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ABSTRACT

An input-output  l inear  l ime-vary ing d i f ferent ia l  system wi th homogeneous
jump Ma.rkov pararreters and mean sqlrare exponential stable evolution is
considered.
We def ine a fami ly  7( l ) ,1  )  0 of  l inear  bounded inprr t , *out ,put  operators.  I t  is
proved that if sup Il7(t)l l  ( 7 then a pararrtetrized b.y r differential Riccati type
system hzus a unique g lobal  bounded and stabi l iz ing solut ion.  An appl icat ion
to the estimate of a st,abil ity radius is giv,:n.

1 .  INTRODUCTION

It  is  wei l -known [1] ,  t3 ]  t7 ]  that  the input-oulpuL operators p lay a cruc ia l  ro le
in the characl,erization of the stabil i ty radii  of sorne l inear delerrninist ic and
stochastic systems. The relationship bet,rueen the contractivennes property of
the input-output operator and the existence of a global bounded stabil izing
solution of a nonstandard paralnelr ized lt iccati equation has been explored in

[3 ] ,  [ 4 ] . [ 6 ]' Ihe pulpose of this paper is bo derive such results for input-oulput l inea,r
t ime-varyi ng diffelential systems with j  urnp Markov pertr irbat, ions.

A family T(t),t  ) 0 of l inear bounded input-ouiput operators is associated
to a t ime-varying l inear control system with jump Markov parameters.

It  is proved tha,t i f  sup l l?(l) l l  < f then a colresponding parametrized by 7
differential Riccati [y'pe system has a unique bounded and slabil izing solul iorr.



In  the last  sect ior r ,  an appl ica l ion to  the es l inrate of  a  s tabi l i ty  rad ius o[ 'a
differr:nt ial system r.vi lh jump Markov paraineters is given.

A paramet,r ized rtonstandard qua,dra,t ic probk:m for input-output l inear
t inre*var-ving dif lerential systenrs with jr-p Markov perturbations is a]so dis-

cussecl.

1. NOTATIONS AND PRELIMINARIES

The fol lowing notations wil l  be used throughout this paper. R" is the real

n-dimensional space. B(R") is the family of Borel sels in R '  R+ is lhe set

of nonnegative real nurr- ibers. I f  X is a matrix or a vector. X- is the tra,nspose

of X. lAl is the opera,tor norrl  of the matrix A. H >- 0 means tha,t f /  is

syn-rmetr ic  pos i t ive semidef in i te .  I  is  the ident i ty  matr ix .
By 5 we denote the space of al l  n x n symmetric matrices and by 5d we

denote the spa,ce of all
H  :  ( I I Q ) , . . . ,  H ( d . ) ) , f l ( z )  e  S .  I f  H  €  S d , l U l  :  m a x { l . r / ( z ) l ; i  e  D } .

w h e r e  D :  { I , 2 , . . . , d } .
In  th is  pa l )er  {9 , f  ,P}  is  a  g iven prr ,babi l i ly  spa,ce;  lhe a, rgumenl  u , '  €  Q

wil l  oft,en not be 'ruriLten.

If .S g f by Xs rve denote the indicator function of the set 5.
Er denotes er:pectation of the randorn variable r.
I l  9 is a o-algebra of subsets of 0, Q c f by E@19] *" denote the con-

d i t ionai  mean (expectat ion)  of  r  wi th  respecl  to  g;  Ef r f t r ( t )  :  i ]  denol ,es

expectation condit ional on the event w(t) :  i .
Throughorrt this paper, u. '( t), t  > 0 is a r ight continuous homogeneous

Ma.rkov c i ra in  wi lh  s taLe space the set  D :  {1 ,2, . . . ,d}  and probabi l i ty  t ran-

s i t i o n  r n a t r i x  P ( t ) :  [ f ; r ( r . ) 1  
-  e Q t , l  >  0 ;  h e r e Q  : 1 q , , ]  w i t h  f  Q ; i = 0 , i e  D

J =  |

a n < l  g ; 7 > 0 i f i l j
In  th is  paper  we assume that  ; r ;  =P{u: (A) :  i }  >  0 for  a l l  i '  Q D-

Therefore, since p;;( l) ) 0 for al i  i  > 0 and z e D (see [2]) from the

elementary inequal i t .v  P\ut ( t ) :  i ]  2  n,poo( t )  i t  fo l lows that  P{ t r ( l )  :  i }  >  0

for all I ) 0 and i e D.
Throughout this paper fro.,, t  2 lo is the smallest o.-algebra containing al l

se ts  ̂9  €  f  w i th  P (S) :0  and  w i th  respec t  t o  wh ich  a l l  f t r nc t i ons  u (s ) , l s  (

s ( l a r e m e a s u r a b l e .
By  de f i n i t t on  f7 :  f o . r , t  >  0 .  Fb r  eve ry  l o  )  0  Ay  L ' ( [ l o , * )  x  O , r t - )

we denote the space of al l  measurable functions u : l ts,oo) x Q -- ,H"' with

the propert ies: u(t) is measurable wjth,respect to the o-algebra f7o,1for every

t ) to (i.e. u(r) is f10,1-adapted) and I tl l: fuQ)l2dtlr(to) = il < oo.



As usual ly ,  two measurable funct ions u,u: l ts ,oo)  x  f )  - -  R* are ident i f ied

if tr :  u a,. e. (almost everywhere). Thus, since for ever"v t ) to ) 0 the

o-algebra T_101 contains al l  sets S € f with P(S) = 0 i t  is not drff icult to

ver i fy  that  12( [ lo , "o)  x  f ) , .R ' ' )  is  a  Banach spa,ce wi th  the norm

i l , i l=  €r '

. r
t  r . , t )  r , t  t \ '

l u l t ) 1 "  d t l t t ' ( l s )  :  2 1  I
I

Moreover L'( lro,oo) x 0, f i-) is a real Hilbert space with the inner product
)u roo

1u,u ,=  Ln l  I  u- ( t )u( t )d t l r ( lo)  :  i l .  Obvious l -v  a(10) l lu l l '?  <
i = l  

r t o

E [ff lu(t)l'?dt
min  P {u ( tn )  :  i }

1 < i < d- 
gv L'(lro,Tl x Cl, R^),7 ) le we denote the Banach space of all mea-

surable and f6,1 adapted, , € [t0, T] functions u : [to,T) x f) -- R- with
d r T

I r l  I  l " ( t ) l 'zdt lw(ts) :  i l  < oo
i = l  

J t o

2. STATEMENT OF THE PROBLEM

Consider the fol lowing l inear control system

UP =  A( t , t u ( t ) ) r ( t )  +  B ( t ,u , ( l ) )u ( l ) , 1>  0
dt

( 1 )

and t ire output

v ( t )  :  C ( t , w ( t ) ) x ( t )

where A,  B,C ar-e nxn)nxTn)PXn,  respect ive ly  rea l  nrat r ix  va lued funct ions

ancl u(l) is a control vector.
' Ihe soiutions of (1) are random processes which verify with probabil i ty

onc the corresponding inlegral equation.
' fhroughout  th is  paper  we assume that  A(1,  i ) ,8( t , i )  and C( t , i )  are con-

tinrrous and bounded on ,R..,. for every i e D.
We consider also Lhe l inear system

d r ( t \
i i  

:  A( t ' i , , ( t ) )u (1) '  I  >

By X(f , ls) we denol,e the fundamental (random)

wi t i r  system (2) .
It is easy to verify that

lx( t , to) l  S ea( t - to)  for  a l l  I  )

0 (2)

matrix solution associated

rco
I
to

l o ) 0



w h e r e  r ,  :  s u p i l A ( t , i ) l ;  I  >  0 , i  e  D j
If /0 > 0, zs € -R" and 'u : [ls, oo) x {I --+ [1.'" is a nteasurable and integrable

fu r r c t i on  on  eve r , v  se t  [ 1s ,7 ] x f ) ,  T  )  t oby  xu ( t , l o , ro )  wedenoLe  lheso luL ion  o f
s -vs fem (1 )co l respond ing  to  the  con t ro l  u ,  w i th  x :u ( to , l o , zo )  -  ro i r , , ( ' , 16 , i r : s )
is a continuous process ( with probabil i ty one ) a,nd by the variat ion of con-

sl,ants formula we have

v^,(to,rs, i ,u) :  n[ [* Uvu(t, to,ro) l '  -  f l t t ( t) f)atfu1to) -  z],16 ) 0,
J t o

rg € Rn, i  €.  D,u e L2([ to,oo) x 0,  n-)

where 1 is a given positive number and

y u ( t , t o , r o )  :  C ( t , w ( t ) ) r , ( f  ,  / 6 ,  z 6 )

In t,he r,rxt section rve shall  see thal i f  lhe system (2) is exponential ly , lz-stable.

then y, , ( . ,10,  ro)  e  L2( to,oo)  x  n, , r ' )  and therefore I / - , (16,  rs ,  i ,  u)  (  m

81 'de f i n i t i on  7 . ,110 , : x6 ,u )  :  t  V ' . r ( t o , r6 , z , t r ) .  I n  t h i s  paper  i ve  so l ve  the
i = 1

problem:
Given arbitrary, but f ixed lo ) 0 and re € f i",  f ind 0(16, 16) e Lz([to,oo) x

Q,R:)  such that  7- , (16,  xs, i ,u)  S V( to, rs , i ,A( tg , rs) )  for  a l l  i  e  D and a l l

u  e  Lz ( [ t s ,oo )  x  0 ,  R - ) .
Obviously, if 0 has the above property then

tr lo ,16,0. ( t6 ,a 'o) )  = max{  t - , ( to , ro,u) ,u  € L2( l t l ,oo)  x  0,  R-) }

In the determinist ic case the above nonstandard parametrized quaclratic

problem has been st,udied in [+].
ilhe standard quadratic problem for linear differential control systems with

jrmp Markov perturbatiotrs has been discussed in [8], [9].

