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Summar5r., The flow of an incompressible fluid through a non-homogeneous dam is

considered. A distributed control problem associated with this free boundary prob-

lem is studied. The aim of this paper is to minimize ttre total pressure of the fluid,

the control being the permeability coefficient sf the darn. The first order necessary

conditions of optimality are derived for a fimily.of regutar control problems. A finite

elemenl approximation of the optimality eystem is introduced and the convergence of

the proposed algorithyni is studied. Some nurrerical resulbs are discussed, for the case

of the non-homogeneous recfangular dam.

Mathematics Subjcct Classif,cation ( t99 t) : 35R35, 49J20, 65N30, 76505

A theoretical and numerical approach of a control problem

1.  fn t roduct ion

The flow of an incompressible fluid through a non-homogeneous dam with general

geometry  was studier l .  for  instance,  in :  A l t  ( i979) ,  AI t  ( i9S0) ,  Fr iedman and Huang

(1985), Stavre and Vernescu (1985), Stavre and Vernescu (1989). In Alt ( i9?9),

Friedman and Huang (1985), Stavre and Vernescu (1985) this free boundary problem



by the funct ional :

( 1  1 )

was stur , l iec l  f r .om a theoret ica l  po int  o [  v iew,  wi r i le  in  AI t  (1980) ,  Stavrc and Verr tescu

(19,s9)  r iumer ica l  rnethods were used for  so lv ing i t .

We in t roduce and studv an opt imal  conl ro l  model  associated rv i fh  th is  f ree bound-

ary.  problenr .  We want  to  min i rn jze the " to ta l  pressure"  of  thc f fu id  i r i  the dam, g iven

J( lc)  = 
loo@,y)drdy,

where the control fr is the permeabil iLy coeff icienl of the dam, D C R2 is the cross-

section of the dam aircl p, the pressure of the f luid. The purpose of the paper is to

obtain the optimalit5' s, i ,stem (the necessary condit ions of optimality) and to approxi-

mate i l  in order to ct,r lpuLe an optimal control b*, characterized as a trt iuintun poinl

for  the funct ional  J ,  , I , : f ined by (1.1) .

Other optimal coltroi models associated with th':  l tomog,erqcus dam problem

rvere studied in Barl,rr (1984), Friedman and Yaniro (1985), Friefman, Huang and

yong (1987). In Frie, lrtran and Yaniro (1985), Friedman, Huang and \bng (198i) the

control variable is tlrc rate allowed to withdraw water from the bottom of the dam

and in Barbu (1984) rhe control is the highest level of the f luid in the reservoirs'

The plan of the paper is as follows. In Section 2 we define the distributed control

problem and we pro\j,,an existence result. The necessary condilions of optina]iLy are

deduced in the nexl section, by approximating the control problem by a family of

control problems wlir, 'h are regular. Section 4 deals with the f inite element approx-

imation of the optinral i ty system associ,ated rvith the family of regularized control

problems; lhe convertcnce of the proposed algori lhn'rs is also discussed. In the lasL

section, some numerit:al results ale presenled, for the case of a non-homogeneous'

rectangular dam.



,na. themal ica l  for rnulat ion of  the phys ica l  problem. in t roduced in

; ,nd St ,arnpacchia ( i978) ,  Carr i l lo-N{enendez and Chipot  (1982)

, i am and  i n  S ta ' re  and  Vernescu  (1985) fo r  t he  non -homogeneous

2 . The cont ro l  p t 'ob len l

[ : i rst  w'e descr ibe tht :

Brez is .  l t inder lehrer

for the homogeneous

case.

The cross-section ,rf the dam is denoted by D, where D C R2 is open' bounded,

connected,  wi th  the l ,oundary 0D,  which is  local ly  a  L ipschi tz  graph The boundary

is  fornred by three a l : . jo in t  par ts :  Sr- the imperv ious par t , .92- the par t  in  contact

r,vith the air and Sij  =. .Ss,r U S:'z-Lhe par| in contact with the reservoirs (S:, ' ,  Ss,z

being the conneclsd r 'omponetlts of 53)'

We dennte by h; r l ie levei of the f luid in the reservoir with boltom 5s,;, i  = I,2

and rve defri,p ,1 : Sz i.J $3 r' R',

'  I  
I  o  onsz ,

( 2 . r )  J  :  \
I n r - y  o n S s s  i : I , 2 '

The variat lonal f , i |mulation of the physical problem is (see Stavre and Vernescu

(  1e85)) :

(
I  f na  p *  €  l l ' !D ) ,  p *  20a 'e ' i n  D .  pe  -  l onSz  USs '

( V  P ) o  {  r  .  . -  r , ,  , 0 e ,\ v  I  / k  
I  f , * , o 0 . ' r /  

+ H ( p r ) f i ) a r a a  <  0 V p €  / { 1 ( D ) ,  ? : } o n 5 3 '  e  >  0 o n 5 2 '

where k is the permcabil i t ,v coeff icient of the dam, pk the corresponding pressure of

the f luicl and l/ .  the l leaviside function. It  is obvious that the pressure of the f luid

in  the dam depends . ' t t  the func l ion k '

lve suppose that  i  is  a  contro l  var iab le belonging Lo the fo l lowing bounded.  c losed,

convex set:

( 2 . 2 )  K :  { u €  H r ( l ) ) i  l l u l l s ,  \ D ) < r , a l - u S B a ' e ' i n D , # )  0 a ' e '  i n D \ '

where  a ,  0 ,  r  a re  pos i t i ve  cons tan ts ,  w i th  r  la rge  enough '



Sir rcc ( \ . 'P)u has not ,  in  genera l ,  a  un ique so lut ior r  pa (see SLai ' r 'c  a t ld  \ ier t tescu

( 19S5)), lhe colrespondence A '- '  p1, is n-rul l i-r 'alrred'

We define:

(2 3)  Pr  = {Pl  P so lut ion of  (V P)P} ,

and rve in l roduce lhe fo l lowing problem:
(
I  Fznd (k ' ,p '  )  e  / i  x  P6. ,

