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1 Introduction

generated B-module, the local cohornology modules Hi@) are not always finitely

generated. On the other hand if ,R is local and rn its maximal ideal then Hi(M)

are Artiuan modules, which is the same thing to say that:

( i) Suppp( HLIM)) ! {rn}, and

(ii) The vector spaoe Hom6(4, HLWD has finite dimensiort over A rvirere k =

Rlm,.

Taking account of these facts, Grothendieck [5] tnade t]re following conjet:-

ture:

Conjecture 1.1 If I is an ideal of a local Noetheri,atr, rin,g R and, M a fun'ite.ly g€tl-

erated R-modulc, then, Hontn(Rl I, HilM)) is finitely gerr,erated'

Later, Hartshorne [7] refined this conjecture and asked the following rrlore geueral

question:
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Conjecture L.2 lJ ' l  is  an ideai  o f  a  Nocth,er ion local  r ing R.  at t 'd  l ' l  a  J tnr l t ly  Qtr , -

t :rated R.-rn,odu,le. do(s i t  fol lout th.atExti^lTl l ,  Hl(: l f  )) are f initc' ly gene ratt-d Jor al l

i , j > 0 ?

11 the sane paper. Haltshorne gave thr: fol lowing gerteral clef init ion:

Definition L.g If I is an ideal of a Noetherian ritt,g R, then a ntodrilt '\ uill bt

r,alltd I-cof"nite if tl satisJies the followittg t:onditions:

1 i )  Sr ippp(^)  q  t i ( i )

(ii) trxtiR(Rl I,!i) is littitely gene'rated t'ctr all t > 0'

11 Grothelclieck's rlefinition of cofiliteuess. in (ii) it was asked onlv tliat

Honn(.R//,1/) to l te f initel i '  generatecl. [{artshorne's defirt i t iot l  is urotivated npotr

the fact that, if we have a short exact sequellce of modules, ilr which two of tlieur arer

/-cofi1ite, in the sense of Cirothendieck, then does not result that the third has the

same properiy, clut: to the presenc.e of an Ext1. Hartshorne's definition is fulfiled,

for ilstance, in the case when the ideal 1 coincides with the tnaximal ideal of a 1oc.al

ring, sinc.e in this case not only the socle HomRft.Hk(M)) is finitel,v* geuet'atecl but

all ExtJs.(,(.,Hi,.(lW)) are finitely generatecl for all i ancl ir. as we calt see b1' rrsing

N{atlis duality.

He also gave a.coll terexaurple to (1.i) rvhich essential ly is the lbl loiving: let

A be f ielci and let R : kl lX,Y,Z,Ul) and / :  (X,U)R. If  we take '&f =

RI(XY - Z{f) $en H'!(M) is not /-cofinite. In fact he proved uruch urole

than this, lanrely Hornp(fo, H?(M)) is not f initely generated. If  we clenote bv

A :  A[ [X, I ' ,2 , I l )1 | ,X) ' -  ZtD and by , ]  :  (X, { I ) ,4  then the countererz ' tnp le

of Har.rshorle says that Homn(Al, l ,H3@)) is not f initel1' generatecl. So. el 'ett i t t

t l re case of a complete inbersection r ing A, Hi(A) cau not be J-cofinite. for al l  i  )  tJ'

Noletheless by using the clelived category tireory he proved that if fi is complt-'te

regular loc.al ring, tben Hi(llt) is 1- cofinite in trvo cases:

(i) / is a ltoll-zero princ.ipal ideal, and



( i i )  i  is  a  pr i rne ideal  rv i th  d im(R/1)  :  1

In 110] Huneke and Koh generalized the above resulb to the case of a Clolenstein

conrplete dontain. and an arbitrary one-dimensioilal ideal.

In [3] Delfino extelds the above result to a cornplete ring, uncler some restrictious

and finally, Marley and Delfino [11] prc,ved the general case:

Theorem 1.4 Let R be a Noetherian local ring, I a dirnensiort' one id'eal of R,, art'd

M a f initely ge.nerated Rmodule. Thert Hi${) is I-cof,t t i te for al l  i .

