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Quasi-Boundedness and Subtractivi ty;

Applications to Excessive Measures

Lucian tsEZNBAr and Nicu BOBOC2

ABSTRACT. We study the quasi-boundedness and subtract iv i ty in a general  f rame of
cones of potentials (more precisely in l/-cones). Particularly we show that the subtractive

elements are strongly related to the existence of recurrent balayages. In the special case
of excessive measures we improve results of P.J.  Fi tzsimmons and R.K. Getoor from [13],
obtained with probabi i ist ic methods.
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recurrent balayages, quasi-continuity, ff-cones.
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Introduction
In a recent paper ([13]) P.J. Fitzsimmons and R.K. Getoor characlerized the qrrasi-
boundedness and subtractivity for excessive measures. Although ihese notions and
the obtained results have a pure analyt ic aspect, lhey use essential ly in the proofs
probabil ist ic tools (Kuznetsov measures, random measures). We underl ine that a
simjiar goal was already acheaved (see [7] and [B]) with anaiyt ic nrethods in the
presence of a reference (]eas,ure.

The start ing point for us was to give an analyt ic treaLemenl for lhe general
situation (without reierence measure). in this paper we present a new approach
for lhe study of quasi-boundedness and subLractivity which al lows us to avoid the
probabil ist ic arguments, lo ciarify a.nd improve resuls from [13]. Our mebhod is
available for general I/-cones and consequently for the excessive measures as weil as
for Dir ichlet spaces.

Let Erc be the convex cone of al l  excessive measures associaLed to a
proper submarkovian resolventU : (U")">o on a Lusin measurable space (X,X).
If m e Erc we denote by Erc* the convex cone of all exessive measures ( such that

f < rn ( i .".  € is absolutely continuous wilh respecl to m). Recall  that an element

€ €. Erc^ is cal led rn-quasi-bounded (€ e Qaa(*)) i t  {:  
*D*€, 

with {7. ( rn for

al l  k e N. We show (Theorem 3.1) that i f  € € Erc^, € 
-- 

t to U then € e Qu(*)
iff p does not charge any rn-polar set which is p-negligible, where m : h * p o U'.
In fact this is a first important result from [13]. We give the following refinement:
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€ € Qao(^) i f f  p does rrol charge any m-polar set which is serni-polar and p-negligible.
Part icularly i I  p does not charge lhe semi-polar sels then ( and any minorant of {
belongs Lo Q6a(m) for arry m such that { € Erc^.

We dist inguish now a speciai class of qua,si-boundecl eiernents. An excessive
measure {  is  ca l led r rn iversal ly  quasi -bounded in  Erc^ (€ e eoa( l l rc*) )  i f  I  e
Qua(m') for any m' e Erc such thaL m' K m and rn K m,. We show that i f
€ :  I tou e Erc*  then (  e  Qaa(Erc-)  i f fp  does not  charge the rn-polar  sebs (or
only the m-polar sets which are semi-polar). Recall  lhab an element t e Erc^ is
cailed subtractive in Erc^ ({ e s"a1 Erc^)) i f  any majorant of { from Erc^ is
a specif ic majorant. I f  { € Exc^ has no specif ic minorants from e6a(Ezc_) then
it is subtractive in Exc^. Moreover i f  { :  p o IJ then pr is carried by a rn-po]ar
set (or even by a rn-polar set which is semi-polar). I t  remains to characterize the
elements € : poUE Erc^ which are simultaneously universally quasi-bounded and
subtractivein Erc^. wc prove that ( € Qaa(Erc^)n suulnrc^) i f f .  pr is carried by
a basic set A C X with the fol lowing property:

(-) For any measurable (or only Ray compact) subset M of A
we haae BMI :  0  m-a.s .  on X \  M.

if  ,4 is such a set then its subset Ao i:  {x e Al{r} is f ine open} is universally
measurable and A \ A, is m-polar (Theorem 4.4 and 4.5). Therefore p is always
carried by A".Also for any Ray compact subset I{ of A we have:

B K \ { " } 1 ( z )  : 0  m - a . s . ( i n r )  o n 1 ( .

Using the above results we obtain immediately the fol lowing Riesz decomposit ion
from [13] for any ( e Sub(Exc^):

€ : h . + p o ( J { u o U

where A is harmonic, pr is carried by a m-polar set and y is carried by a set A
sat, isfying the above property (x).

I f  A is a basic set u,r,:  denote lry (B'). Lhe operaior on Erc given by the dua-
l i ty .  re la t ion L(( ts 'a) . { ,  

" )  
:  L(€,  Bo t ) ,  for  any Z, / -excess ive funct ion s .  Obvious ly

(8")- is a balayage on Exc (i .e. i t  is addit ive, increasing, continuous in order from
below, contractive in order and idempotent). I f  moreover A verif ies (x) then (Bo)"
is recurrenL on Erc^ ( i .e. €, r le Erc^,{ S r i=+ @o)"t < tt).  Conversely any
recuti 'ent balayage on Erc^is of the above form (Theorem 4.4). In fact i f  € € Erc^
then { € Qoa(Erc^) n Sub(Exc*) i f f  there exists a recurrent balayage B on Erc^
such that I]€ : €. We obtain in Section 1 this last result in the general frame of
ff-cones. Therefore the above descripbion of the rn-recurrent balayages becomes the
crucial point which al lowed us to deduce the characterization of subtractivity and
quasi-boundedness for the special case of excessive measures. In the f irst section
we develop the above topics in an ,Flcone (which may be considered as an abstract
setf ing for Erc^) and we prove results similar to those which hold for excessive
measures. We also show bhat the covex cone of al l  universally quasi-bounded ele-
menls in an ff-cone is increasingly dense (Theorem 1.5) and lhat a quasi-bounded
subtractive elemenl is necessari lyquasi-continuous (Theorem 1.8).



The general case when the resolvenlZ/ is not proper can be reduced easily to the
case when Z is proper; see Final remark.

In the second section we give some complemenls on excessive measures and
excessive functiolrs.

1 Quasi-Bounded and Subtractive Elements in
H-Cones

In this section S will be an .H-cone. We refer to [10] for basic results concerning
the ff-cones. Recall that a balayage on S is a map .B:^9 --*+ .9 which is additive,
increasing, conlractive ( i .e. Bs 1s for al l  s e S) idempotent and continuous in
order from below (i .e. for any increasing family (rr)r.r C .9 such that ! s;:s € ^g

we have V_Bs;:Bti V, A are the iatt ice operations in S), We denote by B,the

complement of the balayage B i.e. the smallest balayage ? on S such that BVT=1.
If S - S denotes the vector lattice generated by S then for any / e (S - S)* the
balayage B 1 on ,5 is defined by

B t : Y r ? ( s A n / ) ,
n€N

( V ) s  €  S

and we note that BJ(Rf)=Rt',  where Rf ::  A{f € Slf S t}. A balayage B on ̂ g is
called absorbentif  Bs< s for al l  s €,9 (< is the specif ic order on S). The balayage
B is cal led recument (cf. [9]) i f  Bs< I for al l  s, l  €,9 with s ( l .  For any r, €,9 we
denote by S, the set of al l  s € S such that ! (s Anr):3. Obviousiy ,9, is a naturai

sol id convex subcone of S and for any family (ro)ou, from S, which is dominated in
S its supremum in S belongs to S" Therefore S, is also an r?-cone. An elernent
c € S is cal led weak unit in S if  -Y_(" A nr):s for ai i  s € S.

From nou on in this section ue suppose that S possesses a uteak unit and we
denote by r a f,red weak unit in S.

