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ON THE REGULARITY OF p-BOREt IDEALS

.iIRcoN HERZOG AND D0RIN POPESCU

IrurRooucrloN

In this paper we pro\re Pardue's conjecture on the legularity of principal p-Borel
ideals. As a consequence we obtain an upper bound for the regularity of general
p-Borel ideals.

Let K be field, and 1 C ,s a graded ideal in the polynomial ring s : Klrt,. . . ,rnl.
Recall that the generic initial ideal Gin(I) of I with respect to the reverse lexico-
graphical orcler is Borel-fixed. This mearls that Gin(/) is fixed under the action of
the Borel Sroup of the upper triangular irrvertible matrices acting linearly on the
polyttornial ring. B5r a theorem of Bayer ancl Stillman [2], the regularity of 1 and
Gin(/) coincide. This is one of the reasons why one is interested to compute the
regularity of Gin(1). In characteristic zero a Borel-fixed ideal is strongly stable, and
so its regularity is sirnply the highest degree of a rninimal generator. In positive
characteristic however, Borel-fixed ideals arep-Borel (see 1.1 for the definition), and
these are monotnial ideals lvith a quite difficult cornbinatorial structure.

\fonortr ials u:,. . .  ,u* e I of ap-Borel are cal led Borel generators of 1, i f  1is the
srr ta l lest  p-Bore l  ideal  conta in ing z1 , . . .  ;urn.  In  th is  case we wr i te  1 :  (u t , . .  .  ,u^) .
Thc ide:rl 1 is called principal p-Borel if t has onlv one Borel generator. Pardue
conjectured a formula for the regularity of a principal p-Borel ideal which only
deperrds on the exponents of the Borel generator, see 1.4. In a paper by Aramova
and Herzog [1] it u'as shown that Pardue's formula gives indeed a lower bound for
the regularity. Some of the results in that paper have been later extended by Ene,
Pfister and Popescu [5] to more general ideals. In the present paper we will shorv
that Pardue's fortnula yields also an upper bound. Our method in proving this
uses a criterion of Eisenbud, Reeves and Totaro [a] for determining the regularity of
p-Borel ideals.

The authors are grateful to the Alexander von Humboldt Foundation for support-
ing their collaboration. ./

1. p-BonoI, TDEALS

Throughout this paper we f ix a f ield 1(, and let S: Klrr,. . ;  ,rn) be the poly-
nornial in n indcterminates over K.

Let p be a prime'number. and k and / be non-negative integers rvith p-adic ex-
pansiorr  k :Ltk ; , /  andl :Dr l ,p i .  We set  k  ( ,  I  i f  k i  (  11 for  a l l  i .

Definition L.1. A monomi,al i,deal I C S i,s p-Borel, if the following con,diti,on
holds:  for  each monomialu € I ,  u : l f . r r f i ,  one has ( r ; l r ) "u  € I  for  a l t i ,  j  w i , th
1 < i < j < n a n d a l l u l n L r ; .



The significArx:e of p-Borel plincipal ideals is given bv

Proposit ionL.2 (Pardue). Suppose charK :.8, and. let I  C S be a monorni,al
idea,l. Then I is Borel-fi,red if and only if I is pJBoret.

\Ve denote by G(1) the unique minirnal set of monomial generators of a monomial
icleal 1. It is easy to see (cf. [tJ) that l is p-Borel if the conditions of 1.1 are satisfied
f o r a l l u e G ( I ) .

A principal p-Borel ideal can be explicitly described. \Ve use the following stan-
dard riotation: If ./ is a rnonornial ideal we let .l[p'] be the icleal generated by all
nronomials upnrvitir u € G(J). The ideal ./[r'] is called the pith Frobenius pow-
er of J. Note that we define the pith Frobenius power of monomial ideals in any
characteristic.

