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FREN INDETENDBNCN WITH RESFECI TO A FAMILY Otr'

STATE SETS

by

Valenb ln  IONESCU

A B S T z u C T .  A  n o b l o a  o f  q u a n b u m  t n d e p e n d e n c e  l s  s b u d l e d .  S o n e  o f

l b s  p r o p e r b i e s  a r e  u s e d  b o  o b b a l n  a n a l o g , u e s  o f  s o a e  c l n s s l c a l  r e s u l b s .

Leb B+3 unlba l  (x- )  a lgebra over  bhe conplex f te td .  L ,e lhns l -

der  bhe cabegory of  (x* )  argebras gver  B l .  € .  A 2 B s  I  ' r l  b t r

morph lens  be ing  (x - )a lgebra tc  bomonorph isps ,  uh l ch ,a re  bhe  Ldenb lby

on  B  ,  f he  f ree  p roducb  n t th  anargamab lon  o f  (A r ) r . r  ove r  B  ,
' ' ' ' ' :

denobed  x  n  A l  ,  i s  bhe  coproducb  (d t recb  sum)  ln  bh ls  cabegory .
1 € I

r f  B ls  addib ionarry  & cs-a lgebra,  A l ,  te  r ,  &re cx-argebras

o v e x  B r  a n d  0 i  ,  l e  I ,  e r e  s e b s  o f  n o r e  o n e  p r o j e c b i o o s  ( o r  c o n d l -

b i o n a l  e x p e c b a b i o n s )  o f  A r  o n b o  B  ,  b h e n  t h e  e x i s b e n c e  o f  a
t

' t r educed  f ree  p roducb  u ibh  anargamab ig r :  0  o f  b i re  fan l r y  C0  i ) l e  '
v i a  s ,  f an i l y  . . f l  o f  maps"  l " s  esbab l i shed  ln  fOJ  oo  bhe ' fb iggesb"

Cs-a lgebra lc  f req producb n ibh enafsamabion over  B "

.  Tb ts  facb  c&n  be  de ta l l ed ,  by  s lu l l a r  e rgunenbs ,  l n  the  fo ) " Ion ing

forn,

. ' . '

L e b  I  b e  a n  l n d e x  s e b ,  (  [ i ) , u ,  a  f a n t l y  g f  l o d e x  s o b s ,  e n d
r-t=  . r  I  I  r  .  I ' o r  a I I  n e  N ,  o > ,  I ,  l f  E z - (  {  {  \  c  - D

l e f  
*  

\ ' ' !  q r t  u e t \ t  = \ r l t " " r n , r e r  r  o € n o 0 g

H n

l '1 ,  t= 
f f i  

I j *  .  Leb elso be given a fanl ly  of  n&ps f, a (vt*')*r,,

such bbab f,*, '*{ f  -  
#rJl 

,  and y,^'(t ,dt) .  I
f o r  e I I  ( b ,  c ( b )  €  { u }  *  [ - t ,  t f  a ] 7 L .
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D e n o b e  a g a l n

e n d

t t ' n , " ' , 1 * ) e r  4 e r * * - o )

( I )  Tbere exisbs e norpbisn J i t  A;  - - - - -*A

sucb bhat  A ls  generated.  by U- l ,  
(  A, . t  i

. ' r T  s -
I  r : J

( 2 ) f o r  e a c h  t e I  a n d  " t e F

A c c o r d l o g  b o  [ 3 ]  ,  $  c a n  b e

enq]$ssslis! of (9r ), ni

celled e tgsgggg.
B  v l a Y r a n d

f o r  e a c h  i e l t

f reg qrpducb n l  bh

G)  o f  Theoren

o o A , v l a \f

o t o  
/ ,  =  Y ) ' t '

T t \

e x t s b s  a  c o u P l e  . {  A '  Q  I  t
l .  

' t J

over

bbe freq lqQepg-ndgnq,e proPeTty- ' r tbF ena]-gqPa,blon

One can denote  ,  \Y)
I  =  * o

.  ? v

t €  I
Q,

D 1 ( I ) : =  I

D * ( I ) r = l '  i  i r * L * * n

f s s  a l l  a 7 z 2  .

(  f " [  and  I  [  " " ,  
respec t l ve l y  denob tng  bhe  p roducb  and  the

coproducb  in  bhe  cabegory  o f  sebs . )

Le t  B  be  a ,  un t taL  Cs -a lgebre  (ove r  0  ) ,  
l ^ t tQ  t ]  a

coup le  fo r  a I I  t e l  ,  t he re  A l  l s  a  Cs -a tgebra  ove r  B  ,  and

Q r = { t l , ; , q r [ i ] i s & n a r b l b r a r v s e b o f n o r n 0 o n e p r o i e c b i o n s
o f  A i  o n b o  B  .

T4"p,lg*. tbere uhere A is a,

I  = { y t o )  ,  q . l t }  i s  a  s e b  o . f  c o n d l -

b lona l  expecbab tons  o f  A  onbo  B  such  bbab  3

( j )  E o r  a I I  a V L  a n d  b ; =  ( i f  
l .  '  '  r  l n )  e  I n  :

Y"\xrrufoot.,r) "'tr,o,r,(^o'vr)) = tT#'(*o,n>) : Yt:il',')ton,r,) ,
tf 40.*)€ l(* y:IJr,(+rqt)) (I4 k 4 p) r rg1 atr P>'LL (i,,t,|> )'. ') io,pr) €

€  D p ( { ; n , " ' ,  L C  ; w h e r e  t r ( k )  u t r t " " n }  '  d e n o t t n g  d * t * ( < c n ' " ' ' d i - )

f o r  e a o h  x e [ -
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L. t ,eU{tr6f tmlb bhe f rene of  bhls pa,per ln bhe precedlng context ,
n A

Tako l ;  --  i \  for aII  !  e I  and /@r l t  -------  f f  t  o),L.

Take {t^,, It x lY --------+ If by .("^'tt,r.; , 'f'k) tf b e rn , and

E e  / Y , f o r e a c h  n z L .

LeU^%6ff g.!,qb.gg, of A aII l inear meps Y : A ------rB nhtch ere

p ro iecb ions  (  y lu  =  tdB)  and  B-B-b inodu le  maps  (  y (Uno [ r )  =  b , , y ta rbn ' ' '

t f  b ,  ,  b .  e  l 3  and  ae  A) ,  ! n  bhe  casCI  o f  a  un lbe l

a lgebre over  .  Ab bhe x-a lgebra lo  leve l  requl re  addlbtooal ly  
Y

b e  p o s l b i v e  .  
'

c o n s i d e r  $ ,  =  
{ y l t '  ,  n  n  A i  1 .  e .  a  s b a b e  s e b  o f  A t ,  a n d  f l x

n" . .1 \  .
D e n o b e  

y , , = y , , t ' ,  ,  E , = { y ! r ,  r ) t e A r t ^ , ! } ,

( t E  I )

_  In  v ter  o f  prevtous theorem one can der i .ve bhe fo l lo t lng

a s s e r b t o n

Theoren  I . I .  I f  A  i s  bhe  s -a lgebra i c  f ree  p rcducb  w i .bh

a m a l g a m a b i o n  o f  ( A l ) l o t  o v e r  B ,  b h e n  t h e r e  e x i s b s  &  s b a b e  
Y

of  A  such bhat .  re l -ab ive  bo  bhe ceoontca l  morph lsns  
X i  t  A ,  - - - - - *A  t

i e l :