Definit ion. An element s € ,S is cal led x-quasi-bounded if  there exists a sequence
(t,-,),,.N in .9 such that s:r?N s,, and sn 1 r for all n € N.

We denote by Qaa(r) the set of al l  r-quasi-bounded elements of 5. I t  is easy to
see that Qaa(r) is a natural sol id convex subcone of .9 and a specif ic band in .9.
Proposit ion 1.1. For any s € S the fol lowing assert ions are equiualent:
1)  s  € Q64(r ) .
2) .{"(s) : :  A R(r - nr) :  g.

n € N

3) A-B"r : 0, for any decreasing sequence (.B,.),,6ry of balayages on S with
n€N

/ \  B n x : 0 .
n € N

Proof. l)+2) is immediate.
2)+3). Lel (8,)".* be a decreasing sequence of balayages on S such thal



A ]3^r :  0 .  I f  wc put  s ,n : :  s  -  B(s -  n , r )  then s, ,  €  S and sn 1nr .  We deducen € N

that  for  a"ny m,  n € N we have B^s 
-  

B^s,*  B^R(s -  nr )< nB^r+ /?(s  _ nr)
a n d t h c r c f o r r :  A  B n , s  < f i ( r - n q  f o r a l l  n € N ,  I  B _ s : 0 .

rn€N m€N
3)=+t) '  I f  forany n e N wedef ine Bn.: :  Bp-, ,c;1 weget Bn+.t  {  Bn, B,r  ( .  

}s and
therefore 

"A 
r"r = 0. On ihe other handrwe huue ̂B(s - nr):Bnni, _ nr)< g^s.

Since A. B"r : 0, it follows thab A l?(, - nr) - 0.
n€N '  

n€N 
'

Remark. For the equiualence 1)<+2) see also [I] ,
If M is a subset of .9 we denote by Mt ihe orthogonal of M with respect to the

specif ic order i .e.
ML :: {s € S/s..r"t : 0 for all t e M}.

Proposit ion 1.2. The fol lowing assert ions are equiualent for any element s € ^9:
1 )  s  e  Q6a( r )1 .
2)  r : ,SL ( r ) .
3)  B6-n,11s:  sr  for  a l l  n  € N.
il There exists a decreasing sequence of balayages (B,),eN on S such that
A Bnx:0 and B,,s--s for alt n € N.

n € N

Proof. 1)+2). I f  we put l ,  : :  f t(s - nr) then we have t,,  { s, s _ 1,,( nr and
the re fo re  s  - t n  =  0  fo r  a l l  n  e  N , r : ,A1" :SL (s ) .

2)+3). We have.B!":. , , ,)*ft lr  
.  ngFl?(s - nr). Since n(n(s _ nr) _ mr))

_ n(, - (" * m)x)-i t . fgi lows that Si(s):SL(/?(s - nr))< /?(, _ nr)) and therefore
B6-n,1a(Si (s) ) :SL(r )  By hypothesis  2)  we get  81,__,4*s:s  for  a i i  n  e N.
3)=+r t ; . .  S ince Bt" - " , ] t r5  js  for  a l l  n  € N i t  fo l lows that  (81"_, , ,1a) , ,6ry  is  a
decreasing sequence of balayages on S such that A-. 81"_,,,;* r:0.

4)+ i ) .  Let  I  €  Qaa(r )  be such rhar  I
sequence of balayages as in 4) then we deduce that Bnt:r for al l  n 

'€ 
N and

/ \^_B"t  S A(  n Bnr)  :0 .  We conclude that  t  :  0 .
n € N  n € N

Definition' An element s € .9 is ca.llecl uniaersally quasi-bound,ed in S if, for any
weak unit y in .9, s is y-quasi-bounded. We denote bv Qoa(S) the set of al l  universally
quasi -bounded e lements of  ̂ 9 .  S ince we have eua(S) :  f r {eu(y) ly  e  S, .9r :5y i1
follo_ws that Q6a(S) is a natural solid convex subcone of .9 and a specific band in S.
Definition. An element s € ,s is called subtractiue in s if

'  €  'S , s  (  l : : +  s  <  l .  \

The set of al l  subtlactive elements of S is denoted by Su6("9). I t  is easy to see that
.9u6(s) is a convex subcone of .g which is a specif ic band in s.

We recall  the fol lowing results from [7]:
P ropos i t i on  1 .3 .  Fo r  any  weak  un i tA  e  S  we  haue  eaa (y ) r  C ,Sub(S) .

Proof. Follows from Theorem2.2 in [7] and proposit, ion L2.



Corollary 14. Thc fol louing inclusions hold:

Su6( .9 ) r  c  Qaa(S)  ,  Qoa(S) ' c  Szb (S) .

Theorem L.5. Let S be an l- l-cone possessing a wealc unit.  Then the conuer, cone
:f all uniuersally quasi-bounded elements of S is increasingly dense i.iz S
( i .e .  for  any s  € S we haue s:V{ t  e  Qbd(S) l t  3  t } ) .

Proof. Let us put for any s € ,S Bs :: !{f  e Qua(S)/, < r}. Note thal
for  any t  e  Qaa(S)  we have B1s1 Bs and in  addi t ion Bs:  ! {Brsf  t  e  Qu(S)}' Ihe assert ion stated by the theorem is equivaleni with B:L If  B' is the com-
plement of B then from Proposii ion 1.1. in [2] we have B':A{B,, l t  e Qoa(S)i
and therefore B' is an absorbent balayage on S. We want to show that B/ : 0.
First we remark tha| Bt is a recurrent balayage on ,S. To prove this assertion, by
Corollary i .4, i t  is sufi f icient to show thal for any s e S with s: B's we have
s € Qoa(S)' i .e. sJ.C :0 for al l  t  € Qbd(S). Indeed, from s,.r.t  e Qu(S) we get
B(s,t l) :  s/.f  and since sj. l{  s i t  fol iows that B'(sI l):  s,{.f  for al l  I  e Qaa(S),
Since B' is absorbent, by Theorem 2.l in [2] we get B'B - 0 and therefore B'(s.r,t)=
B'B(s,\t):0, sJ.t:0. Therefore B' is recurrent. Part icularly we have B's e Sub(S)
for any s € S. On the other hand B's A ny ./ B's for any weak unit y in ,S and
fherefore the sequence (B'(B's A ny),eN increases in the specif ic orcler Lo B's. i i
tol lows t,hat /?(B's -ny)S R(B's- B'(B'sAny)):B's- B'(B'sn"gr) \  0. Therefore
B's e Qaa(S). From the preceding considerations we have also B's € Qaa(S)r und
we conclude that B's :0, completing the proof.

We recall  that an element s € ,9 is cal led quasi-continuous if  lbr any increasing
f a m i l y  ( r o ) o . r  i n  S s u c h  t h a t  !  s i : s  w e h a v e  A  / ? ( r - s ; )  : 0 .

T'he origine of quasi-rr"" i l t  a elements t"rfJ bacl< to t,he pr,rbabil isi ic notion
of regular potential (see e.g. t6l).  In the frame of cone of potenl; ial-" such type of
elements were considered by G. IVlokobodzki (see [tf ]).

We denote bV Q.(.9) t,he set of al l  quasi-continuous elements of S and we note
that Q.(S) c Qaa(S). I t  is known (cf [+]) that i f  the dual S. of S separates S then
an element s € S is quasi-continuous if f  for any decreasing family (pn),rr in ,5* such
that inf p;(r) < co we have ([ p;)(s) :  

i t f  r;(s). The next results give an analogous

characterization for quasi-boundedness.

