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Dilation operators in excessive structures; Existence and unicity
'

by N. Boboc and Gir. Bucur

: Introduction

Let V : (V*)"20 be a proper submarkovian resolvent of kernels on a measurable
space (X,13) such that the set tv ol all V-excessive functions on X which are finite
V-a.s. is min-stable, confains the positive constant functions and generates B. We
suppose that X is a Lusin space and that i t  is semisaturated with respect to V (i .e
any V-excessive measure on X, dominated by a,n V-excessive measure on X of the
forrn pr o 7 is also of the same form). Tire above conditions are equivalent with the
fact that there exists a right process on (X, B) for rvhich V is the associated resolvent.

In the paper (t4],t5]) we consider two submarkovian resolvents V: (%)"20 ,W :
(M/")">o on (X,6) ri'hich possesses a reference rneasure and such that the aSsorbent
points rvith respect to )/ and W are the same. If. €w C tv, if any s € tv is lower
semicontinuous with respect to the fine topology generated by tyy and if for any
A e B and any posit ive B-measurable fu.nctior, /*Jhuu"

.  V B A |  < W e ^ f

(where Ve, (resp. WB^) is the balayage on A with respect to ty (resp. tyy)) then
there exists an other submalkovian resolvent 7 - (y")">o such that tv : C; and
such that

V " f  < W * f  V a )  0  a n d / >  0 ,  B - m e a s u r a b l e .

: Jn fact there exists a ]<ernel Q on (X,6) such that, Q(t1,y) C t*,

s A ( Q s  + t - Q t + e f ) e  E w
t :

for any s,t '€ t1,y ancl any posit ive B-measurable function / on X and sucir tha,t

VVf :Vf  +QWf"  V" f  >0,  6-measurable.

This type of kerneis was f irst ly considered by G. Mokobodzki ([11]) in conection with
the subordination in excessive structures. Moreover if Q is such a kernel for wirich

l7l bounded ==+ inf Q"W f ,= Q

then for any u € ty we have

u € t w ? Q u 4 , € v u .

This last problem was consideled recently by R. I(.  Getoor and M. J. Sharpe (t10])
in the frarne of the right processes without reference measure.

i n t h i s p a p e r w e d e a l w i t h t h e a b o v e p r o b l e m s i n t h e g e n e r a 1 f r a m e o f f f - c o n e s .

.:' We give two /I'cones 5',7 such that ,9 is an /y'-subcone of ? (i.e. ,9 c T and for
any.A[ C,5 rvehave A5,/ i4 : ArM ancl respcctively YsM :V7M if moreover M is
increasing and dorninated in S). I{ere 5 (r'esp. 7') is instead of t1,5, (resp. Ey) in the



prececling considr:ral ions. A map I :  ,S .----+ .9 is cal led a (S, ?)-di lat ion operator on
,s', if

1)  t r , sz  €  S ,  s r  (  sz  ==9  Qs1  1 r  Qs ,  l t , sz
2)  s  € S,  u  € 7 ' ,  Qt  47 u 1s ==:+ u"  e,5.

It  is proved that i f  Q verif ies i) then the property 2) is equivalent with each of the
fol lowing propert ies:

3 )  s 1  A ( Q r t + s z - Q z + Q f ) e  S  V s 1 , s 2 e  . 9 , . f  € ( S - S ) +
4 )  t t , s z €  S ,  s r - Q s r  ( s 2  Q t r - - +  s r - Q s r  * Q s ,  €  S ;  s € , 9 , ,  E f a

3 s ' € S ; ( r - Q r )  A f  =  s ' - Q s '
If B is a balayage on 7 then the operator B# on S defined by

B # s : n { s ' e S l s ' > B s }

is a balayage on S. If I is a (S, ?)-dilation operator then we have
5 )  B # f  -  B f  : Q B # f  -  B Q a * 7 )  v / e  ( S - S ) *

and therefore
6 ) B f  < B # f  v / e  ( s - s ) * .
Under suplimentary conditions (which are quite natural) we proved that if Q

.verifies i) then 2) <=+ S). Moreover if the property 6) holds then there exists a
minimal (,9, ?)-di iat ion operator P on .9 ( i .e an (,9, ?)-di lat ion operator on .g such
that any other (S, ?)-diiltion operator Q verifies the relation

Ps 17 Qs Vs € ̂ 9.

We consider also the problem when there is a unique (.S,?)-di lat ion operator. I t
is shown for inslance that the unicity holds in one of, the following situations:

a) T contains sufficiently mb,ny quasi-continuous elements, does not exists ab-
sorbent balayages on ? and there exists a balayage B on ,S which is a (S, ?)-dilation
operator.

b) S - tw where W : (W")o>o is a proper submarkovian resolvent on (X, B) as
in the begining of this introduction such that there is no fine open sets of the form
{r} and ? is the ,H-cone of ail a-excessive functions.

Finally we consider the problem when given a (.9,?)-dilation operator Q on S we
"can extend it  to a map Q t D(Q) -- T defined on a sol id subcone D(q of ? such
that S C D(Q) and such that we have, for any u e D(Q), the relation

€ S(8)  s  Qu 4r  u .

I f .V,W are two proper submarkovian resolvents on (X,B) which have al l  proper-
ties from the begining of this introduction except the existence of reference measure,
we can apply the above considerations to the .rY-cone Excy and Ercyt of excessive
measures on (X,6) associated with V and W respectively.

1.  Local izable d i la t ion operators in

Let ^9 be an -H-cone. We recall  ([4], [5])
izable di lat ion operator ( l .d-operator) on

fl-cones

that a map P : S ---+ S is called a local-
S if  P is addit ive, increasing, contractive,
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contiruous in 'rdcr irorn below a'd i i  f ' r  any ,s, r € s' and a, 'y / g (s _ s)* wc ha,vc:

s A ( P s  + t _  p t + p f ) e S .

I t  is known that i l  p is an /.d-operator on ^9 then the convex cone ̂ gp of s _ Sgiven by

, S p : : { s - p s l s e s }
endowed with the natural order relation from ,9 - ^9 is also an f/-cone. Moreover we
have

, € ^ 9 ,  u € S p  = = + l A u e  S p

/  e  (S -  S ) * ,  u  €  ^9p  +  P f  Au  €  Sp
and for any s e S there exists a unique so € S such that s _ ps - s6 _ ps6 and if
,  €  S  i s  such  tha t  ss -pso  < r -p l  t , hen  se  (  l .  (See  [5 ] )

Concerning the latiice operations on the -Il-cone ̂ 9" *. remember that for any
subset A of Sp (resp' any upper directed and dominated subset A in .gp ) we have

A A -  A A  ( r e s p .  V a :  V a ) .
Sp  S -S  Sp  S -S

Remark' If D : (Vo)oro is a proper submarkovian resolvent on a measurable
space (X,B) and there exists a reference measure then the cone ty of all V-excessive
functions on X which are finite V-a.s. is an ff-cone. In this c-ase, supposing that
X is semisaturated (i.e any ff-integrale on ty dominated by a measu."^on X is also
represented as a measure on X ) then the above notion of localizable dilation operator
in nothing else then a kernel of subordination on ty is the sense of Mokobodzki [11].We remember that fo1 a1v / e (S- S)* the map Bt 

:S :.,S given by Bfs:
B1s :4{ ,  €  .S l  t  >  s  A_(n/ ) ,  (V)  n e N}  :  VneNnl ,  n  ( " / ) )  i ,  u  b"u luyrge on,g.

Proposit ion 1.1. Let P be a /.d-operator on S. The-lol lowing assert ions are
equivalent:

a) For any s, t e S such that

{ u € . 9 p  l r S r }  .  { u € . 9 p  l u ! f }

w e h a v e s : f .
b) For any s, t € S such that

{ u € ^ 9 p l u < s } c

w e h a v e s ( 1 .

c) For any ,f e (S - .g)1 such that 81 (
Proof. Obviously a) +=+ b)

b) :+ c) .  Let  s, ,  € ,S be such [hat s (  I
Bt < P then from the relations

{ u € S p l r S t }

P w e h a v e / - 0 .

a n d l e t " f : t - s .

( V )  u e ^ SB 1 u l P u l u

If we suppose that



we get

Byu, - I)1f)1u 1 BlPu I lJp; []p = ]31prL,

B1u - I31B1u I PBp I Blui l]ft - pBTu

and therefore,  using the def in i t ion of  By,  we have

u € ^ 9 , u l P u n ( " f )  ( V )  n e f i = : e u l u n ( r / )  ( V )  n e N

Particularly, taking u = Pu,

(Pu )  A  ( " f )  _uA(n f )  (V )  n  e  N ,

( u - P u ) A . f  : 0 ,  ( r -  p u ) n t : ( u _ p u ) A [ ( r _ s ) + s ]  <

< ( u -  p u ) n ( r - r )  * ( " _  p u ) A s = ( u _ p u )  n s
Hence i f  u- Pu 1t weget u- pu ( s and therefore, using the hypothesis we

h a v e  s :  l ,  f : 0  .
c) -;  b). Let so,lo € 5 be such that for any u €,S wehave

u - P u ( s o - - | u - P u 1 t s

or equivalently

u -  Pu(  ss - - i  u-  pu 1 uo,  where o9 : :  ss  A fs .

Hence, since for any u € ^9 we have (u - pu)A ss € ^gp we deduce

(u-  Pu)A ss (  (u  -  pu)A us,  (u  _ p")A ( "0 _ uo)  = 0

for any u € ^9. Hence

0 < (u - pu) nr(ro _ uo) S " l("  
_ pu) n(ss _ur) l  _ 6,

u A n ( s s - r o )  <  P u A n ( s s - r o )  *  ( u -  p u ) A n ( s 6 - r o )  =  p u A n ( s 6 _ u s )

for any u € ,S and any n e N. We get

B("0- ,0) ( r )  S B( ,0-uo)  (Pu)  < pu,  B1,o- ,01 (  p

and using the hypothesis ss * uo : 0, ss ( to.
Remark. we remember ([3], [b]) that any balayage .B on ,s is a /.d-operaror on

^9 and we denote by Ss the set ,Ss : {s - Bs i s e S}.
Proposit ion 1.2. Let p be a /.d-operator on s and let B be a balayage on.g

such that B < P. Then the map e on .Ss defined by

Q ( "  -  P s ) :  P s  -  B s :  P s  -  B P s



is a /.r/-operator on .56 and ,Sp : (,5'B)q.
Proof. LeL B be a bala.yage on S' such that" R ( p. Iir.om

s  € ,5  - - ;  I lPs  (  -Bs  =  Bzs  l  BPs ;  B2s  1p l l . s  1Bs

it follows that

P B s : B s = B p s  ( V )  s € , S .

