1 3 2 0 e + 0 0 0
.  T .  I  I I U E . U U T

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0

U .  U U U U E + U U U
U .  U U U U E + U U U
1 .  U U U U E + U U U

- u . 5 5 b u e - u u 1

r .  u ) J Z € + g 9 g

- 1 . . 0 0 0 0 e + 0 0 0
/  .  u S u u e - u u l
U  .  U U U U E + U U U

- 1 . U 1 J U E + U U U
- 6 . 8 5 9 0 e - 0 0 1

B -

0 .  0 0 0 0 e + 0 0 0
- ' J .  , 2 0 0 0 e - 0 0 1
u .  u u u u e + u u u
4  . 4 1 9 0 e + 0 0 0
1 ,  . 5 7  5 0 e + 0 0 0

c-

I  .  U U U U E + U U U
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

! = '

u .  u u u u e + u u ( J
0 .  0 0 0 0 e + 0 0 0
U .  U U U U E + U U U

U .  U U U U E + U U U
T  .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U

0 .  0 0 0 0 e + 0 0 0
U  .  U U U U E + U U U
U .  U U U U E + U U U

- r .  b b S u e + u u u
-  I  . J  Z U U E - U U ^ Z

u ,  u u u u e + u u u
I  .  U U U U E + U U U
U .  U U U U E f U U U

0 . 0 0 0 0 e + 0 0 0
U  .  U U U U E + U U U
I  .  U U U U E + U U U

0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0

U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
O . 0 0 0 0 e + 0 0 0

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

U .  U U U U E * U U U
U  .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
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K ( s )  : = ( A K , B K , c K , D K )  w h e r e

A K =

C o l u m n s  1  t h r o u g h  5

0 .  0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
0 . 0 0 C r 0 e + 0 0 0
1 , . 2 9 5 2 e + 0 0 1

- 1 . 4 2 9 9 e + A O t
- J , 5 U v 6 e - U U 1
- 5 . 1 0 4 4 e + 0 0 2

8 . 5 4 4 5 e + 0 0 2
b .  J 5 ) J e + U U 1

b .  b u a u e + u u 1

0 .  0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
4 . 6 4 2 4 e - 0 0 1

- 4 . 5 2 8 0 e - 0 0 1
- 2 .  I  r t l e - u u 3
- 1 . 8 0 1 5 e + 0 0 1

Z ,  I Y Z J E + U U I

4 . 3 9 9 8 e + 0 0 1
2 . 6 0 7  5 e + 0 0 0

0 . 0 C r 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 O e + C r 0 0

- z , v v  / 4 e + u u 1
L . 5 7  4 6 e + 0 0 1

- 3 . 5 8 4 8 e + 0 0 0
7 . 5 6 9 4 e + 0 0 2

- 7  . 2 6 9  B e + 0 0 3
- r . I + t a e + a v z
- I . J U U b E + U U U

U .  U U U U E + U U U

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- J  .  y  z v  z e - u u  I
- 1 . 9 5 1 0 e - 0 0 2
- t * .  z y 4 J e - u u 5
- 2 .  I  u l l e - u u I

1 . 9 0 5 0 e - 0 1 5
- 1 . 6 3 7 3 e - 0 1 5

2  .  B z i  2 e - 0 7 6

U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0

- 6 . 4 8 2 7 e - 0 0 4
- J .  I  U y l e - u u l

r  .  I  t J b e - u u t ,
Z .  J U Y b E - U U I
8 . 6 1 8 4 e - 0 0 3

- 2 .  U Y U I E - U U Z
- z , b  +  / 9 e - u u r

Columns 6 through 10

0 . 0 0 0 0 e + 0 0 0
U  .  U U U U E + U U U
U .  U U U U E + U U U

.  - 9 . 5 b  / U e - U U 5
z . + 5 + 1 e - u u t

- 3 . 7  1 5 2 e - 0 0 1
3 . 0 9 1 8 e - 0 0 2

- I .  I U l U E - U U 1

l . J S t z e + u u u
- 1 . 5 1 7 2 e - 0 0 1

BK=

I .  .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
J .  Z 3  / v e + U U 1

- 3 . 5 7 4 7 e + 0 0 L
- t s . v / 4 b e - u u t

'  - L . 2 7  5 1 e + 0 0 3
2 . 1 3 6 1 e + 0 0 3
1 . 5 8 8 8 e + 0 0 2
1 . 6 5 2 0 e + 0 0 2

U .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
3 ,  Z t y l e + u u u

- 4  .  U + J b E + U U U
5 , 9 4 8 0 e - C r O 1

- r . v b 5 t e + u u z
J ,  Z Z U U E + U U Z
2 . 7 0 3 1 e + 0 0 1
/ . 5 5 b l e + u u u

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
0 .  0 0 0 0 e + 0 0 0
1 . 4 0 1 5 e + 0 0 0