( 2 ' 4 )  
\  { r - o , o r = [ p d ' d y v ( h , p )  € t t ' x P a .
\ J n '  " - J D

It is known {rom Sfavre and Vernescu (1985) (Theorem 4.2) that there exists a

unique solution pt oJ' ( l iP)* so that the boundary of each conrrecled comporlent of

{pn > 0i is in confa<:t rvifh al least a reservoir (53-connected solution). I lence. lhe

correspondence ,t r-- p6 is uni-vaiued

Len'trna 2.1 Let lcs be an element of Ii ond let ppo, Pro ',, the 53-connected soltttton

of (V P)1,, and anoth,er solution of (V P)e, respectiuely' Then:

(2 5) lou^dxdv < loo^arar-

Proof. There exjsts ar least a connecLed set Cr C ipro > 0) so Lhat" jCtf l^S3:0' We

denote by C the union of ai l  the connected components of iplo > 0) with the above

propert,v and we define:

(2-6)

It ca.n be pro

soluf ion f.or (V P

P*ko = Pto' Since

obta ined.

We inlroduce

(2  i )

. , I

l n r '  i n D - C '
* o : l g  

i n e .(

ved. as in Stavre and Vernescu (1985) (Theorem 3.7), that Pio is a

)ro. \ ' loreover, from (2.6) i t  fol lows that pio is $3-connected; hence

, frorrr (2.6) we get pko ( pro in c, the assert ion of the lemma. is

er  min imum prob lem:

(

J Find k. e Ii,
\ r r
I Jrrr.drdy 

< Jonod'rdu, 
v t

Lemma 2.1, the fol lorving:

anot  h

and we prove) bY using

€ I(,



Proposit ion 2.2 (,r.1) has a solution i lJ e 7) has a soltLt ion.

Proo! .  Ler  (4 . ,p ' )  b . '  a  so l t r l ion of  (2 'a) '  Het t r :e :

Ion' d''du s Ion*' drd'v'

81'us ing Lemma 2.1,  i t  fo l lows p '  =  PF and,  f rom (2 'a)  for  P = Pt '  k  g  'K '  we obla in:

t  -  '  '  ,  I r , d r d u Y k e  K .
J r P u o T a a  

I  J o ' ^

Conversely, i f  k '  is a solution of (2'7), we define p' = F*' e Pr and' by using

again Lemma 2.1, thc proof is achieved'

We shall  study in the sequel the problem (2'7) '

We clefine the furrctiona] J : 1i n-' lRa,

(2 8) J(k) = 
loora'ao'

(2.7) can be wriften as the fol lowing control problem:

( r m a k * e  K ,
(CP) {

l .  J ( f r . )  :  min{ l (k)  lk  e  K} .

The last resull o{'this section is an existence theorem.

Theorern 2.3 (CP) has at least a solution'

Proof. Let ik,,), .eN C /{ be a minimizing sequence. since / i  is bounded in Ht(D),

closed and convex, ir. follows that kn, - A6 weakly in F/t(D) when 5 -+ oo and

bo € /i.

Tak ing in to accor- rnt  lha l  {H(p0," ) } "eN i t  bounded in  l - (D)  and,  f rom (7P)r , , , ,

{ t0 . ,  }sen is  boundecl  in  .H1(D),  we get ,  by pass ing to  the l imi t  on a subsequence in

( V  P ) r ^ . :

(29)  l r t  o tvvo 'Vp*  a f r larau < 0 vp € r / l (D) ,  e=0onS3,e Z 0 on52 '



rvhcre  p6  is  the  n 'ea l i  l i rn j t  in  H, (D)  o f  a  subsequt 'nce  n f  ipo , , , ) ,6 l ' i  a .nd  /1  i s  lhe  weak

s tar  l in r i t  in  I - ' iD)  , ' i ' a  subsequence o f  { /1 (pu" . ) } ,eo*  \ \ ' i th  t } re  sa t t te  lec } t t r ique  as

in  S tavre  and Vet 'n t ' \ ( ' t r  (1985) ,  we g( l t  H  =  H(Po)  and '  hence '  p6  ver i f ies  (V 'P) ts

Moreover ,  I  p*drdy  =  min{J ( , t )  l k  e  / i i .  Th is  ec lua l i t l ,and  Lemma 2 .1  imp l l '
J D

po = pto and therefot ' ,1. the theorem has been ploved'

For simplicity we shall  assume in the sequel thal D has a geomelry which ensures

the uniqueness of the solution of (VP)i, Vk € K (for instance, '91 given by y = 0' r €

(0,o)) .  We shal l  denote the unique so lut ion of  ( l 'P)1 by pt '

In the next section. (CP) wil l  be approximated by a family of regularized prob-

lems, fbr which we s|ral i  deduce the uecessary condit ions of optirnal i t .n- ' '

3 .  T 'he opt imal i tY sYstem

We introduce in the sr:quel the fol lowirrg family of regularized control problems:

I P o r € ) 0 ,  f i n d k i e K ,
(C P) ,  \

[  + t t ; )  :  m in {J , ( k )  I  k  €  K \ ,

where J"(k):  lonidrd,v,pi 
being a solut ion of:

(  . , .
I Pi e l/t(r), P1, = f on '92 U Sr'

( 1 ' P ) ; \  r . - .  y ,  h , n\ ' '  / i r  
[  / ,  

* ,Vp i '  vp + H"(p i ) f i )a 'aa:  0  v 'p  = }onsz U s : '

.T n'

rv i th rY,(-r)  = - i  . ,  r*  :  nzoz(r ,0) '
L  - r c

Before s tudy ing r .he fami ly  of  contro l  problems (cP) , ,  we remark lhat  (vP) i  is

of  the same t \pe as (v  P, )  considered in  s tavre and v 'ernescu (1985) ,  but  wi th  a

more regular funcl iorr H,. We shall  use the regularity of '  H, in the next section' for

obtaining lhe convergcnce of a sequence of solutions of the discrete optimality system

to a so lur ion of  the opl , imal i ty  system, associa led wi th  (CP) ' '

The proof of rhe rrcxl theorem is similar to those of Theorems 3' l '  3'2 fronl stavre

and Vernescu (1985) .  rherefore we shal l  omi t  i t '



Theorern  5 .1  Fot .  r t t t t l  €  )  0 ,  A  €  [ i .  there  c r is l -s  a  rmique so l tL l io t t  P ' r  o f  (V  P) i  u ' i th

the proper t ics :  p 'o  € ( ' \D U 52 U Sr) ,  p i  >  0 in  D.

