
affi
I M A R

INSTITUTUL DE MATEMATICA
AL ACADEMIEI ROMANE

PREPRINT SERIES OF THE INSTITUTE OF I4ATHEI' IATICS

OF THE ROT,IANIAN ACADEFTY

lssN 02503638

AN APPELL-HUMBERT THEAREEI FOR HYPERELLTPTIC SURFACES

by

''AR T AN APRADU

Preprint No. 28/lggo

BUCURESTI



AN APPELL_HUHBERT THEORET'I FOR HYPERELLIPTIC SURFACES

b y

T,IARIAN APRODU*

O c t o b e n ,  1 9 9 6

* )  Ins t i tu te  o f  Hathenat ics  o f  the  Romanian  Academy
P , O .  B o x  1 - 7 6 4 ,  R O - ? O 7 O O ,  B u c h a . r e s t ,  R s m a n i a



An App*ll-Humbert theorem for
hyperelliptic surfaces

Marian Aprodu

Institute of Mathematics of the Romanian Academy, P.O.BOX 7-764, RO-70700

Bucharest, Romania

O Introduct ion

Let .9 -+ B be a hype,relliptic surface over ii sfilooth elliptic curve B defined over

the field of complex numbers. The aim of this paper is to give a description of the

Picard group of ^9 in terms of hermitian forms and multiplicators, similar to Appell-

Humbert for complex tori. The main tool used here is the cohomology of the groups

and the ideas are similar to those used in [3]' [9].
In the first section we recall some fundamental facts on hyperelliptic surfaces,

such as the classification theorem and their fundamental groups.

In section 2, we get a description of the group of line bundles whose first Chern

classes are torsion elernents in the Neron-Severi group, which is usually denoted by

Pic'(S) and in the third section, which plays an important role for our purpose' we

obtain a description of Num(S) in terms of hermitian forms.

The fourth section is devoted to the Appell-Humbert theorem and the final sec-

tion present some direct applications of it such as computing tors ,F/2(S,Z),frnding

a basis in Num(.9) (see, also [10]) and computing the space of global sections for the

line btrndles over ,S numerically equivalent to a multiple of the fiber of S -+ B.

1 Prel iminaries and notations

There are many approaches concerning the theory of hyperelliptic surfaces ([1], [2],

[6], 1101, [12], [15]). Firstly, we recall the definition used bv Suwa (cf. [12]):

Definition 1.1. A hyperelli,ptic surface is an elliptic bundle ,9 over an elliptic curve

B  w i t h  h ( ^ 9 )  : 2 .

Theorern 1.2.(cf. ll2l) Any hyperelli,ptic surface can be erpressed as a quotient of

an abelian uariely A by the group generated bg an automorphism 95 of A. The period

matrir of A and the autornorphism !5 are giuen as follows:



, 1 \  ( t  o a o \  ( - e \ ( t  o a o \
( o I )  

\ o  1  o  p )  \ a z )  
\ o  t  i  p )

l s ( u , z ) :  ( ,  +  i , - " )

/ 1 1 \  ( t  o  a  o )  ( h 2 \  ( t  o , o ^  o )
( D r )  

\ o  1  o  p )  \ u L )  
\ o  t  !  p )

9s (u ,  z ) :  (u  *  ! , 04 ,  where  P  :  e *

( . 1 )  ( l ?  ;  ? )  k D  ( l  i  +  ? )
7s(u,  z)  :  (u *  f , , iz)

, , { \  ( t  o  o  o \
( d i )  

\ o  I  o  o )

9s(u ,z ) :  (u  *  f , , -O ' ) '

we say that s is of. fi,rst typeif s is ot type (a1) , (b1) , ("1) or (di) and s is of

second lype otherwise.
For the sake of simplicity, we shall use the following notations:

I arbitrari ly (ar),(a2) 
( rl2 (o2)

p: i t  iot j ,1azi ,1ar;  d:{ i l ; f } ' i i i \ \
I i (cl),(c2) [ b- 

' 
" ior the orher cases

( -1 (a|),(az) (  112 (al) ' , (a2)

,  I  p  ( b 1 ) , ( b 2 )  " _ )  
r l 3  ( b 1 ) , ( 6 2 )

( : 1 i  
Q r ) , ( c z )  r l 4  ( c r ) , ( c 2 )

[ -p (d1) t  1/6 (d1)

( , :  l lc .

So, ,5 is the quotient of C2 by a group G of holomorphic automorphisms of

CP generated by g; ,  i  :  115,  where g{u,z) :  (u  *  L ,z) ,  g2(u,z)  :  (u ,z  *  1) ,

s" ( i , ,  r ) -  (u  *  d , ,  z  *  d) ,  g+(u,z)  :  (u ,  z  + i l  and g5(u,  z)  :  (u  + c , (z) '

For the next elementary result, see [14].

Lemma 1.3. The relations between generators are:

gt,gz,gs o,nd, 94 cornn'Lute to each other, g{: 91 and,

gzgs:  gsgi t  gzgs:  gsgi r

(o1) gsgs: gsg ("2) 9s9s : gsgsg,i '

g+gs:  gsg;r  g+gs :  gsgt l



9'z9s : gsgit g,t '  gz7s : gsgzt g,at
(61) 9s9; = 9s9s (b2) 9s9s = gsgsgil

9t9s : 9s9z 9+9s : g5g2

9z9s :  gsgql  gzgs:  gsgsl
("1) 9z9s : 9s9s (r2) 9e9s : gsgtgsl

9q9s:  9s9z gqgs:  9sgz

9z9s : 9s9z9q
(d.I) 9e9s : 9s9s

9.r9s : gsgzr .

From the lemma above, one may see that any element g € G has an unique
expresion as a produ ct g : gt; sl s* g';. The action of a such g on C is given by:

g(u, t) : (u + lsa { l5c,tt" + Iz * lqg + hd).

Another way of representing the hyperelliptic surface ,9 is as follows. Let f :
Z + V,p, A. : Za * Zc, /\t : Za * Z and

Let  A :Cl / \z  and E:  C/ f .  Then Scanbeexpressedas,s:  (A xE) lg  where
9 is a finite translations group of A, actingon E not by translations only, given by
the Bagnera-deFranchis table (see for example [1], [2], [10]).