. I . + U I l l E + U U U

t . 5 b 6 b e - u u l
- ) .  u 3 l 6 e + u u 1

t . v S b b e + u u 1
/  . I T 6 U 5 E + U U U

- r .  y u t  / e - u u L

0 . 0 0 0 0 e + 0 0 0
0  . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0

- 5 .  J J V 9 e - U U 2
- t  .  v v  / u e - u u l
- + .  J U Z r t e - u u t

J . 5  I  J  / E + U U U
- 8 . 8 2 2 6 e + 0 0 0
- J .  U + Z b E + U U 1
- L  . 4 v b J e + u u u

0 . 0 0 0 0 e + 0 0 0
0 . 0 0 0 0 e + 0 0 0
U .  U U U U E + U U U
r .  Y U 4 U E + U U U

. 1 , I b / U E + U U U

6 . 3 8 5 6 e - 0 0 1
- 6 . 3 2 8 9 e + 0 0 1

1 . 0 2 1 6 e + 0 0 2
Y .  T  I  J U E + U U U

- t . J + b / e + u u u

0 . 0 0 0 0 e + 0 0 0
1  .  U U U U E + U U U
0 . 0 0 0 0 e + 0 0 0
I  .  I b U b E + U U U

. I .  I J I U E + U U U
- t  . 4  2 B 0 e - 0 0 2
- 4  .  5 0 3 9 e + 0 0 1

5 . 9 8 O B e + 0 0 1
T  .  U Y Y 9 E + U U Z

5 . 5 1 9 1 e + 0 0 0

U .  U U U U E + U U U
U .  U U U U E + U U U
I .  U U U U C + U U U

- ) .  u l u b e + u o 1
J ,  y J b b e + u u I

- 9 . 2 1 1 . 9 e + 0 0 0
1 . 8 9 2 3 e + 0 0 3

- J . I , / { l 5 8 + U U J
-  z  . t j | o 9 q e + u u  2
- I .  U Z ) I E f U U I
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CK=

Columns 1 through 5

1 ' 4 5 3 5 e + 0 0 0  3 . 0 5 9 1 e - 0 0 2  9 . 5 4 4 8 e - 0 0 1  - 3 . 5 8 0 7 e - 0 1 6  - 2 . 5 3 1 2 e - 0 1 5
- 6 . 4 9 7 6 e - 0 0 1  - 1 . 3 6 7 5 e - 0 0 2  - 4 . 2 6 6 9 e - 0 0 L  7  . 9 2 5 L e - 0 1 7  - 5 . 9 5 7  4 e - 0 1 . 7

1  . 9 5 4 0 e + 0 0 1  4 . 1 , L 2 5 e - 0 0 1  1 . 2 8 3 2 e + 0 0 1  1  . 4 5 1 8 e - 0 1 6  2 . 3 7  d 5 e - 0 L d

Columns 6 through 10

1 . 1 1 5 4 e - 0 1 5  1 . 9 2 O 7 e - 0 1 5  1 . 5 0 8 8 e + 0 0 0  2 . 9 9 1 4 e - 0 0 1  2 . 8 6 3 0 e - 0 0 2
' L . 4 7 3 0 e - 0 1 5  - 3 . 7 7 3 0 e - 0 ! 7  2 . 1 9 1 8 e - 0 0 1  - 2 . 0 5 7 3 e + 0 0 0  4 . 9 8 8 2 e - 0 0 2

5  8 . 4 1 4 2 e - 0 1 5  3 . 9 0 3 1 e - 0 1 8  ' l . . . 5 2 6 5 e - 0 0 2  - 2 . 6 5 2 5 e - 0 0 2  - 3 . 5 4 6 0 e + 0 0 0

DK=

3 . 5 3 3 7 e + 0 0 0  7  . 6 4 7 7 e - Q A 2  2 . 3 8 6 2 e + 0 0 0
- L . 6 2 4 4 e + 0 0 0  - 3 . 4 1 8 8 e - 0 0 2  - i . . 0 6 6 7 e + 0 0 0
4 . 8 8 5 0 e + 0 0 1  1 . 0 2 8 1 e + 0 0 0  3 . Z 0 Z 9 e + 0 0 1

The e igenvalues of  the c losed- loop system G coupled wi th  K:

' - 7  
.  5 8 4 0  + 7  . 7  1 0 7  i  ;  - 7  .  6 8 4 0 - 7  . 7  1 0 7  i  ;  - 2  .  3 7  3 0 + 2  .  3 4 7 7  i  ;  - Z  .  3 7  3 O - Z  .  3 4 7  7  i  ;- 0 . 3 9 9 5 + 0 . 0 0 2 3 i ; - 0 . 3 9 9 5 - 0 . 0 0 2 3 i ; - 9 9 . 7 3 O 2 ; - 1 7 . 2 7 7 3 ; - t L . 8 9 9 2 ; - 1 2 . 0 5 0 1 ;

- 3  .  3 4 3 5 ;  - 0  .  3  9 6 2 ;  - 0 .  4 0 0 0 ;  - 0  .  3 9 9 4  ;  - 0  .  3 9 9 9  ;

z?


