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I(URAN'S R,BGULARITY CR,ITERION AND LOCALIZATION
IN EXCESSIVB STRUCTURES

L U C I A N  B E Z N B A  A N D  N I C U  B O B O C

ABs:rnncr

We give a relation between the thinness of a measurable fine closed subset of a
Lusin measurable space endowed with a submarkovian resolveni of kernels and the quasi-
boundedness for the excessive measures associated . with the same resolvent.
We extend a classical result of U. Kuran and two recent generaiizations of N. Suzuki and
P.J. Fitzsimmons-R.K. Getoor. We use essentially the localization procedure for both
excessive functions and excessive measures.'

I. Introduction and rnain result

The frame in which we develop the subject of this paper is the excessive structure
given by a proper submarkovian resolvent U : (U")">o orr a Lusin measurable space
(X,X) such that the set of all Z/-excessive functions is rnin-stable, contains the
posit ive.constant functions and generates,t.

We explore the connection between the thinness of a measurable fine closed
subset of X and the quasi-boundedness for Z-excessive measures. (We refer to [f f]
for basic facts and notations concerning the excessive measures; see also [31,.)

u. Kur.,,  has proved in [rz] that i f  D is a bounded open subset of h." then a
boundary point x for D is regular (with respect to the Dirichiet problem) if and only
if  the restr ict ion to D of the Green potential with pole at r is quasi-bounded (i .e.
a sum of a sequence of bounded posit ive harmonic functions on D), N. Suzuki has
extended in {1a] this regularity criterion to the case of a harmonic space for which
there exists an adjoint structure of harmonic space. Recently P.J. Fitzsimmons and
R.K. Getoor have obtained in [f  O] a general form of Kuran's cri terion in the case of
a (Borel) r ight process.

Our main result is the following:
Theorem I. l .  Let D be a measurable f ine open subset of X with respect to l , l ,

m  =  h *  poU be  anU-e rcess iue  measure  on  X  (where  h  e  Har  and  poU e  Po t )
and let u be a finite positiue rneasure on X. Then the following assertions hold:

(i) If u is carried by a subset of X which is m-polar and p-negligible and, if uoUlp
ismlp-quasi-bounded then u is carriedby the set of al l  non-thin'ness points of X\D.

(ii) f u o U is absolutely continuous of m and u is carried by the set of all non-
thinness points o/X \ D then u o Ulp is mlp-quasi-bounded.

l99I Mathematics Subject Classifi,cation 31D05, 60J45.



( ln  the abovr :  Lhr :or r : r t t  "  u  o IJ lp  is  r r r l2-c1ua,s i -boundcd"  rneans that  i t ,  is  a  countable
surn of lr l( ja,suros wlrich are domina.l,ed by rrt, lp and are excessive with respect to the
resolvent  on D havin g t l  -  I lx \DU a,s  in i t ia l  kr : rnr : I . )
Par t icu lar ly ,  i f  u-*e,  then we get ,  t i re  resrr l t  o f  I , .J .  F i tzs i rnmons and R.K.  Getoor
f rorn [10] .

Wr: underl inr: lhal, our trezrlnrr-:n1, is purr: ly analyt ic. '1'he prool of this theorem
(presentr :d  in  Secl ion 4)  is  obta ined apply ing the resul ts  f rorn [3 ]  concern ing the
quasi-boundedness for r:xcessivc r l lea,sul 'es a.nd realizing a localization procr:dure on
D of both 7- excessivc lunctiorts (Section 2) and Z-excessive measures (Section 3).

The localization usr:s the fact, that the balayage operator Bx\D and its dual
appear as subordinat, ion operators (see [A] and [13])

The localization for excessive functions extends a similar one obtained in [6] for
the case when there exists a reference measure and in [f 3] for the frame given by a
bounded Ray resolvent. For a probabiiist reader ihe first section is omissible if he
consider that the given resolvent Z,/ is associated with a Markov process on X. Also
in thjs case one can refer to [9] instead of [3].

2. Localization in ercessiue functions

in al l  this paper I l  :  (u,)"rs wil l  be a submarkovian resolvent of kernels on
(x,x) as in the previous section. We denote by tu (resp. tfi) the set of all x-
measurable (resp. universally measurable) U-excessive functions on X which are
finite U-a.s. If .4 e X and s e €fi then (cf. [2]) the function

RAs : : in f { l  e  tu l  t  2s  on,4} :  in1{ t  e  t f i l t  )  s  on A}
is universally measurable. We put BAs :: .RAs (i.e. the excessive regularization of
the Z-supermedian function -RAs) and we have BAs :.RAs on X \ A. The map
s *r BAs is called the balayage operation on A with respect to ?,{.