We have

Q ( t - P s )  =  P s - B s  ( s - B s  ( V )  s e  . 9

Obviously Q is addit ive. I f  s1,.s2 € ,S are such that

s r . - B s ,  1 s 2 - B s 2

we deduce

P s r  -  B s 1  :  p s r _  p B s l  S  p s z -  p B s 2 -  p s z -  B s z

i.e the map I is increasing. If the family (s; - Bs;);61 increases to s - Bs, without
loss of generality we may suppose that the family (r,),., increases to s. In this case
the family (Prr - Br;);.r is increasing and since (ps;) i  t  ps, (8",), I  Bs we get

V Q( rn  -  B t , ) :  Q( r  -  B r )
ie t

i.e Q is continuous in order from below
L e t  n o w ' t ! , :  s *  B t , u : t -  B t ,  f  : w r - u z €  ( S e - ^ g B ) . , "  w h e r e s , t  ( , S .  W e

have / € (S - 5)*, , - Qu - t, - Pl and (

u  A(Qu  *  u  -  Qu  *  Q f )  : s  A  (Ps  +  t  -  p t  +  p f ) - ,8s .

Since P is a /.d-operator on ,S it follows that the element

r : = s A ( P s  + t - P t + P f )

belongs to S and Br :.8s. Hence

u  A ( Q u * u  -  Q ,  +  Q i l  :  r  -  B r  e  S n

and therefore Q is a /.d-operator on ,56. From the relations

s - Ps :  (s - Br) -  (Pr - Bs) :  (s - Bs) _ e(,  _ Br)

we deduce t,he equali ly

( V )  s € . 9

Sp : (.96)q.

Let P be a /.d-operator on ^9 and let B be the balayage on ,S

B:v {B t  I  f  e  (5  -  s )+ ,  B t  s  P }

Corol lary  1.3.
defined by



f 'hen the rna,p Q : ,5'p , ,9p given by

C ) ( t - B s ) : P s - B s

is a /.d-operal,or on .98 such that there is no function g € (sa - sa)+, g f 0 such
that Ilf" < Q.

Proof. we consider g e (Sa - 5'6)1 and suppose that Bfa S Q. obviously
9 € ( ,S -  5)*  and us ing ( [3 ] ,  [6 ] )  we deduce

(B;t v BXr) : Bf "(s - As) * Bs (V) s € ^9

From the definition of B it follows that Bs S B and B, V B ^ B.
H e n c e  n f u !  - B s )  - g  ( V )  s e  S .

Remark. From Proposition 1.2 and Corollary 1.3 we see that for any l.d-operator
P on ̂ 9 we have sp : (sB)q where ,B is a balayage on .g and e is a /.d-operator on
^9e which verifies one of the assertions from proposition 1.1.

In the sequel we suppose that P is a (l.d)-operator on S which aerif,es one of the
equiualent assertions a)-c) from Proposition 1.1.

We recall ([+]) that if 7 is an .I/-cone then a convex subcone ^S of ? is termed an
H-subcone of T if S, endowed wiih the natural order relation of ? is an ff-cone and
for any subset (resp. any upper directed and dominated subset) A of S we have

(resp.

If .9 is an .rY-subcone of ? then for any balayage B on T the map B# : S ---+ ^g
defined by

B # s : : A { t e . 9  l t > B s }
is a balayage on ̂ 9 and we have BB#s =.Bs for any s € ̂ g (see [a]).

Definition' An -H-cone ^9 is called a comple.te H-cone if any subset A of .g such
that

/  t  z ^ r  r  \

A  ( V ( p ^ ( : ) ) ) : o  ( v )  p € ^ s .
n € N '  \ a € A  \  \ t o /  /  /

is bounded
In A1 we show that: for any H -cone S there erists a unique (up to an isomorphism)

cornplete H-coneS such that S is a solid and increasingly d,rr,ri conaercubron, ofi
which is termed the completion of S.

Theorem 1.4. There exists an order preserving embeding 0 : ,s --r Sp such that

0 ( t ) - ? ( P t ) : t -  P t  ( V )  r  e  . 9 .

More precisely for any s € S we have

d(s )  -  V { "  e  Sp  lu  <  s }
v r

vA:  v I )
q 7

A A :  A A
q ' r



r  und 0(S)  is  an , /y ' -subcone of  Sp.
Proof. First we rernark that for any s g s the set ,zl := {a g sr, I  a ( s} is

1 bounded in Sp. Incleed, for any u e Sp we have

A  ( V , ^ ( i ) )  =  A  ( , n l ) <  ̂ , = o
neN'  \aer l  \n /  /  

" :N.  
\  n /  -  

" l f i ,  "

Since '5p is increasingly dense in 3p then for any elemen t w €Sp we consider an
increasing family (u;); in ^gr such that u., : V;u,.
Let us denote

^ / , . r o  \ \l n o :  A  {  V  ( : n r ) }
" ,eN'  

\ce.4 \2 /  /

The set A is upper directed because for any I e ,S.we have (t_ pt)As € ^gp
Hence

.  ^  ( r ,  ( o  \ \  / .  r n  \ \u s A u ; =  A  t y . ( ; n * n u ; ) ) :  A  ( V ( 1 n , , )  ) _ on€N' \o€,4 \r ' / / ,,el. i. \oe,a \n / /
and therefore

rro = 10oA tl = V(ro A u;) = g.

The /I-cone Sp being complete *. d"d'u.. that A is bounded. We put, for any
c c Q

u  \  v t

t  d ( s ) : V { " e S p l u J s }  .
Sp

Since, for any s € ^9, the family {u € ,Sp | " 
S ,} is upper directed it follows thatI for any s1, s2 € S we have

d(r '  + rr)  > O(sr) + o(tr) .

If u € ,5r and u ( sr * s2 then we have
a

u A s l  €  S r ,  u  A s 2 €  S p ,  u  l u A s r  +  u A s 2

u A s l  <  d ( r r ) ,  u  A s 2 <  g ( " r ) ,  u  !  d ( s 1 ) + d ( s r ;

i .e  d(s1 4rr )  (  d( r , )+ O(t r ) .Obvious ly  d is  increasing.
Suppose now that  sr ,sz € ^9 are such that  0( r , )  i  g( r r ) .Then for  any u e,  Sr ,

u ( sr we have
u  (  g (s1 )  S  B ( r r )  -  ! { u lu  €  Sp ,u  (  s2 } ,

3p
\  t .

)  
u : V { u A u l u  €  ̂ g p , u  (  r r }  =  V { " n u l u  €  S p , u  (  s 2 }  =

Sp

= V{u A ulu e Sp,u (.  s2} ( s2.
s



a F lence s1  (  $2 .
We show now that for any s € ,S we have

0 ( r )  - | ( P s ) = s - P s

or equivalently
s  -  P s  +  0 ( P s ) :  d ( s )

Indeed, if u € Sp is such that u ( ps then we have

s - P s * u e  S p , ,  s - p s * u ( s  a n d  s _ p s * u < 0 ( s )

Hence u being arbitrary we get

s - P s + d ( P s )  S d ( s )

Let now u€ Sp be such that u ( s. Then wehave

u  (  s  _  p s * p s ,  u  (  ( s  _  p r )  * u A  p s

Since u A Ps belongs to .gu we get

z ( ( s - P " )  + 0 ( p s )

and therefore, u being arbitrary, we obtain

t  g ( " )  S s - p s + d ( p s ) ;  s _ p s _ d ( s ) _ d ( p s ) .

To prove that 0(.9) is an ff-subcone of 3p we consider now A c S arbitrary.t . n t0bviously we have

d(A A) s A0(A)
s 3 "

Conversely if u € 5p is such that u< 0(s) for any s € Athen we have u S s for all
s € A a n d t h e r e f o r e  

u s A A ,  u 3 , - e \ $ .

Sidce 5p is increasiJgly dense in Sp we deduce

c ,

Ae@) _ d(n A)
3 P s

' Let now A be an upper directed and dominated subset of S. Obviously we have

0(v A) > vo(A)
s 3 o

- -1 For the converse inequalily we consider an element u € .9p such that u S d(Vs A).
We have

.  t S V A ,  1 1 , =  V { r A s l s € A is s-s

s



Since u A s € S;, ancl u A.s ( s we gr:[

u :  ! { . s A u  l s  e  1 1 }  S  V { p ( , r )  l s  e  , , r } .
Sp S,o

The element u € 5p being arbitrary and ̂ 9p being increasingly clense in 3r, we get

a(vA)  S !o1a; ,  o(V A) :  V 0(A) .
S 5 " S r

Remark' 1. In the sequel we identify S with i ts image 0(S) in 5p. In this way
^9 becomes an .H-subcone of Sp.

For any balayage .B on 3p (or equivalently on sp)'we denote by B# the
balayage on ,S associated with B by

B#s: A{r  e S l r  > Bs} (V)s e  ̂ 9.

3' For any f € (S - .9)1 we have P/ € 3p. The assertion follows froni the fact
that P/ e (S -,S)1 and u A Pf € ^9p for any u € ,Sr.

rf f e (s - s)* we shall denote by Bt the balayage on 3p defined by

B f l -  A { ,  e  3 p  l ,  >  u A  ( n / )  ( V )  n  e  N } (

and we remark that in this case we have

Bfs :A{ t  e  S I  r  >  sn(n/ )  (V)  n  e  Ni .

Theorem 1.5. For any balayage -B on .sp and any s € s we have

B#s *  Bs :  PB#s -  BPB#s

Proof. For any s € .9 we put

Ls :: Ps * .B(s - pr)

Since B(, - Ps) e ^9p, B(s - Pr) ( s - ps we get

Ps * B(s -  Pr)  :  s A (Ps * B(r  -  Ps))  e ^g

On the other hand for any f e S such that

t - P t 1 s : ( s - p s )  + p s

there existg sr, sz € ^9 such that

t  -  P t :  ( s r  -  p s r )  *  ( s 2  -  p s 2 ) ,

s 1  -  P s 1  (  s  - P s ,  s 2  *  P s z (  P s .



l lerrcr:

B ( t -  B t ) :  B ( r ,  - p s 1 ) *  B ( r r _  p r r ) S  B ( r _ p s )  * ( s 2 _ p s 2 )

and thcrefore
B( t  -  P t )  <  B ( ' -  ps )  +  ps ,

Bs  =  V ig ( ,  -  p " )1 ,  e ,S ,  u  -  pu<  s )  S

From the above considerat,""r=Jl";Ps) 
* Ps: Ls

s )  "Ls )  B#t,  L(B#s) = B#s

and therefore 
B#s - Bs : p(B#s) - Bp(B#s)

corollary 1.6. For any balayage B on sp and any ,f € (s -.g)a we have

Bf < B# f .