Proposit ion 1.6. Suppose that Q"(5.) separates S. Then s e Qaa(x) i f f  for any
decreasing sequence (p") "ery  in  S*  such.  that ;2$t" ( r )  =  A and;g$f" (s)  (  co ue

haue  in f  p " ( s )  :  g .

Proof. I f  s € Qaa(r) then we have s : 
F^s,, 

with sn3 r. Further i f  (p,),eN

i s a d e c r e a s i n g s e q u e n c e w i t h i 2 { l " ( c ) : 0 a n d i n $ l " ( s ) <

tl lp"( i  to) :  0, for al l  m € N and there exists n, € N with p,,"(s) < co.
D € N  A = 0

Therefore ;2$ r"(s)s ;tf- itfitr"(*P_ rr)+r".(orr_ r*)]:,l"tl F^"( rLr^s,t) 
= 0.



conversely, let (IJ")"6p be a decreasing sequence of bal,,yages on ,g with A Bnr : 0

and let p e Q"(s-) bc such tha.t  p(s * r)  < oo. Then we have o = , l fX Bnr):
i9*p(B,r):  iql ,(p o B")(r).  By hypothesis we deduce t,har inf.(p 

" B,X;iL 0 andn € N  n € N  z € N
therefore p( A, Bns):  u lp(B"s)=0. Since 8.( ,5.)  separates.g weget I  B, ,s:0.

n € N  n € N  
n c N

From Proposi t ion 1.1 i t  fo l lows that  s  e Qaa(r ) .
Remark. If  S is sol irJe in S** then the aboue hypothesis,,e"1S.1 separates 5,,
coincides with the fact that "s* separates s and e,(s.) is increasingl,y dense in
s"' .  Indeed, iet us denote by B" the balayage on s" (see [4]) defi; ;d by B"p.
t :VI ,  €  Q"$. ) lu  S p j  We show that  B.  :  / .  I f  we denote bV BI  the dual  o f  B.
and.B" I I  then there exists s € ,S such that s I B[s. Since 0"(s;) separates ^g i l
fo l lows that  there ex is ts  p e Q,(5. )  wi th  p(BIs)  < l r (s) .  Therefore '8" t ,  #  p which
is  a contradic t ion.

Proposit ion 1.7. Suppose that Q"(S-) separates S, e"(.9) is increasingly dense
in S and sucl't that for any dominated fanrity (r,),., in S there eilsts a sequence
(i") 'eNC I with.V-s;: V.",". Then the fol lowing assert ions clre equiualent:

i e l  n € N
1) s € Qua(.9).
2) For any decreasing sequence (p"),.N in

;2$r"(s)< 6 we hat 'e inf  p"(s)  -  0.
Proof.2)=+1). Follows from Proposition 1.6.

l)=+2). Let (1t^),ex be a decreasing sequence

S* such that A pn: 0 and
4€N

in ^9-such that A pn: 0 and
n € N

uni t  u  € 8. ( .9)  such that

fact that s € Q64(u) and

j?tp"(t)< o". By hypothesis we may construct a weak

jpf ir"(u) : 0. We get ("{.p")(r): j t$r"(u). Using rhe
frorn Proposition 1.6 i l follows that inf. tt^(s)= 0"

Remark. Tlre hypotltesis from rr"[i)nro"n r.7 are satisfie(l i f s: Erc^.
Tlreorem 1.8. Suppose that for any dominated. family (s;);er in S there erists a
sequence ( i " ) ,eN C I  wi th V-s; :  V- s;" .  Then.9u6(S) n ebd(S):  Su6(S) n g"(^g).

Proof. The incius;"n btlalsiilo"ftl c su6(.9) n goa(s) is immediate. Let
s e su6(s)n Qaa(s) and (s;);61 be an increasing family in s such that _! s;: s and
(i ')"eN an increasing sequence with V s;: V s;*. It wil l be sufficient iJ show that

t e  t  n€N

Y-n( r - r r " ) :0 .  S ince  /? ( t - t r " )S  s -s ; , , \ i ,  i t  su f f i ces  to  p rove  tha t  V  s ; "J .s :  s .
n € N  n € N
I f  we set 1,.: :  s;, - s;,.1.s then s,{.1, *s;"- l .s( s;, a11d therefore,, in.e-r e Su6(S)
we get s. l . fr,  fs,",1.s{ s;,,  s. l . l , ,  *s;",ts{ s, s,t l ,  fs;",t  sl s;..1.s. Hence sJ.lrr:  Q
for  a l l  n  € N.  Let  us put  now s" : :  V_.( " , " . [s) :  y{ r , "  ) ,s f  n  € N} ,  s , :=  s  -s , ,  and

l,: E-. #(r" n s'). We remark tf,ot "fl1t" A s,): s, and therefore Bt= 8",. On the
n € N  

-  
n € N '

other hand we have (1, A s'). t  s,( tn, (tn A s,),r.s,( s,. Since s, e Su6(^g) i t  fol lows' lhat  
( t "  n  s ' )Ls l< l , . , (s / ,  1r"  n  s ' )J .s ' :0 .  I f  r  is  a  weak uni t ,  in  ,g  then the e lernenL



u'.: t * B'rr is also a weak unit in .9 and therefore from s, e Sub(^g) n ep(S) we
$€t s/= I ,s i  wi th s ' ,4 u. I ' rom the above consic lerat ions we deduce that s,J. l :0n € N
and consequently, for any n € N wg have s,^< Blr, s,^: Bie^), s,: B,rs,. Since
(Bt) '=  (Bt ) '  we conclude that  s , -  (8 , , ) , ( r ,1 :  18, , j , (8 , . ,s , ) :  b .  

"

Remark' If S has a quasi-continuous weak unit u (particuturty if S: Exc^) tlren
the conclusion of Theorem 1.8 fottows immed.iately.
Indeed,  i f  s  €  Qaa(S)n Su6(^9)  then s :  D s , , ,  sn(  u .  for  a l l  n  € N and s ince
s" € Su6(,9) we get ,sn.- u € O"(^g) for all ,J?ro, s e e"(,g).
Proposi t ion 1.9.  Let  B be a balyage on s.  Then B is recurrent i f f  B(s)csub(.9)n
Q"(S) ,

Proof. suppose that B is recurrent and let s € ,s. If I € ^g is such ihat
Bs ( I we get -Bs = B(Bs! r and therefore Bs e sub(s).Let now (s;);Er be an
increasing family in,5 such that !- s;: Bs.It follows ttrat (Bs;),., in.r"ures in the
speci f ic  order to 

{ lBs)-  f "  uni t f f ,erefore R(Bs- r , )< R(Bs-.Bs;) :  Bs -  Bs; ,
-A /?(Bs-tr)< 

,yr(Bs-Bs;)- 
0. HenceBs e Q"(.9). ionu.rrely, suppose that B(.g)

c Sz(.9) n8"( ,s)  and let  s,  I  € ^g besuch that s (  t .  wehave_Bs < Bt<f  and
since Bs is subtractive we get Bs < I which leads to the fact that B is recurrent.
corollarv 1.10. Let L be a specif,c sorid, subcone of sub(s) n g"(^g) . Then the
balayage Bp on,S def,ned by

8 7 s . . = V { t  €  L l t  <  s } ,  s  € , S
is a recurrent balayage on S. More precisely, B7 is the srnallest recurrent balayage
B on s such that Bs: s for  any s e L.  The map L r-+ 81 betueen the set oJ 'a i l
specific bands of sub(s) n O"(^g) and trze set of oll ,rrurrrnt balayages on s is an
order pres eraing bij ection.