Proposition 1.3 (Pardue). Let u : ll,; xfn, and let p,;: D, FUd be the p-adi,c
erpans ' ion oJ p, i  for  i :7 , . . .  ,n .  Th,en

\ u )  : | | i l , , r ,  , . . .  , r6 )u t iT tF )
.  i = t  j

In parti,cular, (u) : fll, @l').
It follows from 1.3 that (cp) : (rl')b,l*l'), so that reg(rp) : Ftlrcg(rp lrl').

Therefore, if we are interested in the regularity of the p.Borel principal ideal (rp)
we may assume that 11 does not divide rp.

Denote bV L*l the greatest integer function, and for 1< k ( n and j >0 define
K

, t r i ( p \ :  f  l 4  t .' /  
L r L  p )  r '

For each k such that trrp I 0, let s; : llogo prj, and set l

Dr , :  d* , .1 t )p ' r  +  ( f r  -  1) (p"o -  1) .

Conjecture 1.4 (Pardue). If q does not diuide rp, then

reg("uP) : 
n[]po{D*}.

in the follou'ing we u'ill express the right hand side of 1.4 in different ways. The
follon'ing easy fact can be found in [1].

Proposi t ion 1.5.  Let  S:  tsr  t "L*10]1, le t  q i  - -maf{k :  sp:  j }  fo ,  each j  €  S,
and,  set  E j :  Dni .  Then

O Ei : Li:,(Lnl=r px)pi + (qi - 1)(d - t) for alt j e E;
(i i) max{Dr: Lr* * 0} : max{ $: j e S};

\Are shall need still another reformulation of Pardue's formula for the regularity of
a pr incipalp-Borel  ideal .  Set s:  max{s6: H** 0},  and foreach t  wi th 1( t  (  s
lct rn1 : max{k : F*t * 0}. FinallY set

5 n

4  :  
I ( I  p * i ) p i  *  Q n 1 -  t ) ( p ' -  t )  f o r  a l l  t : 7 , . . .  .  s .
t ,=t k=2



Proposition 1.6. With the notation i,ntroduced we haue

Proof. It is clear that m1 ) qi for all j € 5, so that rD3X1<1<s F1 ) rnaxS es Ej.
In order to show the opposite inequality we first prove ihe following claim: let

S t : { j  e E :  j  > l }  a n d  Q t : { q i :  j e  & } . ( N o t e t h a t S l  * 0 , s i n c e s e  S t ) .  L e t
e e S1 such that q. : max{ qi € Qt}. Then we claim that F" } Fr.

Indeed, lve have

Fu -  Ft :  -  
i f t  t  6)pi  *  ( rn"  -  I ) (p"-  1)  -  (* ,  _ r )k,  -  r ) .
i= t  k=2

Since we assume that q" is maximal in Q1 it follows that p,1ri: 0 for k > qu and,
i>  t .  Thus  rne :  q "  )  max {k t  pu r *0 } :  rn1 ,  because  aga in  Fk t :0 fo r  k>  q " .

Now it follows that
e - r  4e

F" -  F t :  - I f f  p t )p i  * (q " -  1 ) (p "  - r )  -  Qn6-  1 ) (p ,  -  1 ) .
i : t  k:2

Finally, since ffi(Dnu"=rp*)pi : Ln*":r(Di=) ttropo < (q"- 1)(p" - pr), we get
F . -F ,  >  (q " - I ) (p ' - I ) - ( * r - I ) (p ,  -1 )  :  ( q " - * r ) (p r - t )  >0 .  Th i sconc tudes
the proof of the claim.

Continuing with the proof of the opposite inequality, we let f ( s be the maximal
number for which Fr : maxr !r3s Fr. Let e € 5t be chosen such that g" is maximal
i, Qr. Then, according to our cliim, we have Eu )- F, By the choice of , this implies
that e : l, so that in particular, t € &. Since gi is maximal in Or it now follows
that ;za2:0 for  z  )  I  and k,  qr .Consequent ly ,  ms:  Q1,  ard so Fs:  f l r .  t r