IVIoreover, Llg = B, Elg 3 Fl and S has two fibrations: first of them is 5 -+ B
from the definition 1.1., with fiber E, and the other one is S -+ Fl with generic fiber
A. Since A is the lattice of. B, the short exact sequence of homotopy groups of the
first fibration leads us to the followine extension

0 - - + f - 5  G - ! + A - - + 0

where j(l) : sygl and n(g) : fta { lsc.
Choosing as a cross-section of r the map s : A -+ G, s()) : gfgl' tot ,,1 :

als * cls € lt, we see that s is a groups morphism if S is of first type.
N e x t ,  w e i d e n t i f y a n e l e m e n t l  €  f  b y  j ( f )  €  G a n d  )  e  A b y s ( ) )  e  G .  I n

other rvords, we make no distinctions between ? 
- lz*l+0 and g';g; or between

)  :  / :c  *  lsc  and 9f '9 f  .  So . \ ) 'w i l l  mean s() )s( ) ' )  and )  *  ) ' is  the same as
s(,\ * )'). This convention simplifies our formulae and produces no ambiguity.

The natural action of an element ) g A on f is given by )7)-1 : €t'^1. If we
write ).\ '  :  h(,\ ,  ) ')() + ) ') ,  then h(),, \ ' )  :  16t. - \ lLd.

Next, let us point out the follor,ving useful lemma:

Lemnra I .4 .  Let  u  e Hom(G,C*) .  Then

I Z" { Z: 1\1 o of f irst type
L2 : 

\ 2Za + Z S of type (a2) or (c2)

| 3Za I Z .9 of type (b2)



(o1)  , (gr )  :  +r
( b l )  , ( g r ) :  r ( g n )
( .1 )  , (g r )  :  u (gn )
(d1 )  u (gz )  :  7

,  u ( g + ) :  * 1  ;  ( a 2 )  u ( g r )  : 7  , ,  u ( g o )  :
,  u(sr)3 = I  ;  (b2) u(gz) :  I  , ,  , (sn) :
,  u (gz)  :  +7  ;  ( "2 )  u (gz)  :  r  ,  , (gn)  :

,  u (g t )  :  r

+ 1
I '

t .r t

2 The group Pic'(^9)

The vanishing of the cohomology groups Ho(e ,V,), Hi(e ,C) , Hi(e ,Oe), H'(e ,Ob),
Ho(e,C.) for all i 2 1 yields to the natural isomorphisms (see [9]):
Hu(S,Z) x Ho(G,V,) ,  Hi(S,A) = Ho(G,C),  Hi(S,A.)  = Hn(G,CI) ,  I / i ( .g,Os) =
Ho(G,H) ,  H i (5 ,O i l  =  Ho(G,1 / * ) ,  where  H :  H) (C,Oa) , ,  H*  :  Ho(e ,CIb) .

The exponential sequence

0 ---+ V, ---+ Ot 3 Ob ---+ 0

gives rise to the cohomology sequence

... -+ ff1(.9,,Od -+ Pic(,9) + H2(S,Z) -+ 0.

Hecall that the universal coeficients theorem leads us to:

Lemma 2.1.  tors H'(S,Z)=Ker ( i :  H2(S,Z) -+ /12(.9,C)) .

For any I e Pic(^9), 
"r(L) 

is the Chern class of ,L and Pico(S): Ker(cr). The
subgroup Pic"(S) c Pic(^9) (see [3]) is defined as Ker(fc1) (where i : H2(S,Z) -+
H'(S,C) is canonicai) and this is tJre group of the elements I e Pic(S) so that ct(L)
is a torsion element in Hz(S,Z) (as we saw in Lemma 2.1.).

Then Pic"(S) : ((//1(^9,0)) where ( is the natural morphism H1(5,,CI) -+
H'(5,{7i)  (see [3]) .

Let us compute next Ker((), by using the isomorphisms from the beginning of
this section. So, u € Ker(O if and only if there is h Q H* such that

h(g(u,  
"))  

:  u(s)h(u,  r ) ,  Vg e G, (u,  z)  e C2 .

By taking the logarithmic derivatives q: h', lh and a2: h', lh ( in order to el imi-
nate o from (1)), these functions verify the following relations:

( 1 )

(2) a i (u ,  z )  -  w ; (u  {  1 ,  z ) ,

w ; ( u , , 2 )  :  u ; ( u , z { l ) ,

a ; ( u , z )  :  w ; ( u , z + P ) ,

w ; (u , ,2 )  :  w ; (u  *  a , z  *  d ) ,  i  :  I , 2

q(u,  z)  :  w1(u *  c ,  (z)

w2(u,  z)  :  €r r (u + c ,€")

(3)
(4)

for all (u, 
") 

e C2 .



From (2), if lve tal<e li C C2 a compact set with 1( + (f x A) : C2 and apply
the maximum principle, rve deduce that a. ' ;  are constants.

From (4)  i t  fo l iorvs ihat  dz:0,  so l t ,  doesn ' t  dependon z.  Thismeansthat  there
i.s a holomorphic furrct ion I on C so that h(u, z) :  h(r), Yu, z € C. Moreover, since
h'lh is constant, we get h(u,z) - 

"2ri(au*b) 
with (a,b) e G. Then, by denoting

u ; :  u (g ; ) ,  we  have :  1 )2  =  L ,  uq , :  I t ' u3 :  e2n ioo ,  u5 :  
"2 r i ac ,  

whe re  o  €  C .

Then we proved the following:

Lemma 2 .2 .  Ke r ( ( )  :  { u  €  Hom(G,C- )  :  u (g )  :  
"2 t i a ) ,g :1^  

€  G ,a  €  A } .

Next, we try to descibe Pic'(S) = Hom(G, C-)/Ker(O.

Let u € Hom(G, A ). I f  ^9 is of f irst type, .q is a morphism, so u()) ')  :  u() + ) ') .
Otherwise, we know that )) '  :  h(), ) ')() + ) ')  rvhere b(), ) ')  :  ({r '  -  I) l ' rd e L

Ilut, if S is of type (a2), then h(.\, )') depends orrly on !2 and, by taking into account
Lemma 1.4., i t  fol lows that u(h(,\,) ')) :  1. I f  S is of type (b2) or (c2), then again
from Lemm a 1.4. rve have u(h(), ) ')) :  t .

In any case we obtained u()) ')  :  u() + ) ') .
Now,  we  wr i t e  u ( , \ )  :  

"2n i rQ ' ) .  
S ince  r ( ) )  + " ( ) ' )  - r ( ) *  \ ' )  eZ ,V ) , . \ ' €  A ,

.r :: Im r must be V'-linear. Then g has an unique R.-linear extension Q , C -+ R.
We def ine k :  C,  i  C,  k(u) : ,?( i r )+ iQQ) which is  C- l inear  and f r  : :  iQ -  k  is
real-valued.