2.  (S,?)-d i la t ion operators

In this section we suppose that T is an ff-cone and ,S is an ,F/-subcone of ?.
Definition. It Q : S -+ ,S is a (/.d)-operator on ,S such that

sr ,sz € t l  r t  a  sz - - i  
Qst  1r  Qsr j : r  s ,

and such that the set

Sq ': {r - esls e S}
is a solid subset of ? with respect to the natural order of ? then e will be termed an
(S,T) - di lat ion operator.

Remark 1. If .9 is an ff-cone and P is an /.d-operator on ^g which verifies one
of the equivalent properties a)-c) from Propositior, i.1 th"r, P is an (.g,?)-dilation
operator where T is the completion of the -H-cone,Sp. Moreover in tir;s case Sp is
increasingly dense on ?.

Remark 2. I f  Q. is an (s, ?)-di lat ion operator then e is an (s, ?s)-di lat ion
operator where 76 is the smallest naturally solid subcone of ? such that ^9 c fo

Theorem 2'1' Let Q , S - '  S be an addit ive, increasing an continuous in order
from below map such that

sr ,sz € ^9,  s1 (  s2 ==)  Qu,  1r  Qs217 s2.

Then the following assertions are equivalent: .
a) Q is an (^9, T)-dilation operator.
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b) Iror any elernent u € 7' such Lhat there exisls s € S for which Qt <ru ( s we
have u. € ,5.

c) Ttre sel ,9q defined by

S q : { s - Q s l s e S }

is  a so l id  subcone of  7  (w.r .  to  the natura l  order  of  7)  and for  any s1,s2 €,S we have

sr - Qsr 1 sz - Qs2 ---; sr - Qsr * Qsz g .9

d) There exists an (S, ?)-di lat ion operator Q1 such that

Q f 4 r Q s  ( V )  s e S

Proof .  a)  - . ;  b) .  I f  u  eT and there ex is ts  s  e,9 such that  Qt  <ru (  s  then
the element u -Qs belongs to T and we have u - Qs < s - Qs. Since,Sq is a sol id
part of 7 with respect to the natural order then there exists s' € 5 with

s ' - Q s ' : ' t i , - Q s <  s - Q s .  
'

Since Q is a localizable dilation operator on ^9 we deduce

'tt = s' - Qt' * Qs - s A (Qs * s' * Qs') e ^g

b)  + a) .  Let  s1,s2 € S and /  e  (S-S)*  be arb i t rary  and le t  u  betheelement
o f S - S d e f i n e d b y

't i ,  : :  s2 A (Qt, * sr - Qt, + Q f).

From hypothesis we have u € ? and

a s z l r u l s z

i.e u e ^9 and therefore Q is localizable dilation operator on S. It remains to show
that the set ̂ 9g is solid in T.

Le t  u  €  Tand  s  € ,Sbesuch tha t  u  (  s -Qs .  Le t  us  cons ide r thee lemen tso  € ,9
defined by

s o : A { s ' e S l u ( s ' - Q r ' }

Obvious ly  wehave u*Qso (  s ' for  any s '€ ,5  such that  u  1s ' -Qs ' .
Since ,S is an l1-subcone of 7 we get

u *  Q s o S  A  { t '  e , S  I  u  (  s '  -  Q t ' }  : s 6 ,  u  (  s o -  Q s o .

Obviously  we have u I  Qso€ ? and

Q t o l r u * Q s s ( s s

Hence the element sf := u*Qso belongs to,5 and we have

s i  (  s 6 ,  u -  s ' o - Q s o  <  s 6 - Q s i

I I



J'hr: last irrequali ty ir 'pl ics that sl ) .so 'ncl therefore s6 = 
"0. 

Hence u = s0 - ero.' l 'he 
rclal iorrs a) ==9 c) and a) -- d) are obvious.

c) :--- b). t,et u € ll' ancl s € 5 be such thab

Q s l r u ( s

The e lement  t  :=  u -  Qsbelongs to  T ancl  t  =  u -  es <s -  es.
l lence there exists s1 € 5 such that I - 31 - Qs1. From the hypothesis and using the
inequality

s r - Q s r ( s - Q s

we get

t t  :  t *  Q s  :  s r  -  Q s r  *  Q s  € , S .

d) =+ 6). Let Q, b" an (S,?)-di lat ion operator such that

Q p : - 7 e s  ( V )  s € ^ 9

and let u € T, s' € ,9 be such that

Q t ' 4 r u 1 s '

we have then 

ars, {? er, 1r u I s,

a n d t h e r e f o r e u € S .
For any balayage B on T we denote by fi# the balayage on ̂ g given by

B # s = A { r ' € S l s  > B r }  ( V )  s € S .

Obviously we have

Bs 1 B#s, B(B#s) : Bs (V) s e S.

Theorem 2.2- If  Q is an (.9,?)-di lat ion operator then for any balayage B onT
we have

B#s -Bs:  QB#,  -  BeB#s (V)  s  e  S.
Proof. Let s € ,S and let B be a balayage on ?. We put

u ' .=  Bs  +  QB#t  -  BQB#s

From the relalions

BB#s - ,8s ,  Bs  -  BQB#s:  B(B#s -  QB#s)  <  B#s  -  QB#s

and using the fact that Q is an (,9,?)-diiation operator we deduce that u € ,S and
-Bs ( u S .B#s. Hence u: B#s and therefore

B # s  - . B s :  Q B # t  -  B Q B # s .
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Corol lary  2. lJ .  I f '  t , ] rcr r :  ex is ts  an (S ' ,7 ' ) -c l i la t ion operator
f e (,9 - ,5')* arry balayagc /J on ?' we have

Q on 5 lhen for any

Bf < B#f  .

Proposi t ion 2.4.  I 'eL Q be a '  (s ,z ' ) -d i ia t ion operator  and
on T'. Then the lbl lowing assert ions are equivalent

l e t B b e a b a l a y a g e

a) ,B(s -  8s) = 0
b)  B#s  <  Qs
c) B#s :  QB# s
d)  B#s  -  B#Qs

( V )  s e S
( V )  s e S
( V )  s e . 9
( V )  s e . 9

Proof. a) ==a b). If s e ,S then the relation a) implies:

- B s :  B e s < e s .
Since Qs € .9  we deduce B#s 1Qs.

b) :+ c) and .) =+ d) follow from the fact that for any s € ^g we have

B#s  1Qs  <  s :=+  B#s :  A*p+s1  <  e@#r )  (  B#s

B#s:  eB#t  < es 1 B#s _ B#(B#s)  < B#e,  1  B#s.
The relation d) :.9 a) may be obtained from the fact that for any s € ,s we have
B s :  B B # s .

Theorem 2.5-.Let Q be an (S,?)-di lat ion operator and let Be be the greatest
balayage on 7 which vanishes on Sq. Then the balayage Bs is absorbent (i.e Bst <r t
for any t Q T) and for any s', s" € ,9 we have

s' S s" ==9 Bos/ jr Bos,t.

Particularly, if there is no absorbent balayage B on ?, B # 0 such that

s ' , s "  € , S ,  s ' (  s "  1  B {  1 7  B s "

then ,9q is increasingly dense in ?.
Proof. For any s € ,s we consider the balayage B"-g" on ? defined by

B " - q " ( u ) ' :  V  { z  A  n ( s  -  O r )  |  n  e  N }

since s - 8s € r the complement (t3]) B',-e, of the balayage B,-e, is absorbent
([1]). Moreover for any s',s,, € ,S we have

,  ( t '  -  Q t ' )  *  ( r "  -  Q t " ) :  ( r ' +  t "  -  e ( r , *  , , , ) ) ,

Br '  -gr ,  1  Bs,+s, ,  -Q(s,*s, , ) ,  Br , , -q" , ,  I  Br ,4r , ,  -q(s,*c, , )

and therefore the family (Bl-c,)".r of absorbent balayages on ? is decreasing. Hence
fhe map Bs : T -- T defined bv

Bsu :  A B'r-eru:  A B'r_qru
c€.5 s€,9
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is also an absorbenl balayageonT ancl rnorr:over we have Bo(s-Qr) : 0 for al l  s € S
and

s',s" e ,9,s'(  s" ---)  Bss' :  Bo(es') <r Bo(es"):  Bos" <. ' .s"

The fact bhat Bs is the greatest balayage which vanishes on ^9q follows from the fact
thal for any such a balayage B on T and any s € S we have

B(B , -q "u )  :  !  A ( , r1 ,  -  Qr ) ^  r )  <  \ f  nB(s -  Qs)  :  O
n € N  n € N

and therefore
B A B , - q r - 0

Hence, using ([1], [3]) we have

B:  B  A . I :  B  A (8 , -a "  v  B1_0" )  :  (B  A  B" -q " )  v  (BA B ' "_e ) :

:  B A B ' " _ 0 , < B ' r _ q "

and therefore, the element s € .9 being arbitrary,

B s  A B ' , _ e , - B o .
$ € 5

From the preceding considerations we see that Bo is in fact the complement of the
balayage V"6s.B"-q". If there is no trivial absorbent balayage B onT such that

s ' ,s"  € .9,  s '  1  s"  I  Bgt  47 Bs"

it  fol lows that Bo = 0 and therefore /:  V"es B,-e, which l iedes to the conclusion
that the convex subcone ,Sg is increasingly dense in ?.

Theorem 2.6. For any balayage B on ? which verifies one of the equivalent
propert ies a)-d) from Proposit ion 2.4 for a given (.9, ?)-di lat ion operator Q on S we
have

s', s" € S, s' ( s" --| B# s' 1r B# s" 47 gt!