( I )  y ,  o 
1 i  

= y;  for  eacb 1 e I ;

( 2 )  F o r  a l - I  n ) ,  I  a n d  b : = ( i l r , . , ' t o ) e I n  l

YtXin,;;"t.i ",'X;*ll"",p,l) = Y.n,ol",(,r) "' Y,r,!ir,r,) )
- t{ t}l ru) , ""'

tf 9"r.*, G X* ylrlll,"'/ , $txl e {.t ,...,r} .,(,rg Kat) t {or
aII  p ) /  I  and (urr ,nr  )  . . . )  drrrp,  )  e Dp( i i ,  , .  . . ,  i * \ )

[bus, r{ . to be .*tt"U * q"Ogq*O ftgg-gfoqgcU gil lr eug}sgmalfog-. l _ w

or  (yr ) inr  oXer  B ,  g t lh  re .spegg bo_ (Vr) ,u t  r  I t *  *  ,

enO (2 )  o f  Theoren  l . I  l be j f ree  V  - l ndepeo0engr .p lgpe{ ! {  r r l bh

agalggpat too on A v ia  *  .



- +

One c&n denobe W) U ( t )  r r r
Y = , * o " r ? ,  ,  ( A , X )  = * _ o t  ( A ; , y , )  ,

. € r "  , v  ,  
r a l n

Leb  be  ln  bhe  fo l l ow lng  B  =  0 ' t .

Cons ide r  bbe  (non-conmubab tve )  p robab i l l by  space  (A ,  y  )  g l ven
I

b y  T h e o r e n  I . I .  l l h e  e l e n e n t s  o f  A  o a n  b e  c a l l e d  ( n o n - c o m m u b a b i v e )

randon  va r iab les .

A c c o r d l n g  b o  [ 8  ] r l g  L  f o r  a

n l b h  b : = ( i 1 r . . , ,  I n )  €  I n  a n d

of  tbe forn

Yr*Loo*'r 
'  ̂ ' o'rtr.,' 

o"

r 1 . , r T t ' ( r )  €  { l r t . .

u . r ( t ) € A l t  ) t  c a n

L e b  i l  =  i t _ ( * I ) . .. T

va r iab le  *  =J r ;on , ' . .  
J i " , t . t ^ ) ,

( I 4  k (  n ) r  t h e  e x p e c b a t l o n s

G?t*>)
t P .  ( c L * ,  - - ^  a  \
l i1 -  T,14I i r&)/  )

a n d  i - l r r = ,  {  -  {  ( 1 . e .
r \ t /  

| " +  * n ( r ) - , l t

ca l led g lenenbar l  uqnghbs of  i l

, .  j *  ( a ^ )  b e  a  r a n d o n  v a r i a b l e  v l i b b
n "

d e p e n d s  o f  X

easy  bo  observe :

c to  can be

o f  v t r a n d

*k€ aik

r a o d o m

nLrere tr ( I)

&  n  ( I )  r  " ' r

Renark  L ,2 .

a

, o ]

b e

where bhe su6 runs over  e I I

sebs  r r= tn ' t , 11  r . . . i r ' { ruy )  and

t r  =P €> x= 0.

T h u s  l b  l s  e a s y  b o  o b s e r v e ,  s i n t l a r l y  U o  [ 8  ] ,  [ 3  1  r  b b a b  b h e

f r e e  V  - i n i " p " n d e n c e  p r o p e r b y  o n  A  a l l o r r s  b h e  c a l c u L a b l o n  o f  a l l

nonenbs o f  r  re la t i ve  to  Y  ,  l f  a l l  e lennenbary  nonenbs o f  i l

& r e  g l v e n ,  T b e  c s l c u l e b i o n  f o l l o n s  b h e  s s , a e  r e c u r s l v e  p r o c e d u r e  a s

1n  [ ] . J  ,  [ 3 ]  .

b : = ( t t r . . . 1 i o )  e  r n ,  a k €  u r o  ( I E  k s  n ) '  t e b { & 6 o o m p o s e

(/h)r*,, \ _ ,.(/,lttt))&k = Y,Y-'")J (a6).r+afl  ,where "f l  "  
Ke. yr*

a o d  b .  D e n o b e  w o  =  j r  C " 9 ) . . . j ,  ( " 3 ) .  T h e n  i b  i s
. I  , r -  *n  u

b h a b  e a c h  e l e r n e n b a r y  a o a e n b  o f  b i r e  r a n d o m  v a r i a b l e

e x p r e s s e d  s , s  a  s u n  o f  p r o d u c t s  o f  e l e m e n b a r y  B o m e n b s

c o n v e r s e l y .  O n e  c a n  a l s o  d e c o m p o s e

i tli,,tn,l'^ li-("^,,) = Z t*l'?I,.,,,) .. " y*l;?o1,,1) { ( oh,r .., s?c.-,"r)

p a r b i b l o n s  o f  {  I r  , . .  q  n }  t n t o  t w o  o r d e r e d( )

0 -  =  ( ( r ( 4 )  ) , , ,  )  s ( 4 \ - n ) )  r  E  2 z  L t  c o n s t d e f  t n g
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The fo lLos lug properb les

t f l  by  s lm l la r  a rgunenbs .

Prq!_ql r tlg n]rl. Le b e 7,

for ; ;  and ar.e A1o

fhen

oen nou bo esbnbl lshed L lke t  n  [8J EnO

I r  ( 1 I ,  . .  .  ,  i n )  e  I n  s u o h  b h a b  L u  A

( f  s t s  n ) .

tg

YtXr.t".r  
' -  l i .^Lr*r) = Ycnt"n) . . '  Ycjo^t 

- [

Sxanp le  ;  I denb t f y  i r (a t )=  A l .  Cons lde r  r t  =  ab  v r tb l r

b .  A l ^  ,  L t  f  L Z .  P u b  b : =  ( t t r l ' ) .
*

Dec ompos I ng

f/)lrtgt 1-1tt\
= Yl''"iiul ,, + t" qibb t" e K* rw'i't*t) )

one can t t r tbe :

tlPrut
Yor'' t;",:'I,r, Y,-*' + trot")

: *\" t trU 
11"1 \p. tot1 + tg (o. u- )

l " t  , " 4  I

T b e n ,  d e c o n p o s l n g
ly' t2)r+ r r
\ / r ,  \ r /  I

a . = t f ; ' t L > 1 + c e "  ,  r r i b h

o n e  c e n  c o n I t n u e

t/l"t*t . -,^
tf [.r1,") = yU ,''.,.. 

(.t) Yt t) + t1 tc." t')

: r*.W)"'ttlrot g. (t"t + q (e," [')
l i , r  

-  '  I i .  I

Bub Vtoobo)  = rp , . ts ' )  g .  t t " " )  ,  by  the f ree Y - independence properby
I  '  l " l  t t ?