The function k being C-linear, there exists a € C so that k(") -- au, Yu € C
and we take us € Ker(fl, un(g) - 

"2ria\. 
Then o6 :- alao has the property that

,aG()) € t/(i), V.\ e A and it is uniquely determined by this property in the class of
u in Hom(G,CI)/Ker(().

Then we have:

Pic ' (S)  z  {oc € Hom(G, CI)  ,  a6(A)  € U(1) ,  Vf  e  A} .

Moreover, o.( l) € t/(1), Vo" € Hom(G,C), so we got:

Proposition 2.3. There is a canonical isornorphism:

V' :  Hom(G, U(1))-:+Pic"(S).

3 The group Num(S)

In this section we shall give a description of Num(S) in terms of hermitian forms
related to A1 and f. It is well-known (see, for example [tO]) tfrat Num(S) =

H' (S,Z) ltors H'(S,Z) and, as we saw in section 2, the cohomology of S is computed
by cohomoiogy of groups.

The inclusion j : f -+ G iqduces a morphism of restriction resf : H2(G,Z) -+

H2( t , z ) .
The map sl1, : A1 -+ G is a groups morphism, so it induces another morphism

of restr ict ion res1l :  H2(G,Z) -+ H2(LL,V').



According to [9], Chapter I,  Appendix, lve harre classical isomorphisms

(5)  H ' (1,V,)  = { fu  :  C2 -+ C hern i t ian,  Im ar( f  x  t )  c  v '  } ,

(6)  H ' (Lr ,Z)z {Hn t  C2 -+ C henni t ian ,  Im f f r (At  *  At )  c  V ' } .

Let us explain the morphisms res; and res1, (cf. [9], Chapter I) passing through
the above isomorphisms.

S t a r t i n g  w i t h  F  €  H 2 ( G , Z ) , w e  c o n s t r u c t  A y F :  I  x  f  *  C ,  A r F ( 1 , 1 ' ) :
F("'t',^y) - F(1,7') , bilinear and antisymmetric which can be extended to Ep :

C -+ C, R-bi l inear and antisymmetric verifying Ey(ir, iA) : Er(r,y) '  V r,y e C.
Then Hr : C -+ C defined by Hr(x,y) ::  Ep(i*,y) * iEy(r,y) is a hermit ian form

on C2 with Im Hr : Er and Hr will be resp.F modulo canonical isomorphism (5).

By applying the same argument for A1, resp and res,1, will induce a morphism

y:  H2(G,Z)  -+ " t {y

where

ltft ,: { (11r, Hi , Hr, Ht hermitian forms on C'

w i th  Im  /1 r ( l  x  l )  C  Z  , Im f f r (A t  x  A r )  CZ  j .

We denote by

S of first type
S of type (42)
S of type (b2)

CZ,I  S of  type (c2)

(  { (Hr ,H, r )  €  f f t  ,  I *  l /n (A  x  L )  cZ}

^ rc  ._  J  {  ( f f . ,Ha)  €  A f i  , ,  Hy( \ l ) Im 0  :ZZY
J v u ' -  

I  { ( r r r , f / n )  e  N t , H r ( I , l ) I m p e S z }
I  i  (Hr, t1,r )  e Ah,  Hr(1,1)  ezv ' ,2rm/fu(A x A)

Now, we can state the main theorem of this section:

Theorem 3.1. y induces an isomorplr ism rt: Num(,9)-+//.9.

Proof. Because ,A[ has no torsion it follows that tors HZ(G,Z) c Ker(X). So it

remains to prove that Ker(x) C tors H'(G,Z) and X(Ht(G,Z)) :  N S.
Let F be a normalized cocycle in H2(G,Z). Then F is the Chern class of a line

bundle. If we represent this line bundle as a cocycle {"n}n e H|(G,,H.) then, by

standard diagram chasing, we get:

(? )  F (s , s )  =  fn (g ' ( r , r ) )  -  f nn , (u , z )  *  f n , (u , z )  eV , ,Yu ,z  e  C ,  g ,g '  e  G ,

where fn, G -+ C is a holomorphic function with 
"2rifn 

- en, Vg € G (see, for

example [3], [9]).

Now, we divide the proof into two cases corresponding to the two different kinds

of hyperelliptic surfaces.

' 
Case -1. S is of first type.

Let us notice that, in this case, s is a morphism and, by denoting resl the

corresponding map from H2(G,Z) to H'(L,Z) we have the following commutative

diagram, coming from the inclusion Ar C A.



H2(L ,V, )

t"\

c-* Hz(h,v,)

4.rn,

V,)H'(G,

Then it  is obvious that X(H'(G,Z\ C Af S,

Step 1. Our next goal is to find /, and thus to get a nice form of (7).

Since the restriction of F to f and A are 2-cocycles, it follows (see [9], Chapter
I) that

f . , (u,r) = 
|nrp,t)  * gr(u,1), V7 e f ,

f x(u, z) : fiun6, \) * Bt (2,)), V.\ e A,

v,;here gr( . ,l), 0t(. ,,\) are holomorphic functions on C.
Next, we write: for congruence modulo Z.From (7) i t  fol lows that, i f  g:- l \ ,

then

( 10)

so

t 1
( 1 t )  f n @ , 2 ) =  ̂H r ( € " r , , t ) *  * H { u , ^ ) + g r ( u + ) , " y )  * 9 i l 2 , . \ ) ,  V e e  G .

The relation (7) can be read as

f nn,(u, r) :- f  nk'(u,, z)) * f  n,@, z), 9, g' e G.

By replacin1 f s from (7) in the above formula, we have:

( 1 2 )  g r ( u * )  + \ , , ^ t + € r u 7 , )  * 0 r ( r , ) + . \ ' )  =
1 1

AHr(€"^, ' ,7) * ZiHn()' ,  A) + Br(u+ ) + l ' , t)

+1r(u + \ ' , 'y) * grQILt + l ' ,  )) + gi lr,) ') .

Let us denote by er( . ,7) and 6,r,( . , )) the derivatives of 0r( . ,7) and 0n( . , ))
respectively. Then, from (12) we obtain:

(8)

(e)

(  13)
(14 )

f^,(A(u, r))  -  f  n(u, z) + f  {u, z) :  0

er(z * ) * ) ',  ̂ t  + €t'^t '): er(z + ) + )',1) * sr(u * ) ',.y')

e6(2, \+ )') : €tLrn(€tL r* ?', tr) * e6(2, ) ')

and from these relations we can describe 9r and 0t.
Firstly, we determine Bp.