If c > 0 we denoie by Uo the resolvent on X given by Llo:: (U,+B)B>o and by
"BA the balayage operation on A with respect tol)o.

Proposi t ion 2.1. ( [1 ] ,  Theorem 1.10)  1/  A e X and s € tu then
BAs :  oBAs  +  aW("BAs)

where W is the kernel on X giuen by W f::  U f - BAU f .
Proof. We may suppose that X is semi-saturated (i.e. any ?-excessive measure

dominated by a potential is also a potential; see [+]). If. A e,t is fine open then for
any r € X there exists a finite measure Ft ott X carried by A such that B/s(r) :

tt,G) for any s e tu.
We begin with the particular case when A e X is fine open. In this case for any

s e tu there exists a sequence (/")"ex of bounded ,t-measurable functions on X,
fn:0 on X \ A such Lhar, U"f*,/  "Bos. It  fol lows that

" B A s + aW (" B A s): sup,,.ry ( U o f n * aW U * f  ̂ ) :  sup,,.y ( [ / / ,  - B o (U'f  ̂  -  tJ, f*)).
since BA\Jf,- IJf^ we deduce that 'BAs * aw("BAs)- BA("BAs). Because

--{BAs: s on the fine closure of A we get BA("BAs)= BAs and consequently *B/s *
aW("BAs) :  BAs .



l , e t ,  now A  e  X  bc  a rb i t ra ry  and  l e t , s  €  tub r :  bounc led .  Fo rany  r  €  X \ , z l
therc exist,s (cf. [Z]) u decreasing se(luence (G,)"eN of rneasurable f ine open subsets
of X such t,hat, I C Cj,. an<l

I )^  s(x)  : p C . . r  - , \  a D A  ^ l  - . \  -
t )  J \ r , /  t  D  D \ J /  - "Bc"  s( r )

W ( B o s ) ( r )  :  W ( R A s ) ( r )  :  
i t $  

W ( B G " s ) ( r ) .

From the preceding considerations we get now the desired equali ty on X \ A. Since
Wl :0  on  the  base  o f  . 4  i t  r esu l t s  t hab  BAs :  "BAs  *  aW(BAs)  on  X  excep t i ng
an Z-negligible set and finally the above equality holds everywhere, completing the
proof.

Remark. For any r e X and any f inite U -ercessiae function s on X the function
crv--+ oBAs(r) fs completely monotone on [0,oo).
The assert ion fol lows from the equali ty oBAs: (I - aW,)Bot.

Let now fix a fine open ,Y-measurable subset D of. X. For any a ) 0 we denote
by W" the kerriel on (X,,Y.) given by W,f : :  [Jof -"Bx\DUol, for any posit ive
measurable function f on X such that U f is bounded, where as usual we have
written U, (resp. I4l,) instead of U (resp. W) and.{. is the universal complelion of
X ,

Proposit ion 2.2. The family W :: (W")">o is a submarkouian resoluent on
(X, X-) hauing W as initial kernel such that W" S Uo for all a > 0.

Proof. If / is a positive measurabie function on X such that U f is bounded
then from Proposition 2.1 we have (1 * aW)("Bx\DU"f)= Bx\D{Jof and therefore
(w* + aww")f : (1 + aw)(U"f - aBx\Dyol): (/ -t aw)(J"f - Bx\D(Jof :
u,f + a(uu,f - Bx\Duuoil - B*rouof: u f - Bx\Du f: w f .

Remark. For any finite functions s,t, ' tt,,u e tf i such that u 1u we haue
s A (Bx\os *  t  -  Bx\Dt *  Bx\Du- Bx\Du) € qt .

Particularly if s,t € ti l  o,re such that s - Bx\Ds ( t - Bx\Dt then
s - B x \ D s * B x \ D t  e  q t .
The assertion follows from Proposition 2.2 and from [13].

Deflnit ion. We denote by D the set of all points r € X such that X\D is thin
at r that is

D ,: {* € X/ there exists s e tu with Bx\Dr(r) < r(")}.