3 .  INPUT-OUTPUT LINEAR BOUNDED OPERATORS

Def.n' i . t ion 1. We say that the system (2) is exponentia, l iy .Lz-stable on [16, oc)

i f  there ex is t  p  )  1  and a > 0 which depend on 16 s t tch t t ra t  EI lX( f ,s) l2 lu ' (s)  :

i l  < Be-"\t-") for al l  s 2 ts,t ) s arrd i  e D.

Def;,ni. t ion 2. We say that the s,r 'stem (2) is exponentia, l ly .L2-stable i f  i t  js

exponenbial ly trz-stable on [0, 'co)

r u ( t , t 6 , r o )  :  x ( t , t s ) r o  +  [ '  x ( i , s ) B ( s , t u ( s ) ) u ( s ) d s , l  )  i 6  ( 3 )
J t o

Now, we consider the cost



T'hen:
a)

F I
J J L

Frorn Proposi t ion I  in  [8 ]  i t  fo l lows that  the systenr  (2)  is  exponent ia l ly
1,2 -stable i f f  there t:xist 6, ) I  and a > 0 such t l iat

E l l x ( t , s ) l ' ? l t o ( s ) ]  3  g t t : - a ( t - " ) a . e .  f o r  a l l  s  )  0 , 1 )  s  ( 4 )

Proposit io n 1. Sup"Stose that the systent (2) is erTtonential ly L2 *stablc.

There erist.s r: ) I such that

/ -  '  r r 2  , . r  . 1  ,  , ,  
' *

I  l r . ( t , , to ,  /o) l ' td t lw( to)  :  i l  <  c( l ro lz  + t t  I  lu ( t ) l '?dt lu . ' ( ls )  :  i l ) .
J  to  J tO

f o r  a l l  r o €  R n , l o  )  0 ,  u € L z ( l t o , o o )  x  Q , R - )  a n d ' i e  D
6) ,gg El l r , ( t , lo ,uo) l ' l r ( lo)  -  i l  =  0  for  a l l  lo  )  0 ,  rse Rn,

u e L2(l to,co) x R*) and z € D.
Proof. From the proof of Lemma 3 in [8] it follorvs that

E| I , ' ,  X ( t ,  s)B(s,  u. ' (s))u(s) dsl2lw(ts)  :  i ]  <

=U*q l ,u ; t r - . )1u(s ) lzds lu , ( to )  :  i l ,  
(5 )

i f  /  >  l r  )  l o ,  u  €  L2 (Uo , l ]  x  C l , ,R - )  anc l  i  e  D  where  p ,  :  s r rp { lB ( t , i , ) | 2 ; t  2
0, i  € D] and fu and a are the constants in the inequali ty (4). Now, let

i o  2  0 '  xs€  R" , i  e  D  and  u  e  L2 ( [ t o ,oo )  x  9 ,R^ ) .  Bv  us ing  (3 ) ,  (5 )  and  the

F'ubini theorein we have

l ;  I  rr  @ u(t, lo, ro ) l2 dt lu:(ts) :  i ]  < 2 EI t ,? |  x (r ,  /0) l2 lr  gl2 dt lu,(to ) :  ; ]  +
+2 I f  i l  f :^X( t ,  s )B(s,  u , (s) )z( -* )ds l2 lw( ts)  :  i )d t  <
9 Q  

-  - n . R . ,  
r o ol l ro l '  +  8  Y+ |  EI l tz ( t ) l ' l r ( ro)  :  z )d t

cY Qo Jh

ancl thus the assert ion a) is proved.
'Io prove b), for every e > 0 iet f, ) ls be such that

o r *

t  s f  I  l " ( t ) f  a l u 1 d :  i l  <  .
-  

' J t ,

Since

t , ( t , t , , , r o )  :  ^ ' ( t . t , ) - z : , ( l u . / 0 ,  r o )  +  [ t  x ' ( 1 ,  s ) , 8 ( s ,  t u ( s ) ) u ( s  ) d ' s .  t  )  t ,
J t c

by making usc of (5) we have for t ) t ,  and i € D

A A , )

El lx , ( t , lo , ro) l ' l r ( rn)  :  t ]  s  2E[ lx( t ' t , ) l2 l r , ( t , , lo , ro) l ' l r ( lo)  :  i ]  + ' :y#z€



On t f r t :  o l ,her  har t< l  fo r  t ,>  t , .X( t , t , )  i s  n reasurab lc  rv i th  r t rspecL lo  t l - re  o -

a, lgebra gerreratr :d b"v {r i ' ( ,s) ,s )  l , } .  I {ence, by using (4) and the Markov

proper ty  o f  the  process  u . ' ( t ) ,  (see  [2 ] )  we can wr i te

t I lX (1 ,  t , ) l ' l r , ( l , , l o ,  16 ) l2 l t r . ' ( t 6 )  -  i ]  :
-  E l l r , ( t , ,  lo ,  ro) | 'z  E l lX ( t , t , ) l ' l f  , , ] lu ( /6)  :  ; ]
:  E l l r , ( t , ,  t  o ,  r  o)12 El l  x  ( t , t "  )  |  2  l tu  (  t ' ) l  I  t r '  ( to ;  :  ;1
3  13 f - " f t - t " )  E l l xu ( t , , f o ,  zo )12  l t r ( t o )  :  ; ]

Hence ibr I ) l" and i e D we have

El l r , ( t , fo , ro) l ' l r ( ro)  =  t ]  <  2prs-c ' ( t - t " )E l l . , ' ( t ' , lo ,zo) l ' l t ( to)  :  i ]+  U* ' ,

i fak ing I  - -+ co one get ,s , l jgg[ l t " ( / , ls ,16) l ' l r ( to)  -  i ]  :0  and thus lhe

proof is complete.
Uncler the assurtpLion of Proposit ion 1 i t  fol lows that

ru( . , to , ro1 e L21j to ,  co)  x  Q,  f i " )  i f  u  € L ' ( l t r ,m)  x  f i - ) .

Thus, under the assumplion of Proposil ion 1, we can define t l i* rol iowing

Iinear bounded input-output operators:

7(16)  :  L t ( l ro ,oc)  x  f l , f i - )  - ,  L ' ( to ,oo)  x  CI , f ip) 'Jo 2 0,

by

(? ' ( t q )u ) ( i )  :  Uu ( t , f 6 ,  0 )  :  C ( t ,w ( t ) ) X  (  l ,  s )B (s ,  u . ' ( s )  )u (s )  ds , t  ) -  t s

Rcmark /. If the system (2) is exp,rnentially "trz-stable, from Proposition

I  i t  fo l lows thai  sup l lT( t ) l l  < oo
, \ ^

Proposit ion 2. Asstttne that the system (2) is etponential ly L2-stable and

suppose that for euery, > 0 the transit ion ntntrb P(l) is a double stocha.stic

-o,ir ir .  
' fhen the functiort l-- l l?(l).Jl is monotonical l 'y decreasing on RF.

proof  Let  t1  )  t6  )  0  and u e 7 '2(U1'oo)  x  Q'R^) .  Def ine C: l t11.co)  x

Q - - .  R^ by A( l )  :  u( t )  i f  I  >  11 and t t ( t , )  :0  i f  I  €  [10.11) .  obv ious ly

0 ,  €  L2 ( [ l o , - )  x  f ) ,R - )  and  (? ( r ' ) t ) ( l )  : 0  i f  I  e  [ t 0 ,11 )  and  (7 ( ' 0 )A ) ( l )  :