Remark 1.7. Using the methods of [1] the following result was proved in [5]: Let
(1,),s,<, be some stable ideals and .l' : fli=, IP"l fo, some integers 0 ( rt { .. . ( rr.
r ?  r  n ' l * l - ' j - l  .ll /, contains rP*"r, nri-' for all 1 < j < s (we set m(u) : max{7 : rilu} for a
monomial u) and *(I i+r): nta*{-(u) : u € G(I j+r)}) then reg(I) :  pa(I), where
we pa(/) : rn&X1<s<"{Ii' p'i max(16)*max.,E61 r)\p,, deg(u) + (m(u) -L)(p,, - 1)]i
N lo reove r  i f  I  has  the  fo rm I r : f r l =z ( r : , . . . , r t ) po ,  w i th  0  l  pn {p fo r  a l l  t  1s ,
the above result gives reg(I) : maxla t]'.s Ft. Hence the Pardue Conjecture holds
irt a speciai (:asr:. ivhich carr be also obtained directlyr from [1]. Trying to extend
thc equality reg(1) : pa(I) for general products of pi-th Frobenius po\\rers of stable
icleals otte rnust cousider first the follorving example uihich shows how tight Pardue's
C o n j e c t u r e i s :  L e t n : 3 , p : 2 ,  I t =  ( r r , r z ) 2 ,  I z :  ( r t , r 2 , q 3 )  a n d , i ' :  I ; I I ' ) .
Then pa(I) :4, but reg(I) > 4, because,I is not stable (see 2.1 below).

2. T:r.n pRooF oF PARDUE's coNJECTURE

In [1] it is shorvn that if rp € S is a monomial rvhich is not divisible by rr, then

ntax Fr : It l i lxE;.
l ( t ( s  - ? € S  

r

reg ( rP )  >  ,max^ iD6) .
K :  P K + U



In the section we will prove the opposite inequality. Our proof is krased on the
following result [4]:

Proposition 2.1 (Eisenbud, Reeves, Totaro). LetI be ap-Borelidealwi,th,max(I) :
d, an,d let e ) d be th,e smallest i,nteger such that 12" is stable. Then reg(I) : 

".
2.1 needs some explanations: max(I) : rnax{degu: u € G(I)}, and 12, is the

ideal generated by all monomials z € 1 with deg u ) e. Finally, recall tirat, according
to Eliahou and Kervaire [3], a monomial ideal .I is stable if for all monomials (or
equivalently all generators) u of I one has (rif r^6)u € -I for all z S m(u), where
m(u) -- max{7: rilu}.

Recall from Section 1 that (rr) : IIrIP') where It: l l?=z(*r,...,rr)p,, with
01 ltot <p. Thus the desired inequality will follow from 2.1 and

Theorem 2.2. For giuen i,ntegers 0 ( 11

f o r  t  :  1 , . . . ,  s  a n d ,  k  :  1 , . . . , T r 7 4  l e t  I r  :  i l T l r @ r , . . . , f r k ) o ' r  a n d ,  I  :  f I l = r I P " l .
Le tSt :  I i= ,p"max(16)* (mr- I ) (p"  -1 )  and d :max{d t l l  < ,  <  s } .  ThenI2a
i,s stable.

The proof needs some preparations.

Lemma 2 .3 .  Le t  J  : [ IL r ( r r t . . .  , r * )oo  w i , th01a;  1p '  -  I ,  and  le t  r l  €  J  be  a
monomial such that d.gry > 1+ mp,x{m(q)(p' -l),max(J) +p' -1}. Then there
erist,s an i,nteger t s'uch that q € rf' J.

Proof. \&Ie reduce the problem to the case where m(n) < m. Since J is stable, 4
has the following Eliahou-Kervaire decomposition: T : uut for monomials u and
to with u € G(J) and min(tr) >- ̂ (r). We may assume that u / (rl') for all
t .  Then u --  w'r?; ] ' ' - -* ' , ; i3 'wi th p,  1p'-L.Thus the element q '  :  uw'has
d e g r e e  )  d e g q - ( m ( n ) - m ) ( p ' - 1 )  2  m ( p '  - 1 )  + t .  S i n c e  m ( r y ' )  (  n z  a n d
nrax(J) < (m - 7)(p' - 1), we ma5' replace ? by q', and thus may as q'ell suppose
that m,(r1) < m.