. A , n d  i J ( l . ) r r . r

\p.  toL.)  = . .  ' '  '  W; ' t t ))  
ro r  Lo\ -  rr  

lY(z)rt ' \

tir'* ?rf"' - tt clt , Y,.( b") = yc.tb) - y; 
'"'/ 

(u)

t U u s ,  o o "  o U t * f  n s  

' - L

t f (au)  = Y(*)  Y(b)  ,
By  lnducb lon  one  cen  a l so  obba ln  bbe  fo l l o r r tng  buo  p roperb ies .

a e  A r  t^ l

^ ,. $'!i)ttr;
c t " q  o n ' y i  )

a
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J . ,  andPropo*sl tto.n,-l *4. ( 1 I r . . . 1 1 0 ) e  D o ( I ) , d e n o b l n g

a n d  r =  j r _ ( a 1 ) . . . j 1  ( * " )  .' l  -  * n  H

cen be expressed &s &, sum of pro-

r t  ,  each  be rn  conba ln lng  ab  leasb

wl  bh

.  r f l r

I o t) [ti't+9
b € I\€jL \0. ,

l . r ,

a n  f l n a l l y  o b b a l n

Wf/art
Y. (t)

l t 2

P i c { f i l f t  r . .  .  , l n i .

Cons lde r  % .  u rU  ( I <  k  <  n )

Then  bhe  expeobab ton  f (u )
ducbs  o f  e lenenbary  moaen ts  o f

p f  ac bors. l i

by bbe

By

Ihere fore

Y 
(ot[ oc) :

where

z :

I

P lpp .gs . l b . l onJ *z :  Le tV i  zL ,  b := ( i 1 r . . . s l o )  eDn ( I )  such  bhab  t he re

e x l s b s  J .  1 1 , . . . , n )  y : , t i r  i j  I  t k  f o r  k e  l 1 r : , . , n ]  - -  {  j ]  ,  a n . i ,

bbe re  ex l sb  t , , t , e  { r  , . . . , nJ  _u ibh  t c i  <4 '  bub  l 0=  LU  ,  Leb  a l so  be

p t = . # l t t t . . t r t o ) . .

C o n s i d e r  i l  =  j l - ( a 1 ) . . .  j i  ( a r , ) ,  a o e A . 1  ( I < k 1 o ) .
' I  '  

.  
'n  r r  tk

,Tben bbe expeobabion 
Y( t r )  can be expressed ln  tbe fo l los lng

forn:
wfttrl

Y,*, = Yrl t t i )  yt" l .  - .*d-o or..n,,"cr.) + L

nbere )  ls  a  sun of  products  o f  erenenbary nonenbs of  $  ,  each

bern  conba in ing  ab  leasb  p+ l  f acbors . [

Exanpre  :  rdenb i fy  i i (e r )  =  A t .  cons ider  w=&b. r ,  u lbh  a€  A i i  o*  u r ,

i f F  I A ,  b : = ( i I r i 2 r l I )  i  F = 2  .

The o @?&il
tf (abx) = yJo ttt yt*"rt '+ tg [o U"*-7

decompostblon b = .pyl t" t ' ,L.n * t '
l ! 4

us tng  s ln i l a r  decourpos lb lons  fo r  8 , ,  ono  c

q t* [o) = yrcr) f(bryc.r - yll!'t*t',rl frcr,l gr.o.r

Yrrt*t, + f

Y,n o,Yclur Yqr,r - ,[t'-i l, y,1*,Y,o.*)



rt

Az'(1i,, , \

:' T(, tp, t o,o) has
l D "  l r 4

ex8,c bly P=2 f ao borg.

L e b  n o r r V n b r o d u c e  s o n e  f a c b s  f r o n  L 3 l ,  L + l  a n d  L 8 l  .
be-

L e b - { a z t  L ,  D e n o b e  b y  p (  t  I r , .  r  1 o  }  )  t i r e  s o b  o f  a l l ,  p a r b i t l o n s

J i ' " ( r \ r . , . t r , r )  o f  { I 1 . . ' r n }  l c o o s l s t i n g  o f  o r d e r e d  e n d  m u b u a l l y

d i s j o i o t  s e b s

o o e  c a n  d e n o b e  A  =  (  r e ( I ) , . , .  r  & , ( n g ) ) ,  X "  -  m .

T l g r e  e x i s b s  a  n a b u r a l  c o r r e s p o n d e n c e  b e b w e e n  I n  a n d

P (  { I ' . , . , n } ) :
t r--------+ilE

r f  b :  ( 1 1 r . . . 1 1 0 ) ! ,  p i = + t t r r , . . . r l n I  a n d  t  i ( r ) , , , . , 1 ( p ) ]  a
( .  r  \  l ' :  , -

=  1 , f f  r . . . r t o ]  I s  a n  e n u n e r @ , b l o n ,  b h e n  n " = ( s . " ,  . ,  .  r t |  )  u b e r e

fr = (k= T;ii rk= t([)), l= r;f
T h i s  c o r r e s p o n d e n c e  l s  o o b o ,  b u b  1 b  l s . n o b  o n e - b o - o n e .

T h e r e f o r e  1 b  i n d u c e s  & n  o n e - b o - o n e  c o r r e s p o n d e n o e ' o n  b h e  s e b  o f

bhe equ iva lenc  e  c lasses  re lab iv -E to  bhe f  o l low i .ng  re  Ia  b ion  r f  - \ . ,  r t

* n
o o  I *  g i v e n  b y

( i I ' . .  . , i n ) ^ ,  ( i i , . . . 1 i l r ) 4 = >  ( i k =  i e € )  i i  =  U  ) .

p q t i . n i b l g n  t . q , . *  A  p a r b i b i o n  f i = ( T r _ , ' " . r  J r . )  o f  P ( l I ,  .  . ,  n ] )  i s

cal led gpg.ggLgg i f  bhere exisbs bwo sebs Jig.,  *nd oU. ln lT such bhab

l h e r e  e x i s b krrkte \n *nu krrk leT! ,wibh kI4 k2< k i< k l  .  obherwise

JT is  ca l led Fo.kcrops lqg,

D e n o t e  b h e  s e t  o f  a l l  n o n - c . r o s s l n g  p a r b t b i o n s  o f  I  I r . . . 1 o ]  U y

P o o ( t t , . . . , o ) ) .

l g f l r n i U , l r o n  t : 7 .  A  s e b  Q  o f  a  p a r b t b l o n  r r e  P n .  ( { I r . . . , n } )  t s

oal led lgqgg l f  bbere exts  ts  & se b 
a,  

=  (5 , rn l  t  ,  , , )  T2,  < , , t r , ) )

of  J r  such bhab 
!

.Jfg,u) < 
%(K) 

<Y,r(m4t)  for  a lL J i - { ( r -}  e $0 ,

O b h e r u l s o .  J T ,  1 s  c a l l e d  o u b e r .' . t
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q  B .  t ' e t k n > r L .  A n  e f e m e n b  b = ( t l f  ' . .  r i o )  €  I n  l s

ca l led gg-q:crg.g! , !gg t f  bhe parb!b ion ] r te  P( t I ,  . .  . ,  D l )  correspondtng

b o  b  t s  n o n - c r o s s i n g .

I n  b h e  o p p o s l b e  c a s e r  U ls  ca l led g loqsf :n f i .

S Im i Ia r I y  bo  L8 l  and

quences  o f  bhe  Preced ing

L  3  ]  one  can  d  ed  uce  the  fo l l ov t tng  co  nne-

p r o p o s l  b l o n s .