I n  (13 ) ,  we  choose  ) :  ) ' : 0  and  we  ge t :

(15)  ey(u, ,1  + ^ i )  :  er (u, - , t )  *  e ; (u,  ̂ t ' )  V^y, t '  €  f  ,

which means that es(u, . ) ' f -+ C is a morphism of groups.
In (13) we choose )' : 0 and it follows:

( 1 6 )  e r ( u * ) , 7 *  € ' u l ' ) : e r ( u + l , T ) * e y ( u , 1 ) .

From (15) and (16) we deduce that:

(17)  er (u *  l ,  € 'u7 ' )  :  er (u, . t ' ) .

We choose )  e  Ar  in  (17) ,  so ep,(u + ) ,7 ' )  =  er(u,? ' ) ,  V)  €  Ar ,  ? '€  f ,  u  eC.
By standard arguments, ep( . ,7') must be a constant, so we may write rt(f)

instead of e1(u,f). On the other side, i f  we apply (15) and (17) again, €p must be
identically equal to zero and B1 doesn't depend on u. Then we write 0r0) instead
o f  Bp@,1) .

Next, we determine 86. We choose .\ : .\' : 0 and | : 0 in (1a) so e1(2,0) :

0, V z € C. We apply these relation to (14) for .\' = 0 and we obtain

e{2,,\) :  en(z * 7',  }),  V.\ e A, ?' € f .

For the same reason as above, 6,1 doesn't depend on u and we write un()) instead
of. es(2,.\). With this notation, we turn back to (1a) which becomes:

(18) e1() + .\ ' )  :  6rl tn()) + en() ').

An easy computation in (1S) will show that e,r()) - 
$un(c) and g{2,}) :

l - F f s  /  \  ,  A  / \

ffen(.), + 0n()).

Then we get:

(1e) f nfu,") : *rr{', r,t1 + fin^(r, )) + gr(t)
1  - r l s

+iitn (")" + 0n()) * const(s) , Ys € G,

where const(g) €.Z,Vg € G and (7) becomes:

(20) F(s,g') : *"nr^"4 + ffnr(t',.,t)+ 0,r(r) +,6,r()') - 0n() + ,\ ')

+gr(i + or(t) - gr(t+ €Lr') * }_f' tk)t'

*const(9) * const(g') - const(99'), Vg,g' e G

Since const(9)*const(g') - const(ggl) is a coboundary in C2(G,V'),we can ignore
this term, without changing,the cohomoiogy class of F in H2(GrV').



Let r(s)  : :  p,1())  + \ r ( t )  + *€^(ch, r r (?) : :  r ( l )  :  gr( t )  + /gea(c)1 and
r , r ( ) )  : :  r " ( ) )  :  9^ ( ) ) .

With this notations, (20) gives rise to the final formula for F:

(21) F(g,  g ' ) :  ] rn1, l ' ,  ) )  + *rr r ( - , '  ,^ t )  + r (s)  *  ,G) -  r (ss ' )  e Z.
2 i  ' r \  2 i

and tlrus, if we replace By by rf , we may always suppose that e1(c) : Q.

From (21) ,  one may see that  i f  Hr  -  0  and Ht  :0 ,  then F(g,S ' ) :  r (g)  +
,k') - r(gg'), which rneans that the cohomology ciass of F in H2(G,C) equals to
zero. Then, by means of Lemma 2.L, F represents a torsion class in H'(G,Z). Th'ts
we proved that Ker(x) C tors/y'2 (G,Z).

Step 2. I t  remains to prove thai ,A/S C y(HZ(G,Z)).

We check that for given (I/r, fln) e Af S, there exists rp : | -+ C and r,1 : A -+ C
so that ,  by def in ing r (g) :  t t ( f )  * r1( ) ) ,  for  any g:7)  then:

l f t t '
(22) 

%Hn(.\' , )) + ;;1+ 
(.,t',^'i + r(g) * ,G') - r(ss') e Z.

Let us denote by:

6r(r) : irr(i - lnr{t,7), v7 e r,
4

6^(.\) : fr,1(.\) - l"n(^,.\), V) e A.
a

One may see that (22) is equivalent to the following three relations:

(23) 6r({r) - br(r) € iV,, 
l

(24) br(ry) + br(t) - br(t + "t') + ;nr?r,l) e iv,, V7,1' e r,

(25) 6,r()) + b^(.\') - b,r() + )') + !;nn1t, )') e iz, v.\, .\' € A.
/)

Then, the problem of finding rp and r1 so that (22) is true reduces to searching
for 6p and 6,1 which sat,isfy (23), (24) and (25).

By using (24), a straightforward computation shows that (23) is equivalent to:

(26) ,9 of type (c1) 26r(1), 2by(B) e iZ,
; ^ F

S of type (61) br(1) -  br(p) e iZ, lbr(r) - '#h(r, I)  e iZ,

.9 of type (c1) 2br(1) e iZ, br(1) - by(i) e i- ' ,
; .  / 2

S of type (d1) br(1) + bn(p) e iZ, bp(I) +"#nrQ,I) e iZ.

If we fix 6n("), 6,r(o), 6p(1) and br(p) € C so that (26) is verified and we set:

bp(7) :: /26f (1) + t.br(P) + f,t6tnnr(1, B), V^t : l, * l+g,,



b1() )  : :  /36,1(o)  *  /566(c)  + 
; ih l iD^( . ,  

o) ,  V)  :  / :a  *  lsc ,

then it is obvious that 6p and b,1 are the functions rve were looking for.

Case 2. ,9 is of second type.

The proof is similar to the proof of. Case /., but it needs more computations.
As in the previous case, we try to find a decent form of /n.
Since the restriction of F to f and A1 are cocycles, then we must have, as in the

first case:

(27) . f - , (r , r) :  lnrp,^t)  + pr(u,7),  V7 € r ,
- ".,

( 2 8 )  f x ( u , r ) :  ^ H n ( r , ) ' )  
*  0 { 2 , ) r ) ,  V . \ r  €  A r ,

rvhere 0r{. , l) ,  pi l  .  ,)1) are holomorphic functions on C. Let us denote by
er(  .  ,7) ,  e^(  .  , l t )  the der ivat ives of  0r ( .  ,7)  and 0n( .  , )1)  respect ive ly .

Step 1. We show that ep( .,  .  ),  and e,1( .,  .  ) are constants in theirf irst variabk:
and groups morphism to C in their second variable.

