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On the rate of relative Veronese submodules
I

Annetta Aramova, Serban B#.#.r., rH*rnHerzog
t

Introdu"tion 
)

Y
J In this paper we study Veronese submodules of graded modules defined over a ho-

mogeneous &-algebra. Let k be a field. A graded ring .B : Oi>o R; yith fto : k is
called homogeneous if fi is finitely
for any integer d,> I, the subring
subring o/.R. Observe that ,?(d) is

' (fi(d))r - R;a for all i > 0.
In their article [3] Bircl-nescu and. Manolache proved that all Veronese subrings

of a polynomial ring are Koszul algebras, where for a homogeneous &-algebra .R
this means that the residue field ,k of ft has a linear resolution, that is, has a free
resolution as -R-module whose maps are given by matrices of linear forms. This
result was later generalized by Backelin [1]: For any homogeneous k-algebra B he
introduced a numerical invariant, called the rate o/r? which measures how much -R
deviates from being Iioszul (ratefi ) 1, with equality if and only if ,R is I(oszul),
and shorved that

rate , l?(d) ( frate Rld].

Here fcrl denote the upper integr:r part o[ a real number c, that is, the smallest
integer 2 n.

This result implies in part icular that the d-th Veronese subling is I(oszul lvhen
d ) rate,R. In a recent paper [,"r] Eisenbucl, Reeves and Totaro gave a bor-rncl c in
telnrs o[ the regularity of the defining icleal of -R such that ,R(d) is I(oszul for all
d ) c; see Section 2 rvhele we rvi l l  use their result in a oart icular case.

The purPose of this paper is to extencl these results part ly to relal ive Veronese
subrnoclu les.  Let  fu l  be agradecl  / l - rnoc lu le ,  and d )  0  an in teger .  For  j  :0 , . . . ,c / -1

generated over k by its elements of degree 1, and
R@ - O,2o,R;a of ,R is called the d-th Veronese
again a homogeneous ,L-algebra with graduation
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rvc  l r : t  l / r ( ' l )  5c  l5e  g la r lc i l  / l ( ' l ) - r r t r . ,< l r r l r :  rv i l ,h  i ro rnogr : r rcons  co t l l l )o t t< : l r t , s  (  ,V j ' t ) ) , , :

t \ ' l ;aa ; .  NoLc t l ra t  r11  as  an  / l ( ' l ) - t t ro r l r t l t :  t l , : cor r r l ros r :s  in to  L l rc  d i rcc l  t t , , t ,  @r l - j  l l l ( t ) .

' l ' lrc 
rrrorlrrl"s 7},/1d) arc c,all<:d Llrc: rr:lrtl,ir:r: Vu'onese stLbmotltilr:.s o[,4/. Ottt: ttlay asli

r v l t c L l r r : r [ . , , . . a g i a r l e c l 1 f ' r l r o . l r r l . , 1 l l r a t , | o r . a l l r / ) c L l r t l

r / -Lir  Vcronesc suIpror lules of ,4/  al l  l tavt:  a l inr:a.r  resolrr t io l t ,  or c<l t t iva, l t :nt , ly,  . rVI ; rs a.t t

I l (d)-n-roclrr le has a l inear resolul ion. 
' l 'h is 

is indeecl [hc case, atrr l  as lol  the resiclur:

c lass f ic lc i  i t  can bc cprantat ivcly conl lol lccl .

LeL lvl be a finitely generatecl graclecl .R-module. Then 
'IoL;([, M) is a finitely

generateci graded k-vector space, and we set (-.,

G@:;i,^il*);ro)
Note that t;( lVI) is the highest shift  in the i-th posit ion o[ the minimal free homo-
gerreous resolution of NI. We define

rat,ep t : .,ll{, JIvl) I i}.

Recall that Backelin's rate which we henceforth clenote by 'Rate'is definecl as follorvs:

Rate.R: .,] f  {(t '1k) - I) lU - 1)}.

A comparison with our rate shows that RateR: rateam(l) where m(1) is the
graded maximal ideal of -R, shifted by one.