Proof. Follor.vs from Proposition 1.9 and from [i0],proposition 2.2.10.
Coro l la ry  1 .11 .  The map Bo:  S  - -  S  de l ined bu

, s : :  [ { l  e  .gu6 ( .9 )  ne . . (S ) / ,  <  r } ,  s  €  S
is the greatest recurrent balayage on s. particularly, there are no
balayages on S if f  ^9ub(^g) n e.(S) : g.

non zero recurren[

2 complements on Excessive Functions and
Excessive Measures

Let U : (U")">o be a submarkovian resolvent of kernels on a Lusin measurable
space (x,x) such that the init ial.kernel (J : (Jo is proper. we denote by ty the
convex cone of all ,lf -measurable Z/- excessive functions on X which are finite Ll-a.s.
and we suppose that tu is min-stable, 1 € ty and o(tu) = X. From nou) on in this
paper, uith,out other special mentions, l,l = (u,)*>o will be such a resoluent.



We denote by Erc - Ercy the convex cone of aIl l,/-excessive meii,sures on X,
i.e. the set of ai l  o-f inite measures m on X f.or which m(aU,) ( m for al l  a > 0.
I tecal l  (c f .  [11] ;  see a lso [1a] )  LhaL Erc is  an 11-cone (wi th  respect  to  t t re  usual  order
relation in the sel of al i  posit ive measures on X) which does nol possesses a weak
uni i ;  in  genera l ;  t ,he ex is t ,ence of  a  weak uni t  in  Erc is  equiva lent  wi th  the ex is lence
of a reference measure. Iror any m e Erc we derrolc by Exc^ (as in Section 1) lhe
na tu ra l  so l i d  subconeo f  E rc  de f i ned  by  E rc^ , :  { {  e  E rc loK( {n  km) :  { i  .  I r

is easy to see t"haL Lrc^: i6 e Excl( is absoiutely continuous with respect Lo mj
and that Erc^ is an f/-cone for which rn is a weak unit.  Recall  that a potential is
an excessive measure of the form pl o U, where p is a positive measure on X and P ot
denotes the set of al l  potentials. The set f lar ts by definit ion lhe ot,hogonal of Pot
and the elements of. Har are called harmonic. The convex cones Pot and Har are
specif ic bands in Erc. Generally Pot is not sol id in Erc with respect to the natural
order but i t  is increasingly dense in Erc. The energy functional associated to Z is
the map L :  Ercx 8y - -+ IR* def ined by I (€ ,  s) : :  sup{pr  ( t ) lpo(J e Pot ,1. ro U < { } .
Def in i t ion.  The set  X is  ca l led semi-saturatedi f  Pot is  so l id  in  Excwi th respect  to
the naturai order. We say that X rs saturatedif any m € Ercsuch t,hat L(m,r) < m
is a potential.  Note that (cf. [5]) i f  X is saturaterd then X is semi-saturated.

Definit ion. Let (Xr,Xr) be a measurable space such that X C X1, X e X1
and ,tr lx : X. A submarkovian resolvent l , l1 -: (Ul)"to on (X1,.{r) ir  cal led an
ertension of. U : (U")">o if
a) Ul(xx,tx) = o, for al1 a > o;
b) UIU)V : U*(f lx), for al l  n ) 0 and / posit ive #i -measurable on X1 ;
c) tLt, is min-stable, L e ty, and o(tLt ') :  Xr.
Rernark. l .  In thr ' :  a,bove defini l ion a) and b) nray be replacecl with the fol lowing
condi t ions a ' )  and b ' ) :
a ' )  U ) (x r , r x )  :  o ;
b' )  Ul ( f ) l r :  U"( f lx ) ,  for  any /  pos i t ive #1-measr- r rab le funct ion on X1.
2.  I f  Ur  :  (Uj ) ">o is  an extension of  l , l  :  (u , ) " ;6  on (X1,&)  then any ?,11-excr :ss ive
measure is carried by X and a measure on X wil l  be L/-excessive if f  i t  is 71-excessive.
Therefore Excu: ExcL/r. The fol lowing result is proved in [5]:
Theorem 2.1. Tltere erists a Lusin measurable sp(rce (Xr,xr) such that X C Xt,
X e X, and Xllx : X and a submarkoaian resoluent | , tr :  (Ul)">o on (X1,X1)
which is an ettension of U on (X1,X1) such that X1 is saturated with respect tol, l l  .

We recall now some considerations concerning the Ray topology. We suppose
that the init ial kernel U of U is bounded. A Ray cone associated with Z/ wil l  be a
subcone R of (ty)6 (:: the set of al l  bounded Z-excessive functions) which is min-
stable and separable in the uniform norm, separates the point of X and moreover
I  e  R , U ( ( R - R ) n )  C R , U " ( R )  C R ,  a  )  0  a n d  o ( R )  =  f f .  T h e  t o p o l o g y  o n  X
generated by a Ray cone is called Ray topology.

Let us denole bV t i ,  lhe convex cone of al l  universally measurable Z-excessive
functions which are f inite U-a.s. We note that the f ine topologies on X induced by



tu and t) coincide. rt A € x and s € tf i  then (cf. [4]) /?1s, ' the reduir o[ s on ,21
(RAs=  in f  { l  e  t u l t 2  s  on , t l } :  i n f { t  €  S ; t l t  )  s  on , , l } )  i s  un i ve rsa l l y  measurab le
and p(RAs)= in f {p(1| " ) lc  f ine open,  G e X,G )  A}  for  any bounded'  s  € t i ,
and any measure pr with p(s) < co. This result may also be deduced from [12] in
the special case when X is locally compact ancl (J is a I lunt kernel on X. We pul
BAs:= 1l1s ( i .e, Lhel '{-excessive regularization of the Z-supermedian function B/s) r
and we have BAs:  RAs on x\A and p, (BAs) :  rup {p(BK s) l  I {  Ray compact ,  1(  C
,4) fbr any s € tf i  and any measure pr with p(s) < oo. As usual the set A e X is
called: thin at the point r e X if  there exists s e tu such that BAs(r) < s(r);
total ly thin i f  i t  is thin at any point of X; semi-polar i f  i t  is a countable union
of total ly thin sets; polar (resp. m-polar, where m e Ezc) i f ,  BAI : 0 (resp.
*(BA1) = 0), A f ine closed subbasic set is termed basic.

If A C lU then the map BA : tf1 -. ttt is addiiive, increasing, o.-continuous irr
order from below (i ,e. sn / s + BAsn I Bot) and dominated by the identity.
Therefore for any ( e Erc the functional s -r L((,BAs), s e tf i  defines the unique
excessivemeasure (Bo) .e such that  L( (Bo)"( ,s)="L({ , -BAs)  for  a l l  s  €  t } .  Moreo-
ver i f  A is subbasic then the map (Bo)- : Exc --+ Erc is a balayage on Ezc and its
restriction to Erc* is a balayage on Erc,n for any m e Exc. If for any A € X we
put .4.*:= fu e All i" 'r"t l l  nU"(X,q): 1) then A* is a subbasic set, BA's e tu for
any s e. tu and in addit ion for any t e Erc we have L((,BA's): L(*BA(,s), where
*BA{:: A{ry e Erclln 3 rt}.

3 Quzrsi-Bounded Excessive Measures

T l r e o r e m  3 . r .  L e t m €  E n c ,  m :  h +  p o U  w i t h ,  h  €  I I a r  a . n d  { :  p o ( J  €  E r c ^ .
Then the fol lowing assert ions are equiualent:
1) The me'asure { is rn-cluasi-bounded.
2) p7f) -- 0 for any m-polar subset M of X with p(lvI): g.