The  sense  o f  t he ; ,1 . ,p rox ima t ion  o f  (V  P )o  by  the  fam i l y  (V  P ) i ,  e  )  0  i s  g i ven  by :

Theoretn 3.2 Let p', .  and, pe be the unique solution of (V P)i and (V P)p, respectiuely'

Then p', + pk wealt lu ,n Ht(D), when e -- '  0'

proof .  By choosing i r i  ( lzP) i  v  = p i -  r ,  D e Hr(D) ,  u  :  f  on,5zU.93 and by tak ing

into account the p,1o1,ct ' t ies of k and .H., rve obtain the boundedness in Hl(D) of the

sequer lce {p i } . r0 .  I \4c, ie :over ,  {H,(p i ) } ,16 is  bounded in  I * (D) .  Hence'  iveobla in '  on

a subsequence:  p 'u-  p  weakly  in  f f l  (D) ,  H,(p i )  *  n  weakly  s tar  in  f * (D) ,  when

e - - + 0 . M o r e o v e r , ,  p = . 1 '  o n  s 2 U s s , p ) 0 a . e :  i n D r } s H  s 1 a . e .  i n  D .

By applying lhe st,okes formula f 'or g € H|(D),P = 0 on 53, 'p ) 0 o; '  ) 'z i l

fo i lows,  as in  Sta, ' r 'P ; r r td  Vernescu (1985) :

e r {o l , ( vp i .Vp *  t t , ( p i ) f i l o ro ,  S  0vp  €  H l (D ) , e : } on53 ,  e  )  0  on52 '

Bl.passing to thr :  l imi t ,  on a subsequence, in (3 ' l ) ,  we get:

( 3 . 2 )  [  t t v r . ' V < p  -  B * ) a r a y < 0 v p  € H t ( D ) , 9 : } o n 5 3 , 9 > 0  o n s z '
\  /  JD

If we choose ,p e Lt(D) in (3.2) we obtain:

(3 3) ct iu(kv p) + {g, 'A1 * 0 in D (D)
d y '

and, si i lce tcH e L' '  t .D), by using el l ipt ic regularity (see Cilbarg and Trudinger

(197?) ) ,  we  deduce  t l r a l  p  €  C(D  U  Sz  U  Se) '

In  order  to  concl r r i le  fha l  A = H@),  we have to  prove:

( i )  H :  I  a . e .  i n  { p  >  0 } ,

( z i )  H =  0  a . e .  \ n D  - { P  >  O } ,

(z i i )  mes(D )  0 {p  >  0} )  :  0 .



\ \ 'e  begin wi fh  t l r ' '  1>roof  o l  the asser t ior t  ( i ) '  \ \ 'e  have:

( l  4)  [ , " ro , i ta" tv :  l im rnf  
l r r r rH ' ( t ' i )drdY'

Let  6 be a f ixec l  1 , , ,s i t ive r tumber.  I t  can be easi ly  pro 'ed Lhal :

(3 5)  t  H,(p i , , t rdy > [ .  . .dt 'dv -  J= t  ^  ct tdv '
J{p>0}  l ' r  i " ' "  * t  '  

J , . r ruJn{p i>6}  
" "  6z + s2 J1p>l1nip;>01

By pass ing to  Lhc in ler ior  l imi t  wi th  e - -  0  in  (3 .5)  and cor lb in ing l ] i is  wi t ] r  (3"1) ,

we ge l :

(3 6) [, . ,.,, orov > [, - ",,trdv 
v6 > o.

J  {p>o }  
-  J {p>6J

By passing to  the l i rn i t  in  (3 .6)  wi th  5 -*  0  and by tak ing in to account  that  t l  <  t

a .e.  in  l ) ,  we obta in r  he assel t ion ( i ) .

For obraining (i i)  an<t f i i i )  we need only (3.2) and (i);  hence, the proof of ( i i ' \  and

( i i i )  is  that  o f  Let t tn t ; r  : l ' i  o f  S lavre and Vernescu (1989) '

Since H -- H(p), j t  fol lows from (3'2) that p is the unique solution of (7P)6' We

remark that the unicl, tcness of the solution of (VP)l gives the uniqueness of the rveak

l imi t  po int  in  f /1(D)o i  lhe sequence {p i } ,>0,  which completes the proof '

Theorern 3.3 For  ( i t la  e  > 0,  (CP),  has at least  a  so lut ion '

proof. Let, {ki}"en C:j / i  be a minimizing sequence for J,. I t  fol lows that on a

subseciuence, denote' i  also by k'^, we have: ki,  t  &i weakly in Ht(D)' '  ki  ' '  ki

rveakl-v* star in L',-(D), ki -, ki a.e. tn D, ri'hen n --+ oo and li € I{' Moreover'

"11gJ.(Ai):  
min{J'(A) I  k e h' \ '

B-v tak ing in  ( l ' '  l ' )0r , .9  :  P ' t i -  u '  wi th  '  =  f  on '92 U 53 and by us ing lhe

p r o p e r l i e s o f k i a n < l ! { r w e o b t a i n , o n a s u b s e q u e n c e : P ' k , - - p ' r v e a k l y i n f l i ( D )

and  H , (p i , ) ' -  H , (p ' ) s t rong ly  i n  t r2 (D) ,  when  n  -4  @'  By  pass ing  to  the  i im i t  i n