For g :.y) € G with ) e Ar, then g is also equal to ),y and we apply (7) two
times:

fnfu,r):  f . , ()(r ,z)) + f{u,z) = fx(t(u,z)) * fr(u,z)

to get the following:

1
(29 )  - - -Hy1 l "d , t )+  1 r (u  + ) ,1 )  *  0 i l 2 , ) ) :7 r (u , t )+  0 {z  *7 , ) ) ,  )  e  A r .

Zz

By taking the derivatives with respect to u and z respectively in (29) it will follow
t h a t  e p ( u + ) , r )  :  € r ( u , , 1 )  a n d  e ; ( z *  7 , ) )  :  e ; ( 2 , \ ) ,  V 7  €  f ,  , \  €  A r ,  u , z  € C
and thus sp and 61 are constant in their first variable.

Then we write €r(?) instead of ep(u,,7) and €^(,\) instead of. e;(2,)) and,by
denoting gr(l) :  gr(0,7) and 0n(^): 0,r(0, )), we deduce that:

(30)  / r (u , r )  :  er ( r ) "+ / r ( t )
(31) 7t(r,))  :  en(l) '  + 1i lA).

Next ,  we tu ln  back  to  (7 )  and we choose g ,g '  €  G,  g :  ^ l \ ,  g ' - ' y ' , \ 'w i th

) , ) ' €  A 1 .  T h e n  w e  o b t a i n :

1

(32)  nUr l tua , t )  +  e r ( t+ t ' ) ( r+ )+) ' )  +e ,1( )  *  \ ' ) z

+tr( t  + t ' )  *gn()  + . l ' ;  = |a r ( t ' , t )+ ]an1. l ' , . i ;'22 ' 2z

+er(r)(u + ) + )') + ep(7')(, + l ') + en())(, * ^t' + lLd)

+e ̂(^t)z + 1r(t)  + 7r(t ' )  + 0r()) * 0r() ' ) .

10



Now, lve take the derivatives with respect to u and z respectively in (32) and it

wil l  fol low that ep € Hom(f,C) and e,r € Hom(At,C).
If we apply (30) and (31) in (29) we will obtain the following relation:

I

(33) =ttr1ttd,7) -  e,r()h + er(7).\  :  0, V.\  6 Ar, ? € f .'22

Step 2. We prove thai B,1 can be extended to gt: C x A -+ C, also holomorphic

in the first variable so that:

f>,(u,z):  jnnp,\)  + Brr(z)) ,  V) e A.

In fact, by taking into account (7) and (28), it is sufficient to prove this only for

A :  c .

Let r7.r = *, ut: ffi and zr : #, V) e A.

By using induction on rni one may apply (7) several times to prove that:

n - L

(34)  f^"=D f "@1kc, (kz) ,  Vnr ,  €  N,
,t=0

which implies

m-7

(35) T*" - I q"(u * kc,{k z),
lc=0

m-L

(36) F^":  L p"@ * kc,(k z) ,  Vrn € N.
fr=0

In particular, for rnc: n € N, we get

rn-I 1

(3?)  L  q" ( "  1kc , {kz ) :  
}H t1 t , , r \ ,

::,
(38) D p"@ * kc,(k z) :  s.

ft=0

Our next goal is to prove that 17" is a constant and then, from (37), we deduce

that this constant must be equal to *fu(I,c) and this step will be finished.

We apply (7) for fuo, Iscand then, for ) : /go * lsc, wehave:

(39) f  x(u, t1 :  f  4o(u * lsc, e" ,)  + f  u"(u, "1
: fu"(u* lsa,,z * fud) * f i"*(u,z).

But /3o € A1 and, by meaning of (28) and (39) the following two formulae holds:

(40) nuc(u, z) : nu"(u * ltd, z t lzd),

(41) lt4"(u, r) : pu"(u * Isa,z t fud), Yls,ls e Z.
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We apply again (7) for /5c and rnc, where we choose rn such that mc : n € Z C
Ar. A similar argument as in (39) leads us to:

(42) \t ,"(u, z) :  r lb"(u * n, z),

(43)  p6"(u,  z)  :  Wu"(u *  n ,  z) ,  V l5,n Q Z.

From (7), applied fory, ) and g : ^l), we obtain:

(44)  fn (u , r )  =  
*u r { 'uz  

{ f td , ,? )  +€ f (? ) (z+  ) )  +  g r ( i  +  fx (u ,z ) .

Again in (7),  we take 9 :1) ,  g '  :  lA 'wi th.  / !  :0 (and this impi ies that
h( ) ' ) ' )  :0 )  and ( lu+ l ) "€Zc  A1 and use (44)  and (28) :

1 1
t . l

(4b )  ; f uQ * t zd ,1  +€ tu l )  +  rnn@, )+ ) ' ) *e r ( r+€Lr ' ) ( r+ )+ ) ' )

+gr(t + (r '?') r gr,(z) + )') = f,rrQ + €t'1',t) + jnr(€'L r,t ')

*er (7 ) (z+)+) ' )  +ep(7 ' ) ( "+ .1 ' )  +gr ( r )  +  g r ( t ' ) *  f s , (u ,z )
+fi(u * ) ' ' ,€tL' +' l ' ) '

Then.

(46) er(r * €t".,t') + jun6; + )') : er(l)

+er(T') * qx(u * \ ' , ,€t 'u,+ 7') + \x,(u, z)

and

(47)  t t> , (u *  A ' , ( ' ! ,  +  ? ' )  :  -Fs, (u,z) .

In  par t icu lar ,  Vu,  z  €C,  Vl  e  l ,  V l5,  I ' reZ so that  ( ls+ l )c€Zwe have:

(4S) tt4"(u, z) : -pr5"@ * Ituc,€IL, * l').

From this relation, one may imediatelly obtain that:

(49) Ft;"(u, z) :  pt 'u"(u * n,,2 * l) ,  V'y e l ,  n e %.

We apply (a3) and (49) for IL : t to deduce that p'"(u,z) doesn't depend on
z and we write p"(u) -- l-r"(u,z). Now, we take into account (a1) and (a3) which

show us that p,"(u + )) : F"(u), Vl e Ar. But this means nothing else than pr" is

a constant. From (38), this constant must be zero, so 4" depends only on z,) say

T"Q):n"(u,z) . In  fact ,  i t  is  easy to  see that  r7 . l  depends only  on z ,V) 'e  / t .

Then z1 will depend only on z for any ) e A and, from (46), we have:

(50)  ,x(€tL,  + ' t ' )  =  -u l , (z) ,  Vz € C,  |  €1,

as soon as /! : 0 and (15 + l''t)c e Z.
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In particular, Vz € C, V1'€ f, V/5, t 'u e V' so that (/s + /i)c e Zwe have:

ut ' , " (z) :  - 'U'( t tLz + 1 ' ) '

As we have ah'eady done for p", we get lhal u" must be a constant and, by means

of (40), r7c must be a constant too.