The main result of this paper is the following

J tnuo* em{Let, R be a homogeneous lc-algebra. Then there erists a consta,nt c, only
depending on R, such that for all finitely gene.rated R-modules IuI with generators of

degree 0, one has

rate6 ta> M 1[ratep ful ld1 for al l  t I) c.

Nloreoaer, if R is the polynomial ring then c: I.

Unfortunately we do not knolv lvhether c = 1 for all homogeneous k-algebras, as

lve expect.
The theorem implies that the d-th Veronese submodules of any finitely gener-

ated gracled fl-moclule 111 (rvhose generators rnay have any degLees) all have linear
lesoluLions for a large nurnber d. Incleecl, aftel a suitable shift of degrees, one n]ay
assnme that all generators of ll,1 have positive cleglees. Then for r/s large enough /V/
as a,n 6('lo)-tl",o4,rle is generatctl in degree 0. As the rate of any finitely generated
nroclule is f inite (see 1.2), rve have that rateptuor &1 is a f inite nunrber. Thus if  we

apply our rnain theorern to thc 4(lo)-*o.1,rle I\1, rve find anotlter integer d1 such that
thc (f i(d"))(dr)-r ' ,ro4,, lc i} l  has a l inear rcsolution. As (It(a');(dr): ir l(dodr) we may
choose dsdl for r/.

\
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see 2.1. Their Hilbert series are easy to cletermine. Since for a graded module M

with linear resolution, the Hilbert series IIM(t) and the Poincarb series Pp1(t) of M

are related bY the equation

Ppr (t) : Ir u (-t) H *(-t)-' ',

1.2 allows us to compute the Poincarb series of the modules R(f ; see 2'2'

In the last section we relate Backelin's rate of R(d) to the Castelnuovo-Mumford

regularity of the defining ideal of B

1 The finiteness of the rate

Throughout this paper -R is a homogeneous k-algebra, where k is an arbitrary field,

ancl, unless othefwise stated all ,R-modules will be graded and fi'nitely generated

with all generators in degree 0.

In this section *" *ill prove that the rate of any -R-module is finite, following

the simple arguments girr"., by Avramov as quoted' in Backelin's paper [1] where it

is shown that Backelin's rate is finite'

Let M be a graded B-module' We set

P# : D dimTor;(,b, M) i si ti,
i , i

and call it the (bigraded) Poincarb series of. M - Note that Pfi is a formal powel

series in t with .o"h"nt, 
"n1t; 

e Zlsl, and' it is clear that

r ate M = sup{deg 
",G) li]; 

.
. - '

It is convinient to define the rate of an arbitrary power series P - f,; q(s)ti e

Zlsllltllin the same way' namely as rateP : suPi>r{degq(s)/i}'

We shall use the following

Lemma t.l. Let P = L;a(s)ti, Q = D;b;(s)tt be elements in V'ls]l l t]) wi'th

ao(s),66(s) e Z.  Then one has
(a) rate(P + 8) < max{rate P,nteQ\;
(b) rate(PQ) < max{rateP,rateQ};

i.j ,l P is inuertible, then rateP = rateP-l'

Pnoor'. (a) is trivial.
( b ) L e t p : L , a ; ( s ) t t , a n d Q : I ; 6 ; ( s ) f t , - a n d a s s u m e t h a t r a t e P : c a n d

rateQ : d. The deg a;(s) 3 f c and deg b;(s) S f d fgr.all i 2 1'

Now PQ : ;, c;1s)i' with c1(s) : Di+*=r ai(s)b7'(s)' Therefore

deg c;(s) S p3:i.ta"s oi(s) + des br(')) S -igUc + kd\

S U + k)max{c' d'} : imax{c' d}'



l,'l alH+l

Norv PQ :  I i  c ; (s) t t  wi th  c ; ( .s)  = Dj*o=,  a i (s)61(s) .  ' I 'hereforc

i>2

So rate PQ S max{c,d} .  ,

(c) I f  P is invert ible, then ro(t) - *1. lVe may assume that cs(s) : 1, and wribe
P  :  l -  1 ?  w i t h  d e g , l ?  2  1 ,  s a y  I l  =  I , r r c ; ( s ) t ; .  T h e n  P - 7  : 1  + B  +  R 2  + . . . .
Hence if  P-l :  D;>o d;(s)t; ,  t l ien d;(s) is the sum of al l  products

c r , ( s ) . . ' c ; * ( s ) ,  t '  >  1 ,  
\ r ,  

- ' ,  i i  > - I .