Particularly if there is no trivial balayage ,L on ^9 such that

s',  s" € ,S, s'  ( s" + Lst 17 Ls" .(? s"

then ,Sg is increasingly dense in ?.
Proof. From Proposit ion 2.4 we deduce

s', s" € S, s' ( s" --+ B# s' :  Q(B# t ')  <, Q(B# t") 4 B# s"

s € .9 ===1 fr#s : Q(B# s) <r Qs {r s.
' The last part of the proof follows from Theorem 2.5.
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3 .  Ex i s tence  o f  ( , 9 ,9 ' ) -d i l a t i on  ope ra to rs

In this section 5'and ' I '  are lwo Iy'-cones such that S is a convex ff-subcone of ?. For
any balayage B on 7' we denoL<: by R# the balayage on S defined by

t s # s , : A f r e S l t 2 B s )

We want to construcl, under some suplimentary condit ions, an (^9, ?)-di lat ion
operalor on ,S.

Theorem 3.1. The fol lowing assert ions are equivalent:
1) for any balayage B on 7 and any f € (S - ,S)1 we have

2) ror any balayage B on ? and ::;::, .e)a there exists an elemenr t € r
such that: . B # f _ B f _ t _ B t

3) for any balayage B on T, any / e (s - S)* and any element s € ^g such that
/ < s w e h a v e

O < B#f -  Bf  <r t

4) for any finite family (f,)tr,, i S (s - s)*, any finite family (8,);.r of balayages
on ? and any s € ,5 such that I Bf f, S s we have

d € I

o s I(Bf f, - B;f) <r '
i € I

Proof. The relations 4) =a 3) ==+ 1) and 2) + 1) are obvious.
1) =+ 2). Let / e (s - s)* and let B be a balayages on ?. For any balayages

M on. the f/-coneTn, where

T B . . : { t - B t l t e ? } ,

there exists a balayage.Bl on 7,, Bt ) B, such that

M ( t - B t ) : B J - B t  ( V )  t e r

(see [6]) .
Since the element B#f - B/ belongs to ?6 - T6 it remains to show that M(B+y -
Bf)  S B#f -  B/ .  (see [3])

We have-,  using the hypothesis,  M(B#f -  Bf) :  Br(B#f)- ; t ,  Bf  S A{p*y1-
BrBf = B#f - Bf . Hence 1) +=+ Z).

1 )  ===+ 3) .  Le t  /  e  (s -s ) *  and le t  B  beaba layageon ? .  I f  ,  € .g issuch tha t
f < t w e h a v e

t -@# f  *  B f ) -  B t= ( t -  B t ) -  @* t -  B t )+  (B+ ( r  -  / )  -  B ( t -  f ) )
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i .e  thr :  e lernent  u := L -  ( lSt t  t  -  Bf )  -  /J l  be longs to  ' I 'B -  7 '8 .  We show now that
u €Te. Indeed, i f  we consider a balayage M on 76 lhere exisls a balayage [31 on 7',

& >_ B such that,
M ( t -  B s )  :  B 1 ( s - B s )  ( V )  s  €  7

and therefore

M(") :  Bt (u)  :  BJt  -  B# f )  -  Bt (Bt  -  Bf )  <

S Bf ( t -  B# i l  -  @t  -  B f )  :  B t t  -  B# f  +  B f  -  B t  < t  -  @#f  -  B f )  -  B t ,

M u l u

Hence u €TB. On the other hand we have u < t - Bt and therefore u + Bt € 7 i.e
t - ( B # f - B f ) € r .

3) :=+ a). We proceed inductively and we suppose that for any system (fr, fr,. . f")
of elements of (S - S)* and any system (Bt, Br, . . . ,, Bn) of balayages on T such that

n

LAf n ( s, where s € 5, we have
t = l

ft

'  s  -D ,E f  t ' -B ; f ; ) e r
.  t = I  I

L e t  n o w  { f r , f r , . . . , . f , , * r }  b e  a  s u b s e t  o f  ( S  -  S ) *  ( B r , B r , . . . t B n + r )  b e  a  s y s t e m
n*7

I of balayages on ? such that D nf n, ( s where s is an element of ,5. We have
i=1

n+1 n* l

r - I(gf f, - B;f;) e ? and we want to show that s - L@tt,- B;fi) is an
i=2 i=l

element of 7.
If we denote

n*1  n * l

"f = r - D@! t, - B;f;), u = s - Itgtn/, - B;f;)
i - l  i=2

and by r?/ the reduite of / with.respect to the f/-cone ? lhen we have

u e T ,  u : f  + ( B t f r - & f ) ,  u l f ,  u > R f .

On the olher hand for any o € (0, 1) we have

B " f > B " ( a R f ) : a R f

* where Bo is the balayage on ? defined by

t  eT,  Bot :  V n( t  Ang) ,  g  : :  ( f  -  o 'Bf )+.
n € N
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.  (scc [2 ] ) .  On thr :  o thr : r  l r ;urc l  we i ravcr

B,t( l t f  f  ,  -  Brfr)  = 0, IJrf  :  Bp ) BrRf >_ B1(aRf).
:.

From ttre relations
B " f > 8 " ( a R f ) - a R f

Brf > fu(aaf)
and using the fact that for any s € 7 we have

( B " v , B 1 ) s : ( 8 " " )  V ( 8 1 s )

it follows that
(8" v Br)f > (B"v B1)(aftl) > aBf

From the relation O 1 u - B# f, we deduce

(  B,v  Bt ) f  =  (Bov B1)(u -  Bt  i l  +  (B,v  Br) (Br l , )  S

< (B.v Br)#(u - Bt i l  -r  Bth: (B.v B)#u - Bt fr+ Br,fr  <

1 u - @ f f r - & f ) = f .

Hence for any a € (0,1) we have :

f > (B"v Bt)f > aRf .ir:'

and therefore f - Rf eT.
: Lemma S.Z. Suppose that

Bf < a*7
for any "f € (S - S)a and any balaya ge B on ? and we denote by Pn the map
P B : S - - - T d e f i n e d b y

P6s :: B# s - B# slurBs.

Then we have
1.  P6(s1 *  s2)  :  Pesl  !  PBs2
2. sr, s2 € ^9, s1 ( s2 --i Pssl 4y PBsz 3r sz
3 .  Pp (B#s ) :  PBs  Vs  €  ^9
4. Pn is continuous in order from below (i .e s; t  s,sr,s € S a pBs;f Psr)

For the proof see [4].
In the sequel, in this section we suppose that the pair (S,T) uerifies the following

two condit ions:
, a) Any increasing family of S, dominated in T is dorninated in S.

b) For any t1,tz e T such that
.t

f  € ( S - S ) + ,  f  < t ,  a f  < t 2

^ then t1 1 t2.
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Remarks. 1) if 5 is complete then the property 1) is verified'
;' 

2) The properly 2) is eciuivalent wiLh lhe following one: for any .t € T we have

I  c :  v { / i ( / )  l /  €  ( S - S ) + , /  5  t }

where ,R/ means the reduite of / in the y'/-cone ?.
Lemrna 3.3. Suppose that

f s B # f

f  e ( 5 - S ) * ,  f  < u = + P B f  3 r a

for any balayage B on ? then u € S.
P r o o f .  L e t / e  ( 5 . - S ) * ,  f  ( r ,  a n d l e t B b e a b a l a y a g e o r i ? .  l V e s h o w t h a t

B # f  < u .

Indeed, we have, by trypothesjs Prl 4j 'u,and therefole there exists u € 7 with

u :  u  *  p e f  .

Suirpose that  / :  g  -  I  where s , t  € .9.  We have

t , I

B#(, * t)  + v = B#sl.rBs - B+t/"78t + u

and lherefore
ts(, - t) + tsu - ts# rhBs - 6#7")"78t * Bu.

:
Hence we get

u *  B (s  -  t )  +  Bu  =  u  *  B# ( t  -  t )  ) -  Bu .

Since Bu 4u and s -  I  S u we deduce

R ( t - t ) < B u

and therefore
" , > R # / o - / \ . - R # f

w e s h o w n o w t h a t  

\ o - L ) - u  J

u  >  f i s ( / )  : :  A { s ' e  S  l s ' ?  / }

i t  is know" ([2]) that for any a € (0,1) we have
' , 1

l?'(/) = Bf (ns(/)) s ;tfttl

€ where A = (f - d/?s/)+ and tsf is ihe balayage on,S defined by

Bf  , '  = .A{s"  €  S  I  s '  >  s '  Anh (V)  n  e  N i .
a
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, \ 
If ,86 denote the following balayage on 7

B1"t '  : :  A{ i"  € T l t "  >- t '  Anh (V) n e N}

i then we have already remarked that tsf = 1nn)# and therefore:

1 ^ 1 , .  1
n'( / )  s ;nf tn:  

: (8h)#(/)  s :" ,

a?s (fl < u.

Since o € (0, i) is artritrary we get /?s(/) < u.
If we denote, for any g € ^9 - S,

,  t ( - q )  : n { t e  r l t 2 s }

obviously we ha,.,e n'k) < fttg and fi'orn the prccecling considerations we deduce

, :  Vi f t t ( / )  |  /  e (s -  s)+, . f  < u] <

,  5  V { n ' ( / )  l /  €  ( s  - , e ) + ,  /  S u }  5 , ,

u :  V i /?s ( / )  I  I  e  (S -s )n ,  f  Su )  e  ̂ 9 .

The above result is an extension of a simiiar one ([a]) given in t]re case rvhere.9
€ ahci 7' are sla.ndal'cl ,I/-cones of functions.

I{otqtion. Suopose that /3.f S B#/ for any / € (S - S)n and any balayage B

: on T. In tire follou'ing, for any s €,5, rve shall denote.by Ps th.e element of 7'given
by  

Ps : - \ ,6 {5- -Pe,s ; l l  f in i te ,  s ;  €  S , I rn  a  s , ,B ;  ba layage on?}t  u . *  r t  l z ! _ r '  ,

i e  t  te [

. 
Lernma 3,4. If s € S and u € T are such iha,t

P s { 1 u ( s

then u e S.
P r o o f .  I f  / €  ( S - S ) *  i s s u c h  f  . < u  t h e n f o r a n y b a l a y a g e B o n T w e h a v e

Pn.f <r PBs 47 Ps 1r u, PB'f 'S u

The assertion follows now from the previous lemma.
Corollary 3.5. For any s € .9 we have Ps € ,9 and

Ps l r  s .

I
Proof. Indeed. from fheorem 3.1 rve decluce

P s J T s
J

1 n
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i

and from Lemma 3.4 we get Ps €'S.1
Theorem 3.6. The above map P': 5 * 5 is an (5, ?)-di lat ion operator on ,S.

l r {o reo l -e r fo rany ( .9 ,? ) .d i l a i i onopera to rQon5wehave

P s J r Q s  ( V )  s e S .