( 7 ( t r ) u ) ( i )  i f  t >  h .
Since u(t) is measurable with respect Lo f1,,1 by using the iVlarkov property

of the process tu(l) we have

d

E I  lz ( t  )  l2 l f  t , )  :  Et l  r ( l )  l ' t  l . ( t '  ) ]  :  I , t  w( t  )= i  E[ lu( t ) l '  1 , , ' ( t '  )  =  j ]
l = l

l L

I
J to



IJencer

E | u ( t ) l ' ? l r o ( t o )  : ; 1
t l t t

:  D f= ,  paQ,  -  t s )E |u ( t ) l ' l r ( t , )  :  j l  , i  €  D ,

Therefore, s ince

i lail '

Lhe Fub in i  theorem.  we have

1; r1 to )a l l '  :  l l 7 ( t1 )u l l?

l l r ( r1 )u l l  s  l l r ( ro ) l l  l l a l l ;  l l 7 ( r , ) " l l  s  l l7 ( r0 ) l l  l l u l l

; l  -
L )  -

\
u ( r ) l ' ? l t o ( t ' )  =  J l d ,  

)/
\ d

r l . l r ) t p ; , Q t - t o )
/  ; = t

j l  :  l l " l l '

d

L p t t ( 1 , - t o )  
- r , i € D b y

- r @

: )_-f [  |  1., , \ t ) l2,t t1-1to1 :
' t .

J  I \

d  / d  t r c
s - l ( . -  t: L l L p , , ( l ' - l o )  |  E L I
' -  \ ;  

r t l

)* / t c { )

:  I  (  /  E l lu ( t ) l2 lu ' ( r , )  =
; - r  \ J I l

* r @

:  L,  El  I  lu( t ) l 'zdt lu(r '  )  :
r - l  

J l l

Sinri lariy

FIence

'Iherefore

l l r ( r , ) l l  < l l7(ro) l l
and the proof is complete.

Corollary 1. {Jnder the assurnptions of Proposition 2, we haae:gfl l l"(t)l l  :

l lT ( to ) l l  fo r  a t t  lo  )  0

Proposition 3. Assune that the system (2) is erponentially L2-s.table and
supl lT(t) l l  < r .  Then V^,( ts,u0, ' )  :  L2( l ts,oo) x Q,R-) -- -+ R is a con-
r>0
tinuous concoue function and for euery ts
a u,n ique u( ts , rs)  €  L ' ( [ to ,oo)  x  n,R^)  such that  max{V^, ( to ,xo,u) ;u  €
L'(ro,oo) x Q, R:*)\ :  t^,Uo,rs, u(ls, 16)). Moreouer t lzere eu'sts q > 0 such

tha t l l u ( t s , ro ) l l  5  q l r s l  anda  <V1 f to , r s ,u ( t s , zo ) )  S  q l ro l2  fo r  a l l t o> .  0  and

ro € Rn.
Proof. The idea of tbe proof is lhe one in [6]. Let s e (0,1') be such

tha, t  supl l f ( r ) l l '  <  12 -  e .  Let  ls  2  0, ro e R and u € L ' ( l ro ,oo)  x
r ) 0

Q , f t - ) -  W e  h a v e  y , ( l , l o , r o )  =  C ( t , u ( t ) ) t , ( t , l o , z o )  =  C ( t , u ( t ) ) X ( t , f o ) r o  +
( r ( t 6 ) u ) ( t ) , t ) t o

Def ine  zh ,xo( t )  :  C( t ,? r ( r ) ) -X( l , lo ) ro '  t  )  to



Eviclerrt ly zto,, ,o € L'( l to, oc) x Q, / i ' ) ,  l l " ,o,,o l l  S at lz6l and

h( to , ro ,u ) :  l l z ,o , ,o  +T( tdu l l z  -  l ' l l u l l '  :
: <  R ( io )u  ,u  )  *2  <  u ,  (T (16 ) ) *  r , o , , o  >  * l l r r o , "o l l '

where R(10)  :  (7( to) ) .?( t6)  -  12 J( to) ,  (?( fo) ) .  be ing the adjo in t  operator  and

J( /s)  is  the ident i ty  opera l .or  on the Hj lber t  space L. ' ( l to ,oo)  x  0,R-) '

S i n c e | | ( r ( r o ) ) - 7 ( t o ) l l S | | ? ( t o ) | | , < l , - 6 , | | - g ( t o ) ) " " ( t o ) | | <

operaLor  /?(16)  is  inver t ib le  and ( /?(16)) - t  i t  a  l inear  bounded operator  def ined

on whole space L'( lro,oo) x Q, R*) and also we have

<  R (16 )u ,  u  ) ' - - r l l r l l ' ,  11a1 ro ) r l l  2  e l l u l l , l l ( s ( t o ) ) - ' l l  S

Thus V-r(to, t0, .) is a continuous concave funct, ion and there exists a unique

u( tq, ln6)  e L2( l to ,oo)  x  { t ,R*)  namely u( ts , l ,6)  :  - (R( tg) ) -1(?( le) ) .zro, "o

such that lhe equaii ty in the statement holds.

Obviously  l / ( ts , rq ,u( ts ,  us))  :  -  (  (^R( te)) -1u( lo ,  ro) ,  u( ls ,  os)  > + l lz6, ,o l l2

where u(ts, rs) :  ( ' f  ( ts))- z16,,,e , alrt . l

l l r ( l o , ro ) l l  S  l r5 ' l t o l , 0  <  %( ro ,  t s ,u ( t s , ' o ) )  <
. L

s ilail 'ul' + 6?l"ol'

Thus,  th .  prooi is  comple le.

4. MAIN RESULTS

In order lo prove Lhe main results in this paper we need some auxiliary results.

Consider next, the sYstem

# 
:  A(t ,u. ,(r))r( t )  + /( t ) ,  t  > 0 ( 6 )

where the random process /(t) is r ight continuous. f;a.dapted, I > 0 and f rs

also bounded on ever.v sct [0, T] x f l ,  T > 0. For le ) 0' rc, € R' by,t:(t ,10, r ' ,r)

we denoLe thr :  so lut ion of  system (6)  wi th  r ( ts , fo ,  ro)  -  ro iu  ( ' ,10,  zs)  is  a

colt inuous process (with probabil i iv one) and by standard way one can easiiy

show that  r ( t , to , rs)  is  bounded on every set  [16,?1x0,  T ]  to .Since to( l )  and

/(/) are r ight conbinuous processes one can obLain easii l ,  that wit,h probabil i ty

one we have

I
l , l o  )  0

i im
h - 0
h > 0

= A( t , t r . , ( t ) )z ( t , lo ,  zo)  +  / ( t ) ,  t  2  to  (7 )

8

r ( t  *  l r . t o , xo )  -  r ( t , t o ,  ro )



Lernma I. I f  u : R,, x .R" x D -* R is a ft tnction of Ct class in (t,z) €

Ila x R for euery i, € D then

E l u ( t , x ( t , t s , r 6 ) ,  u ( l ) ) 1 . ( l o )  -  i ]  u ( t o , r s , i )  :

= E r [ ' { o u '  /  '
' ' , .  ' * ( ' s '  r (s '  /o '  ro ) '  u ( ' * ) ) *  

^

* [c " (s ,  16 ,  rs )A- (s , r .u ( r ) )  +  / ' ( t ) ]  # r t ,z (s ,  
f s ,  rs ) ,  t r , , (s ) )+

d

*  !u (s ,  r (s , l s ,  zo) ,J )g - ( " ) ; )ds lu ( ls )  =  i l , i  €  D, t  > - :  to
J - ^

Proo f  .  Le t  t s  )  0 '  r o  €  R , r ( t )  :  t ( t , t s , re ) ,  and

G; ( t ) :  E fu ( t , r ( t ) , r -u ( t ) ) I . , ( t o )  =  i ) , t  >  to , i  e  D

We can write

G i ( t  *  h )  -  G ; ( t )  :
=  E f ( u ( t a h , r ( t * h ) , r u ( t  + A ) )  - u ( t , r ( t * h ) , w ( t  +  [ ) ) ) | t l l ( t o )  :  i ] +

+E[ (u ( t ,  x ( t  *  h ) ,w ( t  +  h ) )  -  1 ) ( t , x ( t ) ,w ( t  +  f r ) ) ) l r ( t o )  -  i ] +
+-E[(u( t ,  r ( i ) ,  ru( i  +  A))  -  u( t , r ( t ) ,  to( t ) ) ) l r ( to)  -  i ]  :

=  n t?( t ,  h . r ( t  +  h) ,w( t  +  h) )h lw( to ;  :  i l *-  
" ' A t  \ S z ' a )  - \ "

