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A BOUNDARY CONTROT PROBLEM IN FLUID
MECHANICS

Anca Capatina* and Ruxandra Stavret

Abstract. This paper deals with a boundary optimal control problem associated to

the steady-state Navier-Stokes equations coupled with the heat equation. The most

general type of boundary condii ion for the temperature is considered. The existence

of a solution of this problem is proved. Moreovet, for some values of the viscosity coef-

ficieni we also obtain the uniqueness. The control problem consists in minimizing the

turbulence of the fluid, the control being the temperature of the surrounding medium.

The existence of an optimal control is proved and necessary conditions of optimality

are der ived.

Key words. optimal control problem, Navier-stokes equations, heat equation, turbu-

lence

1. Introduction

The purpose of this paper is to study a boundary control problem associated with the

stationary Navier-Stokes equations coupled with the heat equation. The boundary

condition for the temperature is of oblique type (e'g.[3]' p' 8):

( 1 . 1 ) . f i * o 1 - d )  : o  o n  I

where K, o are constants, d is the temperature of the surrounding medium and f is

the boundary of the flow region Ct. Equality (1.1) means that the heat flux across the

boundary I is proportional to the difference between the temperature r of the fluid

and that of the surrounding medium, 0.

A similar problem has been studied in [1], with a less realistic boundary condition

than  (1 .1 ) .
Our aim is to chara cieize the controls 0 : ds which minimize the turbulence of

the fluid, as measured by the functional:

(1  .2 ) x v(0)12 dx
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whr:rr,:  v(0) is lhr: vr: lo<:i ly of the f luid, corrr:sponding to the corrlrol 0 .
' l 'hc conlrol of Navier-St,okes equations has br:t:n investigatcd in [2], [7], [8].
In $2 wr':  givr: a, variat, ional fonnulation (V P) of the physicai bound:rry-value prob-

lerrr (PP) ;rnd we prove l,hat lhey are r-:qrr ivalr:n1,. ' I 'he cxistence of a solution <'tf  (V P\
catt br: obl;ainer. l  wit,houl, any restr ict ion on the sizr: of thc viscosity y. I l ,  is known
Lhzrl, ,  in gr:rtr:ral ,  wt: do not have uniqueness for problcms of l ir is typc (sr:e [9]). 

' i 'hr:

rrra.in result o{ t i2 is the uniqueness of t ire solutiorr (n' V P) ior largr:.enciug}r va,lues of
the viscosily coeff icient.

' I 'he existence of an optimal conlrol is obtained in $3. T'he uniqueness resuit,
proved in $2, al lows us to derive the optimaiity condit ions without approximating the
control problem (C P) by a family of penalized problems as in [1] (Section 4).

2 .  The phys ica l  problem. Exis tence and uniqueness resul ts

Let us consider a viscous, incompressible f luid, occupying a bounded domain Q c R3
with Lipschitz boundary f. Though the results and the methods are the same for ihe
two-dimensional flow, we only consider, for simplicity, the three-dimensional case.

We seek for a vector function v representing the velocity of the fluid, a scalar
function zr -the pressure of the fluid and a scalar function r - the temperature of the
fluid, which are defined in 0 and satisfy the following system of Navier-Stokes and
heat equations and the boundary condit ions:

( P P )

where u ) 0 is the coefficient of the kinematic viscosity, f the body forces, rc ) 0 the
thermal conductivity, a ) 0 the heat-transfer coefficient corresponding to convection,
d the temperature of the surrounding medium, B a function given by the Boussinesq
approximation, g an external heat source and n the outward unit normal to f.

The most general type of boundary condition for the temperature is (PP)5 where:

( 2  1 ) d --  d" * a,(r  *  0)(r2 + 0t) ,

a" and c" denoting heat-transfer coefficients corresponding to convection and radia-
t ion, respectively; in our problem we neglected the radiation effects.