Remark. (a) Since D is f,ne open we haue D CD.
(b) Because there edsts a measurable function h on X,0 t h < 1, such that Uh is
bounded it follows, using E""t's approrimation theorem, that

D :  { r  € Xl  Bx\DUh@) < Uh(x)}
and therefore the set D is uniuersally measurable and fine open.

i n f
n € N

i n f
n € N



I ' rom tl te definit ion of lhe kernel VV* iL I 'ol lows l,hat i f  Y is an univr:rsal ly rnea-
surable subset of X such that D C Y then the mtrp g * W"(f l) ly dr:f inccl for a.ny
universal ly  measurable funct ion g on Y (where p is  a  measurablc  extension of  g  on
X) is  a  kernel  on (y , )* )  denotedby W{.  Moreover  the farn i ly  WY7 (W{)">o
is  a subrnarkov ian resolvent  on (y ,J / . )  ( . f .  Proposi t ,on 2.2)  sr rch t t ra t  a  pos i l ive
universal ly  measurable funct ion on ) /  wi l l  be Wv-excessive i f  and only  i l  i t  can be
extended (uniqueiy) to a, W-excessivr: [unction on X. We say sirnply "W-excessive
onY" instead of "WY-excessive". We apply the above considerations especial ly to
the sef D o, i .  The set D ir . l i r t inguishecl with the fol lowing property: ,  ir  th"
greatest universally measurable subset Y o{ X such that there exists a W-excessive
function on Y which is str ict ly posit ive.

The next lemma was considered essential ly in [13]; see also [7].
Lemma 2.3.(Mokobodzki) Let C be a cone of 'potentials such that for anA se-

quence (s,,),.eN in C which is increasing and dominated with respect to the specif.c
order there erists its specif,c least upper bound and let P : C -+ C be a n'rap which
is addit iue, increasing and contractiue (that is Ps 1s for al l  s e C). Then for any
s € C  t h e r e e x i s t s s ' e  C ,  s ' { s ,  w i t h s ' - P s ' :  s - P s  a n d s u c h t h a t s t l t f o r a n y
t €C for which s - Ps( t- Pt. (W" have denoted by { the specif ic order on C.)

Proof. For any s Q C we define inductively the sequences (s,,),,5ry and (r,),6ry in
C such that  so = ro:  s t

sn*r r: R(r" - Pr") and rn*t i :  rn - sn*r
where ,R is the reduit operator with respect Lo C. We put s/ :: f,,y1 s2 and
r :: A,.€N r,r. Since (r,),reN is specifically decreasing and since r,r1r I Prn we get
r  :  l , { r * ln  e N}  and

Pr 1r( A,,eN Prn- P(A".N r*)-- Pr.
Hence s' < s and s' - Ps' :  s - Ps.

Weshow now tha t  i f . t , u  e  C , t  <  R( , ,  -  P " )  and  l :  P t  t hen  l : 0 .  I ndeed ,
from t < n((" - nt) - P(" - nt)) we get inductively that nt I u. Hence t : 0.
Fur ther  we remark that  i f  t  e  C, t  <  s 'and Pt :  I  then l :0 .  Indeed,  there ex is ts
a sequence (f")"eN in C such that I :  DneN f,. ,  and tn I sn. Since Ptn : f , ,  and
sn : R(rn-r - Pr,.-t) we deduce from the preceding considerations that t,, : 0 for
ali n € N and therefore I : 0.

Let t € C be such that s' - Ps' < f - Pl. From
s '  -  t 1  Ps '  -  P t<  P (R( r '  -  f ) )<  r? (s ' -  l )

i t  fo l lows that  f i (s ' -  l ) :  P( f t (s ' -  f ) )  and s ince ,R(s ' -  , )  <  s '  we gel  f t ( r ' -  l )  :  0
and we conclude lhat s' ( ,.

Theorem 2.4.  Let  W :  (Wo)ors be the submarkouian resolaent  on (X,X-)
hauing W : IJ - Bx\DfJ as initial kernel. Then the following assertions hold:

(a) For any meesurable subset M oJ D such that W (Xu): 0 we haue U (Xr) :  0.
I f f i s a p o s i t i u e u n i u e r s a l l y m e a s u r a b l e f u n c t i o n o n D s u c h t h a t U J <
and s e qt ,s  < oo,  is  suc l t ,  that  Uf  -  BX\DUf (  s  -  Bx\Ds then Uf  < s .