+El(r( t+ h)  -  , (q) '#$ c( t )  + 01,1,(x( t  + h)  -  ' ( t ) ) ,  w(t  *  h)) lu. ' ( t6)  :  i l
d

+Et ( I  u ( t ,x ( t ) , i )X- (+ i l= i  -  , ( t ,  c ( t ) ,  to ( t ) ) ) l to ( to )  :  i l
; - l

with t .< (,, i, < f + h,7r,r. e (0,1). On the other hand by the Markov

property of the process u(l) we have

d

Ett u(t ,r( t) , j )x-s+t1=i l ,rr , ' ( to) -  i l  =
a - l

d

:  g l t  u( t ,x ( t ) , i )E l^ : -u+h1=,1F,) l r ( to)  -  i | :
" - IJ - t

d

-  g I I  u( t , r ( t ) ,  j )E lx*u+ay=r lu . ' ( t ) ] l , r ( lo)  -  i l :
.  J - t

d

:  I  Efu( t , r ( t ) , i lp -u, r (A) l t  ( ts )  =  i ]
r - l

d

Et( t  u ( t ,x ( t ) ,  j )X- ( t+ i l= j  -  u ( t , r ( l ) ,T r . ' ( t ) ) ) l r ( to )  -  i l  :
j = 7

g t  
t  { u ( t , r ( t ) ,  j )  -  r ( t , c ( t ) ' t o ( t ) ) } P - p y i ( h ) l u ' ' ( t o )  : ; 1

j * u t ( t )

Hence



d

Since P(A)  :  eQh and 
Dr , ,  

:  0 , i  €  D,  by us ing (7)  and the Lebesgue
J = L

bouncled col ' )vergen(:e theorem one gels

l ^

l *  i [G i ( r  +  h)  -  GJt ) ] :  E[ {  #r t ' r ( r ) '  
tu( r ) ) *

h > 0

+ ( r - ( t ) A . ( t , u ( t ) ) +  f . ( l ) # ( t , r ( l ) , t o ( t ) ) +  ( s )' ' d x
d

*  f  u( t ,  , ( t ) ,  j )q-a1; ) l t r ' (16)  :  i l
j = 1

Further, since the process u.,( l) is continuous in probabil i ty (see [2]), by virtue

of the Lebesgue bouncled convergence theorem one concludes [hat for every

i e D the function G;(t) is continuous'

Consequently, according to (8), the equali t ies in the statement hold and

thus the proof is cornPlete.
Now, let us consider the fol lowing differential syslem of R.iccali  lype

d '  , , r ,  a a / ,  ' \ t . / / r : \  
d

ht tu , i )  +  A . ( t , i ) I { ( t , i )  +  1 i ( r '  i )A( t , i )  +  p  t { ( t ,  j )q ;1+
t = 7  ( 9 )

C -  ( t ,  i )  C  ( t ,  i )  +  y  2  I i  ( t ,  i )  B  ( t ,  i )  B "  ( t ,  i )  K  ( t , i  )  :  0
, > 0 , i e D

Proposition /1, Ass'urrt,e that the system (2) is erponentially L2-slable' If I( :

[0, *) x D -, S is a bounded solution of (9) then

V',(to, l,s,i,u) : z.6l{ (to,i)xo - Etlff lTtr(l)-

- ] -  B" (r ,w(t)) l i ( t ,u( l ) ) r , ( l , lo,  co) 12dt lw(to1 :  ;1
^l

fo r  a l l  xs  €  R, i  e  D, to  )  0 ,  and u  e  L 'Q!o- , ' ro )  x  Q, I i - )
p roo f .  Le t rs  e  Rn, to  )  0 ,  T  )  to ,u  e  L2( [ lo ,oo)x f ] , .R- ) .  Le t  / i ( t , i ) .1>

0,2 6 D Y:e a symmetric bounded solution of (9). Employing (3) we deduce

easi ly tha. t  thereexists pr( t ' ,7)  > 0 such that l r , ( t , lo,ro)12 3 9t( to,7)( l rs l2+

!irl"(t)l2dt) for all /s < t < I ' . Firstly, we assunre that Lhe functiott u ts

fJ, ,")"a on [ ls,oo) x f ) .  Def ine u6 :  [ f6 'oo) x Q - '  R^,k > I  by u1( l )  :

k [ '  1 , . u(s)ds. Evidently that ua(l) are coltinuous, bou'ded a',d ft-
J m a x { t -  ; , l o }

n. fT

a,dapted processes and bi,' the Lebesgue theorern we have 
ohl3 J," lrtr1) -

u,(t)lzdt = 0 and thr:refore bv using lhe Lebesgue bounded convergence theorern

we get

) . . -o t I  l . ,o ( t )  -u ( t ) l2 r l t lu ' ( to )  -  i ]  :0  fo r  a l i  ie  t )

1 0

( 1 0 )



On tbe o lher  t rand i t  is  easy to  ver i fv  lha l

sup  l . * ( r )  -  x , ( t )12  <  t l r l t o .T )  [ t  l r r ; , ( l )  -  t t ( t ) l z r l ' t  ( 11 )
, o  ( l  ( ? '  J t o

where  r , ( t . 7  :  r u ( t . t s , r6 )  and  . r k ( t )  :  auo ( t , l o ,  ro )

Now,  app l , l , i ng  [ , emma,  l  f o r  l ( t )  :  B ( t . u ' ( l ) ) ' t r 1 ( t ) , i  )  l o , t ' ( 1 , , r ' i )  :

x -K ( t , i ) r ,  t  €  R+ , r  €  Rn , i  e  D ,  and  tak ing  i n t , o  accoun t  l he  equa t ions

(9)  we obta in

Elx iQ) l i ( I ' ,w(7 ' ) ) tk( I ) lu . ' ( ls )  = i )  -  z i / ( ( te .  i ) :16 :

:  -EI f I ( lc ( t ,  u . ' ( t ) ) r * ( t ) l '  -  12 l "k( t )1 ' )d t lw{ t )  :  z ]

-  E l  f I  d"  o( t )  -  
i  

u-  ( t ,  w( t ) )  I {  ( t ,u . ' ( l  )  ) re  ( t  )  l2  d t l tu  ( t )  :  i ) ,  i  e  D

Ry us ing  (10) . (11)  and tak ing  k  - *  oo  in  the  above re la t ions  one ge ts

Elr iQ)I{(T,w(7'))r , ,(7) lu(to) -  i l  r [K (ts, i)r6 :
= - Et t ; :  ( lc ( t ,  ut,( t))  r , ,  ( t  )  l '  -  t '  l "( t) | '?)dl I  u(t0 ) = t  ) l
-  Et I I  l t  "  

( t)  -  !  B" ( l ,  tu ( i  )  )  /{(  t ,  w(t))  x,,Q)12 dt lw (t i l  :  i ]
( 1 2 )

f o r  eve ry  i  e  D  and  u  €  l , ( [ t 0 .m)x0 ,8 " )w i th  thep roper t y tha , t  u  i s  bounded

on [16, oc) x f l
Further, in the general case, let us define 0t : [ts, oo) x f) -- R^ by

A t ( t )  :  u ( , )  j f  l ' u ( t ) l  <  A  and  06 ( t )  =  0  i f  l u ( t ) l  >  k .  Obv ious l v  | t r ( r ) l  <

l " ( t ) l , k > 1 , t l t o' fherefore by t,he Lebesgue col)vel'gence lheciretn we have

l im r l f  [ '  l r ,o(t)  -  u(t1l2drlr i , ( to) :  i ]  = 0, i  e D
l _m  

.  
J t n

Let  ' r ( t )  -  r ; r (1 ,10,16) .  S ince for  every k  2 1,0t  and i6  ver i fy  the

col responding equal i ty_(12)  and inequal i ty  ( i1)  we can conclude tha ' r  (12)

ho lds  i f  i e  D  and  u  e  L2 ( l t o ,oo )  xQ, ,R* ) .  F romPropos i t i on  I  i t f o l l ows t ,ha t

r ,  e  L2(Vo,oo)  x  Q,R*)  and l im Ef l r "Q) l ' l r ( lo)  -  i l  =  0 ' i  e  D.
' lherefore taking T -- ,n in (12) we obtain the equali t ies in the st,atement

and thus the proof is complete.
In t,he fol lowing we sha.l l  discuss a parametrized cluadrat, ic conlrol problem

or r  a  f i n i l e  ho r i zon
We associzrbe t l te Performatrces

I I . , (7 ,16,  : rs ,  t , ,  u)

t o 2 0 , T l t . 6 . r s

- r;'l I-  L l  I-  
J t n

€  R , i

( ly , ( t ,  /0,  ro)  l '  -  ^ . r ' lu( t )1 '?)dt l 'Lu(te) = z l ,

€  D and u  e  Lz(Vo,? ]  x  0 ,R- )