In order to give a variational formulation of problem (PP) we assume that:

f  e  (11 - I ( f i ) ) ' ,  Be  ( t r - ( f r ) )3 ,  ee  .16 l s i0 ; ,  0  eH- ' / 2e ) .

We denote by % the fol lowing separable Hilbert space (see [10]):

( 2 2 )  Y 6 :  { v  €  ( f f J ( 0 ) ) 3 / d i v v : 0  i n  C I } .

- v L v * ( v . V ) t * V r : f + B r
- r c A r + v . V r : g
d i v v : 0
V : 0

h.

" i ,  + a ( r - 0 )  : 0
on

in f,),
in f l ,
in f),
on l ,

o n f



S ' ' 1 . r r . , s r :  ( v , r ' , r )  €  / s  x  L ' ' ( n )  x  H1(O)  sa l i s f i es  (P I t ) . ' f ' he t t ,  by  Grecn ' s  f o r rnu la

*,,, ,ori ly obt,airr t ,ha,t (v,r) is a solul ion of bhr: fol lowing variat ional problern:

( ' ' n , t )  € X r x / / t ( O ) ,

u ( ( v , z ) ) 1 ,  +  b 6 ( v ,  v , z ) :  ( f  , z )  +  " h ( B '  
z ) r d t  Y z  € Y o ,

n(( r , r ) )  +  o / r  r r l r l ,s  lb(v , r ,  n)  = fagr l r t r  *  o(0, ' i r  V? € f l r (Cl )

where :

( V  I ' )

( ( r ,  r ) )o  :  Jn  Vv  'Yzdr

( ( r , q ) )  :  [ n Y r ' Y r 1 d r

b6(v ,w,z )  :  Jn(v  'Y)w 'zdr

b(v,r , ry)  :  /o( t  'Yr)qd,r

'Yv,z € Ys,

Yr,11 € F1'( f l ) ,

V v , w ,  z  € Y o ,

Vv € %, Yr,r1 € 111(0)

and the symbols ( ' , ' ) ,  ( ' , ' ) r  denote

(H-112(f ),  / / t / ' ( f  )),  respectively.

Conversely, if (v, r) is a solution

[10], we obtain the existence of r '  €

Moreover, by a Green's formula [4],

hence we get (PP)u.

( )  4 \

the pair ing between ((I/-t(Ct))t,  (Hi(Ct))3) and

of (VP) then , by using the same arguments as in

, ' (Ct)  such that^(v , r , r )  sat is f ies (PP)t  - (PP)4 '

it follows that 5 is an element of g-tl2(l) and
on

The previous considerations show that (P P)

The following result can be easily proved by

[1]) and the inequali ty (e.g. [6] '  p.67):

(2 3) ((', ')) + lr, 'a,> c,,l l"l l?r'tnl vr € H'(o)'

Lemma 2.L If  (t ,") is a solution of (VP) then we haae:

l lr l lr"drnD. s )tttrttr"-1(a))3

+Crl lBl l t r .*(0))3 f ,

1
l l ' l l" ' tnl S e*UrA(Csllol lrorslo) 

+ "Cull0l lr-r7z1r))

and (VP) are equivalent-
using the properties of bs and b (see

where Cr,Cz,Cs and, C6 are constants depending only on Q'

We now establish the main result of this Section'

Theorem 2.2 The problem (v P) has at least a solution (",t) .  
^Mo:?r:r, for any

0r ) 0 there exists u1 > 0 such that for eaera v ) u1 and 0 r r-rtz(t) with

l l -e l l " - , r ,1p1 I  0r  ,  the problem (V P)  has a unique so lut ion '



I troof. Lr: l  f ivr)^.p be ;r Hilbcrt ia,n basis of Yo. LeL Y,o be the space genera,t,ed

by t l rc  funct ions {* , , . . . ,  w-} .  For  each rn € N,  m }  I  we def l rne 17 :  Y^ r+ Y^ by

t t ' (w)  :  Y,n wherc (v , , , r^ )  is  lhe unique so lut ion of :