,  Proof. By definif ion and by CorollaLy 3.5 we have

s1 ,s2  €  t ,  t ,  S  sz  +  P t t  3 r  Ps2  JY  s2 '

Fro* ([4], Theorem 2.8) ii follows that P is additive and continuous in order from

below. U.lng now Lemma 3.4 pnd Theorem 2.1 we deduce that P i,s (.9,?)-di lat ioir

operator on .9.
Since for any balayage .B on ,S we have

B#s _ Bs:  eB#, -  BeB#s <'7 eB#s <r e,  l

we deduce, from the definition of P6, that

PBs  4y  Qs

'and'therefore 
Ps '<r Qs.

Theorem 3.7. Let Q t ,9 ---+ .9 be a map rvhich is acldit ive, continuous in order

from below ancl such tirat

51,s2 € 5,  sr  (  sz *  Qr ,  1r  Qs2 ; -7 '  s2.

s T'hen Q is an (S, T)-dilation operalor iff for: any balaya,ge -B on ? and any s € ,5 we

have
B # s _ B s : e B # r _ ^ B e B # s .

Proof. If Q is an (5,?)-cli lation operator then from Tlieorem 2.2 wehave

B#s -  Bs :  e ts# ,  -  Be lS#s

for any s € S arrd any balayage B onT, Conversely suppose t l iat lhis formula holds

for any s € 5 and any balayage B on T. We have for any balayage B on T and any ,
s € S' 

84, -  Bs = eB#" - BeB#s jr .QI]#s <r Qs

and therefore

.  .PBs 
{y .Qs,  Ps J  Qs.

. Using 
'fheore m 2.7 the preceding inequality and, Theorem 3.6 we deduce that Q is an

1C ?\ -d i ia t ion operator .  on 5. ..  \ -

2A



4. On the unic i ty of  (^9,T)-di lat ion operato

In this section 5 and T will be ,ly'-cones such that ^9 is an ,Iy'-subcone of 7 and the

following are fulfiled:
a) Any increasing farnily in 5, dominated in ? is also dominated in ,S

b) For: any C1, tz e T such that

{ /  e (s-  s)* |  f  < t , , }  c { /  € (s -  s)*  I  /  s t , }

we i iave h 1tz

c) For any ,f € (,9 - S)1 and any balayage B on ? we have

Bf < B#f

In the preceding section we have proved that in the above conditions there exists

(S, ?)-dilation operators on ,9. Moreover there exists an (.9, ?)-dilation operator P

on ,S such that for any (.9, T)-dilation operator Q on 5 we have Ps ( Qs (or more

precisely Ps 47 Qs) for ai l  s € S. This remarkable (.9,T)-di lat ion operator on ,S wil l

be termed the minintal (S, T)-dilation operator on S.

In this secl,ion we deal ivith t,lie unicity problern for the family of (S, ?)-dilation

operators on ,9.
For the simTtlicity reasons we suppose tlt,at tlte I:l-coneT c:ontains suffic.iently nTan|

qu asi- c o ntinu o us el ent, e nts.

iVe remernber that an element u 6 f is termed quasicontinuous if for any increasing

family (u;); of T such that !1u1 LLi = 'tt we ha.r'e A;ur fi(u * ut) = 0 where .R means

tlre recluit,e opelalor o1 T. We say that T contains sufficieni)y many quasi-confinttous

elements if any element of S is the suppemum of the family of its cluasi-continuous

rninoranls.
Lemrn a 4.1. Let, C be an .Iy'-cone whicii contains sufficientlv lnany quasi-continrious

elenrents an<l let A : C ----1 C be an additive, increasing, continuous in order from

beiow mnp such l,liat

s1,s2 € C,  s t  (  s2 ===7 P(sr)  J  P( t r )  J  t r '

'Then 
there exists a recurrent balayage (t7]) B on C such that

'Proof. We denote

e ( s )  < B s  ( V )  s € C .

C s : :  { s  €  C  l p ( r )  : 0 }

Cr :=  { t  eC  l t y ' . s : 0  (V )  s  €  Cs i

Filst we show that if ,, g c1 ancl s2 € c are such that s1 ( s2 then st { sz'

Indeed, Iet  us put 
,  .  t

u  =  s 1  s 2 r  s l  -  5 1  * ' l L ,  s ' , =  s 2 - l I '

2T
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We hare s', € C1, s', s'z : 0, si S s':. Sinc.e g(si) { t'r, e(ti) i VF'r} J s', we

deduce e(ri) :0 and therefore si e Co fl Cr, s'r = 0. Hence sr = u { sz.
Now, for any quasi-continuous element s e C lve put

B '  -  V { ,  l t  e  C h , 5  r }  -  V { t  l t  e C t l  t  I  s }

It is easy to see that B is additive, incleasing and continuous in order from below.

since Bs 3 s then Bs is also quasi-continuous and .BBs = Bs. The map

s --) V{gt I  f  ( r,  f  quasi-continuous} --,F,

is a balayage on C rvhich extends the above map B and we have

_ 
s1r sz e C, sr S sz =:1 fr5, 3 Et, { s2r

ancl therefor" .6 i, a recurrent balayage on C.
Moleovet, for any quasi-continuous element s of' C we have

s - Bs, € Co, P(s) = V@s)

and therefore..p(s) { Bs - .Bs { s.
Theorem 4.2. Suppose that there is ne recurrent balay&ge on T different frorn

zel-o. Thep for any balaya,ge B on 5 which is an (5',T')-diiation operator we have

B = Q for any (,5,I)-dilation operator Q in 5 with

s  (  0 s  V s  €  S .

Proof. Let Q be a (,5,?)-dilation operator on 5 and B be a balayage on S such

that,
'  s 6 $ = : = 1  $ s < Q s '

Then rve have
B s :  8 2 s  <  Q ( B t )  4 7  B s

and therefore Bs :.QQJs) for any s € S.
We considep now the map M : T -. T defined by

M u : V t C ( r  -  B t ) l  s  - , B s  (  u ,  s  €  5 )

Since

, s , r " € . 9 , s ' -  B s  < t -  B t  +  Q ( ,  -  B s )  < r  Q ( t -  B t ) :  Q t -  B t  < r t *  B t

rve  deduce 
u ,u  €  T ,u 'S  11  f i  Mu 7 t '  Mu 1r  u .

Frorn Lemrna 4.1 it follows that there exists a recurrent balayage .L on 7'such that

Mu j7  Lu .

t : .

i .
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Using the hypothesis we get I' .- 0 and therefore It'l =0,

s  € S : : r  Qs - -  QBs:  l js .

Itemark. If B is a balayage on ,9 such that 513 '- {t - Rs I s e S} is solid in

7 then it foliows t,hat B is a (S,7')-dilation operator on ,5. Tlierefore the preceding

theorem sltovi's that if there is no recurrent balayage on T different from zelo and /"j

is a balayage on 5 such that .96 is sol id in I t ,hen any (,9, ?')-di lat ion operator Q on

.9 which dornitta.tes B coincides rvith B.

Corollary 4.3. I f  the mininral (5, ?)-di lat ion opera,tor P on ,5 is a balayage on

.9 and thele is no recurrent balayages on 7 then a.ny (5, T),dilation operator on ,5 is

cqrra l  u ' i th  P.
The fol lowing example show that the above theorem fai ls i f  we drop the supplementary

coudi t ion abotc ? ' .
Example 1. lVe considel an,H-cone.9 which is recurt 'ent ( i .e the natural order

coincides wit,h i ire specif ic order in S) and for any c e [0, 1] we denote b5r p" the map

P, : S -+ S defined bV P"5 : o. S. It  is easy to see that {,hc pair (,9,5) verif ies the

coldit icns from the beginning of this section and ihat P" is a ("9,  ̂9)-di lat ion operator

on  5  fo r  any  a  €  [0 ,1 ] .
VVe rcmarl< l;hat Po : 0 is the minima] (S, S)-dilation operat,or on .9 and that Ps

ancl P1 arr: bala; 'ages on .9. In this exa,rnple,9p" : 5 for any ry e [0,1) and Sp, - {0}.
The fol loiving erxanrl>le shorvs thal the a.bove coio)lary holds even if  the rninirnal

(S,'J')-cl i laLion operalor is not a bala,.yage on S.

Exainple 2. I ,cl ,9 be the //-conc of al l  posit ive, increasing and lolver semi-

cont . inuous.real  func i ; ions o i r  the open in te lva l  ( - '1 ,1)  o f  Ft .  lVe considcr  the map
p{o}  '  5  - - - r  5  rvherefor  any s , ;ubset  AC(*1, i . )  anc l  any.e € 5 rve l iave

B A s : A { t € S l t 2 s o n , , { } .

I t  is knou'n that .I l{0} is a iocalizable di lat ion operat,or on -( and .96101 is sol id and

inc leas ingl5 'd1.11"s in  the set  ? . 'o{  a i l  pos i t , ivc ,  rea l  funct ions on ( -*1,1)  such tha, t  the i r

rest,r ict ions to ( ' .-1,0] and (0, i)  are.incleasing a,nd lou'er sc:miconlinuous. We shorv

thaf any (5, ?')-di lat ioit  opcrator otr .9 coincidcs with BiOi.

Indeed,  u,e consider  the /y ' -cone 51 of  the rest r ic t ions to  (* i ,0 ]  o f  a l i  s  €  S and

l,he rrap 7 : .91 --u ^9r defined by

Tt :  e( I ) ler ,o l

wherc i  is  equal  I  on (-1,0]  and equal  l (0)  on (0,1).  Obviously ? ver i f ies the con-

ditions from Lemma 4.1. Since there is no recurrent balayages on 5r different from

zero we get 7t : 0 for any f € ,5r ancl therefore

Q ( o l t - ' ' o t  : o  v t e ' 9 r '

Lct  norv s  € S and le t .s1 i :  s l i - r ,01.  \Ve have

s < 5r -p B(o'i)s,
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Qt <t' Q("1) -; Q(B(o'l)s).
^ .   f  \ l

Since Q(s1)11-r ,o l  :  0 ,  B(o ' t )s l ( - r ,0)  :  0  we deduce

esl(_r ,o)  :  0

We consider now the ,H-cone ,52 given by

5 2 : * { s e 5 l s l 1 _ r , o t  - 0 i

It is easy to see, using the preceding consideration t,hat the inap s ----* Qs verifies the

conditions from Lemma 4.1 with respect to the /{-cone 52 and therefore, since there

is no recurrent balayages on ^92 different from zero, rve get

Q s : 0  V r e  S r .
. : l

Because B(-1,0)s {5 s for any s € ,9 we get j. }

s - f f ( - r , o ) s € , S z
;-

and therefore

8( ' )  +  8(B(-1 'o)s) .