(b) Let f be a posit iue uniuersally measurable function on D which is f ine
continuous with respect to ty. Then f wilt be W-ercessiue on D tf and onty if



f  is W-superrnedian.
(.) Tlt,e set of atl fu'nctions o,, D of tlLe lorm (s - Bx\Ds)|6 wlt,ere s is l,{-

ercessiae and Jinite, is a sol id and increasingly dense conl)er subcone of the set of
al l  W-ercessiue functions on D.

Proof. (a) Let M be a measurable subset of D wit ir W(Xr):0. ' Ib show that,
U(Xn) :0 we nray suppose lhat  NI  is  a  Ray compact  subset  o f  X.  We consider  the
convex  coneT :=  {p  -  

"T (X t , r ) l  
p  €Rp  €  R+ i  where  T  i s  t he  bounded  ke rne l  on

X of  the forml ' .c1 , :  U( l rg)  (A is  a  measr . r rab le funct ion on X,  0  < h (  I  and Uhis
bounded) ,  R is  a  Ray cone associa led wi lh  the resolvenl  generated by ' l ' ,7  is  the
extension of ? to t,he Ray compactif ication X of X associated with R and for any
p e R, p is the continuous extension of p to X. Sin.e M is a compact subsel of X
with respect to the Ray topology generated by R, i t  fol lows that, T(X.*) is an upper
semi-continuous function onX. Hence T is a convex cone of lower semi-gontinuous
functions on X which separates the poinls of X. From

p €R,  F -  oT (Xu)  >  0  on  M +  p  -  oT (X t r )  >  0  on  X
it follows thal M is a closed boundary set with respect to 7 and therefore for any
r e X there exisis a positive measure Fx on X carried by M and such that pr, 1T €r.
Suppose now that there exists r € X for which U(yya)(x) 10. We deduce that
f (Xu) I 0. In this case bhe Choquet boundary of X with respect lo 7 is not
empty (see [5]). Let r e X be a point which belongs to this Choquet boundary.
From the above considerations we have pr" : €c. Hence r € M. On the other hand
there exists a positive measure vx on X such that rz"(p) : Bx\Dp(r). We have by
hypothesis W(Xw): 0 and therefore

T (y 74)(r):  B x\D r (x v) (r) :  r ,(T (x v)).
Since z,(p) S p(t) for any p € R we get u, 1T--€, and therefore uE 3 €x.
This last equality contradicts the fact that r e M C D.

Let now / be a posit ive universally measurable function onD such that u f < *.
From Lemma 2.3 applied to tfi and to the operator Bx\D instead of P we deduce
that there exists so e ti1, s" I IJ f such that so- Bx\Dso: (J f - Br\DU f and such
that so ( s for any finite function s e tfi for which Uf - Bx\DUf ( s - Bx\Ds.

to* so 4 U f we deduce that there exists an universally measurable functlon g on
D such that g ( / and so -- Ug. Since

U7 - Bx\ot/. f :  
"o 

- Bx\Dso: Ug - Bx\D(lg
we  ge t  W( f  -  g ) :0  and  the re fo re  U f  :Ug :  t o .

(b), (.) Suppose that, /  is W-supermedian and there exists a f inibe function
u e tf i  for which f <u- Bx\Du. From Hunt's approximation theorem thereexists
a sequence (/,), ,uN of posit ive bounded universally measurable functions on D such
LhaL U f. ( oo , (lVl,)"ep is increasing and

supneN W.fn:  supneN nWnf -1 f  .
Since

u f , -  B x \ D I J f n : W f " S  f  < u -  B x \ D u
i t f o l l o w s f r o m a s s e r t i o n ( a )  t h a t ( U / " ) " , e N i s i n c r e a s i n g a n d U f " ( u f o r a l l n € N .
I f  w e p u t  s : :  s u p n e N U f o t h e n  s  €  t f i ,  s  (  u  a n d  f :  s - B x \ D s  o n  D .  I f  f



is W-excr:ssive

"f: t  - Bx\D.s
,rn T' Lhen*we gr:L f 

- f : t - 13x\/r, on D. Generally we havr:

W-a.s. on ,D and thcrefore, from assert ion (a) we deduce thal
f :  s  -  Bx \Ds  l , l - a . s .  onD.