Exanp le ;  I denb i f y  i 1 (e t1=  4 t .  Cons lde r  Y=  abab  q tbb & e A l - r

c -  j *  ( a r ) . . . i *  ( a ^ )  r
t I  &  * n

be expressed as  a  sum o f

,  e a c h  b e r n  c o n b a l n l n g  a b  l e a g b

t" e Kir, r O I l €

b e  A 1 ^ t  i l  , " *  L Z ,  b : =  ( 1 I ' t A ' t I ' 1 2 )  , . P = 2  '
I  l J ( k ) , . -  \

Decompos ing  b  =  
Y [ t  

cu l (b ) .1+  t "  '  u ibb t,.trf'jt-ri

can vsrl be ry' (h)r".1

g tc . - l ' o .1" )  =  
Y [ ' t t r lqb) f (a to t )  

+  y ( " ' I c to )

A n d  E o

Lo'e K*

o n e  c e n

' b z ^ n

C o r o l l a r y  1 . 9 .  a u 5 - Y a  7 7 L 7  b =  ( l t r . . ' ; i n )  e  I '  s u c h  b h a b  b  l s

r r  t  -  l
c r o s s i n g  a n d  P : =  1 + t i l r . . .  e L n  f  .

C o n s i d e r  B , - € A r  ( f 4 k 4 n )  a n d
A ' K

The n bhe expec ba bi.o n t f  (  r)  can

producbs of  e lenenbary nonenbs of  r t

p+ I  facbors .

B u b

., Y(o-bs) 
=

Example,  $here

7 = \fl,nt*' Yr(b Y't*)

so, bbe suonmand V$l-'*rt,by g tc b o-1

IeasU p+l=]  fac bors.  . t , . \(/lu)(u t
Deconposing cL = Y: ; '  

' - ik t ' [  
+  e t "

o n e  c e n  c o n t i n u e :

[dl*)ru)
Y;  t t iY .c* ' i *Z ' r i ke  ln  bhe precedenb

t/lulcu)
Yi". 

'(11 
g.ncoc1 trro."t

c o n b a t n s  p r o d u c b s  n t b b  a b

nlbh qo € g* $ijt+r;- 
Yr,r

\ra.t*b) : t$i't)},y(6,uu") * y(ij.*;l:)
oor  deconposlng success ive ly  b  = y [ t " " ' / (b) .  {  *  Lo '  

,_r ,ur , ,  
i l ibb

.o(l'u,) ,and .. = yft'fl,n rs.o, vrtbb o,-o' e <* g$l%')
ICr

u r i b e  :
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{ rert o,o Lo) = *frt't*'lr', *

{ (er borotou,)= ..f$l't}l .f

y tb"'d b') . {.r(b'r) 
tg,.oce^') 9r.(Uo,1

,  bY bbe free

( bo' cr-' boy .t y (crol bolcr'Lo)

and Y(*'' t'r o-o t9 = $r(er''l Yrr( b"') ip't"ult6;rl

V  - rnoependonce ProPer tY '

one has arso Y(ebbo)= Yrr(u) Yrr(uuo) 
and f(aaobo) 

=

=yt t (*"o)Yrr(uo)  r lke in bhe f l rsb Exanpre '  Bocaus:  Yrr(uuo) 
=

= ;,:tz) 
- y.$into,l,b1 y;"ttl and Y,,L*^o )= Y.nL*,l 

- 
{yu)co'l 

tp,,t*)

and

Bub

. f \

. . J {  ( a n /  '
- h

. . .  t t .

1n bhe fo l lou lng

{ l -  j *  ( " , , ) .
. * r  -

be expressed

-r 'L+' (7Slctrl
yi*.' = tu=ru Y:t['l- t*,.u,

cgrres-

mone n bs

t rq-"  (4tnl  )  o '  " )  1 l - ,at^t)  )  = (  v =f f i  i  i 'o :  j ( ' (17

*nu,= *on,o,. .. *rnr,.,g, (u At,nr),

1Y@) t t )  l f  %  l s  i nne r
'tmt l''\ i-'
[ (t),=1 

r. , ,  
L r l o  

o b h e r n l e e  .  . :

t = ( . X I , . . .  
r l r n )  b e i n g  b ! e  n o n - c r o s s l n g  p e r b i ' . t t o n

b r a n d

nb icb  eacb bern  conba lns  E,b  leesb p+1.  facbors '

u g '  uo)  a lso conbalns Pro-
lb  becones c lear  bbab tbe summand Y(" '

d u c b e  u t b f r  a b  l e a s t  p + I = j  f a c b o r s '

n  o .  , '% r I ,  ! :  
( i r  ,  " . ' r 1o )  e  r n  sucb  bba t 1 s

o o u - c f , b s s l r n g  a n d  p t = # [ t f t  ' ' '  t ! o J  '

Co ls lde r  *k€  A lk  ( I€  k (  n )  and

Then tbe expecbEbloa tP(n)  can
I

f ornn;

uhere

[ = 6F, .rt
pondlng bo

o f  u r l n

NoFe , l . I I

frt '

I n  bbe  de f ln ib lon  $  7?  one  can  cboose  sny  e lenenb  o f
, T L



Io

2. ,  Leb nor i&ec la l lze bhe f rane of  bbe precedenb seoblon.

T a k e  A =  $ .

l , eb  t f ,  S j  bu  a  coup le ,  wbere  A  l s  a  C* -n lgebra  ove r  B  and

A  =  t y ( n ) ,  n  e  u |  t s  E  s p e c t f i e d  s b a b e  s e t  o f  A  .

C o n s l d e r  
I  

u '  y ' Y i ]  l e l '  n h e r e  A r : = A r  
{ 1 : *  * ( o )  n  a n d

y r , = V , = { v ( o l ; n r , r }

( r )  Q '1 , r ;  gLo )

I f ,  A e  x  A [ ( b h e
. teIB

/ \ ^
o \ re r  B ) ,  t ben  bhere  ex l sbs  a  sbebe  Y  o f  A  I  so  bheb  re lab lve  to

bbe  csnon lca l  morph isns  J r  iA r  =  A  , - -+ ;  one  has
t I .

,  f o r  e a c h  l e I  .

x -a lgebra tc  f ree  producb r r tbh  amolgemablon

f o r  e a c b  [ e  I

t f

rbT

( A '

( A '

( 2 )  F o r  a I I  r r z r L  a n d  b ; = ( l 1 r . , . r l u ) e I n
^ . 

-.(rr' (Ol

Y (Xl'..,r;*r(rr) '" '  Xrn(p,(*r.rr)) = y*r( *o,o) . ' , Y' '( *..cpr)

crr*r € K* ,gWR*, Gl) 
r $rr) e ta r,. 'r  ̂ ]  ( l * re p)

: t t  
p 7 a  L  a n d  ( l r r , o l  ) , r - r )  d = . r ? ) )  

"  
D p ( , t . u o , , ' . r i * ] ) ,  I

\p ) can be called a reducel[[,9gg39ger,stlh-.a,nRJ.fiaPablgn of
t - -

w\o/) ovqr B g.i[hJ,e"sPeg.b bo p y,]g ^. . ]

T,eb be  a lso  in  bhe fo l lov r ing  B =  0 '1 .  : -

t ^

Remark 2.L.  Leb<YaV L

=  ( i l r . . ' p t L  ) .  S u p p o s e

a n d  b ,  b t  E  I n  s u c h  b h a b  b = ( t 1 r  .  . .  r  i o ) . -  b r  =

- t r ( n ) ( t ) =  - t r ( n ) (b ' ) .  Tben  i b  i s  easy  bo  see

b h a b

Qt1,,to.1 ' ' '  lr*n*12 " Qt1 uf"r),"Iu^ca-,,,

for  a l l  a je  A ( I -c  k  4  n)  .