\

Suppose rateP :  cr  then degq,( r ) " 'c i * (s)  I  i1c+ "  + ipc:  ic .  This  im-
plies degd;(r) S fc, so that rate p-t < rateP. SimilarlyrateP: rate(P-t)-t S'rateP-l. 

{--, . . .  
-

Now we are ready to prove
f-

J P"oposition t.2. Let ̂ 9 -+ "R be a surjectiue homomorphism of graded rings. Then

Io, any graded R-module M,

: r j . , r : . . : , ;  
'

respects the internal gradings of the Ext-groups, and thus provides
wise inequality of formal power series ,

Pfrsr f l1 t+r- rP;) - ' .

Hence 1.1 implies that ratep M I maxirate5.&1, rate(l + t - tPfr)). But

rate(1 + t  -  tP;)  :  sup{t f - , (R) l i }  Ssup{t f - , (R) lU -1)}  :  rate5 -R,

<- clcg c;(s) ( 1n3x.{d,:B a,(s) * deg b*(t)} S +gU. + kd}

i>2

as desired.(

The homogeneous &-algebra R has a presentation s:,S * R, rvhere ,5 is a poiy-

nomial ring over Il, ancl lvhere e is a surjective homomorphism of graded rings. Any

S-module has finite plojective dimension, and therefore the rate of any S-module is

flnite. llence 1.2 implies

\ Corollary 1.3. ratep.&/ S rate5 /1,/ < oo for all R-modules IVI.
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2 The re lat ive Veronese sL lbmodules of  a  polynonr ia l  r ing

'I 'hc prrrpose of this section is to slrow that al l  relat ive Vclorrcsc subrnoclulcs of the
polynonr ia l  r ing ,9  :  l ' [ , r r , . . . ,c , ]  l rave l inr :a , r  r r :so lut io t ts .  In  ot l rc l  worc ls

Tlreorenr 2.1. For ul l  inte:gers d>_ l,  r 'alc5{a) ,5 : i .

Ptoor. We wil l  shorv that eo.h Sj/) has a l inear 5'(d)-resolution by suitably f i l tering

these rnoclules. The moclul. 5{d) is generatecl by al l  monomials rtrrt . . . ,u^ of. S rvhich
are of degree j. Let us assume they are orclered in the degrevlex term order', thaf
is, u : r i t  . . .  r?o" < u : x\t .  -.  rb; i f  and only i [  the f irst non-vanishing component
of the vector

( d e g u  -  d . g  u , b n  -  a n t . . . , h  -  a r )

is negative
Then for  i  :  1 , . . . ,n1 we set  [4  -  ^9(d)ur  + " '+  ,S(d)u; ,  and thus rve obta in a

sequence of submodules ,' t.,

,Sl4 :  U* ) U^q ) " '  )  Url  Uo : 0

corollary 2.2. For th,e Poincari series of the relatiue Veronese

polynomia l  r ing $ :  k [ r1 ,  . .  . , t , , )  we haue

D,.o(- r)roli l,tr

f ,ro(-t) 'cl i)t i

wtth

P"lar(t) :

o!,): it-,1,(;X" *,,-_,1,- t)
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Ilere, nld) :0 lor r > r(n - I),  so l l trLl Prr,, t(t) is the quoticrtt  ol l 'uto polynorninls

of degree at mosl n.

Pnoon. Since t le resolution of Sr{u' l ,  l inear',  i ts Poincar6 selies can be cornpulccl

by nreans of  I l i lber t  ser ies,  that  is ,  Pr inr ( l )  =  I I r ra( - t ) I I5 t r r ( - t ) -1 .  S ince a l l

the rnoclul". Sld) ale Cohen-N{acaulay of maximal dirnensiorl,  we gt. l  I I  r<a>(t) 
:

Hrut( t ) lQ -  r ) "  ,u i th {d)  -  s jo) l t *1, . . . , "*)sr(d)  * l ' " r .  T :  s l@1,. . . , "*)S.
Therefore

P rta (t) = H rto) (- t) I II ryt (-t),

and it remains to compute f/rro(l).