l l



Proposition 5. urtder tlt,e assumptions of Proposition (3), for eu€ry'r > 0,
t lLt: syrntnetrir:  solution h'7(L,i) ol s'ystenL (9) wtt l t ,  l i l ' (T',2) :  0, i '  € D ,s

deJined for al l  I  € [0, T] and i e D and has t l te properl ies:

a)  I {^ , (7 , tu , t :g ; , l t ,1 ' )  :  x6I i r f to . i ) ro ,  H-r (7, to ' ro , , i ,u)  < x .6I i7Qo, i ' ) ' ts  fo ,
o , t t i  e  D  and . ' , , ,  e  L2 ( [ t o .? ' ] xA .  R^ )  where i lT ( t )  :  ' ' t - ' 13 . ( t , u ( t ) )K7 f t , ' u r ( l ) ) i ( l ) '

t  € l to,T) and i(t), t  e l to.7' l  is the solution of the sustem

: :  :  lA ( t , , . , ( t ) )  +  yz  B ( t , u ( t ) )8 . ( t ,  w ( t ) ) l { 7 ( t , t o ( t ) ) l r ( t )
A L

and i(t) :  ro(i lr  depends also on ts and rs)

b)  0  < I {7( t , i )  Sq I  for  a l l0  < I  <  T,T )  0  wi th  some q }  0

c )  I { 7 , ( r , i )  <  I { 7 , ( t , i ) f o r a l l 0 < t l T r < 7 2 , i e  D

Proof. Let ts ) 0 be such that the solution I{r of (9) is defined on

[ t o , ? ]  x  D .  L e t  r s  €  R , u  e  L 2 ( l t o , 7 ]  x  0 ,  / ? - )  a n d  r , ( t )  :  x u ( t . l s , r o ) , t  6

[to, ?]. Since t{7(t,z),t  € l to,Tl, i  e D verify equations (9), by using the same

rea,soning as in the proof of Proposition 4 we have.

H . , (T , to , xo , i , u )  - -  r [ l i 7 f t s , i ) , o  -  E l  [ '  l l u ( t ) -
J L o

L B. U, w (t1) x, ( t ,  ut ( t))  r ,( t)1'z dt lu: ( t  o) :  i ' ) ,  i  e D
1

'Ihr_rs, since i l7 € L2(to,7] x 0.f i-) the proof of the a,ssert ion a) is corn-

p lefe.  Norv,  f rom a)  i l  fo l lows that  r iKT( ts , i )xs)  H^, (T, lo , r0, i ,0)  > 0,  i  €

D , ro  € .  R .  Hence  K r ( to , i )  >  0 ,  i  e  D .
Further, define u7 : [t6,oo) x f] -- ,R- as follows

uv( t1  :  u r ( t )  r t  I  €  [ t0 ,7 ' ]  and u7( t )  :0  i f  I  >  7 '  (13)

Obviously ur € Lz( l to,oo) x { l ,R*).  By using Proposi t ion 3 a,nd a) we

have )

r | {7( t , r , i ) r ,  < I  "n 
K7(. ts,  j ) ro < V",( to,  rs,u7) < qlrol '

J _ L

I lence 0 I  K7( ts , i )  S q l , i  e  D and s ince g is  an absolute constant  the so lut ion

I(.r o{ (9) is defined on [0,?] x D and the assert ions in u), b) hold. I t ,  remains

only to prove c). Lel 0 ;-7, < ?2 and r0 € [0,f i ] .  Define tL l t6,T2lx0'-+ R*

as  fo l l ows :  t t ( t ) : t t r , ( t )  i f  I  €  [ t o , ' 1 , ]  and  0 ( l )  : 0  i f  t  e ( \ , ? ' 2 ] .  Obv ious l v

a e L2(lto,Trl x f), .R-) and by using a) we have

t : i l i7 ' r ( to ,  i )zo )  Hr(Tr , l0 ,  x0,  i , t t )  >  H^, (Tt , l0 ,  r0 ,  i ' t t r , )  =  r i l i r , ( ls .  i )eo

Hence I {7r ( ts , i )  2  l ( r , ( ro , i )  for  a l l  l0  €  [O, f i ]  and z € D and thus,  bhe

oroof ends.

( 1 4 )
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De.fLndt:ron 3. A solr-rliort Ii : fto,oo) x D -' S of s-vstem (9) is said to be

stabi l iz ing i f  t t re  syst ,ent

dr: :  :  l A ( t , ? r ( i  ) )  +  { 2  B U , t o ( i ) ) 8 " ( 1 ,  t u ( l ) )  K ( t , w ( t ) ) l r ( i )  ( 1 5 )
dt

is exponetrt, ial l"v /,2 -stable on I lo, 'cc)

Tlteo,rcrn 1. Su.ppose that the system (2) is crponential ly L2 stable and

sup l lT(t) l l  < r. Then the system (9) has a unir lue bounded and st.abi l izing
t > 0

, o lu t i o rF  :  [ 0 ,oo )  x  D  - -  S .
Moreouer

T f r ,q  >  0 ,1  €  f i * ,  i  e  D ,V . . , ( t o , "o , i , i l , 0 , , 0 )  :

t [ I i  ( t o , i ) r s , l ' - , ( t 6 ,  r s , i , u )  I  r [K  ( t6 , i ) xs

f o r  a l l , i e  D , r o €  R , t o  )  0  a n d . a l l u e L z ( l t o , c o )  x f ) ,  R ' " )  w h ' e r e d , o , " o ( l ) :
. , t - 28 - ( t , u ( t ) )K ( t , u ( t ) ) i ( t ) , t  2  t o  and  i ( t )  i s  t he  so lu t i on  o f  sys tem (15 )

correspondi.r,q to the solution K , with i(to) :  ,o
IJ  in  aqt l i t ion a l l  funct ions A( ' , i ) ,8( ' , i ) ,C( ' , i )  are 0 per iod ic  for  eueru

i e D theAK(., i) is also a 0 periodic function for euery i  e D.

Proof. From Proposit ion 5 i t  fol lows that i imr-oo Kr(t, i)  exists for every

I ) 0 and i e D. Let K(t, i)  = I imr** K7(tr i).
From Proposit ion 5 i t  fol lows that 0 < I i( t , i)  3 ql, l  € R1, i  e D and K

is  a so lut ion of  the system (9) .  We shal l  ver i fy  that  i f  A( ' ,1 ,  B( ' , i ) ,C( ' , i )  are
p*periodic functions for every i  e D then / i( l  + 0,i) :  K(t, i)  for al l  I  > 0

and i € D. Indeed, let I{7 : [0,7) x D -- i  5 defined as fol lows:

Obviously
I i r (T, i )  =
I{r( t , i )  for
gets

I i ( t  +  0 , i ) :  I i ( t , i ) , t  €  R + , i  e  D .

Furl;her we shall  prove t,hal F has the propert ies in t,he statement and F is a

stabi l iz ing so lut ion of  (9) .  Consider  the funct , ior rs  u.1 'def ined by (13) , ' I  >  tu .

From Proposit ion 5 and the proo{ of Proposit ion 3 i t  fol lows thal

d

0 < t  r [K7(ts, i)ro < i . ,( to,ro, ur) S

-el l" t ' l l '  *  2t6t l lur l l lzol * 6f lz6l '?
e . .  

q ^ 2 r 2

< - :  l l u r l l2  +  (6 ,  +  
' t  " t  11 ,n12

2 " e "

I i 7 ( t , i )  - -  h  +o ( t  +  0 , i )

Rt'(t , i)  verify equations (9) for , € [0,7] and i e D and since

0 -- I{r(T,i), i  e D f i 'om uniqueness it  fol lows that / i?'( l , i )  :

a l l  I  e  [0 ,7]  and ie  D.  Taking T - .  x  in  the aboveequal i ty  one

1 ?



t  ) ^ ,2  ̂ 2
t t  r r t  -  L t r  L I  t ' l  ' 1  ' 1  ^

l l ence '  l l " t  l l '  <  -  (5 '  + - ) I ro l '  fo r  a l l  T

exists such that the sequen c€ 1-I1o convel 'ges

f ) ,  R'n) and l lCI ,o, ,o l l  S 6lrol2 lbr  a l l  16 >
using Proposi t ion 4 we obtain