M o r e o v e r ,  i f  f o n  e x a n p l e  O ( n ) 1 t )  = 1 , ( n )  q 5 ' ;  f o r  a r L  t ,  b r e  r n

such bheb b. . , rb t  1  bhen for  a l l  re  6o( tne symaebr lc  group of  order  n)

a n d  ( 1 I r . ' . r i o ) r v  ( f i r . . . r i l r )  o f  I n ,  o n e  h a s

f ( J tr,n l*" "' x,r.*to^)) * Q tl,'orl* t "' lr"'^f^d)



I
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f o r  a I I  a * e * l  ( I - ( k ( n ) .

T t re re fo re ,  l f  r l r . . . 1&o€  A  a re  f  t xed r  bbe  va lue  o f  bhe  expec -
. / \ .

b a b l o n  1 9  t X ; n t o r l  " ' 1 i - ( o t ^ 1  l s  b h e  s s , m e  f o r  a l l  ( i 1 r . .  . ,  t n )

b e l o n g l n g  b o  b b e  s a n e  e q u i v a l e n c e  c l q s s  r e l a b l v e  b o  . v  ,  u n d e r  b h e

b y p o b b e s l s  p G ) ( t ) =  * ( n ) ( b ' )  f o r  b , b ' e  L ( i r r . . " l n ) ]  .  u n d e r

bhls hypobhesls,  bhe value of  bhe expec babion Q(tr r , ,c* ,  )  , , ,  t r ;^cu*y

depends on ly  on  bhab equ lva lenoe c lass  L .e .  on ly  on  bhe cor respond-
/ ^ \  / ^ \

l n g  p e r b i b i o ? :  s o  b h a b ,  l f  t  \ " / (  b ) =  X , \ " ' t 1 5 t )  f o r  a l l

b r b t e  [ ( t l r . . ' r l o ) J  r  o r l €  c a n  d e n o b e

, , l . _  +

f tJ;.,tctrt .., *j*co*)) = I Y 
(-3r"' on 

I 
r o(,,,) )

F

J T u  e  P ( t l r . , . : r n ]  )  b e l n g  b h e  p a r t i b l o n  c o r r e s p o n d i ? g  b o  b f e  e q u i - v a -

I e n c e  c l a s s . . t b j  n b i c h  h a s  b h e . r e p r e s e o b a b i v e  ( i I r . .  .  l t o ) '

(  L  U :  t s  d e n o b l n g  b h e  e q u l v e l e n c e  c l a s s  o f  b  e  I n ) .

l I r '

Leb nofVbake in  bhe fo l lou ing

+. t/)ru - 1
(A ,Q )  =  . ;1 , t ( f t i  i  y : )  g iven  by  bbe above asserb ion .
\ I i e N

RgpaLF.  ? .? , .  teb  r> .  I  aod l t le  i \ ,  N>r '  I  be  f i xed .  Take *1r . .  o  1&n€ A.

r f  X ( r ) q t )  = ' 7 G ) ( b ' )  f o r  a l }  b , . , b r  o f  t r , a , . r . , * I  "  ,  b h e n

. , ^ . , , , T  N  N
u / f  :  

\  ' Y  
4  t n . , l ) -  t  , 1 ,

T \\ A 11,(o't17 "' t r .At.Lo*t11 
=,./ y ( J;,(*.r) . . 'd;,"(ao);

i l : 4  |  -  
a L : 4  C l  , , , ) i ; . t  

'

rL

= Z Al I Q,t,"';rip i ota i"' io!")

by go l lecbtnq thes_e berns correspond! . ,ng bo bbe s&me gQulvatence

c 1 a s s .  T h e  e q u l v a l e n c e  c l a s s  c o r r e s p o n d l n g  b o  (  S f  ,  . .  . ,  f r n )  c o n b a l n s

exac bly AiI  = 
1.M+T.r 

represenbabives.

. "

I n  v leu  o f  . I : , , .  ,  bbe  p roo f  o f  bhe  fo l l ow tng  tbeoren  becooces  c lea r  Ln

b h e  p r e s e n b  c o n t e x b .

I = S  a n d  c o n s i d e r
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qheorg,P 4,.1 . (Ltmt b bLreoren)

For  eaobr  Nzz  I  leb  n  e le rnenbs &nr  r .€  A  ,  I (  k$  n ,  be  g lven

N  

I I ' A

a n d  c o n s l d e r  q  . _ \ f  i , ( a n  . , - )  |"Nrk  ' - f r ,  uL  '  r \ r r ( -

t r ' o r  a l l  n 7 / L  a n d  o - ( I ) r . ' r ,  g ( r )  €  { I , . . . r a l  l e b  s u p p o s e  b b a b

, l^" ' ,  N. y* '(n*,o,nr, ,  ,  *^r,r{ .rur) =r qt* '((( ,r} ,  . , , , (ru1) (x)

e x i s b s  f o r  e a c h  n €  N  ,  a n d  

" ( r ) 1 t )  

= t ( r ) q b r )  f o r  e a c h  b . . , b l

trbere

Oo.crrn, ,= 6$)H)qac\({)) ) .,,,cr(r..(jr))

F o r  a l t  T T r L  a n d  a - ( I ) r . . . r q - ( r )  €  i  1 r . . . . * l  ,

il,[ 
N ' yt")cttN/q-(,t) "' sN,.*o1) =l Q(o)( tr.), ' ''l a-{nr)

I  =, #f '%',n, ),,r,,v(n))

)

^ t  -  I  | r

&* nS? Lr
s u Y T  ,

1  ( .

O o b

equ!vu ,  Ie

a  weaker

f

for lLr(.jr2(4)r ... jTQ rnr-)) , and 7:ir, . -l
"IL L

(  [  =  f D ,  b  €  I r  b e i n g  a ,  r e p r e s e n b a b i v e  o f  b h e

c o r u e s p o n d i n g  b o ' J t  :  ( s f r . . . , o p ) .

N o b e  2 , + ,  T h e  c o n d l b l o n  ( x )  c s n  b e  r e p l a c e d  b y

ry.! s  i n n e r

l s e

c  l a d s

hervt

n c e

o n e

exisb for each be Ix and ; = Tl iT

L ike 1n LSland L3 i  poo€ ce,n eas l ly  der lve analog, t les  of  a  cenbra l

I t n lb  bheoren  and  a  Po isson  l l n lb  bbeorem,  by  speo le l l z lng

T h e o r e n  2 . j .
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C-groL la ry  211*  (Cenbra l  lLn lb  bheoren) .  Leb n
N

I4k rn ,  be  g tven and cons lder  SN,k ,= f r ; f .X , . ,o , .1
iEl

a n d  I s k <  n .