3) LtWI) = 0 for any rn-polar subset M o.f X such that X,4 is semi-polar anfl
P ( M ) :  o '

Proof. Let g be a posit ive,l f- measurable function on X, 0 ( q < r, such that LIq
is bounded and rn(q) ( co. LeN W be the kernel on (X, /f  ) given bV W f t :  kU(q.f)
and let w : (w")o>o be the submarkovian resolvent for which w. is i ts init ial ker_
nel .  We have tw :  

h tu,  Ercs-  q .  Ercy and wL(q. ( , * ) :  , t (e ,s)  for  any
s e tu  and {  €  Erq1,  where ' t ( ' , . )  ( resp.  *L( . , . )  

)  denotes t te  energy funct ional
associated wi thU ( resp.  )4 / ) .  Par t icu lar ly  *L(q.^ , I ) :  uL(* ,Uq)  < oo.  By Theo-
rem 2.1 there ex is ts  a Lus in measurable space (X ' ,X ' )  such that  X C X, ,  X e X,
and X't1x: ,{ and a submarkovian resolvenl W': (W)a>0 orr (X,,X,) which is an
exbension of W on (X',X') and X' is saturated with respect to W'. Therefore there
e x i s t  f w o  m e a s u r e s  p ' a n d  p "  o t \  X ' s u c h  t h a t  g . ( p o U ) :  p ' o W ' a n d  g . h -  p , , o W , .
It is easy to see that p' is the measure on X given by p' :: il 

. p and p,,(X) : 0.
l )+2) .  Suppose that  (  e  Qaa(m) and le t  M be am-polar  subset  o f  X wi th  respect



to z/. such Lh3L p(M): 0. From the above considerations we get wL(q .m,,BM r)

:  
u l ' lm,gMud,where 'BM denotes the balayage on M wi th  respecL Lo ts , .

I t  fol lows LhaL M is also g.rn-polar (with respect to w,). Moreover we have
p'(M): p"(M). From [a] we deduce thab there exists a decreasing sequence (G,)"ew
of f ine open subsets of X such that M C Gn, G^ e X and 

it((p, + /,)(, lSc"' l i=
(p'  

.+'p"I( ' ,R* I) :  \( ' ,  + / ' , )(p' t)= *rkt m,,BM I):  ,L(^, nM U q).Since iu{,  is m-
polar we g"t j?$'L(*,7G"(Jq): i t {  

r f(n .m,,BGnr): ip$(n, * 'p,,)( ,gc^l) :  0.

I t  fol lows 
i t f i r( .B""^,(]q):  0, 11+BG^rn: 0, where we recal l  t t tat *BG.m

,- Ai{^e Ercfml6^ !  { i  and frotJ fn"orem 1.3 in [3] we have L(*Bc.,s)=
L(m,BG"s) for al l  s € tu. on the other hand i f  we put t i  t l :  rr l ,  and { i  : :  r t ,o(J
then for  any s  e tu  wehave:  L(*BG"{ ' ,  s ) :  L( ( ,  ,  BG" s) :  p t (BG"s) :  p , (s) :  l , ( t ,  ,  r ) .
From Proposit ion 1.2 we deduce that { '  e eaa(*)t and therefore {,:  g.
3)=+1) .  Suppose now that  p(M):0 for  any m-polar  subset  M of  X such that  M
is semi-polar and p(M): 0. I t  is suff icient to show that: { e eoa(*)t+ ( :  0. I f
€ e Qae(^)r then from Proposir ion 1.2 i t  fol lows that '9rc_r^l*€ - 

{ ' for al l  L e N.
We need the foliowing lemma:
Letnma.  Let  m e Erc and (1,  (z  e Erc^,  € ; :  f ; .m,  i  :  I ,2 .  Then

B(e,-€r)*\ - *BIJr>Jzln, (V)q e Exc^.

_Proof of Lemma. Let us put F ,: lh > frl. Then for all / € N we have
"BFqlp: nle>_ n n [r(€, - €r)+]. I t  fol lows tt, i t iBFqZ R(n n [ l(€, _ {z)+]) and
the re fo re  *BF ' l )  

Y ,n ( r y4 [ t ( { r  
-€z )1 ] ; :  BG, -€ , ) *? .  on  theo the r  hand ; f  r7 :=  ! .Tn

l € N
we get  Y. ( ry  n  [ r ( { '  -  ( r )+ ] )2  Y, (g '  -  ^U( . f ,  -  f r ) * .ml ) :  Gxo) .m= r i  l r  andj e  l v  l €N ' -
we conclude that  BG,_ei r r :  

rK 
R(r t  n  [ r ( { ,  -  €r )+] )Z r t lp ,  BG,_e,)* \Z.BF4 which

completes the proof o1 Lemma.
l1 we write € : f  'm then from the above Lemma we have B1-r^)*r l :  *Btt>klq

for all 4 € Erc*. Irrorn Theorem 1.4 in [3], for any s e 
'tu 

una ,a € Erc
we have L(-BU>kl r7,s) :  L(s ,BU>t"1 's) ,  where ' for  a  set  A € X we put  A.  : :
{x  e  t l l l iminf  nu, (xA)  -  1} .  (Recai l  that  the set  A*  is  subbasic  and R/ 's '€
tu.) Fbr any,k g N we denote by Mt the f ine closure of the set [f  ) Ala and
leL M t: .0..M0. Obviously *BMrml tr.Brr€ S i€ for" all k e N ,nrrd there_

f t€N

fore [. 
*BMom : 0. since for any / wirh *(f) < oo we have L(m,Boruf)s

,t€t{

jn{ l ,(m, BMnu f): i t$ r(.st- m,U f): i t$ Br--(/): (kA -BM*m)(f): 0 we de_
duce that  L(m,B^aUg) :0  which means that  M is  m-polar .  From m(BMI) :0 i l
fol lows fhat the measule m is carried by the absorbent set ,4 ,:  {,  € X lt(o) = 0}
whe:re t € tu is such that I < BMr and I :  BML m-a.s. Since ( e Er,c^ w-e
dedrrce that  {  is  a lso carr ied by A and p(BM 1) :  t r ( { ,  BMIT:  g.  Hence p is  car_
ried by A. If  we puL Ml, : . :  Mr O A then we have "BM'n€: *BMn€: 

{ for al l
k  e  N.  I t  fo l lows thaL p, (BMi ,Uq) :  LG,BM'-Uq) :  L( -BMLq,Uq)= L(( , (Jq) :  p(Uq)

r0



? "

and therefore p(Uq -  BM'^Uq) :0  for  a l l  k  e  N.  Since M,1,  is  a  ba.s ic  set  we de-
duce that p is carried by Ml, for any A e N and therefore p is carrir:d by M ) A.
From BMno[Jq:0 on A and BA(Jq < [Jq on X \  /  we get  that  M f l , t l  is  to ta l ly
fhin. ' Ib deduce that { :  0 i t  remains to show Lhat p(M) : 0. incleed we have
pQMU q)< e\B ' r  U q)S L(rn,  BMr(J q) :  L(*BMurn,U q) : .BM*rn(q)  and there lbre,
since .[.  

*BMxm = 0, we geL p(M) : Q.
A€N

Corol lary  3.2.  Letm € Erc and ( :  poU e Erc^.  Then the fo l lowing asser t ions
are equiaalent:
1) ( is uniuersally quasi-bounded in Erc^
2) The measure pt does not charge any m-polar subset, of X.
3) The rneasure pr does not charge any m-polar sttbset of X which is semi-polar.