Step 3. Next, we try to find B,1 and thus to get the finest form of F'

If we apply (a6) for ls : _l,s = 1 and /s : 0, then we get ep(7 + tl,) :

er(f) + er(f ), Yi,1, € f. Since er is a morphism, it must be identically zero.

So, we find the following relation for /r:

(51) fn(u,r)  = |nr{e 'uz ! f td, , t )+ }u^(r , } )  + gr(" ' i+ gr ' ( ' ,A) '

Let e 6(2,\) : ff(2, )). we turn again to (7) to replace /r obtained in (51) and

then, by taking the derivatives with respect to z, we get:

l tsr tL
(52) f fUrt t ,h( , \ , , \ ' ) )  

*e6(2, . \  + l ' )  : { t i rn16t !  z  *^t '+tLd, . \ )  +er(2,) ' ) .

By using the same conrputations as before, one may see that el doesn't depend

on z, so we write en()) = €L(zt.\) and

(53) er()) - fiurg,hd) +l-#,n("),

fts \ - ttu
(54) 0t(2,.\) : ;flr 

(z,tsd) + iit 6(c)z * ga(r),

where ,6n()) : :  B^(0, )).

t' purii"oiar, for') € Ar, we have tn(f) : +i6r(I,/3d) and, by appiying (33)'

we get the foliowing extra-condition for 1/p:

1  1 _ -
(55) f inr1tra,t) 

-  
unr1,l 'd) €2,,Y1 €t, fu €2,

which is ecpivaient to:

(56) @2) flr(1, 1)Im B e 2z',

(b2) Hr(1,1)ImP e 3v', ,

( "2)  I / r (1 , t )  e22, .

Next, we turn back to (7).

Firstly, let us notice that (51) is read here:

(57)  f  n(u,  r )

1 - € , u
+ftrn (c)z * 0n()) -r const(s),

1 3



rvhere const(g) €2. Asin the proof ol Case -1, rve may suppose that const(g) :0'

without ctranging the cohomology ciass of F in H2(G'V') '

Let us denote bv ,^(g) ,:  Bnfi;  + gr(^t) + i3e,1(c)(r + /sd) and 16()) : :  r()) :

0n(^)+ 1!e,r(c) Qct,, rv(1) ::  r(t) :  gr0)+ +€6^(ch' Then' we mav suppose that

t^t.j : O j,t d we find the following fina1 formula for F:

t  l l s  1  . -

(5s) F(g.,g ')  :  
*rn(^ '  ,s) + |ur?r '  + I ' rd, f l  + ,Hr( l td ' t )

+!rl.r l"d.t,\ - !nr(0, + IL)d,1 + tt '1'+ h(,\, ) '))
'  

2 i - - '  \ - r - )  ,  ,  2 z

+tn.(r' + t ' 'd',/3d) + r(i l  +'k') - r(ss') e v' '
' 2 i

From (58), one may see that if Ht -0 and Hr -0' then'F has the cohomology

class in H'(G,C) equal to zeto, so thscohomology class of F h H2(G''V') ts a torsion

element. Ti is fact ,ho*t that Ker(x) C tors Hz(G,Z)'

Step l.  We show next that AI S : y(H2(G'Z)) '

, ,J,,.  Let (Hr,Ht): X(F) where F e H2(G,V').y. have already seen in Step

g that (b6) must b" ir.l-,". 
'it 

.emains to prove that 2Im fl,r(A x A) C- Z x V' if ^9 is

of type (c2). In fact, we have some more relations which lead us to the conclusion

andwhicharealsousefulfortheAppelt-HumbertTheorem.

Let bp(1) - irr(t) - 
IHr(t,7) and b^()) : ir1()) - 

}fln(f "\)' 
As in the case

when,g isof f i rs t type,*"huu" thefo l lowingre lat ions:

(5e) ,9 of type (42) 2br(1), 2bv(B) e iV',

S of type (b2) br(1) - br(p) e iv,, sur(r) - *'rr,r) € iZ',

s of  type (c2) zbf  (1)  e.  iz ,6r(1) -  bv( i )  e i%'

We start from the relation F()', )) - F(), \') e Z, V), '\' € A' we replace F from

the formula (58) for 7 - 1' = 0, lt, - fu- 0 and we use (55) to get:

(60) ir^(/ sc,t '"a) 1bp(h(/sc,l!*)) + |ar{i ,  \ l '3ldl '?e' - {") € iv' ,Vt ' ' l ' "  ez'

This condition is equivalent to:

S of type (a2) br(1) + iEl(c,a) e iZ,(61)

S of  type (b2) h(1)  + iE6(c 'a)  - '# ' , r , r )  € iv"

.9 of type (c2) -br(1) | iE7(c,"1 - 
,nrQ,I) 

€ iV'

and, because of (56) and (59), if S is of type (c2) then 2E;(c'a) eV''
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Moreover, from (55), (58) and (60), we have the following relation lbr b,1:

(62) bn()) + b^()') - bn() + )') + f,rlr,(t 'rc,/3a) * i111(t5c,l '"a)
'I

+;lft(hd,tLd) e iv" v^,) ' ,  e A.

" C" . To prove this inclusion, we have to prove that if (//r, ffn) € 'AlS, then

there exist rp and rr1 so that

1  t t u - *  1 - -
(63) *rn(^',,\ + iHr(t ' + tLd,t) + i i lr(t 'd't)

1 1
1fiurttLa,.y') - 

*ur((,t + lL)d,1 + €tu't '+ h(),l '))

+ffnr{'r ' + tLd,hd) +r1()) + "n()') 
- 16('\ + )')

+rr( t )  + r"r( t ' )  -  
" r ( t  

+ ( iu?'+ h(. \ ,  \ ' ) )  e Z.

we start with fu(1) and bp(B) so that (59) and (61) are satisfied. we set, as in

the first case,

(64) 6r(r)  :  /26f  (1)  + l !b(B) +Lrn;nnr! , ,  p)

and this 6r will satisfy:

(65) br(r) + br(r') - br('y + ?') + 
r4nr6,t) 

e i%,

(66)

We define

(67)

h(€r)  -by(1)eiv ' .

,r(r) : -ibr(t) - 
IH1O,t).

Next, we start with r1(o) and r1(c) in C and we take:

( h - I ) h , , ,  \ ,  
( t - - 1 \ 1 .  