For  a l t  I  (  k '  s  ( I )  '  t r (2)  -<  n

t ot^) ,y  L c { * ) :  O

and

Y*'t\-,^, so,.,) a Qt^' (.,,n? ) s'(1r)

for  eaclr  nE N .

T h e n  f o r  a l l  E 7 7 L  a n d  o - ( 1 ) r . . , r  a ( r )  €

G

Cqr,q! \ary , ,? . { t  (Poisson t imtb bheoren)  Leb
N

b e  g i v e n  a n d  c o n s i d e r  s g t  =  =  
j 1 ( a g ) .

L = f

For  eI I  rD L suppose

,!i", N.yt*t((trru )') = q (nr
N+eo 

I

l n d e p e n d e n b  o f  r  ,  f o r  e a c h  n e  N  r

TLren for aI I  r  7,  L !

- E -

I-* ?((sN)") :L +

elements cae / r r

, fo r  eacb N>.  I

I e b  s u p p o s e  b b a b

\lz

f L' JJ (L" t"rt 1r r is eveo

0,* 6rs .,. s I =itqr.i4u')e{'(tr'"'nt)
N+.oJ t -N,c {^ r  

tN , . r t r . l ' -L  o  obherg lse

, = Q8'frtt'L,*")) 1 a(u'otzl 2; ' f or rrn = (Q(a)' \tz2 ) )where Qosu

f '6,") Ct) ff % is tnner

7 , ' , , . ,  = , {  
& (a t  )  ( t= l , vz )  ,  Le  I '

A  L  0  o b h e r w i s e

b e i n g  a  r e p r e s e n t a b i v e  o f  b h e  e q u l v a l e n c e  c l a s s  c o r r e s p o n d i n g  b o

T f  =  ( f f r . , . r X i l a ) ,

{ 1 r .  "  r * }  t

ar'e .{ for Ne Nt N> I

t l>or P- (q,'")Tp) e P^c(d,,:";n])

ri?-,)
c(



i ,  , ,

i lbere

f o r  &  =  ( r n t 4 ) p . . . 1  y Q ( r { ) ) , n

[ = l r p  ,  b € I -  b e l n g  e  r e p r e s e n b a -

'  fl. ttt tr q ts tnner
^/rr.t I 

' 
ltqt

I'rrrt+t :1' ' {  
L  0  o the r i l l se

t i ve  o f  bhq  equ iva lence  c lass  co r respond ln6  bo  S [ ' t r . . f i - p ) .

Nobe  2 ,8 .  a )  The  cond lb lons  o f  t bese  buo  co r ro l l a r tes  can  be  rep la -

cod  by  a  s lm i la r  manner  bo  bbe  p recedenb  nobe .

b )  In  pa rb tau la r ,  l f  f o r  a I I  r  z rL  suppose

-ft* N:yt"){to* )o) : 4
and

.h* N 4xirter/noru )o) = p
N+oo

l n d , o p e ? q e n f , o f  r  , f r r . t e  I r  a n d  1 = S F  ,  b b e n

Coro I Ia ry  2 .$ ,  asserbs  fo r  a I I  rT tLz

.,{^* Q($*,)") =i
Nnoo p=4: i -eP*" [ f t , , - i r ] )

where ry(JT') is the nunber of ouber sebs in Jr end l( 'J i-  )  ls bhe

number of  inner  sets  in  iT  .

I

No be z.g . a) l,e t t2r >, I a n d  r ( r )  '  . .  :  I  s  ( " )  n  { r ;  .  ' . 1 8 J  b e  f i x e d .

C o n s i d e r  r = ( T . r . , " i I p )  e  P r " , (  l I r . . . r " h  )  a n d  I b ]  b b e  e q u i v a -

rence cress coruespondtng bo : i  .  F lx { .  = 6F ,  Q-ncrr€)depeuds

lI 
" 
- l: -' 

aad onrY tr xfinr:' 
::": ::: ::::-' :: ::] l-"'^q* . ,  =F ( rk tp ) )  ,  on  bbe  reun lon  o f  a l l ,  equ lva lence  g lasseg  co r res -

ponb fne  bo  oon-c ross lng  e lenenbs  ln  Nr  . ( t n  g rb lgu la r ,  l f  .

f -5" )= X( i )  for  ar l  ;= f ,F  on bbe sbove r "unton) .
t .

b) tebfn 71 I. I-ret n neps f l i :  t t-A , I  = 
f in , and

t  e Sn (Uft"  syamebr lc group of  order n)  be glven.  '

F o r  e E c b  ;  = f f i ,  b a k e  r r ( i ) -  ( r r ( i ) , : r ! t ) l n  p ( { r , . . . , * )

sucb bbeb rttr) .{+{S), {f ,{ai1



J "1 f

i .nIf

L5

conslder d 'n ' , l t -o 1t by

t7rL4 r . . .r  i , . ,n)r= l=ri ,( , tdtn, ) " , ' )

( i )  =  *q r '  ( t e  { r , a } ) ,  r o r  each

l" rcur l  -  x  j (b l )  for  at t  br  ,^v b i

j  =f,8'-1 bhen '  *(n) (  t)  = 1G) ( b'  )  for el l

L  t i r  ): i fn" '(r t f  i '

T r t  .

i
I t r  ,  fo r ,  each

b n ,  b t  l n  I n

l n  v iew  o f  Coro l l a ry  2oJ ,

A  connec t lon  beb$ees  io r *  r i ; i b  d tsb r tb * t ;o ;  , * t ,  i nu  ou ioe rse r

conbtque{  f rycb l9ns - . f  bbe $ bte lb jes bype and bkre c lnss lcs l  nonenb

problem can be esbabl lsbed.

Tbe $qy  ls  bhe equ lva lenoe bebneen bbe characber lsb ic  ger les

o f  c e r b a i n  L a b e I L e d  p a t h s  l n  b h e  f l a n g  a n d  b h e  u n l v e r s a l  $ b i e l b J e s -

J a c o b i  c o n b i n u e d  f r a c b l o n s .  I h i s  e q u t v a l e n c e  h o l d s  1 n  b h e  a l g e b r a

C((X) )  o f  fo roa l  ser ies  over  s ,  non-coanubab ive  a lphabeb X w ibh

c o n p l e x  c o e f f i c i e n t s  ( s e e  t 5 l  )

Leb\ t reca l l  sone facbs  f rom [5 ]  ,

In  Nx  r  bhe f ree  nono id  w lbh  bas ls  I i [  cons ider  bbe seb o f/

uords of bhe forn V = 9: V, . . .e,, .  qhere Vo = 0 and g* - vx-r e {-t , f  }
' i  i ,  for eacb k=T;f (so bhab v. =I).