Proof. Let mo be a weak unit in Erc^ which is quasi-continuous in Erc. We
deduce that  Q6a(Erc^) :  Qaa(m") .  on the other  hand i f  TTLo= poou *  h ,  where
h € Ha.r, from [4], Theorem 3.3 we deduce that p"(M) : 0 for any semi-poiar subset
M of. X. The assert ion fol lows now directly from Theorem 3.1.
C o r o l l a r y  3 . 3 .  S u p p o s e t h a t m €  H a r  a n d l e t € :  p o I J  e  E x c ^ .  T h e n (  i s
uniuersally quasi-bounded in Etc^ i f f  ( is m-quasi-bounded.
Remark. The aboue characterizations for uniuersally quasi-bounrJed,ness and rn-
quasi-boundedness are sharpened aersions of those giuen in the abstract setting by
Proposit i ,on 1.6 and Proposit ion 1.7.
c o r o l l a r y  3 . 4 .  L e t m €  E r c , m :  h *  p o U  w i t h t ' t €  H a r  a n d , ( :  l l o U  e  E r c ^ .
Then the following assertions are equiualent:
1 )  ( e  Q u ( E r c ^ ) L  ( r e s p . € e  Q a a ( * ) t  ) .
2) The measure p is carried by a m-polar set (resp. a m-polar set
wlzich is p-negligible) .
3) The measure p is carried by a m-polar set which is semi-polur (resp. a nt-polar
set which is semi-polar a.nd p-negligible).
R e m a r k .  L e t m €  E r c  a n d ( :  p o ( i  e  E r c * .  I f  p  i s  c a r r i e r l b y  a m - p o l a r s e t
then ( is subtrrtct iue irz Erc^. Part icularly, i f  p is carried by a polar set then ( is
subtract iue in  Erc.

4 Recurrent Balayages on Exc

In this section we characterize the recurrent balayages on Erc^. The Ray topology
which is considered on X is the topology generated by a Ray cone associated with
a bounded kernel  o f  the form g . IJ ,0  1q - -1,  as in  Sect ion 2.

Let A c X be.Y-measurable. Recall  that i f  € e Exc then (BA)-{ is by definit ion
the unique excessive measure such that L((Bo)-€,"): I(f , .BAs) for al l  s e tf i .
Moreover i f  A is subbasic and rn € Exc then the map (B/)* :  Erc^ --+ Erc^ is a
balayage on Erc^.

t 1



Proposi t ion 4.L.  Let  m e E:rc ,  t  =  t to(J  e Exc^ and A € X be a snbbasi r :  set .
supposc ' l "hat  Lhe balo,yage (Bo)-  on Erc^ is  ubsorbent .  ' fhen (BA). ( :  p lur  o  ( ) .

(Z/ clenot;cs the f ine closurc ol A.)
Proof. Since (Bo)-€ < € i t  fol lows ihat (B/).€: ,  o U,, where v (_ p,. For

any  s  e  tu  we  have  z (s )=  L ( (Bo ) . ( , s ) :  t r ( { ,  BAs ) :  p t (BAs)=  L ( (Bo ) . { , , 8^s ) :
u(BAs) .  Therefore y  is  carr ied by AJ.  We c le iuce that  (B/ ) " (Ul r r , i ,  o  [ / )=  0,
(BA)-(1t17 o U) :  F l7 "  U and therefore (Br) . { :  p lz t  o  U.
Proposi t ion 4.2.  Letm € Erc and A € X be a subbasic  set .  Then the fo l lowino
assert ions are equiualent :
1) (Bo)" is an absorbent balayage on Exc^.
2 )  BA I  :  0  m-a .s .  o ,n  X  \A r  ,

P roo f .  1 )+2 ) .  Le t  q  )  0  be  such  l ha i  0  <Uq  (  1  and  pu t  rn ,  : :  f i .m .
Since m' l * rUroU e Erc* ,by Proposi i ion 4.1 we deduce t ,hat  (Bn)" (* ,1r r7, ,  oU) :  g .

Part icularly we get:rn| l"ru, (BAr): L(m'l*r-or{J, BAr): L((BA)-(m,lyq7.,ou), 1): 0.
2)+r). I t  wil l  be suff icient to show that for any ( e Erc^ with tr({, l)  < co and
s ,  r  €  t y ,  s  1 f  w e  h a v e  f G - ( B o ) - € , s ) S  , ( 1  - ( B \ . e , f ) .  S i n c e  L ( € _ ( B A ) - 1 , t 1  :
L( ,e  , t )  -  L(€,  Bot) ,  LG -  (B\ -e ,s)  = t r ( { ,  r )  -  , ( { ,  81s)  and f rom

t + B A s : s *  B A t : s + t o n A J .

t l  B A s : l  )  s  : s  +  B A t  r n - a . s .  o n  X \ Z /
w e g e t  s + B A t  < f  +  B A s m - a . s .  o n X .  T h e r e f o r e  L ( ( , t + B A t ) < L ( € , t * B A s ) ,
L ( (  -  (Bo ) - ( , ' ) s  l , ( €  -  (B r ) .€ ,  t ) .
Proposi t ion 4.3.  Let  m € Exc and B be an absorbent  ba layage on Erc^.  Then
t l t e re  e r i s t s  abas i c  se t  A€  X  such t l t a t  B :  (Bo ) - .  Moreoaer i f  Ae  ,T  i s  abas i c
se.t such that B: (RA)- i l ten there e:r ists a Jine clopen X-measurabLe stLi jset A, of A
w i th  B :  (  BA" \ -  .

Proo.f. Recall  that (cf. [2], Proposit ion 1.5) we have B : B^_p,,n rvhere B,
denotes the complement of the balayage B on Erc,n Since thr: metrsg re m - B'.m
is absolutely continuous with respect to m we have m - B'n-t: f  .m and there-
fore,  f rom Lemma in the proof  o f  Theorem 3.1 we gel  B:  B^ '8 ,^ : .BU>01.  From
Theorem 1.4 in [3] deduce that "Bu>01(: (B/).{ for al l  { e Erc, where A is the
basic set given by the f ine closure of the subbasic set [/  > 0]..  Let now A e x
be a basic  set  such tha l  B:  (Bo) . .  S ince .B is  absorbent ,  by proposi t ion 4.2 i t
fol lows BAI:0 m-a.s. on X \ ,4. Replacing the universally measrrrable excessive
func t i on  ,B11  w i th  so  €  tu ,  so )  BAL ,  BA1 :  so  rn -a .s . ,  we  de f i ne  D  : :  [ so :0 ]  and
c,: (x \ A) \ r.  Then c is ff-measurable, f ine open and since rn is excessive it
fo l lows t "haL m(aUo(Xc))S m(C)= 0,  m(U(ys)) :  0 .  Hence U(Xd= 0 m-a.s .  on
X .  S ince  U(x " )>  0  on  C  we  deduce  tha t  A  n IU(x " ) -  0 ] :  ( .X  \  r )  n  [U (16 , )  :  91
and therefore the sel Ao:: IU(Xc):0] O A is f ine clopen. On the ot,her hand from
U(Xc) :  0  rn-a.s .  we get  

" r (A \  
A") : - (A \  lU(Xd-  0] ) :  0 .  As a consequence for

any s  e tu  we have,BAs= BA"s m-a.s .  and we conclude that  (Bo) .= (Bo ' ) - .

t 2



Theorem 4.4. Suppose Llrut X is semi-saturated. If  rn e Erc and A e X is a basic
set then th,e fol louinq assert ions are equiuu,lerr,t :
1)  T 'he baluyage (BA)*  on Erc*  is  recurrent .
2) For any Ray compact subset I{ of A we haue Bt{ I :  0 m-a.s. on X \ I{ .
3 )  Fo r  any  subse t  M  o f  A ,  M  e  X ,  we  haue  I )M I=0  m-a .s .  on  X \M.