(  l v , , , r ^ )  €  Y , '  x  / / t ( f l ) ,
I
I

Q i l 1  , ( \ v ^ , w * ) ) '  +  b o ( w , V - , w 4 )  :  ( f , * * )  *  i r ( B  w p ) r d x v l t  €  { I , " ' , m } ,
I
I
I  o( ( r - ,?) )  +  a  f r r^ r1ds + b(w,  r^ , \ ) :  fngr ldr  +  o\0, ry) rVq € ' f f l (C] ) '

The existence and uniqueness of the soluLion of (2.5) is a consequence of the

Lax-Milgram's theorern and of the inequali ty (2 3)

It can be easiiy proved that the mapping -F is continuous and, from (2.4), for al l

w €.Y^, i t  fo l lows l . (*)  €.8"(0) where B"(0) C Y- is the bal l  of  radius

1  "  - '  r / l  l l R l l ' - ' ^ " ' C s l l g l l i ' ' r ' t o l  
* a 0 6 l l 0 l l ' - ' r ' [ l ' ) '

,  :  l( l l f l l r"- '1oy;e * Crl lBl l(r-(n)) '  )
U  V I '

By applying the Brower's theorem, it foilows that F has a fixed point v-. Since the se-

qu"*l,  { 'rr, ,}-eN, {r-}-eN are bounded in ( l / i(Ct))3 and Ht(C}), respectively, we can

pass to  t i re  l imi t ,  u t  ln-1t01,  in  (2 .5) ,  wi th  w :Yrnt  for  a  subsequence {v- -o, r -o}peN'

The weak limit in (l1J({-l))t x //1(fl) of this subsequence is a solution of (VP), i.e.

the first statement of the theorem holds.

For proving the uniqueness of the solution of problem (V P) we consider d1 ) 0,

0  e  H- i t ' ( f ;  w i tn  l l o l l s - , r z ' y  
(  d1  and  wede f ine  S :Yo"Yo ,  S (w)  -  v - ,  where

(v-,r-) is the unique solution of:

( v - , r - ) € % x I / t ( C l ) ,

, ( (u. ,2))o *  bo(*,  v. ,z)  :  \ f  ,z)  + /o(B '  z)r-dx Vz € Yo,

u( ( t * ,4 ) )  +  a  fy r - r1d ,s+  b(w, r - ,T ) :  lngr ld t  *  a (d ,4 )p  Va e  / /1 ( f ] ) '

shall prove that there exists u1 ) 0 such that for every u ) v1, the mapping

.9 is contraction.
For w; € % we denote by (t, ,  r;) the corresponding solution of (2.6), i :  I ,2'  By

tak ing z :y i  and 4 
-  r ; . in  (2 .6)  for  w:  wi  i t  fo l lows the est imate (2.a)  for  v :  v ;

and 
" 

- q, for i :1,,2. Hence,, by subtracting the equations (2.6) corresponding to

w : wl and w : 'r i l /2r respectively, for z:Yr - v2 and \ :  rt  - 12, we $et:

f(, 6)1
t

We

(2.7)

where:

l l t t  -  t r l l t ;1d(n))u S C(r2,0) l lw1 -  wr l l (a l (o))"

c, . crl lBl lrr. lql(crl lgl lr, .r,1e1 *acolldl ls_,r,1r1))C (u,0) = J(l l r l l rH-,(o))3 * i f f io,o,

C zC nllBlft r- ( o) )3 ( C5 | | g | | 1. r', n, + oCu | | d | | s -' r' 1r1 )
-

(2 .8 )



3.  A boundary contro l  problem

In this Seclion we look for a tempera
imize t,hr: turbulence of t ,he f luid. For

Prob lem:  
( (1p \  /  r ' i na
\ " ,  /  

[  
y ( B o )