Let, q - rf' .. .rn;i'. We apply induction on max(J), and may assume that
a^  +  0 .  I f  max( . I )  -  1 ,  then J  :  ( r t , . . . , rn , ) .  l t  y , (n )  :  1 ,  then \  =  r? '
wi th a1 > max("/)  *p '  :  p '+L. In that  case, q -  rer '  4 'wi th q '  :  r | ' -p '  e J.
Suppose now that m(q) > 2. Then, since deg n-> m(ry)@' - 1) + 1, it follorvs that
17 € @?' ) for a certain t ( m(q),and so rl : rf rl' where 4' is a monomial of degree
2 (n,(ti) _ 1)(p' - 1) > 1. Hence r/ e J, ancl so 11 e r!'J.

Now suppose that max("/) > 1. We will distinguish several cases. In the first case
suppose that o-1r; ) p' . Let again T : uw be the Eliahou-Kervbire decomposition
of 4. Then degtu : deg4 - deg u ) p' ) 0. Hence, since m(u) S min(tu), it follows
ffiat rq)rr, divides tr, and we are done.

Now we consider the case lhat a*61 1p' - I, m(ri ) 3 and d*h) 3L7*61q.
We choose the rnaximal integer t, *(ri < t < rn, such that a^61 ! LLro;, &nd
wfiie a*61 :Llt+tai*bl with 1 <U < o1. Now set cp : nlrit i i ' .  Observe that



for all monomials p € J with m(p) ( nr one has
m-1

p l r - 1 t l €  l J  ( r r , . . . , r * ) o o ( r r , . . . , r ^ ) o ^ - l
lc=2

Appl;'ing (1) successively we see that g € J" where

t - l

J t t  : f r @ l : .  .  . ,  r * ) " 0 ( r t , . . . , r r ) o ' - b ' .
k=2

\Are have

desp :des0-am( , i l  ) deg r t - (p '  -1 )  >  t+ (m(q ) - I ) (p ,  - i )  >  r+m(p ) (p " - t ) ,
and deg e : degrl - d*(n) > max("f) * p, - a^(p) : max(.I,,) *p'. Hence we may
apply our induction hypothesis, and conclude that there exists an integer q < m(p)
such that g e. rfl' J". It follows that 4 € rf,' J,

Next r,ve consider the case a*h) 3 p' -1, m(q) > 3 and a*h) ) D\*t,la1. Using

again (1) we see that , t :  rL^t i f ( i la i r t  rv i rh 4 'e j  where J:nTJ|- ' ( r ) , r , . . .  , rn)oo
Note that for any monomial p € J witltm(p) ) mtt follows that pf r^oil € J.

Appl-ving this successively to qt we see that ,p: qlrTilli) belongs to j. As in the
second case it follows that deg 9 > L + m(Q@' - I). Since on the other hand
max(j)  S_(*Qi-2)( f  -  1) ,  i t  a lso fo i lows rhar degp 2 L+(*0t)  - r ) (p,  -
1) ) max J +p'. Applying the induction hypothesis to g and, Jyields the desired
conclusion f.or q.

It remains to consider the case a^61 1 p, - 1 and m(d < 2. If m(r) : 1,
then a1 )  p ' ,  a contradict ion.  Therefore n:  r? ' r t ,  wi th o,  *0 and a1 *az2
max{2p'- 1,rnax J +p'}. It follows that a1 ) p'. Then the elemerft q, - rfr-r" *at
belongs to (r1. *r)^^*/ which is contained in ,I, and so rl: r! q, e rpr'J. tl

Corol lary 2.4.  Let  J :  nLr("r , . . . , r*)ou where 0 S a1a I  p,  -  I  for  k :
2 , . . . ,n t , ,  and,  le tq  be  apos i , t i ,ue  i ,n teger  andrT  e  J  amonorn ia lw i , thm(r i  <  q
anddegr l  >  1+mar{ (q -L) (p '  -  1 ) ,max( / ) } .  Thenthere  er i , s ts t  <  m(1r )  such
Lhat r f , ' - lq e r f 'J .