' Proof. I t  is known that, (,B1). wil l  be recurrent i f f  arry balayage ,B on Jzc- such
that  B < (Bo)-  is  absorbent  (c f .  [9 ] ) .
1=+2). LeL I i  be a Ray compact subset of A. Then there exists a decreasing
sequence (G"),ers of Ray open sets such that G" C G,,11 and 

A ",: 
/(.  

- 
I f  we

puf  4, , : :  AnG" then A, ,  is  a  subbasic  set ,  A^ C,4 and BKsl  f1  BA^s for  any
n € N

s € tn .Since (8t "1*< (Bo) .  and by hypothesis  (Bo)"  is  recurrent  i t  fo l lows that
(Bo"). is an absorbent balayage on Erc^. Therefore, by Proposit ion 4.2, for any
n € N w e g e t

BI{ l  <  BA"I  :  0  rn  -  a .s .  on X \7 ; i
and we conclude that BK1 : '0 rn-a.s. on X \ 1(.
2)=+3). Let M be a subseL of A, M e X and let p. be afinite measure on X \ M
which is  absolute ly  conl inuous wi th  respec[  Lo m.  Since p(BM l ) :  sup{p(BKI) lK
Ray compacL,  I {  C M},by hypothesis  2)  we deduce that  BM l :  0  m-a.s .  on X \  M.
3)+1) .  Let  B be a balayage on Erc^ such ihat  B< (Bo)- .  We want  to  show that  B
is absorbent. I f  B: (B*). where M ts a basic subset, of A then by assert ion 3) and
Proposit ion 4.2 we deduce t"hat (BM)* is an absorbent balayage on Erc*. Let now
B be arbitrary. Then there exists a decreasing family (pu)or, in (Erc^ - Exc^)a
strch that B{: A. Br,{ for al l  ( € Ercn. Obviously we may suppose lhat (p;);6r is

r e , l

decres ing tn  (E: rc ,n-  Erc^)a.  I f  for  any i  €  1we pr- r t  gc; :  f ; . rn  therr  rve i rave Br , :
?U'>01-  (Bo ) . ,  rvhere A;  is  the f ine c losure of  the set  [ / ,  >  0] -  S ince t ,he balayage
( /J ' ) -  js  absorberrL rve rnay suppose,  by Proposi t ion 4.3,  lhar  the set  A is  f ine
clr:pen. Let i  € 1 bc f ixed and let, G e x be a f ine open sel such that ( i  :  z1;. The

- t  t  - l

se f  A  )G ' :  A )G '  i s  a  bas i c  subse t  o f  A  and  moreove r  B<  (BAnc ' ) . .  i ndeed  le t
€:  t to{J  e Exc^.  S ince X is  semi-saturated we have B€:  ,oU and f rom ?G(B{)=
B€: (BA).8{ we conciude that the measure v is carried by A )GJ . Therefore
B(:  (BA^" t ) .  B€.1rcr ; 'g :  (Bc) .€ .  Obvious ly  we have B{S 

A(A { (smt) -€ l
G ) A;,G fine open, G e Xj)< 

,!,(Uo,).{: 
B€. From Lhe first part of the proof we

get that al l  the balayages (na;er )* are absorbent and as a consequence (Bmt).C-<
6. W" deduce that B{ < { for all { € Exc* and therefore assertion 1) follows.
Theorem 4.S.Suppose that X is semi-satnrated.lf  m e Exc and A is a basic set such
that the balayage (B'). on E:cc,n is recurrent then the fol lowing assert ions hold.:
1) For any Ray com.pact subset Ii of A we haue

BK\ { ' i l ( r )  :  0  m_a .s .  ( i n  r )  on  I { .
2) The f ine open set Ao :: {x e Al{r} is Jin,e open } is uniuersally measuruble,
A \  A,  is  m,-polar  and (B^)-= (BA") . .
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Proo f . I ' e tqbea  measurab le  func t i on  on  X ,0<qS l  besuch  l ha t  0  <uq<1 .  Then
for any,t-rneasurable subset A1 ol zl there exists an increasing sequence (1(,),6p of
I tay conrpact  subsr : ls  o f  ,4 \ /1  such that ,  sup BK"(Jq:  gA\ArUq m-a.s .  By ' lheorern

4.4 we have. Bti ' [J(]:  0 rn,-a.s. on X \ 1(,. ' Iherefore 
BA\A,(Jq- 0 rn-a.s. on 41

and s ince fJA' (Jq(  t lA(Jq< [ ]A ' (Jq * -81\ , t ,  Uq we geL BAr(Jq-  Bo(Jq:  uq nL-a.s .
' ,on /1 .  Le l ,  now f ix  a  d is tance on X associated to  the Ray topologl 'and le t  / (  be a

Ray compact subset of 4. We consider a sequence (9,)"eN of f init ,e open coverings
of .  [ i ,8"= (GT) ie I "  such that :  a)  any Gi  has the d iametersmal ler  thanl f  n ;  b)  for
e v e r y G i  t h e r e  a r e i  e  1 , , s 1  a n d  j ' € I n q  w i t h  G i + r  c G T  c G i ; l .  F o r a n y n e  N
we put  s , r : :  n  BA\GI I .  From Theorem 4.4 we have s, r :0  nz-a.s .  on X.  On the

ie I"
other hand by construction we get s,r( s,r11 and

3K\B(x , t / n ) t ( " )  a  s , ( c )  <  6x \ i " )113 ;

for any r e I i  such that BK(Jq(r): Uq(r) ( i .e. for any r € 1{ such that /( is nol
thin at r), where B(x,I ln) is the open ball  of radius l f  n centered in r. I f  we put
T, :  { r  e  I { lBKUq@):  Uq(r ) }  then for  a l l  x  e  T we have 

l iRr ; r logr \ { ' }1( r ; .
Since from the preceding considerations we have rn(1( \ T) : 0 and sup s,,:  Q 1,ys

deduce that BK\{ '} i(z): 0 rn-a.s. on 1(. Let now (M,),.N be an in.r.ul i tJg sequence
of Ray compact subsets of A such that n(A \ !--------------_ lZ";: 0 and let 1,, € ta be such

that BM^(Jq< t^ and l, :  B'^Uq rn-a.s. I f  we put Dn'.:  {x e Xlt,(r) :  0} i t
follows Lhat D, is a fine clopen .Y-measurable subset of X and moreover for any
n € N we have  ̂( (X \M") \D")  :  0 .  The measure m being excessive we declucr :  that
m(aU'(X1r1v, ;1r , , )< rn( (X \ .41") \  D") :  0  and consequent ly  U (x11q&/") \D") :  0  , . , . -
a.s. On the other hand since t,he set (X \,/V1") \ D" is f ine open and,Y-measurable
we get U(X(x\v,,)\D,,)> 0 on (X \ n1") \  r". We deduce tha.t the f ine open sel
T;= (X \D")n[U(xtx t r " ) \ r , , )  :0 ]  is .Y-measurable,  T,  c  fu ln  ant lm(Mn\?, , )= 0.
If  r € J, and {r} is not, f ine open then r" \  {r} is not thin at z and therefore:
pM"\ { r }  1( r )> gr" \ { ' }1( r ) :  i  >  0.  F lence we have the inc lus ion

4 \  { r  QT" l { r }  is  f ine open i  C { r  €  M^f  BM"\ { ' } t ( r )  >  0} .