Theexp l ic i t fo rmula to ,H4, l ( t ) i sa l readyg iven in [2 ] .Thegenera1case is jus t
\

as simple: we set bld) - dimr ?, for all r ) 0. Then !r4t(t): I;20 bll\ii, ancl the

asserted formula for the Poincar6 series follorvs once rve have shown that bld) : olo)
for all r. But the Hilbert function'of ? (rvhich gives us the ,1a); is easily computed
from the I(oszul complex

0 ----+ S(-nd)------+. . . -+  ̂9(-2a;( l )  ,  '  S(-d)"  - - f  q *T -  0

associated with the regular sequence r{, . . . , of , which'yields a homogeneous free
S-resolution of ?. So the desired conclusion follo1s. Moreover, since fl- ; 0 for
r > n(d - 1), we see that the polynomiats {rrr(-,i] oli.: e"*'ti.il -:i1,,'. 

., , 
o, ,, - ,'- ,

i i - -  l , : r ' i  : t , '  .  ,  
" 1 ' ;  

- ' .  
i l : , , i  ' '  , ! , ,  

'  .  ,  , '  r : ) .  ' r '

. ' . ' ' , . : . ' . . . i ' . ' . ' . . . . . . ' , . .
Recall that we assert that for any finiiely generated graded r?-module M with gen:' 'i,.11 ';

erators in degree 0, one has
i

r a t e g a ) M S [ r a t e , M l 4 . f o r a l l d , 2 c , - - . . ,

where c is a constant only depending on -R.
To see this we let F be a minimal graded free resolution of M as an -R-module.

i .
Then the'sequence 

... ----+ Fr + F6 -----+ M ,----+0

is also an exact sequence of i?(d)-modules, yielding a convergent spectral sequence

To.f(o)(k, rr) =+ To.$l)(4,1v1).

This irnplies that To.f(n)(4, nf ) is f i l tered by subquotients of the Torf(')(fu,4), i +
j = l. All is compatible rvith the internal gradings, so that we obtain a coefficient-
w-ise inequality of power series rings

Pfl" s I r{(')ti.
t

( 1 )



:.r, r, y'j is a direct sum of rnocrurr:s lr,(-u) for some c € N. Now,/?(-a) as an /r(d)-
1,. , ,r ,r1r:  ecluals ej=i RJ-o/u' ,  o,, ,1 ni-oj j r , :  O,ao t i .1-, ,) ,u*i :  O;>o l l rd+j_o.

1,, ' t ,  i i  be the smailest integcr sucrr that i , i t" ,  -  i , ' i . . r ." , ;11' 's"v. i .  , r ,"n
l , ) , . , , .  

l . , l ' , ;a+ i - ,o :  O;20 R1;- ;5a.1r , ,  whc.e k i :  i id+ j  -n .  
'S in . "  

i  S t )  1 i ' -  l ,  wc
, .  t  t t '  l /  '  

' l '

A r; l rr  rov;L- l la r .carrc,scrr - l l<:rzog

d - l  ,

R(_n) =o Rf,, t_l@_ j)1,D.
.?=0

rr i  l i rst assume that.B is the polynornial r ing. Then, by z.r, -B has a l inear
1,'solution. Ther'efore (2) yielcls

with d"s c;(s) S ltj(A[)ld] + i.

' l )

i-ct
;:r.{ )

t3)

So rvrr get

rrrre(p{ar,l s lytlL${f 
r:} = 

{ 
lti(u) l 4 t i

( max{l, lt i@)/4 tj  r '

inequality (1) implies

,' l  
' , ir, : 

, rate6l rt M (max{l,rup{I@)/dl }}.
' ' '  : . ' ; i l t : : -  

"

; irup,{t;1vYt} : 1, 11"," t;(ru!) ! rb,_and s o lt{M) ld1 S libldl. Now since for;c€  R,  c )0 ,and f  e  N one hag l f i . l  S  [c l , 'wegJ ; ' '  
-