Proof. Let q' : rpq'-rn. We have deg'r7' > 1 + max{m(q')(p, - l),max(.r) + p, - L}
since ni(ry') : ,1. Thus bv 2.3 there exists an integgr t < rn(r1,) : q such that
q' € re,.' J, and hence ,X'-trl e rpr'J. Since p, * I is the maximal power of ro which
divides I', we have f I q and so I ( m(q). tr

L e m m a  2 . 5 .  L e t  J  : l l L r ( r r t . . .  , r * ) o o  w i t h 0  <  a k  {  p , - "  - 4  f o r  k : 2 , . . .  , n - L
and i,ntegers 0 ( e < r. Let I - JLp'l and, r7 e I a be monomial such that degrT >
1+max{rn(n)(p; '_-  1) ,  max(I)+p'-p" + 'm(d@' -  1)}  Then there er istst  S m(rt)
,such that q e r!' L

Proof. \Ve may lvrite 4 -: 1)P'1J), u € G(J) ancl ru : oPt"o,, where 616 and o1 &,r€
monomials,  and oo /  ( r l "  , . . .  , ro*(r)) .  Thus dego6 S m(r i@"_1) ancl  the monomial

( 1 )



t1t : qt6, belongs to ./. Since q : T'P'o0 it follows that

p" degrl ' : deg? -dego6 > deg q - m(db' - 1)

Therefore degrt'2 (Llp") *max{rn(rt)(p'-" - 1),max(J)+p,-" - 1}. Since deg4,is
an integer we get dugrl' > 1 + max{m(a) (p,-" - 1), max("/) * pr-e - 1}. Note that
m(q') S rn(q). Therefore by Lemma 2.3 there exists an integer t, t 1 m(n,) < m(rl)
suclr tliat rl € r!'-"./. Thus r7 e r!'L n

Applying 2.5 recursively we get

Corollary 2.6. Wi,th the hypotheses of 2.5 suppose i,n add,i,tion that degr1 ) cp, *
1 + max{rn (d @' - 1), max( I) + p' - p" * m(ri@" - I)} for some integer c } 0. Then
there enists a monom'ial o of degree c * 1 such that m(o) 3 *(ri and q € op' I.

L e m m a  2 . 7 .  L e t  J  : l I ! r ( r r , . . .  , r x ) o n  w i , t h 0  S  a r  1 p , - "  - I  f o r  k : 2 , . . .  , r n
and, integers 0 ( e < r. Let I - Jb"l, q a posi,tiue i,nteger and,r1 e J a ntonomi,al
w i , th rn(q)  1q  anddegq >  cp '  +1+max{ (q  - l ) (p '  -1 ) ,max( I )+ (q- I ) (p"  -1 ) }

for some integer c Z 0. Then there etists a monom'ial of degree c I 1 such that
,X'- t r l  € oP' I  and m(o) 1m(r i .

Proof. Set 4' : tX'-rrl. Then

d"gn' ) r.p' + 1 + max{m(r7')(p' - I),max(I) * p' - p" + m(rl')b" - 1)}.

So b"r'Corollar;' 2.6 there exists a monomial o-with m(o) < m(ry') and deg o : c*1
suclr that r/ e on'L Finalll' rve have rn(o) < nr(r) because rq does not clivide o
since it appears only lvith po\4/er p' - 1 rn o. tr

Lemma 2.8,  Let  I t  :  I IT!r@rt. . . ; r6)a* wi th 0 < etk 1 g)et+t-et  -  1,  1 <
t 1 s, and integers 0 { et
posi.ti,ue i,nteger and r7 € I a monomi,al with m(q) { q and deg4 > cp' + | +
ID&,X1<1<5-1-r{Ir"=, put max(I;) + (q - I)(p"' - 1)i for some i.nteger c } 0. (Here

Dl=rp"n max(I,) :0 for f : s * 1). Then there erists a monomial o with dego :
c * 1. *(o) < m(q) and 

"X'-trt  
€ oP' I  .