If lol lows inrrne<.l ia1,ly l traL there exists u1 ) 0 suc]r that for every u ] u1 we have
C(u,0)  (  1 .  Consequent ly  S is  contrac l ion anrJ,  by apply ing the Banach's  f ixed poi r r l
thr:orern, the uniqur:ness of the solution of (V P) is proved. n

In l , ire sequel we shall  consider 0r > 0 an arbitrary constant and u ) u1, where z1
is giveri by Theorem 2.l

ture d of the surrounding medium, which min-
this purpose we consider the fol lowing control

0o e I{ such lhat
:  m in {J (O)  l 0  e  K }

wnele:

K : {0 e H-rtr( l )  l l l0 l ln-,r ,1py ( d1},

J : K * R ,  J ( 0 ) : l  /  f "  x v ( O ) l 2 d r ,'z Ja

v(d) being the first component of lhe unique solution of (V P) corresponding to the
control d.

Theorem 3.1 The problem (CP) has at least one solution.

Proof. We shall prove that -/ is lower semicontinuous with respect to the w.eak
topology of H-r/z(l). Let {d,},,eN C K be a weakly convergent sequence to some
0s. Denoting by (v,,r,) the unique solution of (VP) corresponding to 0n,we obtain
from (2.4) (for v : yn, r : rnand I : 0n) and the boundedness of {9,},611 that
the sequence {v,,,r,-,}, ,eN is bounded in (Hj(CI))t * f l t(O).BV extracting a subse-
quence with the weak limit denoted by (t.,r.) and by passing to the limit into the
corresponding (VP) we get, from the uniqueness of the solution of (lzP) for 9s, that
v. - v(do) , r* = r(d6) and, hence:

v, --+ v(d) weakly in (r{(fl))t, when n ------+ oo,

r* ----+ r(06) weakly in /{t(f}), when n -----+ oo.

It follows that:

l iglgr n*l l fr ,1n1y. > l l#l l fr ,1nvv. for i=r,2,3'

Thus, we get the weakly lower semicontinuity of J on H-rl2(f). Moreover, ,I( is a
bounded and weakly closed set in H-r/2(l). Therefore the assertion of the Theorem
follows by applying a Weierstrass theorem (e.g. [5],p. a95). D



4 .  Op t ima l i t ycond i t i ons

In l ;hc sequel we shall  derive the necessary condit ions of optimality. In order to obtain

them, we shall  prove that J is GS.teaux differentiable on the set of optimal controls.

The necessary condit ions of optimality wil l  be deduced from:

( 4 . 1 ) J ' ( lo ) '  @ -  0o)  20  fo r  a l l  0  €  K ,

wherr :  0o is  a  so lut ion o l  (C P) .
Lr : t  t  €  (0 ,  1) ,  0  e K and 0s

l im
, \0

For this purpose, we denote by (t,a,1e) and (to, to) the solutions of (V P) corre-

sponding to ds * t(0 - 0o) and d6, respectively.
We first deduce some properties for (v1e,z1e)'

Lemma 4.1 There holds:

(4 ' . \

where (r,, 
",) 

is the unique solution of the following problem:

, ( (u r ,z ) )o  +  (1  -  l )b6(v  o ,v t ,z )+  (1  -  t )b6(v1 ,  vo ,z )  {  tbs (v1 ,v1 , ,2 )

:  ( l  -  t )be(vs,  vo,z)  *  ( f  ,  z)  + lCI(B '  z)vdxVz e Ys,

o( ( r r ,4 ) )  +  a  f t rsd ,s+  ( l  -  t )b (vs ,  r t ,n )  +  (1  -  t )b (v ,  , ro , \ )

{ ib(v1,  r t ,n)  :  (1 -  t )6(v0,  r i ,  q)  *  {asrtdr + a(0,r1)r  Vl  € I / t (O).