) 16. There{ore a sequenc() tt  - x

weak ly  to  some '010 . ,0  €  L '11 to , *1x
0, r:6 € R", with sorne d > 0. By

d

t ,Uo , ro ,u r )S  16  I f i  ( t o ,  i ) r s ,  k  >  1
; - 1

Thus, taking jnto account (14) we get , l i rn
_l +co

d

I lence ,[m fr(to, rotut) : c6 lXlto,rS*'. Since
t i+ oo 

i=l

ous concave funclion we have 
-li- 

7.,1to, zo, ur*) (
t *oo

d

"o f  
E(ro, i ) *o < V.r ( to , , ro , f f ro , ,o) .  Bul ,  apply ing

. - r

deduce

V(to,xo, f rh , ,o)  =

d

(r^,(to, x:o. ur) = /; I T 1to,i1xu.
r - I

V^,(to,rs, .) is a continu-

a-, , , ^ \ mr
Vr( to ,  r  o ,  t l to , ,  o ) '  [ ' here fore

again Proposi l ion 4, we

) )
foo

'6 tT( ro , i ) ro-  Is t  |  | ta , , , , ( t ) -
r = 1  i = l  J t o

1

!  B '  ( t ,  w( t ) )  K ( t ,u , ' ( t  )  )e(  r  )  l2  d t lw ( to1 :  ;1
'l

Thus

d f o o l -

I  r t  l - -  l^ , t , , " , ,n( t )  -  :s-( t ,u( l )RQ, tu( t ) ) i (z) fa4w1to1'= i l  -  0
=, 

-Jto -Y

Hence fr to, ,o= fr10,30 &'€-,  f r ro, 'o € L ' ( l ro,m) x Q,R*), l l f r r r , "o11 < 6lrol '  Apply-
ing Pr:oposition I for u : fr10,20 w€ get

roo
Et l -  l i ( t ) l '?dt lw(ro)  :  i l  S "( l 'o l '+ l l f r ,o,"o l l ' )  S c(1 + 6) l "o l '

J t o

for all lo ) 0, rs € Rn and i e D

Thus by virtue of Lemrna 3 in t ire next section (see also Corollary I in [B])
we can conclude that F is a stabil izing solul. ion.

The propert ies of the solution F and the uniqueness fol low directly from

Proposit ion 4. The proof is complebe.
In the determinist ic ca.se Theorem I ha.s been proved in [a] '  

' l 'he non-

slanda.rd parametrized Riccati equations for stochasbic differential Ito equa-

t ions have been discussed in [61. The standard Riccali  equations associaled to

r4



quadratic cont;rol problenr for differenfial sysl,r:ms with jump N{arkov peltrtr-

bat ions have l )ocr l  sLudicd in  [8 ] ,  [9 i .
Fur ther ,  le t  us r ;ons ider  1Uo) : :y f l  l l f ( ' ) l l  and

f( r . )  :  { f  >  0;  t } re  system (9)  has a bounded aud s lab i l iz i r tg  so lut ion

/ i r : [ 1 6 , 0 0 )  x  D  - +  5 ] ,  l o  2  0

Theorern 2. suppose that the system (2) is erponentiatty [,'z -stubLe.

Then t ( ts) :  ( r ( lo) ,  x)  for  a l l  to  )  0

P r o o f .  L e t  i 6  )  0 a n d  7  >  0  b e s u c h t h a t ,  1 >  l ( t o ) .  F r o m L h e p r o o f  o {

Theorem I i t  fol lows that the system (9) has a unique bounded and stabil izing

solut ion T i - , , ] to ,oo)  x  D - -  3 .  Hence ( r ( to) ,oo)  C f ( lo) .  Let l  €  f (16)  and

Ii. ,  :  l ts,,oo) x D -- s be a bounded and stabil izing solul ion of system (9).

From Proposit ion ,4 i t  fol lows that

l / ^ , ( r , ro , " )  <  i  r [ ] t . , ( r , i ) rs
l =  I

for  a l l  r  )  ts , rs  €.R" 'and u e L2( l r ,oo)  x  0, f t^ ) .  Therefore ] ( ls )  (  7 '  We

sha.l l  prove that 1(l0j . i  l .  Indeed suppose on the contrary that l(to) :  f :

Hence for every e € (0,72) there exisls r" ) to and uu e L(lr",oo) x Q, /?-)

such t ,hat  l l " , l l  :  1  and l lT( r , )u , l l '>  l '  -  r '

Let  r , ( t ) :  rue( f , ru ,0) ,  t )  r " .  From Proposi t ion 4 i t  fo l lows that

l lT(r")u,ll ' - t' : -'y2llr. - r'll ',

where  u . ( l )  :  { 2  B - ( t ,w ( t ) )K " ( t , u . ' ( t ) ) z ' ( t ) ,  t  )  r , .

Hence
l l r ,  - , , l l '  <  ̂ t- ' ,  (16)

Since -K-, i t  a stabii izing solul ion of s5'stem (9) i t  fol lows that lhe system

' f '9  
= AU,u. , ( t ) ) r ( t )  is  exponent ia l ly ,L2-stable on [ /6 ,oo)  where A1t , ' i . :

u L  
l .  ( t \

a( t , i )+ {28 ( t , i )B - ( t , i ) l i ( t , i ) , t  >  t s , z  €  D .  Bu t  -#  :  A ( t ,u " ( / ) )2 . ( t ) *

B ( t ,  w( t ) ) [u , ( t )  -  r .  ( l ) ] .'Thus,  
f ronr  Proposi t ion 1 i t  fo l lows that  there ex is ts  6t ( t6)  > 0 such bhat

l l r " l l t  < 5,( ro) l l r .  -  r ' l l ' .
l lherefore, according to (16) one gets

I  = l lz . l l  S l l " .  -  r . l l  *  l l r . l l  !  dz( to)G,€ )  0
' Ihus we get a contradict ion. The proof ends'

corollary 2. under the assttmption of Theorem 2, we ltaae 1(lo) : inf l'(16)

for al l  to ) 0
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Corollary 3. l- tnder the as.sumption.s of Proposit ion, 2. ue h,aue f( io; :

( l l ? ' ( l u ) l l , - ) , / o  )  0  and  the re . fo re l lT ' ( t )  l l  :  i n f  f ( i 6 )  / o r  e 'ue ry  l o  )  0 .

Proposi t ion 6.  L inder  the ossumpt ion oJ 'Theorem 2.  suppose that  A( ' , i ) ,
B( . , i )  a 'nd C(- , i )  are | -per iod ic  fu ,nct ions for  eaery i .  e  D.  Then f (10)  :

f  ( io  + 0)  for  a l l  to  > 0.
Proof .  Obvious ly  f ( rg)  c  f ( ro  + d) .  LeL 1€ f (10 *  d)  and / i . ,  :  [ to  1

L-) x D -- S be a bounded and slabil izing solul ion of syslem (9). Define

t . . , ,1 t0 , rc)  x  D - -  S Uv F. , ( t ,  i ) :  K1U+l ' i ) ' l  )  le '  i  e  D.  Ev ident ly  3 '
is a bounded solution of19)

We shall  prove that K-, is a stabil izing solution.
Let us define the following liniar operators on the space Sd

( t  ( t ) H ) ( i )  =  [ A ( t , x )  +  - t - 2  B ( t , i ) 8 . ( t , i ) I i i t , i ) ] H ( i ) +

+ H ( i) lA- ( t ,  i )  + y2 I{^,( t ,  i )  B {t ,  i )  B. ( t , ,  i ) l
d

+  I g ( l ) Q t r ,  t  )  t s *  0 , i  e  D , H  e  S d

€9d .- ,( l)s(t, s), t  > s ) lo * d, s(s, s) = r ' ,
d L

G, (q n I (i : [A(t. )+ {, B (t, i) B - (t, ;7R ", 1t, i)] [r (i) +
H ( i ) lA ( t ,  i )  +  - t -2  I {^ , ( t , i )  B ( t , i )B.  ( l ,  t ) I  +

d

+L H( i )Q i ; , t  >  ts , i  e  D,  H e  Sd
. - l
J - r

ds( l ' s )  =  i1 r ;s1r ,s ) ,1  >  s  )  t0 , ,9 (s ,s ;  :  7 ,
dt

J being the identi ly operator on the space 5d.
From Proposit ion 2 in [8] i t  fol lows that 1{, is a stabil izing solution of

system (9) i f f  there exist B ) I  and a > 0 which depend on ls such that

l lS( t ,s) l l  S Be-" f t - ' )  lor  a l l  s  )  16 *  d  and I  )  s .' S i n c e  
L ( t + 0 ) :  L ( t )  f o r  a l l  t )  t o  i t  f o l l o w s  t h a t . 9 ( t , " )  : 5 ' ( t  a 0 , s * 0 ) ,

s  )  l o , f  )  s .
Therefbre l l^9( t ,s ; l l  S / r - " ( t - " ) ,s-  2  lo , l  2  s  and lhus apply ing again

Proposit ion 2 in [8] we conclude that R., is a stabil izing solution of system (9),

hence ? € f(to). The proof is complete.
Since r(.) ir  a monotonical ly decreasing function on r?.,.  the next result

holds.