Proof. \Ve apply induction on s. The case s : 1 is given in 2.7. LeL d,i:
Di:1p' '  rnax(/,) + (q - I)(p"i - 1), 1 S i < s * l ,rand let I  ( s be nraximal
integer such that di : max{ d,i: L 4f S s}. Then we h ave di I d1 for t < j < s and
d i l d r f o r j < t .

We now distinguish two cases. In case t ) 1, write T : T'frin=tu!"n with ai € G(Ii)
and 4' € ft : fi1:l1tn"'1. We have deg(ri') : deg(q) - t;=, p"n max(16) ) cp'+ 1 +
dt-Di:,p"imax(16) - cp' + i+ (q*1)(p", * 1). Choose the maximal integer E ) 0
such that  deg( l7 ' )  >  cp '  +  1 + €p" ,  +(q -  t ) (p ' ,  -  1) .  As dr  :  max{d i . :  I  l i  (  s} ,
we see that q' satisfies the necessary inequalities and so by induction hypothesis
t lrere exists a monornial r with deg(r) - cpr-e, *e * 1,m(r) < m(q') < m(r) and
rf,"t-lrr -- TP"'r7" for some 4" € 1'. Note that by the choice of e, we have deg(r7') <



qf +7+€p" '+q(p" '  -1) ,  and solr t" ,  deg(r)*deg(4")  < cp'* \*epet+(q+I)(p",-L).-
Hence deg( ry " )  <  1 -  p" '+ (q* l ) (p " '  -  1 )  :  q (p" ,  -L ) .

Set p : rrl l :ru!"'-" '; then p € i :fr i=rlP"'-" '1, and p"'deg(p): d"g(rT"'-tri -
d .g ( ry " )  ,  cp '+p" '+  max{d1,d ,+ t }  -  q (p" ' -  1 )  :  cp '+  1+a fo r  a  :  p " 'b  and
b : max{I}=op"t -" 'rnax(Ii)+(q- I)(pe;-et -r): t < i < s+1}. Therefore deg(p) )
cq)r*et *Ilp"'*b. Using that degp is an integer we get deg(p) 2 cp'-", + 1 +b. Thus
w€r may apply the induction hypothesis to p,l, and hence there exists a monomial
o with m(o) < m(p) < m(ri, d,eg(o): c * 1 such that rpo"-"'-L p € oP'*"' 1. Hence
*X'-trl - rf, '-o"t f" 'n" e. oP'L

Finally we consider the case t : I, and write T : efli=zrf,"n , uo € G(Ii) and g €
Iy"l.We have dug(p) : deg(q)-Ii=, p"n max(I;) ) cp'+I*dr-D'orp"n max(Io) -

cp' +I*p"' max( Ir)+(q-I)(p"' - 1). But t : 1 implies d2 ( d1, and so p", max(I1)+
(q - t)(p" - 1) > (q - 1)(p" - L). Thus <p satisfies the condition of 2.7. As
in the previous case we choose the maximal integer e ) 0 such that drg(p) )
cp '+ l *ep"2  +(q-  1 ) (p" ' -  1 ) .  Then by  2 .7  there  ex is ts  a  monomia l  7  w i th
deg(ry) - cpr-ez + 1+ e, m(l) < m(ri and rP"'-rg : 1p"" g' for some rp' € 1je"'1, and
we see as above that deg(p') < q(p"' - I).

Set tl - Ttfll=2af,"n-"'; then t/ € i : fIl=rly"'-""1, *(rD < m(q) and p"2 deg(T/) :
deg(rf,"'-\ri - de1(1r.') )- 

"p' 
* p"' + max{di: 2 { j < s + 1} - q(p" - 1) :

cp' +1 + max{fl=ip"'max(/,) + (q - I)(p"i - p"') : 2 < i ( s * 1}. Since degy' is
an integer we get deg(d) 2 cp'-" + 1 + max{fi-, p";-"2 max(I,) + (q - I)(p"i-ez -

1) : 2 < j < s+ 1). Thus we may apply our induction hypothesis to $ and f and
conclude that n['-"'-trlt e rrP'-u'I for some dronomial z with deg(z) : c* l and
m(r) < rn(1D < m(q).This yields the desired conclusion. n

We are now in the position to prove Theorem 2.2.