be an optimal conlrol. We shall compute

J ( 0 0 + t ( 0 - 0 o ) ) - J ( 0 o )
t

I  urr :  vo *  t (v1 -  vs),

I  t , :  r s j t ( r 1 - r s )

, - r , {

Proof. We begin by establishing that (a.3) has a unique solution. We define the

mapping Sr : % ++ Yo which associates to every w € % the first component of the

unique solution (vt,,,rtr) of the problem:

, ( (ur - ,z) )o + (1 -  t )bs(v6:  vr t i ,  z )  + tb6(w ,Yn,z)

:  (1  -  t )bs(vs,  v .o,z)  -  (1  -  l )bs(w,  io ,z)

t(f ,z) + /n(B '  z)q,dx Yz € Ys,

o(( r , - , ,q) )  + a {yr1. r1ds + (1 -  t )b(ve,  r t - , \ )  *  t6(w,  r t - , \ )

:  (1  -  t )b(vs,  ro , r t )  -  (1  -  t )b(w,ro, ,T)

*  [ss\dx *  o(d,q)r  Va e I / r (Cl ) .

(4.4)



( 4  5 )

[ , i r r  pr rov i r rg  that ,91 is  contrac l io t r ,  we lakr :  wl ,W2 € Ys '  we denole (v t , ,7 t , ) , (vr r r " r )

t,he corresponding solul ions of (a.a) and, by subtracting these equali t ies fot z :

Yt ,  -  Y t z  and  4  
- -  T t r  r 1 r ,  we  ge t :

l l r , ,  -  r t .) l l rr t( ,r)  s 
#(. ,  r) l l (r  

-  l ) to + tr l , l ls ' (ni l lwr - wzl l t4tnl i"

l l r , ,  -  v , , l l rsJ(o) ) ,  S L[ r t t (1  -  t )vo *  lv r , l l t r rd tn l l '

+  r ,  
c , 'Q,n 

. , l l t r  -  / ) rs  *  t r1 , l ly1, rn l ) l l * ,  -  * r l l (Hd(a))3 '
U  l n l z n \ K ,  A  )

Mult,iplying bv (1 - l) the problem (V P)o(V P) for 0 : 0s) and by t the probiem

(4.4) for w : wl and adding lhem, it follows:

l l ( i  -  r) 'o + tr l , l ls '  @, S Cr#A(Csl lsl l ; . r ,1ny
+Coal l (1  -  t ) lo+ t0 l ls - ' r '11-y) ,

l l (1 - f) to + tv1, l l la;(o))3 S :( l l f l l la- ' io;; '

*Ql lB l l t t * tn l ) '  (c r l lo l l lo /s(o)  *  c6al l ( t  -  r )d0 + rd l ls - , r ,1ry) ) .
Ulrnzn\K,  a  )

From (a.5) and (a.6) we obtain:

(4  7)  l l t , ,  -  v , , l l1u3(o)) .  S C(u, ( I  -  t ) lo+ td) l lw1 -  wz l l tn l to) ) ' '

From the proof of the Theorem 2'2 lt follows that:

14  R) c Q , 6 ) < t  v d e K

where C(u,0) is defined bY (2.8)'

By using-the convexity .f * and the inequality (a.8) for B : (1. l)0o -t t0, we

conclude that ,5t is contraction and, with the same arguments as in Theorem 2'2' lhe

uniqueness of the solution of problem (a'3) is proved'

bomputing (1 - t) .  (yp)o + t .  (4.3); weobtain that.(ve * t(v1 - vo), rs{t(r1- 
"o))

is a solutio" 
"f lVfl ior B .eplaced by do + t(0 - gs) and, from Theorem 2'2, the

assertion of the Lemma follows. D

Lemma 4.2 Let  (v , , r , )  be def ,nedby (4 3) '  Then,  ast '  - - "+0 ,we get :

( v7 ---+ vf i  weakly in (//01(ft))3'

(4 e) 
t  n ' --- ' ' ;  weaktYin Hl(f i )

is

(4 6)

where ("i, t i) the unique soluti,on of:

, ( (v i l ,2))o *  bo(to,  vb,z)  *  bs(v| ,  vo, ,z)

:  bo(vo, vo,z)  *  ( f ,z)  + lo(B 'z)r idr  Yz €Yo,

o((" i ,  ?))  + a fyr [11ds* b(vo, r i ,q)  *  b(v[ ,  rs '?)