Hence for any s, f  € S we have

s  :  f  o n  ( - 1 , 0 ]  = a  Q s  :  Q t

r znd therefore
s € S ==e Qs :  Q(B?I ,o ls)  J7 B(- t 'o) r .

S ince B(-1 '0)s  -  I l {0}s  on (0,1)  and Qt  -0 on (*1,0]  we have

As {7 B{o}5:

Let now P be the minimal ("9, ?)-di lat ion opera.{,or on S. It  remains to show t}rat

B { o } s : p s  V s € S

indeed if s € ^9 is a continuous frinction then there exists z €,S, u ( s such that

s - B{o}s : Lt, * Pu. From 6{o}t = 0 on (-1,01 and Pu < g{olu it follows that

)
s  :  , t - t r  on  ( -1 ,01 .

and therefore Pu = Ps. Hence

*  . e - ' . u , : B t o l s - P s ,  P s ; . y B { o } t

and therefores*u €,S. Because s is cont inuous wecleducethat u and B{o}s -Ps

€ are also continuous. From the fact that B{o}s - Ps = 0 on (-1,0] and that Bio}s is
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constante on (0, 1) rve deduce tha,t, B{0is-Ps is aiso consiante on (0, i)  and therefore
being conlinuoLrs is equal to zero. l lence

g(o), *- 7:r.

Theorem 4.4. Suppose that there is no absorbeirt balayages B on ? diflerent
from zero such that

sr ,  sz € .9 ,  s i  (  sz  t  Bs1 47 Bs2.

and that there exists a balayage ,Bs on .9 rvirich is a, (,9, ?')-dilation operator on 5.
Then ,86 is the only (S,?)-cl i lat ion operator on ,9.

Proof. Frorn hypothesis it follows that there is no recuirent balayages <rn ?
differenb from zero ancl therefore, using Theorein 4.2, asty (,9, T)-di lal ion operator Q
on ,5 such that Qs ) Bss for any s € S, is eqr-ral r,vii,h Bo.

To f inish the ir loof we shorv that Bs is the r; i inirual (,5,I)-di lat iorr operator- on ,9.
Let P be the rninimal (,9, ?')-dilaiion operator- on 5' and let s be an arbitrary

element of 5. We have s - Bs ( s - Ps and since the set ,96 is increasingly dense in j  :

? we can choose an increasing family (s; * Bs;);61 such l irat \ / ; .1(s; * Bs;) = s - Ps. ! '

On the othe.r hand the set ,Sp bcing a solicl subcone of f rve decluce lhat for trny i e .i
there exists d; € S such thal t ;- Pt; - s; - -IJs; and rnoleover taking, fol every i  €. I ' ,
the smallest element l ;  of S v, ' i t l :  the abovc property then rve deduce (see [ 5 ]) that
the family (f,)r.r is increasitrg and d<;milrated. b), s. If we denr:t,e I : Vie r f; rve gef

(Pt , ) ,  I  Pt ,  ( t ;  -  Pt ; ) i  1 '  t  -  Pt . -  s  - *  Ps.

Usiirg tLc fa,cl;  thal, s; *, i3s; :  t ;* Pl; r i 'e g,e1, J3i; == l3P'L; {br airy i  e / lnd thereforc,
passing; t,<, tho i ir i i tc l3t = .BPI, or cquivaienll l 'Bs : J3Ps. I ler:ce Bs d Ps i.e:
-i]s == Ps.

Let ,  non 'V:  ( \ /a)o>o b, ,  a  sr rbmarkovia.n resoivent  on a measurable space 6,$)
such that i ts init ial l<emel Vo: \ ' /  is bounded an<l absoluleiy continuous rvi l ,h: 'espect

io a f inite measrire /{"
It is know that in this case the conr.'ex cone t : f,u of all V-excc..sive functions

on X rvhich ale f inife V-a,.s is air 11-cone. I 'urthel we suppose that ty $eparates the
points of X conta.incs the posit ive constant funcl ions, is ni ln-stable and generates
o-algebra 6.

i t ,  is  knorv a lso ( [ l ] ] )  L i ra t  i f  c r  > 0 then the i ie : :ne l  Q:== aVo is  a ( t , t " ) -d i la t ion
operator on t rvhere to is thc .H-cone of al l  cr-excessive functions on X wil,h respect
'to 

V. In this case we havc
V f - a V " I / f - V o f

and thelefore the H-cone
t q :  { s  -  a \ l o s  l s  €  t }

is a sol id aud increasingly clense subcone of to.
Proposit ion 4.5. I f  thereis no absorbcnt, points of X rvith respect to t then any

(t, t")-di iat ion operator Q on t such that

a V ; s i u Q s  V s e f

q (
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coincides with a%
Proof. Let Q be a (6, t").dilation opeator on t such that

a V o s 1 6 . e s  V s € t

or equivalently
aWVf je.QVf.  Vf  efo. s .  J  J

We have .
W f :: V f - QV f <e"V f - eV"V f - Uof

for any f e Fu and therefore there exists g € Fo, g < I such that

w f  = w b  n .  v  f  e f b :

Hence

QVf  =v f  - v " (g ' f )=v " ( f  *av f  - s . f )  =  %( (1  -s ) f  +av f )  -  aw(e f  +v f )  i :
.  Y .

where . = ?. On the other hand if ft, fz e -F6 we have

V f, S V f2 ---; eV f, <e. eV fz

or equivalently

V f, S,V fz a 6f, *V f, 1 ef, * V fz V - &.s

We want to show that the set A ,: [e 2 r^ > 0i is V-negligible for any r. ) 0. In the
contrary case let  A* -  { r  e Al  l imo*- aV,( l )  (c)  = l } .

It is known that A* is a sub-basic subset of X and for any s € t, there exists a
sequence (/")" in F.u,, In:0 on X\A" such that (Vf^), is inceasing and

BA's :  sup  Z / "

We show that any $ e A* is an absorbent point. We consider c € A* and (U^)* an
decreasing sequence of natural open neighborhoods of u such that fl,,U" : {e}. We
take / , , r :  lx \u. . ,^ . .  Then for any g € fu such that g:0 on X\U" OA*,Vg <Vf,
we have

e g * V g S e f " j V f " .

and therefore
e g * V g S V f "  w i t h { / " n A ' .

luence such that gm = 0 on X\U- ff A' andVg^ | Bu^nA'Vfn.Let (g*)* be a set - = 0 on X\U- fl A' and V g^ I E
Since

Vg^ I  Vf*  on[JnnA*

and since
e 9 * * V g ^  1 V f ^  V r n  €  N
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we deduce that

i.e {r} i's absorbent.
From the hypothesis we get that A* is V-negligible for any r ) 0 and so Q - aV,.
Theorem 4.6. If there is no fine open singleton subset of X with respect to t

then any (t, t")-dilation operator on t coincides with aVo.
Proof. Let P be the minimal (t,t,)-dilation operator on t. We want to show

, that P - Q. We have
' :

P V f < e . Q V f l e . V f  V f e h .

and
v f = W(f + av f),  QV f = ?v;v f

Since PVf e t C to there exists 91 € fo such that
' \  

n r r  I  r r  |  \  /  r r  fPVf -V"{s t ) ,  g t  <aVf .

On the other hand the kernel W on (X,B) given by

l f  f  -  f

- :  
W f = V f - P V f ,  f e f a

: verifies the compiete maxim principle, W f e to and

w f = v " ( f + d v f - s i

But the kernel Vo verifies also the complete maximum principle and

w I : % ( 1  + a V | _ s 1 ) .

We deduce that

Wf  =  %( (1  *aV I -  s r ) . f )  V  f  e f o

and therefore for any f e ft we have

f  + " V 7 - g ! :  ( 1  + a V t  - 9 t ) ' f ,  V - a . s .

or equivalently
.  g t : a v f  - ( a V r - g r ' ) ' f ,  V - a . s .

" Hence if  we put e - VI - 
*gt we get

:  o ( e ,
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and thereforcVg^ r 0,

t  
- V f n

l J m a 0 1  g ^ S ;

V fn = 0 on U, n A.. Hence

.  f / - t  \  1{"}- L(T;rr")(') :o.1
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e f  S V f  V - a . s ,  V  f  e f u-  

' t t r ,  r r  l t r f  r \PVf = aV"(Vf - ef)

On the other hand we have, for any h, fz € f6 such that V fi 1V fr,

Pr/ fr ie. PV f,t  ,  J l  _ _ ) L a  t  ,  J Z

or equivalently
aV"(V h - ef1) <q aW(V fz - efz). ,: "

This relation is equivalent also with the following

-  V h = e h S V f z - e f z  V - a . s .

Since there exists a referenle measure pr, on X with respect to P and since t
generates 6 it follows that 6 is countable generated and therefore there exists a
V.negligible subset M of. X, M € 6 for which we have / ;

t .

e f S V f o n X \ M ,  Y f e f t  
'

We want to show that

" ,  e  = 0  
, V - a . s

Indeed let T - {r € X\M l r(t) > 0}. For any x €T we have

\  a /  \  |  t  a  -  ?v f ( " ) le (x ) f ( r )  V fe fu

and therefore
V(lr ,r)  2 ,(") .

Let now g e Ft be such that V g < Vl and such that g(r) = 0. We have

P(Vg) :e '  P(v t , ) .

or equivalently
Vg  -  eg  1VL ,  -  €L ,  V - -  a . s .

Hence
e ( ' )  <VL " ( x ) - vs@) .

Since
nx \ { ' }y1"  =  sup{v9  |  g  e  fo ,  vg  <  vLp1,g( r )  =  0 }t)

it follows
e(s) < v: , (x)  -  Bx\{ ' }v1,( t ) .

But :
VL ,  - ,3x \ { ' }Y1 ,  on  X\ {z } .

t t  .  I  I.  ( ' 1 .  n ' r l  L L ,  O  T , a - - - -  r L - L - - ^ t L ^ ^ : - . - . ^ - J ^ . J . - . ] ^ + L ^ +  - - l l .r.e. tcJ rs nne open with respect to t. From the hypothesis we deduge that e = 0
a n d t h e r e f o r e P : a V o . '
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The fact that any (t, t")-di lat ion operator Q on t coincides with a7* fol lows now
from the preceding proposit ion.