Proof. [Proof of 2.2] Let p: fIl=&I'"u, ?rt € G(I) anri 'u a monomial such that
des(p) : d. Let j < m(p).We must show that riplr*(p) € I2a.Apply induction on
s ) c a s e s : 0 b e i n g t r i v i a l .  I f  m , ( p ) : m ( r i , r t : t l i : l u p r ' ' t D , t h e n w e m a y a p p l y t h e
induction hypothesis because deg(t7) - d- deg(uf'") > max{d'r, 1< I ( s- 1} , for
5l : D;:: p" max(l.;)*(*r-r)(p" - 1). Bv inciuction hypothesis I' : IIi=lIF"'l has
I'>aurh) stable and so rirllr*o) € 4j"*tnl. Hence ripf r*61 : (riqf r*01)u3'" € I2a.

\\re may suppose from now on m(p) : m(ur) > rp(n). Set q : m(tt'), d1 :

D=-i p'i max(I) + (q - 1)(p" - 1). We have 61 2 d, if and only if mt ) Q. In
particular 6', 2 dr, since rn, > q. If rnt I Q, then max( Ir) S (q - 1)(p"t+t-"' - 1) since
atn { p't+r-" -1, and so d111 -5't :  (q-t)( 'prt+t -L)-(*r-I)(p" -I)-p" max(Ir) >
(q - t)('prt+r - p',) - p', max(I,) > 0. Thus dj 1 dt+r if. m7 < q. The same argument
shows that d1 1 dt+t rf m7 < q.

By backwards induction on J we now show that

max{d1 :  j  < t  <  s }  <  max{d i :  j  < t  <  s } ,  (2 )

We have already seen that (2) holds for j - s. Suppose the inequality holds for
j +1. If  rni ) g then 6' i2di, and so (2) is implied by the induction hypothesis. I f



mj 1q,  then 6 ' j  l  d j * r , .d , i  !  d , ia1,  and hence 5 ' j  a  d j * ,  S max{{ :  j  *1< f  <  r }  <
m a x i d j  :  j * 7 < t <  s ) .  H e n c e m a x { d j  t  j < 7 S s } : m a x { d j  :  j * t  < r < r } 2
m a x { d 1 :  j  * 1 < t  <  s } :  m a x { d 6 :  j  1 f  (  s } ,  a s  d e s i r e d .

Now since by (2) we have deg(rfl) : 1 * d.S(ri) : 1 * dug(p) - p"" max(/,) :
1 * max{di, 1 < I < r} > 1 + max{d1: 1 ( t { r}, we may apply Lernma 2.8 for
s - 1, r i \  e I '  and q. Then there exists e < m(d such that ,t '"-t@iri: ,r! '"r1,
for some q' € I ' .  Thus rlpfr*b): (a"urfr*1u))p""n'belongs to 1, because 1" is
stable. n

For a monomial u, we set pa(u) : rl&.X&. t,h+g{Dk}, if u is not a multiple of 11.
otherrvise u: r l 'u such that u / (*t),  and we set pa(u) : Fr* pa(u) (cf. Section
1). BV our main theorem we have reg(u) : pa(u). More generally we get

Corollary 2.9. Let I be a p-Borel i,deal wi,th Borel generators ltrr,. . . tLLm. Then

reg( / )  (  max{pa(ur) , .  .  . ,pa( 'u*) } ,

and equo,li,ty holds if I is princi,pal p-Borel.

Proof. For each 'i : 1,. .. ,rn) the ideal reg(z;)ya is stable for d ) pa(ur). Thus
12a is stable for d ) max{pa(u1),.. .  ,  pa(u^)}.Therefore the assert ion fol lows frorn
2 . 1 .  n
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