(V'P)i; ,  on asubsequ(,1)ce. when n --+ oo if  fol lows that p'sal isf ies (\ 'P)'r;  and hence'

p '  :  p 'k i .  I 'h is  y ie lds:

J*f ni'dtd'Y -- 
l,m i n { J , ( k t  l k  e  K \  = P'r;drdY = J'(A' )



\ \ ; t ,  establ is i r  nex l  the re la t ion br :Lween the rcgr i lar ized mir r imut l i  pro l l lems (CP). ,

.  >  0 arrd the in i t ia l  cc in t ro l  problern '

Theor^em 3 ' / 1  Fo r  t t ny€  )  0 ,  l e r  k :  e  I i  be  an in i rnum po in t  o f  J ' ' ' ) ' hen '  any  u 'eak

l imi t  po int  in  Ht  ( r ) .  A ' ,  o f  {k : }u>o is  a so lut ior t  for  (C 'P) '  t r {oreouer :

(3 ?) ]1ia(r i )  
= min\J(k) l rc e /{} '

Proof. From the definit ion (2.2) and ikl i ,ro C K it  fol lows that there exists at least

an element k. € /{ sLrch lhat, we have, on asubsequence: ,hi --+ 'k 'weakly in Ht(D)'

k :  - -  f t 'weakly  s tar  in  L"(D) , lc i  - -+ lc*  a 'e '  in  D '  when e -*  0 '

From (VP) i :  we obta in,  as before,  the boundedness in  /J1(D)  of  {p i : } "0 '  
:

'  
N1o."ou", {H,(pi;)},>o is bouncled in 1,*(D). We can now e.xtt 'act. subsequences

s u c h t l r a t p i . - - p r r ' c a k l y i n f / l ( D ) , H , ( p i , ) * i / w e a k l y s t a r i i r l * ( D ) , l v h e n

€  - -  0 ,  u , i t h  p -  /  o r r  5 z U , 5 e ,  p . a } i n  D ,  0  <  H  (  1  a ' e '  i n  D '

For  any g e Hr{D) . ,  V:  0  on , .Qa,  P )  0  on 52 we obta in f rom (VP) i "  a"s  in

Theorem 3.2:

(3 8)  lor : r r r '0 , 'VP *  H,(P '* ) f f i )a 'aa So'

By passing to the l in i r t  in (3.13),  on a subsequence) wi lh e -+ 0,  we get:

( 3 . 9 )  [  t ' t v ,  V p * ' n * ) d r d y < 0 V p €  f { ' ( r ) , f  = 0  o n S 3 , p 2  0  o t z 5 2 '
\ " ' " /  J n  

\  I  d y '

'  
\Aie coriclude, wit lr  the same proof as in Theorem 3.2, LhaL 11 = II(p) aud, hence,

p :  pk. ,  the unique so lut ion of  (V P)v '

On the other  hat t , l  we have , / . (k ' )  5  J ' ( t )  V 'b  e 'h '  Ve > 0 '  i 'e ' :

(3 10) lrri,dtdY S lrvid"d'v 
vk e Ii '  ve > 0

Taking e --+ 0 in (: j .10) and using Theorem 3.2 and the weak convefgence in 'F1t(D)

of  {p i : } ,>o to  pt ,  we obta in J(4. )  < J(k)  vk e 1 i ;  hence '  the f i rs t  asser t ' ion of  the

theorem holds.



I r o r  p rov ing  (3  ? ) .  r ve  f i r s t  remark  tha t  t he  boundednes - "  o i  {P i ' } :>o

imp l i es  the  bounded t t css  o f  { ' / . (A ; ) } . ro  i n  R '

l f  we sL ippose)  by contradic t ion,  that  there ex is ts  two subsequel lces

J, , (k ; , )  *  / r ,  when " ' - -+ co and J 'n(AJo)  *  /2 ,  when q ' -+ oo,  rv i th  /1  f  /2

as before.  that ,  on a subsequence)  we have:  ' t l ,  -+ 'b t '  p ' r ' i , 'P t1 weakly

when 5 - - -+ co and k;  - -  lc2,p i i r -  Pt r rveakiy  in .Ur(D) ,  when 9- 'x '

lrrom (3.10), for s = €r, k = k2 weget, as s -+ co h 3 lzand' for € =

we get, as g --+ oo lr ) /2; hence, a contradiction with l, # lr'

Thus ,  (3 .7 )  ho lds .

i n  H 1 ( D )

In the sequel, we shall  derive the necessary condit ions of optimality associated

w i t h  ( C P ) , .

We f irst eslablish t.he fol lowing:

Lemma 3.5 For  ang k, i lo  g  1r ' ,  €  )  o ,  ue haue:

q'drd.y,

the problem:

such thaL

we obta in,

i n  1 / ' (D ) ,

e q , k = k t

Let us suppose lhat

q1 -qz  Q '  e  HL(D)

( 3 . 1 i )  J ! ( b o )  ' ( b  -  k o )  =

uhere q' e HI(D) is th,e unique weak solution

( 3 . i 2 )

a
diu(k6Tq')  + 

*(koHj(pi .  
)q ' )

i ' A
: d,i,u\{Eo - k)vp'*) + 

#((fro 
- k)H'(pi")) in D,

Q ' : 0  r ' r z  ' 5 2 U 5 3 ,

.  . 0 q '  , , r ,  c  \  r  \  t 1  , , , ) P ' knr(h + H',(p\,)q'n): (ko - kXT; + H"(P'*o)nu) on

L
oJ

('
r r l  ;

u;here d:  (n ' ,nr )  i .s  lhe outu 'ard uni t  normal  to  0D'

proof. we begin by proving that the solution of (3.12) is unique.

there exists two solutions of (3.12), q1, gi and let us define Q' 
-

satisfies the following varialional problem:

,^  .  - \  [  [^r r toO' '  v i  + H,(p i , )A ' f f i )drdv= 0 v ? e Hl(D),
( 3 . 1 3 ) {  r D

[ 0 ' : o o r z , S 2 U S 3 .