Remark. The assert ion of the above Theorem fai ls i f  instead of "there is no f ine
open singleton in X" we put "there is no absorbent points in X with respect to t".
We consider  X :  {1 ,2}  and

v f ( r )= / ( c )  + | t f t r l  + / ( y ) )  '  vn , y€x .

The associated resolvent wil l b" y: (%)">o where

v"f (,):  /(r) + ;.- i-  f  /(") 1/(Y))
1 r * o ) ( 2 4 + l )  \  2  )

We have
t  :  t v :  { ( r ,  , xz )  |  r t , rz  )  0 ,  r r  S  \xz ,  xz  I  b r t }

t r  = tv,  = {(rr ,  xz) l  xt r2 }  0 l  r ,  < 25n2, x2 125x1i  ,  .

and the map I : t - t defined by

Q V f ( , ) : t ; A t + , 2 f @ t f @ .

is a (t,81)-di lat ion operator on t such that

and Q * vr. 

QV f 3eu' VV f

5. 
-  

The compression operator associated with a (S, ?)-di lat ion operqtor

In this section .9,7 are two ff-cones as in the preceding sections ahd Q is a given
(.9, ?)-di lat ion operator on ,5. We intend to extend Q to a map 0 , D(Q) --+ T where
D(Q) a sol id convex subcone of ?, containing S such that @ is addit ive, increasing,
continuous in order from below and such that

and to shorv that for u € D(q we have

Proposition 5.1. Let us denote bV Q the operalor on ̂ 9g := {" - Qu I s € .9]
defined bY 

a(, - er) : es - e'r.
Then @ is additive, increasing, continuous in order from below and

s -  Qs < t  -  Qt  +Q(r  -  Qt)  <rq\  -  Qt) .

u , u Q D ( Q ) ,  u I u a Q u J r Q u .

u € ^ 9 g Q u 1 T u .
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Proof. By definition we get immediately that Q is additive and that

s - Qs < t - et. ==+ 0(r - er) <rQU - et).

Let now (rr - Qrt)rer be an increasing family in 5q sr.rch that

r ) r ^\ / ( s ;  Qs ; )  - s -8s .
,Jt'

We denote by sl (resp. s') the smallest element in ,S such that

s i - Q s ; - s i  - Q t l r , t - Q s = s ' - Q s ' .  ,  , ,

We know that
si - Qs; ( rj - Qri + si 5 sj S s'.a _ J  _ r  _  _ j

If we denote by t' := Vter sl we get t ( s' and :

V(r, * Qsi) - t - Qt : s' - Qs'
iet

Hence s' ( t, s' = t,

" 0(r - er) :QG'- 0r') : es, - err,,

Q'i I  Q';  Q"i I  Q" ' .

 " Qt'r) * Qtt'r - Qti.  V(s;  _

we get

VQ(' l  -Q' i)  + V8": -  !e '1,
iel iel iel

V g(ri * eri) * e'r, * es,,
i e t

\  t 7 ,

V Q(r' - Qs;) = ! Q(sl - Q'i): Q(' '  - Q' ') - 0( '- Q').
i e l  :  i € I

Corollary 5.2. If we denote

then D(Q) is a solid convex cone in T, Se C D(Q) and

u ----' 
,*y=,0(' 

- Q")

is a map from D(Q) in ? which is additive increasing, continuous in order from below
coincides with @ on .9g. We denote also bVQ this map and we have

a )  u r ,  
" z  

e  D ( Q ) ,  u t  1 u z  1 Q @ )  < r Q @ r )

D(Q) '*  { ,  € T I  I  u €T,  s -  0s (  u ==+ 0(r  -  8r)  < r i
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b)  S C D@) and Qs { r  s ,  Vs €,5.
Remark. The map Q ir u compression operator on ?. Hence the set

T(Q), :  { ,  e D(Q) I  Qu Jr  u}

is an -Fl-subcone of 5 with .S c f (Q) (see [a]).
From nou on ue suppose that the set

^ 9 o : = { s € 5 1 [ Q " s - 0 ]
a€o

is increasingly d,ense in 5 where O is the first ordinal number which is not countable
and where Q' is defined inductively by Qos : s and

Qor :0 (  A  Qpr ) .
A<a

Remark. If ^9 is a standard I/-cone then there exists a balayage B on ,5 such : i

i .thai
B s =  A Q " "

a € O

for any universally continuous element s of .9 and therefore ,Bs : Q(Bs) for any s € 5
or equivalently

B s  1 Q s .

for any s € ^9. Hence the fact that ^9o is increasingly dense in ,5 follows from the fact
that there is no balayages .B on .9, different from zero, dominated bV Q.

Theorem 5.3. I f  ^9o is increasingly dense in S then Qt - Qs and [he set

{s - Qsls € ^9o } is increasingly dense in ?.
Proof. We have inductively, for any o € fl and any s € Ss,

and therefore

.  s -  Q " s = D @ u t - Q Q P t ) )
0<a

Qt -  Q"*tr  :  I lQo*tr  -  Q(QP*tr) ] .
A ( a

Hence for any s € .9 there exists an increasing family (s; - Qsi)i€r in Sq such that
s; € ,So and such thai

V ( r r - Q r t )  - t
i € /

V 8 ( " r - Q r ; )  >  Q s -  Q " * t s  V a  €  O .

V 0('r - Q'i) 2 Qs
i e t

i€ r

Since a is arbitrary in f) we get
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A(r )  2  V0( ' '  -  Qs ; )  2Qs,

Ar : Qr.
The equality @s : Qt for any s € S follows from the fact that ,5o is increasingly
dense in S and from the fact that Q and Q are continuous in order from below on ^9
and respectively D(Q).
We have, for any u € T,

\  l t  .  \, : , Y r , , n r ,

. Because .9q is solid in ? it will be sufficient to show that for any s € ^5 there exists
an increasingfami ly (rr-Qrr)r61, where s;  €.9a such that V,er(r ; -Qs;)  = s.  From
the first part of the proof it follows that this assertion is true if s € ,Sc . The general
assertion follows from the fact that ,9o is increasingly dense in S.

Theorem 5.4. Suppose lhat ,9o is increasingly dense in ,5. Then for any u € . " '
-  t .D(q we have

u € S s Q y l r u .

Proof. Let us denote

r@),:  { ,  € , (0) lQ" 3r "} .
Suppose ue f (Q)  andthere isnoc '  e  f (Q)  suchtha t  u -u  € f@)  andQu =  u .S ince
u -Qu € ? then from Theorem 5.3 there exists an increasing family (s; - Qsi)ier
where s; € ,So and

V ( t r - Q s i )  : u - Q u .
i € /

Since A*en Q"s; - 0 i i  fqllows that

I f  we.put 
,r , :  V r ,
i € /

w e g e t s ( u a n d
s - Q s - u - Q u

Since there is  no u €T(Q),  such that  u-u €f (q)  andQu = u then weget  u  (  s
and therefore

u : s r  u € ^ 9 .

Suppose now that u e D(Q) is such that @u = u. For any s € ^9o we. have
s ef (Q) and therefore u A s € 

" (Q) .  
S ince Qt :  Qs i t  fo l lows tha l

A 0 " " : o

s ;  *  Qs;  (  r j  -  Qt i  Su  -  Qu:+  s i  (  s ;  (  u .

a € O
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and therefore there is no u € T(Q)wiih u ( u As such that @u = u. Hence u A s is
as in the first part of the proof an so u A s € S. On the other hand

L ! , :  !  ( u n s )
r€So

a n d t h e r e f o r e u € ^ 9 .

A. Complete ff-conesl The complection of an f/-cone

In this section we develop the notion of complete ff-cones and the procedure of
completion of a given -H-cone. In the frame of hyperharmonic cones the same problem
was studied in [8] and [9].

Definit ion. Let ^9 be an /I-cone ([3]). A non empty subset a of ,S is cal led a
Cauchy Jamily if a is a solide subset of .9 (with respect to the natural order),.4 is
upper directed and for any s € ,5 we have

/  / / 1  r  r \
A  ( V ( ( : t ) n ' ) l = o

, .6$.  \ reo \ \n  /  /  /

Remark. it is easy to see that for-any s € S the set 5 given by

'  s , - { t € S l t J s }

is a Cauchy family on ,5. In this particular case the Cauchy family 5 is bounded and
s = V 5 .

Definition. An f/-cone ^9 is termed complete if. any Cauchy family of ^9 is
bounded.

Theorem 6.1. The dual of any f/-cone is a complete.F/-cone.

Proof. Let ,5..be the dual of the,H-cone S ([a]). Without loss of the generali ty
we may suppose ([9]) that S. separates ,S.

Let a be a Cauchy family in S- and let p be the functional on ^9 defined by

p r ( s )  : : s u p { z ( s )  l u  e c r }

Since a is upper directed it, follows that pr is additive, increasing and continuous in

order from below. On the olher hand from ([S]) it follows that for any n € N, d € ,5.
and any s € ,S with 0(s) ( oo there exist sf ,  si e 5 with

/ 1  \  / / 1  \  \  / / 1  \  \
s t+s ;= , '  ( ; r )  ( , t )  +  0 (s \ ) :  ( ( ; r )  ne )  ( ' )  =X( ( ; , )  ne )  ( ' )

l l 0 #0 and s € S is such that d(s) > 0 then there exists i €,S, n € N such that

t  S s ,  
'0  

< d( , )  (  co,  ( * r )  ^  0( t )  <  d( t ) .