The purpose of this paper is to give a new proof of this result' We are trying to

avoicl, as fa1 as possible, the use of spectral sequeltce, a technique adopted both by

Hartshogre ancl Hl1eke-Koh. The hard part o{ the proof is to show, in the case of

a complete regular ring, that H!-t(M) is /-cofinite for a finitely generated moduie

M. The.recluctiol to a complete regular local ring uses the same idea as in [;]] or

l i  11 .
The terrninology used is standard and follows [9] and [13]'

2 Background materjial

We will use the foliowing remarkabie result, known as Hartshorne-Lichtenbaum van-

ishing theorern (HLVT in short):

Theorem Z.L Let (R,al) a Noetheriart, rirt,g of l{rutl di,me'nsion d an'd" I an i,d,e'al of

R. Then the follouting are equiualent:

( i )  HI (R)  :  0 ,

( i , i)  dim(n/fn+P) > 0, for al lprime id"eal,s P of therrt,  - adic com'pletion R" such

that din(R"lP) : d.

Remark 2.2 For a complete domain the condition (ii) is equivalent to the fact that

I is not rn-primarY



We shall  use the fol lorving stanclard fact:

Proposit ion 2.3 Let R be a Noetherian ri 'ng and I an ideal of R and nt '  a nntut 'al

numbe.r such that Hi@) :0 for atl  i  > m,. Then there is the fol louirtg isomorphism:

HT@) - MwnHi'(R)

for al l  R-ntodules M.

Proof. The condition t1i(r?) : 0 for all i > m is equivalett to Hi(M) : 0 for

all i > zn and all R-modules M ( cf.[B] ). This implies that the functor ffi'(-) is

r iglrt  exact and so by [13] (Th.3.33 ), we infer that Hi '(14) = M SnHi'(R), for ai i

Ii-niodules M. t

To prove the fi1ite1ess of some Ext, we shail often check, by' using N'latlis duaiity,

that the Matlis dual of it is a1 Artinian module. rvhich is siurilar to checking that

some Tor is an Artinian rnodule.

In this sense the following proposition is fundarnental:

Propositi on 2.4 Let R be a commutatiae ring, M and N two R-modules and I an

injectiae R-module, then we haue the following isomorphi.sm:

Hom6(Torf (M,N), 1) - Extin(M, Hom6(N,1))

In add,ition, if R i.s,Noetheri'an' and M is finitely generated, then

Flomp(Ext'*(M,N), /) * lotf(M, Homp(/f,1))

A proof of this result can be found in [6] Prop.VI.s'1 or [1a]

Lemrrra 2.5 Let R, be a Noethe.riart r ing, S a rmtlt ipl icatiae closed se.t suth that

rn-l S I $ and N a Rs-module.. Then, Honp(l. '1t/) :  g'

Proof. We have the following isourorphisrns

Homp(k,1f) = Horns(k, Hom6"(-R5, ru )) - Hornp-*(kipnfis, N )

But the last module is zero since, by hypothesis we have zn.R5 - ,Rs. I



Letntna 2.6 Lt:t A be a Not'therian rirtg and A -l- R a faitl(ully fiat ,4-oftttbra.

Then for any f,nitely generated A-module' N and each A-mod,ule M. such thut

fu I  8 :e coker(g)  :0 ,  ure haue:

Tor ! (M.Ext '1( / / ,  coker(g)) )  :  g

ana

Torf (M,Torir( l / ,  coker(Q\ : Q

for al l  i ,  j  > A.( For the second equali ty i .s not r le.cesary to assunte that iV is Jtnitelu

gen,erated. )

Proof. Since .B is a faithfullSr {1at A-algebra we infer that ,4 is a pure subtnoclule

of B and so coke.r(g) is a flat A-ntodule. Now we have the following cationical

isomorphisms: (see [1], Prop.7 and Prop.8 pg.108-109)

Torf (tW,Extra(.n/, coker(f l)) N Torl(M,Ext'a(1{, A) 8a coker(p))

N To{(M &a coker(g), Extf;(/{,  A))

But the last module is zero by hypotliesis. For the second equality a sirnilar

proof works. (In the above isornorphisrns we used the flatness of coker(g)). I

The proof of the following lemma is straightforward, so we'll ornit it.

Lemma 2.7 Let (R,,ru,k) be. a Noe.therian local r ing and

M '--+ lf -----+ L ----+ P

cm eract sequ€nce of R,-ntod'ules, whe.re M an'd P are Jinttely ge"n'erate.d. IJ 7' is

a fi,nite.ly generated R-module flzez Hom6(7,1/) is flr.itely qenerated if and only if

Horna(T. L) has the same property.



3 The proof 
"f 

(L.4) in the regular case

'fhe reduction to the regular case is the sarne as in [3] or [11]. So, we prove the

theorem only in the case wher .R is regular.