r n

p = 0 o n , 5 2 U 5 3 ,



tt e, + 0 in D. \\!.can ,"u0"',?.,:n1t;i i . '({Q' > 0}) > o

For  5  >  0  g i ven ,  i . ' t ' t ake  , :  \ yd t  i n  (3  13 )  a t rd  t vc  ob ta in :

l l / r r ( l  +  
(Q '  : 0 )u  ) l l i , r p t  (  c ,  Lhe  cons tan t  be ing  i ndepe*den t  o f  5 '  \ \ ' he r r  5  te ' ds  to

U

0 w.e obta in 8 '< 0 r , . r : .  in  D.  I t  fo l lows thaf  8 '= 0 in  D and,  hence '  q ' ,  =  q l in  D '

Let  I  €  (0 ,1)  Wc t lenote (p io* , (o-*o)  -  p i , ) l t  by q i ;  hence '

. .  .J, ( , to + t ( ,h -  ko))  -  J,(ko)
I r r I l
l i r r r

r - r )  L
= Iint I qidrd.y.

t -u  JD

We p rove  nex t  t ha t  {d } r . t o , r l  i , i n  f l ' (D) .

for ,p - gi, we get:( \  P ) i o + r t t - r o i

bounded

- (v PYr,
By comPut ing

( 3 .  i 4 )

t

l lq i l l " ' (or  S c ' l !q i l l r , ' tor  *  cz,

the  cons tan ts  c1 ,  c2  l ' r ' i ng  independent  o f  t '

I f  i q i i , e  1 0 , , ;  i s  b o r r r r d e d  \ n  L 2 ( D ) '  w e  o b l a i n '  f r o n r(3 .14) ,  the boundedt tess of  lhe

sequence in  H1(D).

Ler  us suppose thar  {g i } ,e(o, r )  is  unboundedin L2\D)  Fbr  ast tbsequence,  denoted

again b, "  iq i l re(o, r )  *c  have |g l lo i l l i , ' tp l  
=  oo '

-  1  and ,  f rom (3 .14 ) ,

subsequence such ihat
W'e define Qi : - =,nJ ' l t is obvious that l lQil l" l ' ;

i iq i  l l r tp l
that  {Qi}re(o,r)  is  borrnded in '?1(D) '  Thus we can extract  a

Qi - Q' weakiY in //r(D), when f -- ' 0'

Moreo,, 'er, l lQ'l lr ' , u 
-- l.

B-v consider ing r l re  problemsat is f ied bv 8 i  and by pass ing to  the l imi t  wi th

I  - -  0 ,  w 'e  ob ta in  tha r  Q '  i s  t he  so lu t i on  o f  (3 '13 ) ,  i ' e  Q '  =  0  i n  D '  wh ich  con t rad i c t s

l iQ ' l l 1 ,1py  =  l '

The sequence {g! i re(o, r )  be ing bounded in  Hl (D) '  i t  fo l lows that  i t  has at  ieast  a

weak l i in i t  po int  tn  l l t (D) ,  q"  which is  Lhe so lut ion of  (3 .12) .

From lhe uniquenr :ss of  the so lut ion of  (3 .12) ,  we obta in that  the weak l imi t  po int

of  {q i } te(o, i )  is  un iqt r ' "  which completes the proof '

1 1



T h e n r a i r r r e s t t l t . , l . t h i S s e c t i o t l , t h e n e c e s s a r l ' c o n c l i t i o n s o l ' o p t i n r a l i t y a s s o c i a t e d

, ,v i th  (CP) r .  i s  &  Co l ) : r ' ( lue  l l ce  o {  the  above le t ru r ta '

Theorem 3.6 For  t i r rv  e > 0 le t  k i  be a so lut ion of  (CP) ' '  Then'  there erzsts  the

unique eletnents Pi, '  fSi, € Ht(D), wlt ich satisfy the optinal i ty system:

t d

I ai,.rktvpi) + f,r&;n,ki: )) 
: o in D,

1 pi;  = J on S2u Ss,
| ^-q

I o;,', a, + H,(pi;)'r) = O^ol, t ',

(os) 1 l r',', kivQi) - r,iH!(piz)ff - t in D,

Q'*; = 0 on Sz U '9r'
:-tn€

f r : +g :0  on  S r ,' o n

/  ( r , , i .  .v8 ' , .  + H,(p i . f  T i i l t l  -  k i )drdv > 0v ke i i '
J n ,  

' F t  w r .  
O y

Proo1, . I t  is  obv ious t l ra t  (OS)r  has a uniqr- ie  so lubion,  P i ; ,  s ince iL  represents (VP) i ' '

The uniqueness o1't,he solution Q'*i of (os)i l  is given by the general resuits of

Ch icco  (1970) '

v/e denote by g" rhe function given by Lernma 3.5, corresponding tc'ks: k; '  I t

is  obv ious lhat :  
r

(3.15) : '  Jrn- 'dxdY 2 A'

B-v tak ing ? :  , ! - ' in  the var ia t ional  formulat ion of  (OS) i I :  V :8 i ,  in  tUe

variational formuiatic'n of (3'12) for ko = &i and by using (3'15)'  we obtain (OS)ru'

which comPletes the ploof'

Tbe next sectiQrr, lca ls  wi th  lhe f in i ie  e lement  approx imat ion of  (OS)

The approx in ia t ion of  the contro l  system

LeL {71,}lro be a regrrlar familY of

in ternal  approx imal ion of  I i  xV x

0Qi'

triangulations of D and

H (see Glowinsk i ,  L ions

L2

lef /ii' x Vn x -[/6 be an

and Tremol ieres (  1981 ) ) '

4 .



w h

( a

(4

th

) ,

)

h r

1,dtdy € Hn,

n by the next

kr, €

Theorerr,,. 1.1 There erists a subsequence {(ki^,p',,", Qi) }*ex such' tlml': ki^'-+ ki

weakly  in  H|(D) .k ; , "  - '  k !  weakly  s tar  in  L*(D) '  l ; -  - - '  k ;  a 'e '  zn D'  p i^ ' - - 'p ;