Indeed, in the contrary case we have, for any , € S, t ( s with 0(l) < oo

I t

o( t ) - ( ( ; , )  ne)  r r r  :X( ( ; " )  no)  r t )
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and therefore

n(e - ( , I r )  na)  i ry  :  sup{ ( t  -  (Lr \no)  1,y I  u € .e,u (  s}  -  Q
\  \ n ' l  / "  

^ - \  
\ n ' l  / '

If we denote
/  / 1  \  \

rn:= 
.R (a - (:r) n a)

we have rn € S*, (r ')* is increasing, rn 19 and

B <  ( t r )  A o + r n
\ n /

From the fact that a is a Cauchy family we get

/ 1  \

A  ( = r ) n  d : 0 ,  0 <  V r , , ,  r , . ( t )  : 0  ( V ) t ( s w i t h 0 ( t )  < o o
,,iN' \n / ,,€N

and therefore d(s) : 0 which contradicts the hypothesis. Hence for any s € ,S and 
' :

any 0 €,S- wi th b(r)  t  0 there exist  n € N*,  t  €,S, t  (  s such that 0(t )  <oo and 
i '

(*r) n ou)'< o(t)
I lencc taking tT,ti € ^S such that

t i  + t ;  -  r ,  ( l r )  ( ,1)  +  0( t ; ) :  (1r )  ̂  g ( t )  <  0( , )  -  o( t i l  +  0( t ; ), \ n , / \ L l  '  \ "  
\ n ' /  

\ /

we deduce the existence of fT € ,S such that

, l  s " ,  o < o(r?),  p(tT) < no(t i )  (  oo.
' 

Let now s € S be arbitrary and let us put

A : : { t e S l t < s , p ( r )  < o o }

.. Obviously A is a solid and upper-directed subset of 5 and for any t € A and any
n € N we have (nt) n s € A. We denote

, : Y  A  :

and we have (nr) A s = r.for any n € N'. Hence B,s: r where B, is the balayage

on ,5 given by
B,u= !  ( (n r )  nu)

n€N

We want to show that r : s. If (8")' is the complement of the balayage B" ([3],

[1]) we have
(8,) 'u 1 u,  (8,) 'B,u :  0,  (B,) 'uV B"u :  u

for any u € S. To show that r : s it will be sufficient to prove that (B')'s = 0. Let
Bow ss 1- (,B")'(s) and suppose that s6 I 0. Then there exists u e S' such that

0 < z ( s 6 ) < o o .

34



If we put 0 :- (B',)'z we get d(se) : z(ss) and therefore 0 < 0(sq) ( oo. From the
first part of the proof we find ,0 € ,5, ts ( ss and ns € N. with

f I \

\ ; ' ) ( 'o )  
<  o( to)

Obviously ts 1 r and therefo re B,t'o: fo. Since

B''to < to: B'(td

it follows that:
B'rto - @'rto) B,to, B,B'rto: B',to

0 - B'rB'B'rto - B''to, B''to - 0

Hence from the equality 
;

o _ (8,,)_o
f l

we get the contradictory relation 0(10) > 0.
befinition. Let S be an arbitrary ,Ff-cone. The completion of ,S is a complete.[/-

cone 3 such.that 5 is isomorphic with a solid and increasingly dense convex sub-cone
of 3.

Remark. The completion of .9 is uniquely determined up to an isomorphism of

.F/-cones. 
r

Theorem 2. For any f/-cone there exists its completion.
Proof. Let .9 be an .ff-cone and let us denote by C the set of all Cauchy family

in ^9. For uny 
:lb-e 

C and a € R+ we put

a * b , - { r * t l s e a , t e b }

e . e . : : { a s l s e a }

It is easy to see that a * b, aa € C and the map

(o, b) ----* a * b

is a composition low on C which is comutative, associative and o is the neutral eiement

of C with respect to this low. The following relations are obvious too:

1 . a = 0 , ,  a ( a * b ) : a a + a b

(a + fla = aa * get 
"(go) 

- ("al)a

for all a,P € Rs and a,b e C. For s,l € 5 and a € R+ we have also

s T T - s + t ,  a s - a ' 5

s ( l s 3 C i
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r In C we consider the following relation

a Sb€S ($ s € a :==+ s - v{l € b I t S r})

Obviously we have

and for any s) t € .9'

'  a , g l a  a 1 b

s ( t < _ + F < t

Moreover, if. arb € C then
' - . .

'  t  |  -  .  =  z  t \a 1 b s = a ( s  Q q 1 3 S b ) .

It is easy to verify that for any a)b,c€C.and a,P € Rs we have

a 1 b + a , * c ( 6 * c

a 1 b + a a 1 a b

We have also the relation
\

a * c <  b +  s ' 1  a S b

I

Indeed, if we suppose a * c I b* c-then we deduce inductively that a * nc 1 b + nc
I  .  -  i r r  r  r r  r '

Ior anv rz € N* and therefore

a S b + 1 ' ,
n

Hence for any s e. a we have

1 1
t  -  V { ,  * ; , l z  €  b ,  u  €  c , , u +  : u  < . s } .

Since the set 
1 1

{u + :u I  u e b,  u € c,u + au (  s}

is upper directed we deduce
'l I

t  -  V { t  A  (u  *  ; r )  l "  €  b ,u  €  c , i  *  ; r  S  " }  S

\ l {s  n lu lu e c}
Y I  Y \  

N

r and therefore the element c being a Cauchy family we get

A 1/ \  ( V ( s n : u ) )  : 0 ,  s = V { t A u l u € b }
a6fr [ '  u€c '  o

f ?

( V )  n € N '
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,
{  H e n c e  a S 6 .

We denote by "-" the equivalence relation on C given by

-a r .def. /o ' - b + 5  a ( - b a n d b ( a

If (o,),., is a family in C then we'consider the set

a : : { t e S l f { a i  ( V )  ; e / i

One can easely verify that a is a Cauchy family and

'  a S a ;  ( V )  i e l

:  b € C , b < a ;  ( V ) i € I + b S a '

The above element a of. Cwill be denoted Aier a; and it represent the greatest minorant : I
, 

'----; 
^^:'"f; -i ',^t^ 

"^',,^of the family (a;);er in the preordered set (C, ()' We have t '

A o ' + b S  A ( o ' + 6 )  ( v )  b e c
ie l  i€ I

t ' .

. and we shall prove that the converse inequality holds. Let for that t be-a1 element

o f  [1 .1 (a ;+6 j .  Forany i  €  y '  wehave lso t *band i f  wecons ideruo €  Sdef ined by

o : V { u € b l u < t }  '

- then to S b and rve can show that

R Q - u o ) < o ;  ( V ) i e  I

. Indeed, since t I a;* b for all i e .[ we deduce that for any i € / there exists an

. increasing family t*i + 0i)^.n with ai € ai, g\ € b with' - - - . / t - " t A -

.  t = V { ( " 1  + B \ ) l ) e  A }

' 
Sin ce 0\ < us for all i € /, ) € A we deduce

t -uaS V{ " i+p i  l ' \  e  A }  s  V { " i  e  o ,  l a l  <  t }  ( v ) i  e  / '

n ( f  - r o ) 5 V { " 1  e  o ,  l a ' ; S t }  r y ) ; e  f

H t - u o ) < o ;  ( V )  i e lr u \ s  * v ) : * r  \ " / - -

If we consider now n € '5 such that

t - R ( t - u 6 ) * r
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" then r ( us and therefore t < u ( b' Hence 
'

e  I - E G - ; J + r < A o , * a
i € I

' a

Let now (b,),., be an increasing family in C which is dominated in (C,l). We put

b : = { t € S l ( l )  i e I ; ; < 6 i }

It is easY to see that b € C and

b i S b  ( V )  i e l

'

c € C ' , e 2 6 ' ( V ) i e I + c 2 b

The above element 6 is denoted by V;er 6; and it'is the smallest mijorant of the family ! ;

(bi);Er in the preordered set (C, S)' for any c € C we have i :

V ( a ' * ' )  < ( V b r )  + c
.  

:  
ie l  i€I

. \
Now we consider a,b e C such that b S o' We put

R ( o - b )  : =  [ { c  e C l a  S  b + c }- - \ ' -  - /  ,  \ \

We have
R ( o - b ) S o ;  a 1 b + n ( a - b ) '

We want to show that there exists a' e C such that

a - R ( a - b )  + a ' .

Let s € S be such that 5 ( a and let C €'5 such that I S b'

We Put
rs,r r= ,R(s - t), r'r,t = s - rs,l

The family ("",,),so is decreasing and ("",,)isu is increasing in s. we have

s = rr,r  * r ' r ,r , t  S Ar", t  * Vt l , ,
ts6 156

. i

^  -  r , - \ /  , i - .f s ,b  :  / \ rs , t r  f s ,b  =  
V  7 's , t

r€b rcB

it follows that the family (r",0)r=o (resp. ("1,u)uS" ) is increasing (resp' decreasing)

'  a n d w e h a v e  r r \ ^ r c ; z ^
s :  r s , b  * r ' r , b  ( V )  s  e  S , 5  (  c
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Hence

'and therefore

Obviously we have

5:  i - " ,b*r - ' " ,6  (V)  s  e ,S,5 S c

Vs-  Vr , ,o*  A '1 , ,
5(a 53o sSa

o -  V F
5Sa

t q

and if we put c' :: fu<b r'",6 w€ get

.  o . -  V  f , , 6 *a ,

"-So

,  \ r ,  \ / - ,  t LV ' 1 , , = ! r i , , < b' i < b ' i

a n d t h e r e f o r e  
- \ t - , \ t -  , lo S  V 5 (  V r , , u f  b , , R ( o - b ) >  V t , , u .

Let now c € C be such that a < 6 + c. For any s € S with s ( a we have 5 1 b * c

and therefore there exists two increasing families (t1)1q1, (rr)re,r where tr € b, ux € c

and
\  |  t ,  \s -  V ( l . t + u ^ )
t€A

-  
t aI f  we Put I  := Vr t^,1r = V. lur  we have

s . = t * u , [ 3 b , u 4 c

Hence
'r,r = $ - ft(q - t) = t - Itr - t; ' '",u St' f"6 1 c'

V f,,b S c, V ",,, 
< R(o - 6)

3So 354

and therefore

V 0",, - R(a - b), o- E(o - b) - o' '
5So

From the above considerations we deduce that the quotient space Cl - i" an

ff-cone with respect to the addition operation and multiplication with positive real

numbers induced by the same operations from C' The map

s - + s

from ̂ 9 into C I - is an order preserving morphism. since for any a e c we have

o - V,.. t it iollows that ,S is increuririgly d"nre in C I -. obviously ,S is a solid

sibset it Cl -. Let now g be a Cauchy family in Cl -' We put

a { = [ J { a l a e d }
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Since the familY (a)"ee
S i n c e a n y o € C i s ' s o l i d
show that for anY s € .9

This assertion maY
in the following waY

follows that A is
A is also solid in

upper directed in 5.
5. It remains only to

is upper directed it
in S we deduce that
we have

A
n€N '

be obtained from the fact that 0 is a CauchY familY in C f -

(,y,^(; ' ))  =o

A[,G^
Remark. In [8] is presented a scheme for a completion of an 'Fl-cone in the

cathegory of .on"r'oi hyierharmonics. Such a completion was realised in large in [9]'

Urinitfri, type of completion one can construct also a completion of an /I-cone in

the cathegory of ,F/-cones-
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