Corollary 1r. Under the assumptions of Proposit ion 6 we haue

?( ro )  =  7 (0 )

t o



frtr al l  tn ) 0

Corollary 5. LIrLder the. assumptions of Proposition 2 if ,4(

C( . , i )  are 0*per ior l ic  funct ions for  everA L € I ) ,  then l l f ( to) l l  =

l o ) 0 '
In rvhal fol lorvs we shail  discuss fhe t ime-invariant case

A ( i ) , B ( t , i )  =  B ( i ) , C ( t , i )  =  C ( i )  f o r  a l i  l 2  0  a n d  i  e  D

Consider the systems

#: ,4( . , ( r ) )u(r ) ,  r  > o

, i ) , 8 ( . , i )  a n d

l l r (0) l l  Jor  atL

i . e .  A ( t , i ) :

(1e )

, / ^ \  - ; l  -
/ \ J r /  - . J  -

l , s )  i s  t h e

In
placed

I

+t-z I {  ( i )  B( i )  B.  ( i ) t (  ( i )  :  0,  i  e D

Rernark 2. From Lernma i in [S] it foliows that B[17(t,s)r
E\ITU -  s,0)zl2l t r (0)  :  i l  for  a l l  t  2 s )  0,  i  e D where
fundamental rnatrix solution associated with sysLem (17)'

Remark 3,  S : [ to,?]  x D --+5 is a solut ion of  (18) i f r  I {  : [ to '7]  x D --+ 5

de{ ined by  I { ( t , i )  :  s ( to  +T -  t , i )  i s  a  so lu t ion  o f  sys tem (9) ,  w i th  A( t , i ) :

A ( i ) , B ( t , x )  =  B ( i )  a n d  C ( 1 ,  i )  :  C ( r ) , 1  >  0 ,  t '  €  D .
From Remark 3 and lhe proof of Proposition 5 it follows that the next

result holcls

Pro 'pos i t ion  7 .  Suppose tha t  A( t , i )  : ,4 ( i ) ,  B( t , i )  :  B( i ) ,C  ( t , i )  :  C  ( i ) , t  2
0,i € D and. assurne that the s'ystem (17) is erponentially L2-stable. Let lo ) 0

anrl 1 > 0 be such that l l?(to)l l < r. Then the sym,metric solution s4 of system

(18) wi th s,o(fo, i )  :  0,  i  e D is deft ,ned onft6,oo) x D and has the propert ies:

a) 0 S S,o(7, , i )  S S,.(7", i )  l  qI  for  a l l  ,o (  T1 ' -72, i  e D
t t i s  U. ,g , to , ro , i , i )  :  x [S '6 (T . i ) t6 ,H- ,Q, to , r0 ,  i ,u )  I  r [S1o(7 , i ) rs  1or

ail ? > f6 ) 0, rs € Rn,i e D and u e Lz(lto,?] x f l 'r?-) where t(1) :

y2B-1w( t ) )S , . ( lo  +  T  -  t . ,w( t ) ) i ( t ) , t  €  [ to ,? ]  and i ( l )  ver i f ies  
#  

=

[A( , r ( r ) )  +  y2B(a*1 t ) )B- (u ; ( t ) )S ,o( to  +T -  t ,w( t ) ) ] i ( t ) , f1 to ;  :  ' o

The next concept follows directly from Definit ion 3

( 1 7 )

, J q / r ; \  d
y := :  A . ( i )s ( r , i )  +  s ( t ,  i )A( r )  +  t  s ( t , i )q , i  +  c - ( i )c ( i )  r rR)

d t  J = l  \ ' v . /

+ 1 - 2  s 1 t , i ) B ( i ) 8 . ( i ) . s ( l , i ) , ,  >  0 ,  z  €  D

the t ime-invariant case ihe differential Riccati type system (9) is Le-

by the following algebraic system

A.( i )K( i , )  +  K( i )A(z)  +  I f= '  I { ( i )q ; i  +  C-( i )C( i )

t3
x(
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DcJinit i ,on /. A solution I i  :  D --+ S of system. (19) is saidto be. st.abi l izing
i f  the system

(20  )

Theorem 3 .  Su ,ppose  t l t a t  A ( t , i )  :  A ( i ) ,B ( t , i )  :  B ( i . ) ,C ( t , i )  :  C ( r )
and as-ru'me t lmt the systern (17) is erponential l 'y L2-- ' tuble. Thcn l l f(10)l i  :

l l '1(0)l l  for al t  lo ) 0
Proof. Frorn Corollary 4 i t  fol lows that l(16) : t(0) for al l  lo ) 0. Hence

l l?( to) l l  <  ?(0)  for  a l l  lo  )  0 .  We shal l  prove that  117(16) l l  :  t (0)  {br  a l l
lo ) 0. Indeed, suppose on the contrary that there exists r 2 0 such tha,t

l l r ( , ) l l  < t (o) .
LeL 1 € ( l l f (?) l l , t (0)) .  From Proposi t ion 7 i t  fo l lows that , [gS,(r , i )

exists.  Let  .9(z)  :  
, l jgS,( l , i ) .  

z € D.

Obviously S(;)  > 0, i  € D and ,9 i r  u solut ion of  system (19).  By using
a,gain Proposr' ion 7 and using lhe reasoning in the proof of Theorem 1 one can

prove that there exists O > 0 such that 
J,  

El lX(t , r ) r lz lw(r)  :  i )dt  < 3lc l2 fbr

al i  z € Rn, i  € D where f1t , r ;  is  ihe fundamental  nrat l ix  solul ion associalecl
with s5rslem (20) corresponding to the soiution .9. Now, by using Rem ark 2
one qets

El [* lf i1t,r)*l2rlt lw(s): i) < elrl2 lor all s ) 0,o € R",i e D

Therefore ,9 is a stabilizing solution of system (19). Define 1{ : [0, oo) x D -' 5
by l i ( t , i )  =  3( ; )  for  a l l  f  >  0,  i  e  D.

If fol lows that / i  is abounded and stabil izing solubion of systern (9). Hence

7 € l(0) and according to Theorem 2 we obtain bhat 1 > 1(0). Thus, we get
a. conl,radict ion and the proof is cornplete.

Co'rollary 6. Undr:r l.lt,r: assuntpl,ions o! Theoren 3, the sysLetrL (19) hut a
unique s'ytnmt:tr ic stabi, l izing solution i tr l lT(0)l l  < f .

5. STABILITY RADII OF SOME TIME-VARYING DIFFBREN-
TIAL SYSTEMS WITH JUMP MARKOV PERTURBATIONS

In this section we give an estimate for a stabil i ty radius of a differential system
with jump Markov perturbalions.

' fo prove the rnain result in this section we need some auxilary results wilh

sonre interest in themselves.

d r ( t )  _
dt

is  e.cpon.ent ial ly

,  lA( . ( t ) )  +  y2 B (w ( t ) )  ]3 '  (w ( t )  )  1 i  ( . ru(  r  )  )  I  r  (  r  )
r 1

1, "  - -c tabLe.
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Letrn'mn 2. [,el ? : R x f) -- R1 be a mea.surabk: f unction utith respect to
l l ( t l ) i&8t ,  u 'heret .  is  a  f . t 'ed non,negat i 'ue rea, l  nrLrnber  anr lQ1is  the o*a lgebra
ge,ne.rated l,y {to(s),.s > t i .  Let g : Q -- Rn be a measttrable function. uti th
respect  to  the o-a lqebra Ft .  

' fhen h(g(u) ,u(1, . ) )  :  E[Ql f t ) (w)  a.e.  wh,ere

Q @ )  =  v j @ ) , u )  a n d  h ( r , i )  :  E l v @ , . ) l - ( t )  :  i l ,  r  €  R n , i  e  D .
Proof. By standard way (see Lemma 3 in [10]) i t  suff ices to verify the

eqrral i ty in the statement for bouncled real functjons cp of the form g(x,w):
pr@)Vz(a) where p1 is a bounded Borel measurable function and cp2 is a
borrnded measurable function with respeci to the o-a"Igebra Q1.