,  ( / r - 7 ) l t : U - , r ,
(6S) 'n())  :  

f fn^(o,o)  * \ ;aHt(c ' , . )  +\ ;cHv(d,d)

+{nn{tr", /3o) + /3r1(o) * /5r1(c)

A straightforward computation, by using the relations (55), (60), (64), (65), (66),

(67) and (68) leads us to the conclusion [.

we denote by \[,, : ,A/S:iNu*(.9) the isomorphism obtained in Theorem 2..2.

4 Appell-Humbert theorem

Keeping the notations from the previous sections, we define or(r) ;: s2'br(r) ̂ t6

on(i) 2-- 
"z"on1x1. 

Recall that, since br((f)-br(1) e iT,6p must be purely imaginary'
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If S is of first

(6e)
( i0)

( 7 1 )

type, then ap and c,r will verifY

a1()  + ) ' )  :  on() )a1( , \ / )e" ;E ' r ( ) ' ) ' )

or(r * ' , t ' )  :  ar(^'r)ay(1')s"iEro n')

" r (€r )  
:  ar (7) '

where (l1r,fl,r) € If S.
If ^9 is of second type, then ap and orr will verify

(72)

(73)

(74)

and

(75)

a71 ( ) + )') : *n ( ) ) a 6(\ ' ) e"i E 6 (t 'uc'$a) + r i E1 (15 c'l!a)*nrlp (t 3d'ILd)

or(r * ?') :  or(?)or(1)""0"r(r ' t ' )

or({r) :  or( l)

a p ( 1 )  :

.9 of type (c2)

^9 of type (b2)
S of type (c2),

(  s -2" iE^(c 'a )

|  "-r ,0,  
n{",a)+u,$r lr( t , r)

l  r -r" ;  e n{",a;  - ' r  iap i r , r  ;

where (Hr,Hi € NS.

Let Pt: { Group of data (Hr,Hn,ar,0,r) } with natural gloup operation and

P :  Pt l -  where (Hr,Hn,or,on) -  (Hl ,H' t ,d!r ,c/1) i f  and only i f  /+ :  Hl ,

Ht - Hk, ar - ai- and there exists a € C so that *n()) : a'1Q)e2"id, V'\ e A'

For simplicity, we shall denote by (Hr,Hn,o",6i) instead of (flp, H^,or,oi1) and

QL - a'n for the equivalence'

Remark /r.1. By using a classical argument that have been already used in section 2

(cf. [9], chapter I), one may see that if s is of second type and ffu : 0 or if ,9 is of

first type, then there exists an unique c'n so that a1 - af, and 
"i(,\) 

e u(1), v,\ e

A .

This argument allows us many times to suppose that the multiplicators appearing

in theorems of Appell-Humbert kind are t/(1)*valued (see [9] for tori and [3] for

primary Kodaira surfaces).

Lemma 4.2. We haue an eract short sequence

0 --r Hom(G, Y(i)) J+ P J-+ Af S --+ 0

where q is the canonical projection and pt(c,6): (0,0,aclr,ocl,r) '

Proof. The morphism 17 is surjective from the proof of the Theorem 3.1. By the

a b o v e r e m a r k , i z i s i n j e c t i v e ' S i n c e l l p : 0 i t r e m a i n s t o c h e c k t h a t K e r ( 4 ) C
p(Hom(G, t / (1) ) .' ' 

Indeed, l"t (0,0, of , A) € P. Since the corresponding hermitian forms are equal

to zero, it follows that a1 € Hom(f,U(1)) and a,1 e Hom(A,c*). From Remark

41., e^ has a representative that is t/(1)-valued, say a'71'
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,L l re .  u ,e c le f ine 
" " (g) , :  

or ( l )o | ( , \ )  e  t , ( t ) ,Yg:1)  €  G,  which is  an e leuent

of  I {om(G, t / (1) )  and ver i f ies p(ac)  :  (0 ,0,  or ,  d i )  t r '

Tlreorenr 4.3, There is the fol lowing isomorphisrn oJ eract sequences

'  l / S  ) 0
0  +  Hom(G,  U(1 ) )  -  P

i l  v '  r l v
+ +

0 * Pic"(S) Pic(.9)

r l  v '
Y

Num(S)

where V' is the i,somorphism from section 2, V" is the isomorphism from section

3 and \ t  maps ar t ,  e lement  (Hr ,Hn,or ,6 i )  €  P to  the cocyc le { "n}n e HI(G,H-)

giuen by

e n \u,, z ) : or (1) on (,\ ; e"rn {""1 ) +n H t (ets 
" +t'r*ls d) - [ Hv (1't) + [ Hr (] 'r) '

proof. All we have to check is that \[ is well-defined, so let us suppose that

(Hr,-Ht ,or,6i) maps by V to {"n}n e Ht(G,,-[/.) and we change the representative

of o1 by o,n. If. e'l : +^i]+ E ai()), rhen is is easy to see that {e!}o is a coboundary

in CL(G, H-) .
Indeed, there exists a e c so that 

"'i(r) 
- 

"2ria\ 
and we choose h(u,z) - .2riau.

Then,  
" ' i :  

h (g (u ,z ) )h - l (u ,z ) ,  Vu ,z  e  C ' ,  g  e  G 3 '

Definition 4.4. For any (f/r,f/n,or,fi) e P, the line bundle over ,S associ-

ated to the cocycle {es}n:'virrr, 'un,'oi, 'a-n) e HL(G,1/.) wil l be denoted by

L(Hr,,f l,r, ar,6i) '

Remark 1.5. L(Hr, H^,ar,a) ir the quotient of c2 x c given by the equivalence

relat ion ((u, ,  r ) ,*)  -  (g(r ,z) ,en(u,  r )*) ,  Yg e G'

5 Applications

The first application of Appell-Humbert theorem is a description of tots H2(G,%)

and its generators in terms it ttr" groups cohomology (see, also [i0], [12] for precised

ch aracterisation).
By taking into account that torsion cocycles F are given by the vanishing of their

.orr"sporrding hermitian forms ,I1r and Iy'n, on€ may obtain very easy the following

table ir"", ulro [5] for a similar result on primary Kodaira surfaces):

@torc  H2(G, ,2 )on(s ,s ' )Iors  H2(G,Z

[:1- I)t')tilz u'4 ]!:l_!V'2 x Z2

F- (-r) ' , ' )hl2
6:Vri) + \Arm((l - pr' h'))/3

G.(;. lrpft_47)1?,
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Next, we may apply Appell-Humbert theorem to compute a basis in Num(S)

(see,  a lso [10] ,  Theorem 1.4. ) .
Let us denote by q the cardinal of 9.