If /  is W-supermr:dian and f ine continous*(wilh respecb Lo'ty) thenrve get

f - -  s-  Bx\Ds onD ancl  therefore f -  |  or r 'D that  is  /  is  W-excessive on D.

Assert ion (c) fol lows from lhe above considerations sincb for any f inite function

s e t[1, the function s - Bx\Ds is obviously f ine conlinuous and W-supermedian on

D 1*" have s - Bx\Ds- l im,,*oo(U .f.  - Bx\ou f,),  where U f" , /  t).
To complete the proof of (b) we remark that /:  suPneN inf(/,  nWh).
Remark. The aboue theorem was proued in [f  3] for the case whenU is a bounded

Ray resoLuent and W is t l te subordinated resoluent associated to a subordination

operator P.
Corollary 2.5. Let D and W be as in Theorem 2.4. Then the fol lowing

assertions hdld:
(a) The function sl5 i,s W -ercessiue on D for any U -ercessiue function s.

(b) AnyW-ercessiae function on D is f,ne continuous (with respectto €u).
(c) The set of allW-ercessiue functions on D is min-stable. Particularlg for any

f,nif functions s,t € tf i  there eris.t^u,u e t i l - t . ! ,u ( €, such that
i n f ( s  - .Bx \Ds ,  t  -  Bx \o t )  : ,  -  BX \Du ,

in f (s  -  BX\Ds,  t )  :  u  -  Bx\Du.
(d)  For  any s , t  e  t t , , l  (  oo andt  - -s ,  the funct ion (Bx\Ds -  Bx\Dt) | f i  is

W-excessive on D.
Remark. For any finite function s € til and any r € D we haae

infoyg 1Bx\Ds(r) :  0.
The assertion follows from the fact that Bx\Dslt is W-excesriu" on D and from the

equal i ty  "Bx\Ds -  (1-  aW,)(Bx\Ds) ;  see Proposi t ion 2. I .

The following result gives'a "polarity prop"rty" of the set D\D with respect to

the potential theory associated with tiy.
Theorem 2.6. For any f.nite positiue n'Leaslre y, on D and any positiue uniuer-

sa l ly  measurable funct ion h on D,0 < h 1\ ,  such that  Uh is  bounded we haae

i n f { p ( t ) l t e  t k  , W h S t  o n  r \ r } : 0 .
Proof . Since pr is carried by D there exists a decreasing sequence (G,)"eN of fine

open subsets of X such that X p C Gn and such that
p(Bx\Dtlh) : inf,"eru 11,(BG"IJh).

We have BG"IJh - Bx\DUh : BG"(Jh - Br\DBG"IJh and therefore, by

Theorem 2.4,
B G " ( J | _ B X \ D U | C € ; V .

From B}"IJ h - Bx\D t] h >- W h o" E\ D we conclude that
i n f i p ( t ) /  t  €  t k ,wh  <  t  on  D \  r )  S  i n f , , 6p  p (BG" (Jh  -  BX \DUh)  :  0 .

3. Locali,zation in ercessiue measLtres

For the resolvent 1,4 on X we denole by Ercy the convex cone of all //-excessive

measures on X that is the set of al l  o-f inite measures m on X for which m(aU") I m



for al l  a ) 0. l l  A e X wc dcnotc by (BA ). l ,he o;rcra,t,or on l irr l l  clef irrccl try
L ( ( R o  ) - { ,  t )  =  L ( € ,  B A  s )

where s e t l1, ( e Drcu artd L: I lrcy x t;  -- R.* is the energy functional (see e.g.

[11] )  I t  is  easy to  sr :e  t t ra t  i f  €  e Ercu i t ren ( -Br) . (  <  {  and { lp ,  (€- (8" \ , ) .01p ur"
W-cxcessive measures on D (thal is WD-excessive measures; see Seclion 2 and note
thaL Err:tao : Erc*; = Drcyy) where recail  that /f  is a f ine operr ,t-measurable
subset  of  X.

Theorem 3.1.  For  any ( " , \  e  Excu and arLy I  e  (Excy -  Ercy)1 we haue

{  A ( (Bx\D) .€ + r i  -  (Bxto, . r t  +  Ulx \D) . i )  e  Excy.
Particularly the set {q - (Bxitrr.rllq € Ercy} is a solide subcone of Erc1,y and for
any I  e  (Exql  -  Ercu)*  we haue (Bx\D) . t lD € Ercyy.  Moreouer  for  any t  €  Ercu
t l t e re  e r i s t s  € 'e  E rcu  such tha t€ -1 f ' t o ) .4 : { ' -  (Bx to ; . (  and i f  f o r \  €  Exc11
we haue { '  -  1B"t ' )-  ( 'S n - (Bxtor" 11 then €'  (  n .