It,(ry)/4 < fib/dl s ftl{1.z i

Therefore

r.rtep:a -l/ ( max{t,:llt&4X4}} ( max{r,
r'>1 ?,

S max{1, frarea tuIld]] < fratep tuIld1

Filrrrlll'. if -R i-. u,arbitrary.ho.n?q":eous ft-argebra, we do not necessariry havethat / l h't" a l i :ear 'E(d)-resolution which is needeifor (3) But if R: SII where .gis a ;r,rl.r'::.'m:l ring. then according to r.2 ancl the firri iurt of this proof we ger
rate,pla; .E ( rate5lol r? < frhtes R/dj.

ib r l,at r.* ,J > c = r&tes ft, I has a rinear -B(d)-resolutio'. Thus, for these r/,s, (3),:r'tl lrr:r:t: ttre:*t trl the proof is valid.

it ltj(M)ldl
if ltj(M)ldl

sup;>r{l;(M)/i}

d

> j
< j
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4 I late and Castelnuovo-Murnford regularity

I 'eL R be a homogeneous,t-algr: l>ra, ancl prcsent i t  as R - SII where S is a poly-
nomial r ing. In this section we waut to relate t l ie Backelin rate to the Castelnuoao-
NIun{ortl regularity reg(/) of / rvlrich is defined to be

reg (1 )  :m-ax { l r (1 )  - i }

We have the follorving lesulb

Theorem 4.1. For al l  inteoers d > 0 one h,as

Rate.B(d) ! freg(I)/dl.

Note ihat 4.1 is a sort of 'mixture' of the Backelin [1] and the Eisenbud-Reeves-
Totaro [5] inequality.

Pnoor oF 4.1. We first observe that t;(1) = t;+r(ft), so that ,;+t(ft) < reg(I) * i
for all t > 0. Therefore

rateg,R < sup{
( r e s ( I ) - 1 ) + i

, i>l

reg(I) :  Q,
res(/) > 0.

H e n C e  . .  ,  . . " : : l  ' ' ' ' . . , , ' . . . - . - ' : :  , . ' , , : , , ,

r a t e s f t  S  m a x { 1 , r e g ( / ) } . ,  : , ; ' ; ; ,  . :  ; ' ; r .  I  ' , : - ' ' , ' '  .  : ,  i ; r

Combining this with 1.2 and the main th"or.* *9 g;r' ' , '"i ..i -: 
;:i l. 't i. i, 

,1 ...;.t, 'r,i ' '
.  i  .  . . ' . : i r ' i : r r "  . l  , ,  . - . . i  . : .  .  , .

(1) ratepr4 M ( max{ratega) &/, ratesrar n} S max{ frates M ld1 ;'1'r"{1f;7a1 }. 
' '

. . . : . . . ,
Let n denote the graded maximal ideal of .R(d). Then n(1) is the (d - l)-th

relative Veronese submodule rn(1)!1, of m(1). Hence together with (1) we get

(2) Rate R(d) : raten(d) n(1) S rate6lay m(1)
( max{ f(rates r(l))/dl, [ '"s(/)/dl ].

From the exact sequence

0 _r m ---___+ .R -____+ ft -____+ 0

we get an exact sequence of vector spaces

Torf*r(fr, fr), - Torf (fr, m)i - rorf (,t, R)i.

We have
Torf (&, ft); - o

\

- sup{ri(ft)/f}
i>1

I t  i f: 
\ res(/) if

for j > ri(ft),



2.

3.

4

5.

,{

an(l

This impl ics
Thereforc

A r i rnt t ;va-  I  Ja I  t : i r  t t t 's t ;  t t -  I  I  r : rz<lg

l b r f * , ( A , [ ) i - g  f o r  i > i + 1 .

l i (m)  <  max{ i  *  1 ,1 ; ( / l ) }  and  l t cncc  t ; (m( l ) )  (  n t : r x { i , l c ( / l )  -  1 } .

rates m(1) (  max{ 1,  sup{t ; (1?) -  1) i t }  (  max{ l ,  rate5 n} S max{1,  reg(I)} .

This together with (2) implies our asserti on.1----___.--------------. il
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