-  b( to,r0,T) + fagrtdr + *(d 'q)r  Va e I /1( f l ) '

(4 .10)



l \pef. I t)xistencr: a,nd uniqueness of l tre solution of (a.10) ca,n be obt; i ined by

usirrg the sarrre argumerifs as in Theorem 2.2. Next we shall  prove that the sequence

{ u , , r , i , r 0  i s  b o u n d e < ]  i n  ( / { ( 0 ) ) ' *  I / 1 ( 0 ) .  T a k i n g  z - - Y t  a n d  4 : 7 t  i n  ( 4 ' 3 )  w e g e t

t,hr: fol lowi ng est, i  rrtal, ions:

1
l l " , l l r , '  e) s cr*;G, o)(cr l l 'o l l to '  1nv l l " ' l l r t ;  tn lr '

*Ca ll 16ll g, (o) ll v0ll 1aj (o))3 + C rllgll lors 1o) + aC6 ll 0ll 11-,r, pi),

l  r l l", l l  (H;(a))3 < Crll"o l l r"; rnlt. l l .r ' l lrsd (o)). + C.ll"ollfr; 1nyy.
I

(4 '1r)  
1 * l l r l l l r - ,1oy;,  *  4*SHPllrs l ls ' lnvl l " , l l tsJtnl 'Clmin(rc . ,a)

* 
cz9a ll B ll.(r,* rqll. I I ro | | 

", rnl ll vo | | ts; roll.'  
C tm in (o ,  o )

* *PIfq+ ( cu ll g l[,.,, 1o1 * coa I I d ll s -' r, 1ry )'
U l m x n \ K , a )

0 : 0o and from (4.11) it follows:

(I - C (u,00)) l l ' ' r ' l l ral 1o;;, ( C/,

with C' independent  on t .
combining (+.12) with (4.11), we also obtain the boundedness of-{21}ps; hence,

we can extract a subsequence {v1o,rrr}reN weakly convergent in (Hl(ft))t  * Ht(O)

to some (t ' ," ') .By passing to the l imit with k ---+ oo in (a.3) for this subsequence,

we get that (J,z') is a solution of (a.10). By the uniqueness stated before, the proof

of the Lemma is comPlete. n

Lemma 4.3 The costfunctional def,nedby (1.2) is Gateaur differentiable onthe set

of optirnal controls, and:

( 4 . 1 3 )  J ' ( g o )  ( 0 - d o )  :  l ( v * " ( d o ) )  ' ( v * ( " i - v ( d e ) ) ) d r  Y 0 e K ,
J o .

where vf i  is  def ined by ( / .10).

Proof . We have:

, .  J (0o  +  t (0  -  do) )  -  J (?o)
L \ L L L -

/n( lV x vtalz -  lV x vol2)ds

From (2.4) for

(4.r2)

{\0

:  f  1Er'/to

l im
+ \ n

x ( r r  -  vq))dr  *  t

v o )  . ( V x ( v j - v

t

x  ( r ,  -  vs)12dr)

1
: -

2

v o )  ' ( V

I to, .
I ' o
o))d" .



In  l l tc  a ,bovr :  r :or l tpu l , : r l , ion we used (4.2)  and (4.9) .  D
' l '5r.:  rt :st of this SccLion is devoted to the prool of the oplimality condil ions for

( C  P ) .