Proof. First we suppose that there exists a lf-measurable fine open set G C X
such that X\, coincides with the f ine closure ol G. In this case we have Bx\D : BG
and (Bx\o). is a balayage on the ff-cone Ercy. Then the assertion follows from [8].

Suppose now that D is general and that (, r..,l are of the form { : p,r a (J,

n:  p2oU,,  l :  p3oU -  pn o U,  where p i  are f in i te  measures on X which does not
charge the Z-negligible subsets of X. in this case if s e tu is bounded then we have
(cf. Iz])

p; (Bx \Ds)  :  in f {p ; (B" t ) lG e  X,G f ine  open,  x  \D  c  G} ,  i :T l
and there fore  (Bx \o1 . j tnoU) :  A{ (BG)* } tnoU) lG e  X, ,G f ine  open,  Xp C G} .
On the other hand if for any measurable fine open set G with X \ , C G we put

0c : - -  (  A ((Bt) .  € + r t  -  (Bt) . r t  + (BG). / ) ,
0  : :  (n  ( (Bx \o ; .€  +  n  -  (Bx to , .n  +  (Bx \D; . / ;

then we have d6 e Ercu,
0c + (B?).rt + (BG). 1tn o U)

:  (€  +  (8" ) . r t  +  (BG) . ( t 'n  o  U) )A ( (BG) . {  *  n  +  (8" ) -0 ' ro  U) ) ,
0  +  (Bx \D) .q  +  (8" \o ) . (1 ,  n  o  U)

:  (1 + (8"\o).4 *  (Bx\o; .1rn o U))A ((Bx\D).(  *  ry *  (Bx\o; .0r"  o U)) .
Using the above formula we deduce that the families of positive measures

( €  +  ( 8 " ) - n  +  @ G ) . ( p q o  u ) ) c ,  ( ( B t ) . {  *  n  *  ( 8 " ) - 0 ' " o  u ) ) o ,
((8")" t )"  , ,  ( (8") .0 's o U))c

are decreasing respectively to
1 +  1 t r x t o ) . q  +  ( 9 " \ ' ) . ( p q o U ) ,  ( 8 " \ ' ) . {  * n  +  ( 9 " \ ' ) . ( / r s  o  U )  ,

(B* \ r ) -?  ,  (8 " \ r ) . (  pq  o  U) .
Hence we get l im6 06(f) : 0(f) for any positive bounded measurable function on
X and therefore

0(aU"f)  -  l im6 06(aU"f)  (  l imc |c( f )  :  0( f ) .
We conclude that 0 e Excu.

Le t  now D, t , \ , / :  ) l  -  ) t  ( { ,  \ , \1 , \2  e  Erc11)  be  genera l .  We take  sequences
(pl)"ery, i:T4 of bounded measures on X which does not charge the Z-negligible
s u b s e t s  o f  X  s u c h  t h a t  { ,  , :  p f , o u  /  ( , \ n : :  t t ' ^ o U  l  r l . ,  ) 1 , , :  l t " ^ o U  I  ) 1 ,



)2, := p!^ o [ ' l  /  )2 and such that ) l  > ) i  lrrorn the prcceding consicleratiols wr:
get

{" n 11axto).e, *, tn - ( t3*\, ,))-r tn* (Bx\o;.() l  _ l i ))  e Ercy.
Let ing ?? -+ oo we conc lude that  €n11fx to) - {+n-  (Axfor ; r+pkfny l . l i  - . l r ; ;  e
Erc4. We deduce now that the map (Bx\/);.  is a localizable di lat ion opera[or orr
the ff-cone Ercy. Flcnce from [8] i t  fol lows that thc set

F  : :  { r t -  (Bx to r . r l l r t  C  Excy }
is an I/-cone (with respect to ttre natural order relation between measures on D)
such that for any. i l ,€z € Ercy, {z Str and p € ,F we have

€ ,  A v  e  F , ( 8 " \ r ) . ( € ,  -  t )  A p  e  F .
Since F is increasingly dense rn Ercra we get also that F is solid in Ercy,y. From
€l r :  V{ {  Av lv  €  F i  fo r  a l l  {  €  Erc11,  we deduce tha t

(B*\o) . ( { ,  _ €r) lo:  v{(ax\r) . (4,  _ (z)  n v lv e F} e Erc\ ,y.
The last assertion from theorem follows by Lemma 2.3.