-strongly in Hl(D), Q'n^ - '  Qi strongly tn Hr(D), u:hen m --+ co and (ki 'pi 'Q) is

solution Jor (OS).

proof. T6e assert ions o{ fhe fheorem concerning {Ai*i-es are a consequence of the

fact that {ft i} , . to C l in C K'

For p,i- = p\^ - ' t)h,n, with {u6-}r ' .eN C Vt* a strongly convergenl sequence in

Hr(D) ,  (a .2)rg ives the ' /boundedness in . f /1(D)  of  {p i - } , 'eu and,  hence '  the ex is tence

of  a weak l imi t  po int  in  Hl (D) .  denoted p: .W" can now pa^ss to  the l imi t ,  on a

srrbsequence, in (a.z)z and we obtain thaL pi sal isf ies (os)i;  therefore Pi: P'*i '  From

tfie uniqueness of t ]re solution of (OS)r we decluce that {pi,-}-ex has a unique l irnif

point. We also obtain frorn (OS)r :

|  . - . -  ,  r ,  I  E  r 0 ? o r  r - ) - .  -
(1 .3 )  Jor : (ou ' r r 'Yen+ 

H ' (p ' ' ' ; ) f f v 'au :0venQ Hn '

By computing (4.2)2-(4.3) for h = f i .-,  rvith 9ri '-  = Pi^ - Dh^, { 'n-}-en C

I v : { x e H I ( D ) l u - f o n
(

I l l : { t ' € l / ' ( D ) l u  = 0 c n

ns ider  lhe  d isc re te  op t ima l i t v  s -vs tem:

( | c i ,p i ,Q i l  e  I t ' 6x \ /1 ,x  Hr , ,

lrrrtr r, VPn + H,(pi)frlo'or= o V
'iorrrlo, 

Yen * H:(olffe;ardv =
"i,trn^ 

ve;+ H,(pi)Yi*, - k)drd1

a.pproxirnates lhe optimalit l '  system (OS)

e re :

1 )

We co

(

I
I

2 ) 1
I

I
t

( 4 . 2 )

eorem:

,''2

r 2

9nt h

l .

i ^
I  l l

Y h

h .

rive

K,

g1SENSC

! ' 3

! ' 3

H

Y h

. L
c  . r .

t 9
J D

: 0 b

the

U

U

€

t
t D

I

t
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I t

( 1 4 )

1A, , ,  -  r ,  s t ro r tg l ) '  in  1 '1 t (D)  rvhcn l7 l  - i  : : '  \ \ ' c  gc t :

l rr i . , lV(pi,,,  
_- pi:)12r)t 'dv -- - 

lrai, 'v(pn", 
- pi:) Yp'* 'dt 'dv

' i  

lorr^V(pi., 
* p7) 'Y^u6^drrlv - 

lott;^ 
- k. )vp;: v(pi-

-' i ulr;,, 
- ki) H.(pi,) fr@\^ 

-'t) h*)drctv

- 
lrut(H,(p-n^) 

- rl,(p'o;llfttn;- - u1,^)d:trtv'

-  L 'h*  )dt  dY

By us ing the pr .oper t ies of  {A i - i *er . r  ,  {p i^} -eN,  { t '1" , } -es and of  the f i rnct ion

,H. i t  lol lows that, for m -- '* the r ight member vanishes' Hence (+'4) gives p*h^'P'ki

s t rongly  in  f l l (D) ,  when m - - t  co '

We prove next  that  {Qi - }^eN is  bounded in  Hl (D) '  I f  {Qi - }*ex is  bounded

\n L2(D).  rve obta jn.  f rom (4.2)3,  wi th  vh,n = 8 i* ,  th"  bonndedness of  {Q[- ] -eN

i i ,  -Hl ( / ) ) .  l f  iQi - )*es is  no l  bounded \n Lz(D) '  we can ext ract  a  subsequence'

cl, :Joted also by {Qi,^}*es rvith l iQi- l lrz1nl 
--r oo when m ---+ oo' \ \ 'e define R^ =

-  lQ;^  .  I t  is  obv ious thar  l l f t * l l l '1o1 :  I  and { f t - } -uN is  bounded in  'Yt (D) '

l lQ ; ^ l i c to t  I  .
lv{uitiprying (a.2)s for h : h- with 

[A,^_ll"rq 
we obt'arn:

I  r ;^(vR* 'vsn^+ H',(pi^)f fr^-)dndY :
(16)  

t : ; - -  

[  e , , ^drdyYs6^€.  Hn^ '
l lQ.-a^ll*pt ro'

For pass ing to  lhe l imi t  in  (4 .5) ,  we use the proper t ies:  the ernbedding H1(D) C

Lr (D)V  1  <  p  <  co  i s  co rnpac t  ,  k ; ^ '  k i  a ' e '  i n  D"c r ' -  - -+  p  s t rong l f  i n  H ] (D) '  on

a subsequence 'R-  - -  j i  weaki f  in .H ' (D)  and H' ' (p i )  - *  I / j (p ' )  s t rongly  in  La(D) '

T h e l a s t a ' s s e r L i o n i s a c o t l s e q u e n c e o { t h e r e g u l a r i | y o f t l r e f u n c l i o r r H , . P a s s i l r g | c ;

rhe i inr i t  w i th  m - )  co in  (a.5) ,  we geL:

lor,;w n'Vp * a!@l)ffdd'du = o

C o r n b i n i n g ( a . 6 ) w i t h - R = 0 o n - S 2 U 5 3 , w e o b t a i n , R = 0 i l r D i . e . a c o n t r a -

d ic f ion wi th  l lR l l  12(D) :  l .  Hence {Qi" , } -eN is  bounded in  111(D) '  which ensules

rhe  ex i s tence  o f  a  r veak  l im i t  po in t  i n  H t (D) ,  Q l '  Pass ing  fo  t i r e  l im i t '  as  i n  (4 '5 ) '

( 4  6 )

i 4



on a -cu l )sc( luence.  in  ( '1 .2)3 for  /u  :  / r *  we obta in that  Q!  is  the ut i iq t te  so lu l ion o[

tos ) i l .  i e .  Q .  :  QL : .  I r | on r  rhe  un iqueness  o f  Lhe  so iu t i o r i  o f  (os ) r /  we  ob la in  tha l

{Q; ,^ \ , .6 . , r  has 1u11j r1r te  weak l i rn i t  po int .  \ \ ' i th  a  s imi lar  techr t ic l t re  as in  the f i rs t

par t  o f  rhe proof ,  $ ,eobta in Q;^-  Ql  s t rongly  in  l l t (D) .  F ina l l i "  by pass ing to  the

I imir  in  (4 .2)  for  h  = h^ i t  fo l lows that  (A l  ,p : ,Q)  sa l is f ies (0S) ,  which comple les

fhe proof.