If  we f ix isomorphisms .H2 ( f  ,  Z,) = H'z (E, Z)og Z and. H' (1\r, V') = H2 ( L, Z1E Z,

then the inclusions Ir.S c Jth C JV, : z @ v' wiil become:

Type Al-r Afs q basis in ,A/.9
€ 1

( o 1 ) Z @ V , v , @ 2 2 2 ( 1 ,  0 ) (0 ,2 )
(a2) v ,@222Z @ 2V, A

1 ( 2 , 0 ) (0 ,2 )
(b i  )

lv ^ al7 z @ 3 v ,3 ( 1 , 0 ) ( 0 , 3 )
(b2) v ,@323V, @ 3V, q ( 3 , 0 ) (0 ,3 )
( '1) Z  @ V , Z @ 4 2 + ( i , 0 ) (0 ,4 )
("2) v ,o2z 2n @ 4V, 8 (2 ,0 ) (0 ,4)
(d1 ) r V  ^ r V

a J w u ) z e a z b 1 ,  0 ) (0 ,6 )

It is easy to determine the numcrical classes of Os(E) and Os(A)

deed, according to [10], since the ini;ersection number E.A is equal to

i somorph ism l {z=Z@Z,we  have  c1 (E)  :  ( 0 ,9 )  and  c1 (A)  :  ( 9 ,0 ) .

Then, by using the previous table, we get the following (compare also with

[10],Theorem 1.4.):

Typ" Basis of Num(,S)
( c 1 ) r lz\ E
(a2) r lz\  r l2E
(b1  ) 1l3a E
(b2\ r lsL r lsU
( '1 ) r l 4 \  E
(c2) r l4L r lz0
(d,1) 1 l 6 L  E

The lext application of Appell-Humbert theorem is computing the spa,ce of

global sections of some line bundles over ,9.

As we sar,v, any element tr e Pic(S) can be written as L: L(Hr,ffr,ar,6i),

where (Hr ,Hn, ,ar ,6- t )  e  P.
From [10], Theorem 1.4., the numerical type of .L is of form c1(L) : aa,+bE,

where a,b € Q,  or  c1(L) :  e f i t *  b1e2 wi th  a1,b1 €2.  Accotd ing to  [10] '  Lemma

1.3., i f  Ho(L) f 0, then a,b2 0, which is equivalent to the inequali t ie. f fr(1,1) > 0,

Ht(1,1) > 0. I f  a,b ) 0, then .L is ample (cf. [10], Lemma 1.3.) and ho(L) - abq -

a1b1 t  0 ,  so  i t  r ema ins  to  s tudy  the  cases  a :0 ,  b  >  0  and  a )  0 ,6 :0 '

Here we shall compute f/0(,L) for a : 0, b ) 0. Before stating our result, let us

introduce the following notion:

In-
via

in
Q ,

NS.
then
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Definit ion 5.1. Let (.Hp, Hrr,ar,A) € P. Any holomorphic funclion 0 : C -+ C

so that:

( 7 6 )  O ( g ( u , t ) )  =  e n f u , z ) 0 ( u , z ) , V 9  e  G , ' u , z  € C

is cai led a 0-function f.or the data (Hr, Ht,or, di).

It is easy to see that there is a natural one-to-one correspondence between 0-

functions for (-Fft,  H^,cLr,f i)  and sections of L(Hv,ffrr 'ar,di) '

proposit ion 5.2. I f  c|(L) - bE, b > 0 then ho(L) + 0 rf and only i f  ay is

identical ly equal to I.
In this 

" ise, 
b € V, and, there is a natural isomorphism: Ho(L) = Ho(L(H^, a,r)),

where LlHn,a,1) fs the line bundle ouer Cf L associated to the her'mitian form H1

and the multiplicator o'1.

P r o o f . T h e e q u a l i l y a * 0 i s e q u i v a l e n t t o H r : 0 a n d t h e n a r : l + t i ( l ) i s a
morphism of groups with ap({1) : o.(l), v7 e f . on the other hand, from Remark

4.L and Remark 4.2., we may suppose that a6 is [/(1)-valued. Moreover, since

Hr - 0 then:
e n(t,, z) = or (?) on ( ))e"Hl (""r)+ +tr^(r''\)

for both types of hyperelliptic surfaces.

Claim 1. If. ar is identically equal to 1 then Er(A x A) C Z and

a,1 (,\  * ) ')  :  on())o1() ')e"iEn(r 'r) '

Proof of Claim,l. For the case when,5 is of firsi type, this is nothing else than the

definition' If S is of second type, then Hr :0 implies that 1 : a;(1) - 
"-2riE6@'a)

so -8,1(c, a) e Z i .e. En(A x A) C Z.Because Er(c,a) e%, we apply (72) to get

o1()  *  i ' )  :  a ,1( . \ )41() r1"n iat$ ' \ ' ) .

Clai,m 2. The condition b e Z is equivalent to 'E,1(A x /t) CZ'

Now, we turn back to the proof of Proposition 5.2.

'+,. I f  hO(r) ) 0, then there exists a d-function for (0,f ln,op,5]),say d, non-

identical ly zero. Then,Vu,z € C, 1€ f, . \  € L,0 must satisfy:

(77)  0(u + ) , t 'u ,  +  ? + hd) :  o1(1)46( . \ ) "xHr1, ) )+[n, .0s)61u,7) '

I f  we take ) :0 in (77), i t  fol lows that:

( 7 8 )  0 ( u , z + 7 )  -  a p ( 1 ) 0 ( u , z ) , V u , z € C , 7 € f '

Since op is t/(1)*valued, then we can apply maximum priciple in (78) to conclude

that 9 does not depend on z i.e. 0(u, z) : 0(u), Vu, z e C. The condition (78) implies

also that dp must be identically equal to 1. Moreover, (77) becomes

(79) 0(u * )) :  on(,t)"2rtu(u'r)+ittn0'^)0(u)"
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Fr.om (79) a,ncl Claint 1. ne deduce that d is in fact a 0-function for the data

(f1.t,  an) rvit l i  respect to the latt ice A.

) ')1-D. We apply again Claim 1. and then we can choose 0 € Ho(HL,a,1). I t  is

easy to see that i f  we define 0(u",2):0(u,), then d is also a d-function for the data

(0 ,11 ,1 ,  1 ,0n ) .

For the final part of proposition, we apply claim 2. and [9], chapter I n.
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