Corollary 3.2. I f  X is semi-saturated, with respect toLl then D is semi-saturated,
with respect to WD . (X is semi-saturated means that any Z,/-excessive measure
dominated by a potential is a potential.)

Proof. Let p, be afinite measure on D and g € Ercs be such that d .-pt,ow,.
From Theorem 3.1 i t  fol lows that the set {4 - (Bxto;.nlrt e Etql} is sol id in
Excvv and therefore there exists € e Excu with d : { - (8"\r).(. Again from
Theorem 3.1 we may suppose tlrat ( has the following properry:

(r t  e Excu and ( -  (Bxior.€ S n- (Bxta;.n)+ € S n.
Because X is semi-saturated with respect to l,l there exists a measure u on X such
that { = u o U. From

0 :  €  -  ( B x t a r . € : ,  o W :  u l f r o W
we deducethat {  < ul f roU and further €:  r l f roUlTo f in ish the proof i t  wi l l  be
sufficient to show that zl5r, : 0. Indeed, for any t € tfr, we have

, l ; t r ( t )  :  wLQl1 lo  o  W, t )  S  wL(p  o  W, t ) :  u ( t )
where wtr denotes the energy functional associated with W. From Theorem 2.6 we
get now

, l ; r r (1 )  <  in f {p ( t )  l t  e  t6  ,  r  1 t  onD \  r }  :  o
and we conclude that rzl5r, :  0.

4. Proof of main result

Proof of Theorem 1.1. ( i) we may suppose thaL u is carried bvD. From uoIJ:
y o W  * ( B x \ t r ; . Q o U ) , ,  u o W  l  u o U l D i t  f o l l o w s  t h a t  y o W  i r  m l p - q u a s i -
bounded. Hence, usin_g also Corollary 2.b (c), there exists a sequence (2,,), ,Ery of
positive measures on D such that

and such that un o w I ^lo f:;t?tJ K. since R(u^ o vv) < un o (J,where
,R is the reduit operator in Ercya, i t  fol lows that f i(2" oW) - u,*o(J, zl being a
positive measure on D with u', I u,. Also we have R(un o W) S rn and therefore



I l(u,o W) is rn-quasi-boundc:d. On the olhcr hand since u'nis carrierJ by a subset
of X which is m-polar and p-negligible we dr:duce by Coroliary 3.4 in [3] (see also
[o]) t traL u,, o IJ is orthogonal ort l ]re m-quasi-bounded W-excessivr, ,nlorur.s ancl
c o n s e q u e n t l y  u ' ^ o U  = 0  f o r  a i l  n  €  N .  I - l e n c e  R ( u , o W )  = 0 ,  u n o  | , 4 / : 0  a n d
l , h e r e f o r e  u o W : 0 , u : 0 .

( i i)  Suppose now LhaL u o U is absolutely continuous with respect to rn and
z  i s  c a r r i e d  b y  X \ D o .  e q u i v a l e n t l y  u o W  : 0 .  I t  i s  e a s y  t o  s e e  t h a t ,  t h e r e
exists an increasing sequence (uro U)reN of rn-quasi-bounde{ Z-excessive measures

:y:h.jl3t. 
t,,pls.\ un o (J: u o IJ. From T]reorem 3.1 it follows that the sequence

( (8 "  \ " ) .  ( u "ou ) lp ) ' e rv  i s  spec i f i ca l l y  i nc reas ing  i n  E rc ry  to  (Bx \o ; -  (uou ) lp .  s i nce
v o W : 0  w e  g e t  ( B x \ o ) - Q o U ) : ,  o  U  a n d  t h e r e f o r e
u o U l o :  ( B x \ r ; . Q o u ) l p

: (Bx\o;.  e" o U)lD * I ,ero[(Bx\D).(2,*,  o
From the above considerations we conclude that z o
completing the proof.

U)1, -  (Bx\ \ -  (u"  o U) lp l .
U lp is rnlt-quasi-bounded,
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