Tlreorem 4.4 [,et 0(r be a solution for (CP). Then there exists the unique elements

(vs, rr,),  (pr, qo) e Yo x 1/ '  (f)) which sutisfy:

[  , ( (uu,z) )o + bo( to,  vo,z)  -  ( f  ,z )  + " l "o(B 
'  z ) rsdr  Yz € Ys,

I
(4 .14 )  {  o ( ( tn ,11 ) )  +  a  h rsqds*  6 (v6 '16 ,4 )

I
| .  :  . [asndr  -P a(96,4)r  V4 e I11(Q),

[  , ( (po ,  t ) )o  -  bo ( to ,  Po ,  z )  +  bo (z , vo ,  Po )

I
I  :  b(" ,qo,")  + J;(v ;  to)  '  (Y x z)dr Vz € Yo,

( 4 . 1 5 )  {
I o((qo, T)) + a [, qsqds - 6(to' go' ?)
I
| - /n(B' Po)ndx V4 e 111(Cl)'

(4.16) o(0 -  do,  so)r  )  0 V0 e / t .

Proof. Let w be an element of Yo and (p-,q-) € Yo X //'(c}) the unique solution

(4 .17 )

, ( (p . , ,  
" ) )o  

-  bo( to ,  p - ,2 )  :  b (z ,Q- , ro )  -  bo( , ,v0 ,  w)

+ f t (V *  ' t  o)  ' (Y x  z)dr  Yz €Yo,

o((q- , r7) )  + a fy  q-qds -  b( to ,  Q- , , \ )

:6(8 w)qdr  Va e / / r ( f ) ) .

We define S : % * Yo, S(w) : p-. It can be easily proved that

(4.18)  l lS(* t )  
-  S(*r ) l l tgd(o)) .  1  C(u,do) l l * t  -  wz l l (n l (n)1,  Vw1,  w2 E Y6'

As in Theorem 2.2, we obtain the existence and uniqueness of a fixed point of S,

denoted by po. Let qs be the unique solution of. (a.I7)z corresponding to w : Po.

Hence, (po,qo) is the unique solution of problem (4'15)'

In  the sequel ,  we shal l  prove (4.16) .  From (4.1) ,  (4 .10) ,  (4 .13) ,  (4 .14)  and (4.15)

we obla in:

of:

0  S  [ ( V  x  v 6 ) '  ( V  x  ( " ]  -  v s ) ) d c  :  v ( ( p o , v ;  - v 0 ) ) 0
-  J o '

-bo(ro,po,vJ -  to)  *  bs(v |  -  v0:vo,  Po)  -  b("J  -  vo,  go, ro)

: i  te .po)(r j  - rs)dx - 6("i  - v0, q0' r0)
l n '

J  t a



= rc((qc,, r;  - ro))+ 
" lr(to?i 

- rf ir l 's - b(to,go, r i  -ro)

-b("i  - vo, (0, rc,) :  a(0 - 00, go)r Y0 e I{.

Hence, lhe' lheorern is proved" !

The la,sl result,  of Lhis paper is a consequel)ce of the above'l lheorern.

Corollary 4.5 Let 0s be a solution, of (CP) T'hen there erists the unique
(ro, ro) , (po,qo)  € Yo x, r /1(0)  and there er is l .s  ?r0, )0 € r '?(0)  such tho. t :

(  - ,  Lvo  *  ( vo 'V ) to  *  Vno  :  f  *  B ro  i n  Q ,

/ / .  l q \  ) * r c A r o + v s . V r 6 = g  i n  f ) ,

l a *
| ^ t , , * o ( r p - 0 o ) : 0  

o n  f ,

(  - ,  L  po  -  (vo .V)po *  (Vvs)p .  *  V)o

| : roY1o+ V x (V x vq) in f),
( 4 . 2 0 )  {  - "  A  g o  -  v o . V g o  :  B  . p o  i n  f } ,

I  o q o ,  n
| . t A " * a g o - O  o n  I

elements

ana:
o ( 0 - d o , g o ) r 2 0  V 0 e K .
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