I t  fol iows that nz(M" \ {u € M"l{r} is f ineopen }) :  0. We conclude that
- (A \  A " ) :0 .  Obv ious l y  f lA \a " l : 0  rn -a .s .  on  X  and  the re fo re  (81 ) . :  (Bo" ) . .

5 Quasi-Bounded Subtractive
Excessive Measures

In this sect ion we suppose that X is semi-saturated and we consider on X a Ray
topology as in Sect ion 4.
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Theorem 5. I .  I 'e tm e Erc and ( :  poU e Erc^.  Then the fo l lowing asser t ions
are equiualent:
1) 'l 'lte rneasurc { is .sttbtractiue and uniucr"sally quasi-bou,ndcd in [!rc,n.
2) 'I'hcre erists a basic set set A e x such that p is carried by A and for any Ray
compac t  subse t  I {  o f  A  we  huue  B I { l=0  m-a .s .  on  X \ l { .
3) T'hcre erists a basic set set A e X such that 1t is carried by A and for any
X-measurab le  subse t  M  o f  A  we  haue  BMI :0  m-a .s .  on  X \M.
/,) There erists A e X such th,at p is carried by A, {r} is f.ne open for any x e A
and BKI:0 m-a.s. on X \ I i  for any Ray compact subset I{ of A.
5) There erists a basic set A € X such that p is carried by A and the balayage
(Bo)- on Erc^ is recurrent.

Proof . i)+2). By Corollary 1.10 there exists a recurrent balayage B on Erc^
such that B€: t.  From Theorem 4.2 and Theorem 4.4 there exists a basic set
A e x such that B: (BA)" and BK1: 0 rn-a.s. on X \ /{ for any Ray com-
pact subset K of. A. Let 0 < f.  < 1 be a function which is .{-measurable and
such that Uf" is bounded and p.(Uf") !  oo. Since L(p o u,Uf,)- 1t(Uf") and
L((Bo) . (p o U) ,Uf" ) :  L(p o U,BAUf") :  t (Bn(Jf " )  we gel  p t (Uf" ) :  p(BA(Jf" )
and therefore, A being a basic sgt, I  is cair ied by A.
2)=+3). Follows from the fact that for any M € X, M C A, there exists an incresing
sequence (ff")".N of compact subsets of M such that BK"I I  BMt m-a.s. Since
B K . \ : 0  m - a . s .  o n  X \ / ( ,  w e d e d u c e  t h a t  B M I : 0  m - a . s .  o n  X \  U  1 { ,  a n d

consequent ly  BMI:0 m-a.s .  on X \  M.
3)=+5) Foliows from Theorem 4.4.
5)=+a). From Theorem 4.5 i t  fol lows that the seL A,:: {r e Al{r} is f ine open}
is  un iversal ly  measurable ,  /  \  A"  is  m-polar  and (B/) . :  (BA' )*  on Exc^.  S ince
(tso)" (tt  o U)-- pL o U and since (BA)* is recurre nt on Erc^ we deduce, using Propo-
sit ion 1.9, that poU e. Qaa(Erc^) and therefore, by Corollary 3.2, p does not charge
the set A\ A,. Hence p is calr ied by A". From Theorem 4.4 i t fol lows that B/i1: 0
n?.-A.s. on X \ 1( {or any Ray compact subset I{ of A". To obiain 4) we replace /o
with a subset of Ao which is lU-measurable and differs from Ao by a p-negligibie set.
4)+1). LeL A be as in assert ion 4). We remark that for any s € ty we have
BAs e tu and BAs: s on A. Also any Ray compact subset I{ of A is a basic set
and by Theorem 4.4 the baiayage (B^). on Erc^ is recurrent. Further there exists
an increasing sequence (1(,)"gry of Ray compacts subsets of A such that

BoU f " :  suPn€N B*"Ufo , ,  -  a .s .

where u is a f inite measure on X and u o U is a generator of Exc^.
Hence V-,( B*")"= (Bo)-.Therefore (cf. [g]) l t  fol lows that the balayage (B/). is

n € N

also recurrenL on Erc^.  S ince p is  carr ied by A we deduce that  (BA). (p,o(J) :  p ,oU
and by Proposi l ion 1.9 we conclude that  t r r  oU e Qaa(Erc^))  Sub(Exc^) .
Remark. Let A be a subset of X uhich is X -rneasurable and such that {x\ is
f ine open for any r Q A and BKI: 0 m-a.s. on X \ I( for any Ray carnpact



subsel K ol A. Then
6/{ \ {o} l ( r )  :  0  m_a.s.  ( in  r )  on I {

for uny Rag cornpact subset I( of A.
This assert ion fol lows immediately from'fheorem 4.4 and Theorem 4.5 applied to

any Ray compact subset of ,tl.
C o r o l l a r y  5 J .  L e t m € E r c a n d ( =  p o U  Q E r c ^ ,  T h e n  e a c h o f  t h e  a s s e r t i o n s -

frorn Theorern 5.1 is erluiualent with the follouing one:
1,') T'ltere erists A e X such that p. is carried by A, {r} is Jine open for any r e A
and such t l ta,t for any Ray cornpact subset I{ of A we haae:

- B K I : 0  m - a . s .  o n X \ I { ,
_6x \ { c }1 ( r )  :  0  m_a .s .  ( i n  r )  on  K .

As a consequence of the above theorem we deduce the following Riesz decompo-

s i t ion obta ined in  [13]  :
Co ro l l a ry  5 .3 .  Le tme  Exc  and (e  E rc^ .  T l ' t en (  e  Sub(Erc * )  i f f (  i s  o f  t he

form
€ : h * p o U t u o U

wh.ere h e Har, pt is carried by a m-polar set (or euen by a m-polar set which is

semi-polar)  andu is  carr iedby a set  A e X suchthat  { r }  is  f .ne openfor  anyx € A
and for a'ny Ray compact subset K of A we haue:

-BKl  :  0  r 'n-&.s.  on X \  I { ,
_BK\{" } l (c)  :  0  m_a.s.  ( in  r )  on I { .

Moreoaer the aboae decornposit ion is unique: p o U e Qu(Erc*)t and u o U e

Q6a(Erc^)  )  Sub(Erc*) .
Coro l lary  5,4.  Suppose tha, t  there are
(t lr is is the case when Erc^ is el l ipt ic
are no m-Tto lar ) .  Then (  €  Sub(Enc^)
carried by a m-polar set.
Remark. The aboue result is an improuement of (2 2B) in [13J.
Final remark. All  t l te assert ' ions proaed in this paper for U-ercessiue meas'ures
Itold euen if  the init ial kernel U is not proper.
Indeed if m € Erc then there exists (see [1a]) a decomposition of X of the lbrrn

X:  DU C where D,  C e X,  D )C:  0 and C is  absorbent  and such that  D is

a dissipative subset of X and therefore the restriction of U to C is proper and for

any { € Erc* the measure (lp (resp. ( lc) i t  the dissipative (resp. conservative)
component of {.  I t  is easy to show lhat for any { e Erc^ the measure €lc belongs

to Q6a(Erc-lr) O Sub(Erc^1r) and the measure { belongs to Q6a(Erc^) (resp.

Q66(Erc^) ) Sub(Exc-)) i tr  ( lp belongs to Q64(Erc,nlp)) (resp' Qua(Erc^1) rt

Sub(Exc^t r ) .  On the other  ha,nd i f  € :  po U then we have €:  { lo '
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