By using the Markov property of lhe process tr '( l)  we can writ,e

E[Qlr l  = E[pr(s)vr l r , ] :  f i (s)Efvr l f , )  = vrk)Efer f ta( t ) ]

On the other hand

h(r ,  w ( t ) )  :  E[v  { r )  v  r l ,  ( t ) ]  : 'p  1  (x)  E lv  z lu  ( t ) )

Hence h(s@,w(t ,u) ) :  v rG@))El  z lu( t ) ) (u . ' )  and th is  completes the proof
Consider next, the nonlinear system

F ( t , , x , u ( f  ) ) , 1  >  0 ( 2 1  )

where F : Ra x R x D -- R has the {bl lowing propert ies: f  is continuous
in  ( t ,  x )  e  Ra  X  f t ' ,F ( r ,0 , i )  =  0 ,  t  e  R+ , i  €  D , ,F  i s  l oca l i y  L ipsch i t z  w i th
respect to z, ( i .e. for every 7 > 0 and r > 0 lhere exists L : L(T,r) > 0 such
t h a t  I  F ( t , r y i , )  -  F ( t , r r , i ) l  <  L l r t  -  r 2 l  l o r  a l l  0  <  t  <  T , l " t l  S  r , l x , 2 l  I  r
and i  €  D)  and there ex is ts  M )  0  such that  lF( / , " , i ) l  <  Mlz l  for  a l l
t e R + , r € R a n d i € D .

Definit ion 5. We say that the system (2i) is exponential ly l2-stable i f  there
e x i s t f  )  l  a n d  a )  0 s u c h t h a t  E [ l x ( t , t o , , r o ) l 2 l r ( t o )  :  i ]  <  B e - a l t - t o ) l r o l z
for  a l l  lo  )  0 , tZto and a l l  rs  e  R and i  e  D,r ( t , lo , ro)  be ing the so lut ion
of  sysfem (21)  wi th  r ( tg , ts ,eo)  :  ro

dr
dt

roo
I  h ( t ,  t .  r  , i ) d s ,  w h e r e  h ( s ,  t ,  x ,  i )  =

J I

)  t , r  e  Rn , i  e  D .  App ly ing  Lemma 2
t ( t , t o , ro ,a ) , t  )  t o , , r s  e  Rn ,  r ve  ge t

Lem'rna 3. ff there
clr l2 for  a l l  t  )  0,  z €
1," -stu(t le.

Pt 'oof  .  Let  u( t , r , i )  -

E I l r ( s ,  t , r ) l '  l u ( t )  =  ; 1 , t
l r ( .s ,1 ,  r ,u) )12 and g(r , , , )  :

er ists c > 0 such th,at  El [ ,*  l r . (s, / , r ) l '?dsl t r ( / )  :  z]  S
R and i € D, tl'r.en tl'r,e system (21) is erponentially

f ^ -  , ^ / r -  , , \  -
r u r  7 \ J -  t w  )  

-
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h ( s , t , r ( t , t , , , r s ) ,  u ( l ) )  :  E I l r ( s  , t , r ( t , l o ,  r o ) ) l ' \ f  , 1  :  E I l r ( - s ,  t o ,  r d l 2 l f i

Fience ':-"'ltf 
,I'r'u',',')'r',',o,,0:;:,:ji]]!l j';l;:'l;':

t .  -

lco

I  n1a11r(r , lo,  , i l2 l f ,yr( ro)  :  i )ds :
" ioo

- 
J, 

Eflr (s, /0, ro)l ' l r( io) - i lds

Therefore V:( t ) :  -E[ l r ( t , /o, ro) l '1 . ( lo)  :  i ]  S - l r ,Al- c )

B u t ,  s i t t c e  l F ( t ^ r , i ) l  <  M l r l ,  b ; ,  s t a n d a r d  w a y  o n e  g e t s  f  l r ( s , l ,  r l ' >
U J

* 2 M l r ( s . t , r ) l ' , l z ( s ,  t ,  , ) l '  >  
" - 2 t t ' I ( s - t )  l " l ' ,  r  )  t , r  €  R " ;  h e n c e  u ( t , x , i )  )

1 t')

zfuf t* | '}

E[lr(t,ts, r612lw(to) : i] < 2lvtVi(t) : i "],NI ce-l{ '-to)1rol2

The proof is complete.
In the linear case Lemma 3 was proved in [8].
Now for system (21) we define the operator .C as follows

(L(u)(t, r, i) - 
f fU,r, i) * F* (t, r, q#fr, r, i)-r

d

f  t , ( t ,  
" ,  

j ) q ; j ,  I  >  0 ,  r  €  R" , i  e  D

where u( t , ' r , i )  are rea l  funct ions of  c lass Cl  in  ( t , r )  for  every i  e  D.

By using Lhe rea,soning in ttre proof of Lenrma I one can prove the fol lowing

known formula (see [9] p. 1a3).

E lu ( t ,  r ( t , t o , z6 ) ,  t u ( l ) ) l u r ( t o )  :  i )  -  u ( t s , ro , i )  :

:  l i l  [ 'G r ) ( s , r ( s ,  t g , rg ) , t u (s ) )ds l t r ( t o ;  :  ; 1 '
J to

t ) _ t o  ) 0 , r 0  e  R , i e D

Let us considt:r the {ollowing perturbed differential system

4 !g ) -  :  A ( t , * r ( t ) ) z ( r )  +  B ( t , r ' ( , ) )a (1 ,  y ( t ) ,w ( t ) ) ,  i  >  0
o.L

Y ( t )  :  C ( l ' T u ( l ) ) r ( t )

(22)

(23 )

By D we denote the seL of al l  functions A : Ra x Rp x D -- R- wilh lhe

fo l l ow ing  p rope r t i es :  A ( r ,0 , i )  :  0 ,1  >  0 ,  i .  e  D ;A  i s  con t i nuous  i n  ( l , y )  €

2 0



1?* x ] lp f.<'tr overy i  e D'.A is locally Lipschitz rvith fespect to y and thcre

ex i s f s  6  >  0  such  tha t  lA (1 ,g , ; ) l  S  6 l y l  f o r  a l l  t  >  0 ,  y  e  l l e  and  z  €  D  (  5
l A ( 1 .  u .  i ) l

d e p e n d s o n | l L e f u r r c b i o n A ) . I f A € D , w e t a k e | A | _ S u p t T , , .

A ,y  #  0 , i  e  D i  and  by  r :5 (1 ,  t o ,  zo )  we  c leno te  the  so lu t i on  o f  sys t ;em (23 )  w i th

r l ( l o , l 6 ,  r 6 )  :  f 6 '

Def.nit ion 6. The stabil i ty radius of syslem (2) rn' i th respect to the per-

turbaf ion s t l rc ture (B,C)  is  f  =  in f { lA l ,A € D;  (23)  is  not  exponent ia l ly

,L2-stable ).
We shall  give

the set of all 1/ e

bounded solution

some characferizatjons for bhe stabil i ty radius F' LeL 51 be

S with H > 0 and let i  = inf {1 > 0; lhe syslem (9) has a

I { , : R a Y f - - + . S 1 }

Theorem /. Assume that th.e system (2) is etponentially L2-stable'
'I

T h e n 7 2 :^f

proof. Ler A € D with 16l .  ;  
We shall  prove that the system (23)

corresponding Lo this A is exponertt iai ly ,L2*stable. By definit ion of i  i t  fpl lows

tha,t tie ,y'.tl- (9) has a bo"nded solution K^, : Ra x D -' 51 with l €

t l , * 1 .  L e t  t s  )  0 ,  r o  €  R , z ( r )  :  z a ( l , l o , t o ) , y ( t ) :  C ( 1 , . , ( ' ) ) z ( l ) '  B y

rr ' ,1 ; fh"  forn. , r la  (22)  for  system (23)  and u( t , r , i )  =  t - l { ' , ( t ' i ) r  and tak ing

into account the equations (9) for I{ ' ,( t , i)  we can wri le for T > Lo

Since 0 < I { . , ( t , i )  S qI , l  >  0 ,  i  e  D,we have

Dl [ :  ly(t) l '1drlu(r6) = i ]  < 
;#WLrol ' ,  

ro ) 0, ' r  o Q R" ,  i

Tak ing  i n  P ropos i t i on  1 ,  t r ( l )  =  A ( l ' y ( f  ) '  r u ( l ) )  one  ge ts

Et [*  l , r6( i , to , ro) f  a t lw l to l :  i ]  <  Ml 'o l '  for  a l i  ls  2  0 and

H"n.. ' fy Lemma 3 it  fol lows that the system (23) is exponential ly

for  every L € D,  wi th  lA l  <  l '
Hence F > i  and the proof is complete'

t L )

r s  e  R .

.L2 -stable
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We remark lhat i f  the s,vstem (2) is exponential ly /,2-slable, from 
'fheorem

i  i l .  fo l lows that  1(0)  Z l .  Thus.  the next  resul t  ho lds

(2) is erpon'ential ly L2 -stable' Then

has been proved in [a]. The stabil i ty

have been studied in [1], t5l [7].

Corollary 7. Assume thal' Lhe system

f > - ;  u 'here r(0) :  suP l l .1( t6) l l '- Y t U  I  t s ) o

In the determinist ic case Corollary 7

raclii for stochastic differential equations
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