In order to solve (4.2), we propose the fol lowing algorithm: for '(r,o € /(a given' for

any m. e N- and for a suitable choice of a posit ive number p-, w€ define (Ai-*, ,p'n^,Qi^)

e 1 {

( 4 . 7

d y Y p n €  H n ,

where . fh ,n = YpL^ 'VQ;^*  H"(p i )9*  and P5n is  lhe pro jec l ion map of  the

internal approximation o{ L'(D) on l i l .  Tie projection map can be defined since 1{

is  a  c losed,  convex subset  o f  L2(D) '

Proposi , t ion 4.2 The sequence { (k i^ ,P i .^ ,Qi - ) i -eN is  conuergent  to  a so lut ion of

(4.2)r -U.2) t ,  for  pn chosen wi th  p^ '0  uhen 72 '  - -+ oo '

proof . From (4.7)3 and from bhe propert ies of the projection map it  fol lorvs:

l lA i - * ,  -  k ; ^ l l r , 1 r1  1  p *  Vm €  N .

I{e.ce the sequence {h[-]-651 is strongly c.onvergent in L'(D) to k[ '  I t  can tre

provecl  as in ' I 'heorem 4.1 that  p i -  '  P l ' , ,  Q;^  - -  Qi  s t rongly  in  'H1(D) when

?7?  - -+ , r c ,  w i th  ( k i ,  p ; ,Q i )  sa t i s f f  i ng  (a '2 ) t - (a '2 )s '

I l  is ob' jous that the interest is to obtain asequence {/c[-]-eN which approximate

a discrete optimal control lcf. This is possible i f  we choose p- such that

r, x Vt x ,Hl as a solutiorr of the following problem:

(  [^* ;^( rp i^ 'Yen* H,(p ' r .^ laf r la 'ar :0 v sn€ Hn'
| '? bb;
I  ioor*rroi^ vrn* a'Jri^)ffv^lardv - - !,*no'
' l  

,, | ' ' '^(k;^ - p-' 
rf#-"a) 

il l lf n^lls"ov I 0'
I  k i -o,  :  I
[ |. u;- i/ ll/n''l l 7''1e'v = o'

J,(Px n(k;^ - r^ W^#r,,^)) 
s J.(b;- )'

L , J



l :o. . . r r .v rz € N' .  u ' r :  c lef i 'e P- )0 suclr  t ' l rar :  a (  I ' i , ' ,  -  r^*k- 3 '3;
l l  J  hml l t '2 (D\

i )  , r . .  "  - i -v_- - )  >  0  in  D.  l iA . i . -  -  p - -J* - - l l s '1py  <  r ' .
; (A; , , ,  

-  l , , , ,  - -1 i ;=)  > 0 in D'  l i ' 'n ,*  , - ' l l fn^ l l r :1nr
d  y  l l  I  n , . , l l  t z  ( u )

\ \ ie  f in ish  rh is  sc .c t ion  rv i th  the  remark  tha t  the  non l inear  p rob lem (a  ? ) ,  rvas  soh 'ed

in Stavre and Velnescu (1989) for a less regular l / ' '

5.  Nunrer ica l  resul ts

our  numer ica l  tests  have been per formed for  D = (0,4)  x  (0 ,hI ) 'wt  arc  in tercstcd

in courpar.ing the resulls for different values of fr66 e Iih and for differenl grids of

f l ie dornai n D. LeL {Tn\nro be a regular family of tr iangularions of D such that

D : t t_J ?, the f inite elements T being tr iangies, as in Fig. 1. Let J;, be the set of

n - l
I  C t h

mesh points in D' Vn, Hn and ' I i6 of Sect ion 4 are given by:

(

|  \ ' n  =1 r , ,  e  Co(E t1  l  r n . , , n )= , f (n i )  Vn ;  €  th  n  (S2  g  ^9 , ) '  un l r  €  nVT  ETn \ '

1  , ^ :  { r r  € C o ( D ) l u n ( n ; ) : 0 V n ; €  E 1 , n ( S 2 u  S r ) , ' n l r  €  P 1  V 7 l  e  T 1 } '

[  , rn :  / i ' r t  { r '6  e  Co(D) l 'n l r  €  Pr  v  T e T1 ' } '

"-Tn" 
aim of the f irst experimenr is to compare the rninimum values of the funclional

Jr. the expressions cf lhe pressure ancl the expressions of the permeabil i ty coeff icient

for different values of t46. The data common to all runs in the first experiment are:

a = 4.  h t  = 5,  hz = i .5 .  a  = l ,  I  :  50,  r  =  100,  e  = 0 '1 '  for  a '  mesh s ize

h : A t : A A - - 0 - 2 s . T h e f o l i o r v i n g e x p r e s s i o n s o f f t 6 s h a v e b e e n c o n s i d e r e d :
7

( a ,  i f y e l o ,  1 ) ,  I a ,  z f Y € [ o ' ? ) '
r . r r , , , ) - 1  k ? o ( r , y )  = 1  h ,  

- , h t , l
' t i o ( r ' ' '  = t r o ,  

t f a e t T , n ' , ) ,  
' ' -  -  

l * , r - ? * t ' '  i f a € [ ? ' n ' ] '

rig' I

,  
k i o ( . r .  y )  =  4 .