.  Eaob.  rgrd of  bh ls  forn ln  Nf i  can be characber lzed as e word

r=u1  u ,  . . .  t r "  ove . r  bbe  a lpbabgb  { * ,p }  n lb l  o (  =  ( I r+ l ) r .p  = ( I r - I ) ,

and  can  be  Cgonobr i cq l l y  rep resenbed  as  a  $equence  o f  p .o tnbs  ln  bbe

plgne M'MI  : . .  M"  sgch bhab Mtr=(kryO) ntbh Xo=O and

rx-xr-I € [-r 'r] (k=ff i  ).
. A c c o r d l n g  b o  I S J ,  b b e  n o r d s  v : 9 o t t . . . v , "

/ ^ \' Ih is  ts  o .  mebhod bo produce *" "  for  L lmib bheoren.

t , l , eb i t t 6sc r tbe  &  I tbb le  bhe  seb  o f  bhe  ceubra l  L ln lb  d l sb r tbub lons

of bbe above forn



If v: Vo 9n . '. vr'

d e n o b e d  i t ( e )

bhe bas is  X  ,

).(t{) =

f lhere

l s  o f  bhe above fo rn ,  bhen

;

L 6 -

ogn be oslJ.ed postbJ.ve patbs nibboub l ,eveJ- sbeps (btrey constsb of

t  \  h L -  - . - - l ^

only  bno bype of  ' rs tepsr t i  r lses and fa l ls ) .  Tbe nursber  r  ls  ca l led

!bg*!g!g.!b of v , denobed l..lt

LeCf inb roduce  the  labo l t i ng  operab lon '

Cons lde r  an  a rb lb ra ry  a lphabeb  o f  ooo*coBrnu tab lve  i ndebern inabes

x = { { o ,  o z o }  u { p n + r i a > , Q l  ,

,  l s  de f tned  as  o  no rd  o f

by

1r". '"Y' '

bbe labe lL tng  o f  < r

b h e  f r e e  n o a o t d  n i b h

pos l t l ve  Pa ths  n l tboub

*v*-.t e \-l,a! qr=,IF ) !.

bbab 9 . - r= {  r  r :  l v l  i s

tl = +lk=Tli; vf,vo-n =-4 4 ,

fo l lov i ing  seb o f  labe l led

pabbs
$:s r(q*) ("  xx ) .

v;[
A ,

( d.r, tf v* - v*-o = {
I  F - {

$ = i (k=T;F
K I

I R
L l'"*-n Lf 1,.: vr-n = - {

...: ,- ,

, ,  Exanine nort bhe fol louing sob of

I e v e I  s t e p s  :

9 * = { v = 9 o v r " . l r , .  i  ( c t o + v r .  
)  V *

F o r  Y e  9 a  i b  i s  e P s Y  b o  o b s e r v e

e v e n  t  y Z Z t  a n d  a l s o * { f = f ; f  i  Y < * e * - r  =

T h e r e f o r e  o n e  c e n  a l s o  c o n s i d e r  b h e

(card( I n xzo) is bhe n-bh cabalan number)

Tbe cbaracberlsbto serles of I [s cbari9)=]nY, vrhlch ls

o o n s l d e r e d  a s  & n  e l e m e n t  o f  b b e  m o n o l d  a l g e b r a  o f  X *  l . o .  & s  a

fo rne l  ser ies  over  bhe non-connubab lve  a lpbabeb X l l1bb  coef f ! -

c lenbs  in  bhe  copp lex  f t e ld ,  usua l l y  denosed  C(X> .



I n  v te t  o f  bhe  bae lo

char( I  )  appe&rs &s bhe

bype  conb lnued  f racb lon

S  ( X ,  z )  t =

L?

equtvaLence bbeoren In  L5  L

non-connubabtve  ana logue o f

bhe  ee r les

b h e  S  b l e I b J e s

I -  . . .

1 . 9 .

cr ra r (9  )=  s (x tz )

w b e r e  s ; s t  n e a n g  s  a n d

b tv i  by of  bhe t  nde bermi nates i r , r .X ,

a re  equ lva lenb modu lo  bhe oonrmuba-

I  I ,  .  .  .  r2p] )  r ,Sq= e and -sl i  : ( iqt, t tr l tz))

c o r r e s p o n d i n g  t o ' 5 i -  i s  v r = Y . , v , . . , $ a F

There  ex l sb  a l so  an  oo* lo -ooe  co r respondence  beb teen  bhe  seb  o f

g a r b l b l o a s  r i ' = ( r r , ' , . . r f f p 1  6 P ( { 1 1 . . . r 2 p }  )  u b e r e ' 4 F : t r =  e  f o r
'F

eacn t  =r rp  and bhe,  seb of  pabhs in  Q+ v*h ich bave bhe tengbb 29t

T

I -

(5 ,  , . " r t t ,  )  e  P(

,  b h e n  t b e  p a b h

a  b . z Z
O I

\

J t  =

r;p

Y . = O  a n d  
{  

* * - ,
r l  : 1
"  l v

V (-,1

( I b  l s  e a s y  t o  s e e ,  t n  b b l s

only if Vouu, - uorrr, = L

b h e n  V - , ^ .  =  O r  V - .  =  I ) .
uQrl, tt4\a)

r ' I

- 4

l | be  sbove cor respondence 1s

b b e n  b h e  p a r b l b l o n  o o r r e s p o n d i . n g

wbere 14 = (x'atr) ) rrqtL) ) {- = T;F

i f  k e { r p r a l : 0 ' , I - r !

i f  k e { x a t a r l  t : d } 1

c o n b e x b  f , r  €  .  P o . (  t  I ' .  : .  t 2 p )  l f  a n d  -

.  Moreoven, t f  ' t rD is ouber ln : t  ,

a l so  onbo  I  l f  v :  {oV i . . . q *Fe9*nXrP

to  v  t ' s  T fV  = tA r ' . . , r$ )  e  ?q , r r . , . r&* )
o}t.a.,-

}y€ lven by  bhe equa l lby

i . e .  9 .  n  x 2 P  !

If

f o r  f =

where

{1 , . . . , L f  }  ;  { r .=  [ [ p  i  v r< -v * -n  =  n ]  U  { r . .=a lQ  iV r -yo -n=- { }  )
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baklng

a .

l . = [ t r  i  ' Jn -  to -n  =  a . \  = (n r t ' u ,  .  " ,  n r t ' t t )

= ( r rnt r . l r  .  " . )  t r?O))  .

In  consequencer  bhe labef l ing

( tbe pabb coru,ec pond lng bo ' r  € P( t  I '

for {, = T;D ts :

l there

ftr' 
i

sbere

)tCt.{r) : Yn Y. . ' .U p

Yr,ar^t = dv,rar,r t- t  and *r*o, = 
Fvqc"l- t  [L" ' i 'P ) '

and  {k=@ )  Y*  -Vn ,o * : l  
}  :

coruecPonding bo qT=vrv,r  " ' {zp

. ,  .1Zp |  )  r  wi t - l "  : l 'a=(Qi.rr i  xqtrr)  1

o  b h e r w l s e

In parbicular,  for esch .[  =f,F bo the parblbton of {r2tar,rntr l}

F-e)  r  cons ls .b tng of  on ly  one seb Ig  u lbh f4  = (x ] (a) ,n12; ;

ib  cogesponds bhe fo l lowing pabb of  lengbb 1 :  vT i  =  VoV'qt r )ue," ,

and lbs label lung ' ls  7 \ (Y 'Q)  = t rzrar*q,g '
; .

t ! p11 , , , i i l . ,  
t t  t v i , v31=o  fo r  L#  i  i ' . e '  v r va , " ' ' v zp

comnube , bbem L(v'rr) = lL,J:i l) iLtYT") - .A(V&) in t* . I

c o n l n g  b o c k  b o  c e n t r a l  l i m t b  b h e o r e n ,  b a k e  n o $  e  e  A  s l b h

tgt*)C*)= o , yl*)(.c{) = Q^t,1,l) for eacb ne N '

F o r  a l l  t  7 , L  d e n o b e

i f  r ; 2 p

Q.ottrol =
/?('rl

ffo. tt))1 l,l ) for lt ' ( Qt4), rrg(r1;
)

IL'rF )aY ttr\
/-- (t)'v.