We need the following leurma:

Lemma 3.L Let (R,yp.,k) be a comple.te Gorenste.i,n ring of I{ruII dirnetr,sion d, and

I  a  rad i , ca t  i dea l  o f  i t  such  tha t  d tn l (R l l ) :  L  and  H ! (R) :0 .  I f  {P t ,P r , . . . ,Pn }

is the set of minimal printe id,eals ouer I and S - ft\ ()^Pn, then the,re erist.s the

follouti,ng t'wo eract sequences

0 -------+ ,R 5 fr -----t Hu ----+ 0

which g'iues by locali,zati,ott,

0 -----+ ftu 5 4 ---- (1{")s ----i 0

where. Hu means the Matlis duat of H!-t (ft) and V s is the. canoni,cal homomorphism

of completion.

Proof. For any element / of S ;r,nd any natural number 12, we have the foliowing

exact sequenc.e, whic.h arises frorn (jech complex applied to the .R-rnodule Rf I" and

to the principal ideal (/) :

0 ----+ Hil)(Rlr") .--.- Rlr" \ 61ry i - Hfir@lr) ----+ 0

By the base ring independence of local cohornology, applied to the canonical

homomorphisnt -R --+ Rf I" and to the ideal (/), *" deduce the exact sequence:

0 --+ Hly,y/R'l I") '  Rll" y (Rll")t '-- '  H11.,1jf ' l I") ------+ 0

Since / is an element of 5 it results that the radical of (1",/) is the maxirnal

ideal and taking the direct limit over all elements / of S the above exact sequence

becornes:

0 -+ Hl,@lr\ -, RII^ 33, 61r')s * H:,@lr') ---+ 0



All lroclrrlt,s of the abover sequence clefine ittverse sistetns u'hicir satisfie N'tii,tzLg-Lef1lel

condit ion so, takiug inverse l imit ,  lve obtain

0 ---+*"&lol r') - ft 5 n----- WHL{RI /") ----+ 0

By local clual i ty we know that 11, ' ,(A)- Homp(Extfr-t(;V, R),8), for any f initely

gelerated R-lrodule lV, where E denotes the injective hull of A, so we get the

following isomorphisns:

: ,glH:,,(RII")

N Hornn(lig Extd^-t(Rl t', R), E)
1 I

= Hom6(Hf-o(R),  g)

Since H!(R): 0 we get the exact sequence:

0 ---+ fi l5 n ----- Hu "--- 0

It's clear that the hontomorphism O,- is obtained as the composition of the con-

tinuous ring homomorphisms R -- Rs 5 A, where the first homomorphism is

the localization with respect to ,S and {rs is the completion homomorphism of the

senilocal ring R5 with respect to the topology given by its Jacobson radical. I

We are ready to prove the main result of this section'

Proposit ion 3.2 Let (R,rn,k) be a complete Gorensteirr, r ' ing of Krul l  di 'mension

d', I  a radical ideal of i ' t ,  suchthat H!(R):0 and dim(n/I) :r '  I f  M is a f in' i telv

gen,erated, R-module then H|-1(M) is I-cofin'ite.

Proof. We have ro shorv rhat Exti( Hll ,H' l- l(M)) is f initely generated tbr al l

i > 0, or, by usilg Matlis duality, this is sirnilar to show t|at:

trxri*(Rf I, Hf-'\M))' - Torf(ft I I, H!-'(M))

is an Artinian mocluie. By using a standard caracterisation of Artinian rnodules this

is the sarne thing to prove the following two facts:



( i) Horrrp(k,Torf(Rll ,  H!-1@I)")) i .  a { initely dinensional , t-vector space.

(ii) Supp6 $orf@l t, H'|-'(M) )) e {ru}

Since H!-t(-) is r ight exact we have, by (2.3),

H!- ' (M) '  =  (M 8n 11) '  :  Homp(M,11")

First iy we'l l  prove (i).  Since Hornp(-, Ns) a Horn6"((-) 8n Rs,/y's) for any

-R-rnodule /{ and applying the functor Homp(M, *) to the first exac.t sequence of

lemma (3.1), we get a long exact sequence of Ext's :

0 --+ M* ----. Homp'(Ms,A) : '  n' \-t(M)' J-+ExtlR(M,fi) * " '

where M* ts Hom6(M,.R) and,5 is defined as in (3.1). The above sequence breaks

up into short exact sequences from which we keep only the first two of them:

0 --r M* --+ Homp"(Ms,fi) ----- U --+ 0

and

0 -* IJ -----+ H']-t(M) --+ V --+ 0

wlrere LI :: Int(a) and V :: Im(g). Note that 7 is finitely generated.