nctional J" decrease from one iteration

rvas 75 seconds and satisfactory con-

In all lhese cases, we obtained ahnost

{ a
, a r  .  J 2 '  

i f  r € [ o ' t ) '
t r i o t r ' Y ) :  \  a  , a  1

l r ( ' - i +  
1 ) .  z J  r € [ r ' 4 1

In each case,, the computed values of the fu

lo another. The CPU time for one i leration

vergence was obtained after t0-15 iterat ' ions'

1 0



l i re saure n<-,dal values for '

t h e  i n t e I r , a l  l 1 a . ? 6 :  1 + . E 2 ] .

rvh ich  g ives  the  min imutn

k'n_,, , l  kLo, L = 1, . . . . '1,  rvas

corresponding to ,t[0.

i

t h e  p t ' e s s u r . ,  i l , "  l t t i t t i L t l u t t r  v a l u t ' s  o f  J '  a l t ' c o r r t a i n e d  i t r

' l 'he espressions o[ the conlpufed perrneabi l i ty coeff ic ient

ol  J,  kA,^, , ,  u 'ere di f fcrent for di f ferent k6s'  buL the rat io

alrr-rost the same. We giye belorv the nodal r' 'alues of k1,,,.

4.094,084.A( 3 .993.8: 3.413.28
q a A
L . L ' } 2.643 .  l 3 3 .433.633.783.893.974.034.07

4 . 1 04 . 1 04.0! 4.053.9i 3.7t 3.54
L . O \ J 2.92 o  o /

J .  L + 3.483.663.803.903.981.031.07

2.883.093.332 1 , 3.683.803.903.984 . 0 34.074 .  l 0

4 . 1 0

4 . 1 04.0s4.053.96 3.813 . 7 3

4 . 1 04.094.053.9€3.8( 3 .89
3.08 a t ? 3.403 . 5 6 3.70

. t  7t
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3.823.903 . 9 84.034 .07 4 . 1 0

4 . 1 0

4 . 1 04.0s4.05 3.993.914 . 0 3
3.223.33 J . +  t 3.60

4.094.054.04.1.0[4 . 1 7
3.323 . 4 13.533.64 J . I Z T 3.833.90

3.90

3.984.034.07 4 .  l 0

1i.394.034.074 . 1 04 . 1 04.0 ! 4 .064.094 . r i 4.26
3.40J . +  I J . C  { 3.673.763.84

4 . l l 4 . l i 4 . 0 94.094.094 . r74.26
3.46 3.523 . 6 13 .70' l  ?R 3.853 . 9 13.994.044.08

4 . i l 4 . 1  1 4.094.094.0 ! 4 . r i 4.26
3.503.553.643.723.803.863.923.99 4 .04 4.08

3.52 a < 1 3.673 . 7 53.823,873.924.00

4.00

4.054.0E4 . 1 1/  l 1
: t , I  I 4 . 1 04.094.0sA  1 9

: . a L 4.26

4.054.084 . 1  I 1 . 1 14 . 1 04.094.094 . 1 E4.26
J . J J 3.593.693. i7 3.843.913.92

4 .54 4 . 6 i 4.724 . 7 94.854.89 4.924.954 . 9 7  , 4 . 9 95.005.025.035.035.031 5.0 5 . 0 1

5.95 5.986.006.016.026.026.026.015 . 0 1
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6.986.99 7.007 . 0 1" n lt . w l ?.017.027.03
6.64b . r 6.786.836.876 . 9 16.936.956.97

i .86 7 .89 7 .92 7 .94 7  . 9 6 1  7  . 9 7 7.9E?.99

8.98

8.008.008.0 i  |  8 .03E.038.06
1 , :^
l . i [ , 7 . 7 6 7.82

8.988.988.999.A29.059.0?
E.  i6 8 . 8 18.858.88 8.918.938.958.968.978.98

9 . E 29.869.899 . 9 19.929.949.969.979.989.999.989.989.9810.0 i10.03i 0 .0€i0 .07

10.87r 0.9t10.9 :10 .9 :i  0 .91r0.9:10.9?10.99r 1.0c11 .0c1 1 . 0 0r  1 .0 t11 .0c1 1 . 0 11 1 n Q
I  I . V U 1 1 . 0 51 1 . 0 6

1 1 . 9 3r  i . 95I  i . 9 4r 1.941 1 . 9 511 .9el1  .9 rT 2 . O I12.0:12.04

1 2 . 9 6

12.0512,051 2 . 0n.a412.0312.011 2 . 0 3

12.971 2 . 9 h13 001 3 . 0 i13 .04r 3.0 r3.02
I  2 . 9 8i  2.9912.9812.9i12 .9€i  2 .9 (1 2  9 €1 2 . 9 6

14.62

12^96

14.6414.6214.5414 .4 it4.29l 4 . l 614,07114.02 ;14 .00
14.051 4 . 1 414.25114.3 :14.1.11 1 . 514.58

As it can be seen, the differences betwee n kh-,n and khg are greater neal 53' There

exists a good reason for this:  lhe pressure of the f iu id,  which must be minimizcd'  has

1 -
I I



thc grcatest 'alues nr:ar the botrndaLy in contacl rvith the resert ' 'oirs'

T[e plrpose of lhe secottd expct' imetlt  is to co[]pare t 'he uri l iururri  values t i l  J '

for  f rvo d i l lerent  gr ids.  \ \ 'e  took:  a :  L5 '  l t1  = 2 '5 '  hz = l '2 '  <Y :  l '  B = 50 '  r  :

i00.  . :  =  0.1 and kho = k fo. ' fhe lwo d i f ierent  va lues of  the mesh s ize h were 0 '25 and

0.1. In the f irst case the minimum of J, was 2.21554 and in the second one'2'2228I'

For al l  the examples, the slopping test was:

lkr-+r(" ; )  -  kr ,*(" , i ) l  < 0.01 Vn; € Dn'
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