[b] coruespo

t f  J l ;  is  lnner(
| ...

o bberf i lse

. '.
r  l . *  \
r l  :  (  J i 4  t ' . . )  

' . p  I  .

{=1-
n d l

{i,er
o

ng bo

J  t e r t "



cabtve semlgroup |Rt  .

C o n s l d e r  J r = ( r 4 r . , , 2 J r l ) €  P ^ " ( { r , . " , , r p l )  , & = c e ( , { }  ) 5 r 4 t z . ) )  \ e = t f  )  I

a n d  a l s o  [ b ]  a n d  V T =  9 s v 4 , , . { r p  r  f , € s p e c b l v e l y ,  b h e  e q u i v a -

Ienco  c lass  and  bhe  pabh  co r respond lng  to  J r  .

BgqCIk 3.2. $uppose

Therefo re

1 q

bhe elphabeb X  c o n s t s b s  o f  b h e

t  a2 ,  O  be long tng  bo

commubab lve

bhe  nu lb tp l l -varlables ot^ = V!i.l-fr; ; f}.nta

rf f l t+r = lA' )t!- | I-{ t2)

For bhe povler series Z p,.zt ,,,r7ro ,"

in  [5 ]  tnp l ies bhen an expaneion ln

conb tnued  f racb lon ,

.tt oz 22

l^rt a .0.*, tilgn) n X'P)

I

bbe baetc  equlvq lence bheorem

bhe  fo l l ow lng  Sb teLb jes  bype

,  " r f ; *

I  -  t .
a

here  t \  = I  ) . 11

Sone  de f ln iU ions  &re  now n* . "u " t " r .

Denobe,  as usual ly ,  by 0LXl  bhe a lgebra of  oonpLex polynonla ls

ln  one var iab le

CaII pqphgU{.f l ,b-f  { l ,s b.rtbut lop,s aII  Linear func btonals P:CI IXI *{O

wtbh t{I := I .  such * f  is Pqgl.btve:d.et int le- l f  f  LP(")]  > o for

every po lynonta l  P(x)  bheb ts  nob ldenblca l ly  zerg and ts  non-nega-

bive for aLt real x i  say f  Is sY,FneEItg t f  al l  of lbs nongnbs of

odd ordor  a , ro  nero (  1^ . [X4t4J 
=O for  a I I  peN ) .  (  A c lass lca l  feab

lnp l tes  bhab  such  a  pos lb tve -de f lnLbe  p robo ,b t l i by  d tsb r tbub ion ,  i s

for each { = T;F ,  bhen bhe tabe).I i t tg

v
)utv:r; = T-i- Qot.q Io , -  |

t - , 1
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glven by.  a  so lub lon 9f  l lamburger t  s  o lass ica l  nonent  prob len )  '

Fo r  a  rando t r  ve r lab l?  w ,  l n  (  t ,Q  l ,  ca l l  t f ' 9  o f

n  bhe  p robab t l i by  d i sb r tbub ton  [n  
:  0LX l  *>0

,

f o r  a l l  P e  0 t X l .

I n  bhe  space  o f  l l nee r  funcb tona ls  on  0 [X ]

siven by p*LFl=Q(Rr*r;

s e n d f  n g ' l  l n b o  I '

bo  P  (  denobe  t -+  t " )
I  I ' r '  I

) r  s a Y

d ts t r i *

9aY

1f

bhab  p robab t l i by  d l sb r lbub tons  [ * ,

I in  p^ t l J  =  y t r l  f  o r  a I I  Pe  OLXJ '
.n-?CO | " | - /\

For  a sequence (  * "  ) * ro  o f  randon y .ar lab les in  (  [ "  I

bhab ( *^ )^rro cgn-velg,gP ln disF{}UlE,topi: .  bo a probabit tby

bublon I  iCI!x: ]  
- - r0 i f  l^* f lP'

R g m a r F  1 . ] , ,  U s i n g  c l a s s i c a l  f a c b s  (  s e e  [  1 ] r  [ !  ] '  t l o :  )  t  l b  t s  n o b

d i f f i cu lb  bo  see  bben  bhab  cenbra l  l i u l t  d t sb r ibu t i on  seb ,g i ven  by

Coro l l a l ; y  219 .  i s  bhe  se !  9 f  a I !  p robg ,b t l i t y  d i sb r tbub lons '  iF .bhe  '

aboye sense,  ub ich ar? noqtb ive-def tn ibe g,nd {Jnmetr tc '  Iq  ,perb isu-

I?" ,  eny.synnetr io  probal t l l ty  d isbr lbubign on bhe rea l  l ine q lbh

nonenbs  o f  a r r  o rde r  r s  conbarned  !n  b l re  cenbra r  r rn tb  d l sb r ibub ion

g e  t , !

Thus apply lng tbe nnebhod of  L l , t  I  o00 can f ind operators

possess ing  bhe  connb inabor l cs  o f  bhe  cenbra l  l im ib  bheore rn '

More  p rec i se l y ,  f o r  each  lYmmebr i c  p robab i l i by  d i sb r ibub ion  f

on  bbe  rea l  ax i s  w tbh  nonnenbs  o f  a I I  o rde r ,  and  such  bpa ! ,bhe  seb

) -
of aI I  polynonlals ts  dense in Lz(P r  coosidgr lh9 or lbgnornal

) -
basis  (€a. )nz.o in  I ,2(  f  )  cons lsbtng o{  bb9 nonlc  orbhonorqal

p o l y n o n l a l s e q u e n c e ( L r r ] ) c o r r e s p o n d t n g b o r T b e n t b e . s e ] . f - a d -

jo tnb operebor  7 '  o f  nu lb lp l lcat lon '  by ra  vr tbb nax lna l  domaf  n  J"n

!2 ( | " )  bas  1n  bh ls  bas ls  tbe  nabr i x  o f  bbe  S f i i e lb jes  b t -d lagona l

forn
t(o) 0

a X(.tl

1(4) o

o $(er

l 0
I tc"t
\ "
\ o
\

o
n

X|at
o

o
q(3)
o

o
o

O

o
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i l he re  g (J )  := (  eJ  ,  z9 , * t }  >  o  r  0  ( l<Otn  r . . , z (y - ;  '

so bbsb ?,  ls  equal  bo s(N)L + #g(N)  on bhe space of  n I I

poLynonials, there N and L ere bbe nuuber and bbe sbandard

annibt lab lon oPerabors

$ = I J l e i ) < e i l  '  r , = Z l Q i 2 < n r * n f
I  "  4  

{  q ' -

l n  D t r a c f s  n o b a b l o n ,

[he d lsbr ibublon of  7 . ,  ln  bhe pure sbabe eo ls  f  
i ' ,
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