Tensoring the s6cond exact sequence with ft//, we get a long exact sequence of

Torts :

.  .  .  Torf ir( R I I ,v) -+ Torf(R I I,u) -- '  torf(E I I ,  H!-1 (M)") - rorl (al t ,v) ' ' '

since T o{(nlt,v) are f initely generated for al l  i  > 0, by (2.7) i t  results

tlrat the A-vector space Hornp(A, to{(nl I,t/)) is finitely generated if and oniy

if Homp(ft, 'torf(nl t , H!-t (M)" )) has the same property.

Tensoring with ft/I the first exact sequence we obtain:

Torfl, (Rl I, M.) - torl(nl t,Honip"(Ms, A)) -' Torf (,R I I ,u) -- torf (fi I I ', M")



arrc l  us i r lg  (2 .7)  rve in fer  that  Homp([ ,Tor f (  Rl l , t ; ) )  is  f in i te l l ' '  genelatec l  i f  an, l

orr ly i f  Hom6(4, forl@lt,Hom6"(M5-,fr))) iras this property'.  But, b5, '  (2. ir).  t l ,"

last moclule is zero and (i) is corrtpletely proved.

Norv rve' l l  prove (i i) .  Since:

Suppp(Horns(Torf (.R I I, H'j-' (M)')) e V U)

to prove (ii) it will be suffic.ient to shorv that:

tor f"(Rs//s,  Homp"( Ms,(H")s))  :  0

where we made the identifications:

t@!-t  (M))")s -  Hon6(M, H')s -  Homs-"(Ms, (11")s)

Since R" 5 4 ir faithfully flat and since

Rsl ls 8n" ( I1 ' )s = R5f Is &n, coker ' (Vs) :  0

(because RslIs =frlQ), we may apply lemma (2.6) anct (i i) is proved. I

Remark 3.3. Using a similar proof as above, and applying lernma (2.6), we

can prove also that torf(M,fl) and trxti^(M.H) are /-cofinite for all I ) 0.

We must observe that only Homp(M, fl) and Extf,(M,I1) are norl-zero rnodules,

because idn(I1) :" 1, as we can see easily. In fact these are isomorphic with

!g Ext$-l (M I I" M ,r?) and, respectivelv !g Ext$ (M I I" M, R) as it can be seen by

,-rling some collapsing spectral sequence. Tfiis rnodules are, in Hartshorne's language

of [7], notlr ing else but H'I-I(Dil Iy')) and, respectively, nd@,(tW11-

We are ready to give the proof of (1.a) in the case whenl? is reguiar.

Proof. By faithfully flatness of the rn,-aclic cornpietiou R, it't clea.r' tirat a ,R-

rnoclule 7 is /-cofinite if ancl only i{ ? 8n,R i. l,R-.ofinite, and sinc.e:

Exti*lRf I, HiWDr"fr : Ext!( R1 t n, H'rfr@))



we pray assupre t[at .R is coniplete. On the other hand by, [:3] or by [t0]. we car]

assunre that 1 is a ratl ical ideal. We'I l  proceed by induction on pcla(M). i f  M is

f i 'ee then Hi@):0 for  a l l i  I  d-  1  (s ince depth l ( .R) :  d  -  i  and by HLVT we

have l l f( .R) :0). By (:1.2) n!-1t.n1is /-cofinite arid so in this case we are done.

Now,  takea f i n i t ep resen ta t i o to f .M :  0 - -  N  - -+  F ' -+  h [  - -+0 ,  whereF  i sa

free module of f inite rank and pdn(N) < pdn(M). I f  we apply fr(-) to this exact

sequence,  and tak ing ac.count  Lhat  I l i (F)  :0  for  a l l i l  d-1we' l iobta in au exa,ct

sequetlce:

0 ---+ H!-'(M) -..- H!-'(N) -5 H!-'(F) --- H!-'(M) ---'-+ 0

and t lre isomorphisrns Hi(M) - Hi+t( lvr) ibr al l  i  < d-2 . 8y inductiort we infer

that Hi@[) is l-cofinite for all i < d - 2. If we break up the above exact sequenc]e

into two short exact secluence:

0 -+ H!-'(M) --, H'j-'(N) * Int(1t) -----+ 0

and

0 ----+ I*(p) ---, Hl-'(r) * H!-'(M) -----+ 0

and since, by (3.2), H!-t(M) is /-cofinite, i t  results that Inr(p) is /-cofinite and

finally we tlet{uce that Hf-2(,V1) is /-cofinite. I

1 0
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