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Abstract

'Ihe airn of the present paper is to provide a state-space solution to the
robust stabilisation problem with respect to the NLCIr for two-time-scale
sysl,erns. 'l'he construction of the robust controller uses the solutions of the
corrtrol antl filtuing algebra,ic Riccati equations corresponcling to the slow
anrci to t,hc fast dyn:unics of the rxxninal pla.rit, respcc:tively. Thcse sohitions
do rrot tlcpcnd upon the siugular perturtration and fherefore all c;onrputa-
tions are q'cll-conditioned. It is also inrresti€iated the particular ca^se n'hen
;ur ;-indepcntlenL robusl, corttroiler can be cleLorrnined. lriuntericai examples
illustrate the thcoretical developments.



1 Introduction

Singularly pe.rturbed systems have beerr intensively investigated over the iast tluee
decarlcs. This irrtcrest is motir,atcd by the wide a,rea of applications in which such
systems appear (see e.g. t12], l8]), More reccntly a special attention ha"s been paid

to the robtst stabilization problem of two -time-scale systerns for which a key role

is pliryed by the /f* theory $w e.g. [7], [9], [18] and the references therein). In the

casc of singularly perturbed systems the ly'- control problem reveals specifi.c a^spects

determirred by the descomposition of the problem into slow arrd fast cornponeuts.
Different methocls have been proposed to investigate this problem including the

state-space solutions derived in [13], [15] and [16], the differerrtial gaure-theoretic

approerch [10], [11] and frequency domain methods [6].
On tire other hand the robust stabiljzation problem with respect to norrnalized

left c;opriure firctorization (NLCF) (see e.g. [9| [17]) has been freclucntly considercd

in the recent corrtrol literature. This is a very general type of unstructured ul-
c;ertainty u,sed in the robustness specifi.cations ([t9]) as we]l as in the loopshaping
procedures ([9]).

Although the robust stabilization problem with respect to the NLCF of the two-

time-scale systems can be integrated in the general frarnework of ff- theory, there

are somc specific aspects which individuetlize this problem. Thc first is the fact that

the computations become ill-conditioned for smaJ.l values of the singular perturbation

e ) 0. In order to avoid this feature the conrputations must be performed using

tlie slow alrl thi: fast courponents of the rrominal system without using its whole

dynamics. The second specific aspect is the fact that the robustness radius with

respect to the NLCF has an e>cplicit formula in terms of the solutions of the control

and fi.ltering algcbraic Ric;cati equations associated with the nor.inal plant.

The aim of the present paper is to provide a state-space solution to the robust

stabilization problern with respect to the NLCF for two-time-scale systems. The

construction of the robust controller uses the solutions of the control and filter-

ing algebraic Riccati eqriations corresponding to the slovr and to the fast d5rnamics

of the nomina,l plant, respectively. These solutions do not depend upon the sin-

guiar perturbation and therefore all cornpu.tations are well--conditioned. It is also

invcstigated thc parl,icular case when an e-independent robust controllcr can be

<lctcrmine{. Numeric:rl examples illustrate the theoretical developments.



2 Problem staternent and preliminaries

2.t Problem statement

Consider the singrlarly pcrturbed system G(e) with the state space equations:

h :  A{e)r*B(e) 'u

Y :  C r

(1 )

whcr<:

* - l  " tr ' -  t
L r z

; A(e) : | :1:: rX::) ; BG) : l!;,1, " 
: I c,, c, t,

ll;1 and !12 itre thc state corrponcnts correspond.ing to the slow and fast dr.marn*
ics. respectir,-ely ancl e > 0 is a small parameter- Let tw(t),lr(u) be the nor-

{ralized left coprirne fa<;tors of G (e), narnely fu @, lf (r) are stable, G (u) :
frt-t (u) ttr C and fr b)fr. (r) + lr (u) lr. (u) : I, fr* (r), If- (e) <ienoting the
adjoint of M (u) , ff (e) respectively. Then the robust stabilization probiem with
respect to NLCF consists in finding a controller I( (u) stabilizing all perturbed sys-

t c r r i , s G n t r \ - ( T  
r - r z - "  \

- \ , ,. f (r) + LM) 
lN 

(r) + ANJ wittr Ag and 46 stablc modelling

uncertainty such that llA; A' il* < r where r > 0 is an imposed robustness rndi,us
(s<rc c..q. igl, [17]).

2.2 Preliminaries

According to the results in [9] for the systems without singular pertrubations, if a
solution of the robust stabilization problem with respect to NLCF *ists then the
robust controllt:r can be obtained in terms of the stabilizing solutions of the control
and filtering algebraic Riccati equations:

Arx I, xA- xBB't-x +crc:o (2)

AY +YAT -YCTCY + BBT :0,  {3)

restr.rc<;tivcly. In [9] it is also prove<i tirat the rnaxinal robustness radius with respect

to NLCF is given by ,*o*: 7;i" where ?mi,, : (I+ p(XY))i, p( ) clenoting the
spcctral radius.

Throughr.nrt ttre paper the following assumption is made:



Assumption .A1: A22'in the state space repre.sentati,on (1) is inuertdble.
Under thc above assumption we can scparate according to the thcory of singular

pcrtru'bations ([12]) the slow and the fast components of G (e), namely:

i" : A"r.r I B"u" (4)

A " :  C " r " f D " u "

with:

A " :  A u - A t 2 A ; ; A 2 t

B" : B, - ArrA;rr B,

C" : Cl- CvA;;A2:

D" : -C2A;; 82 t

and

Y :  
A z z s t r B 2 u l

Yf : Czfrf ,

respectively, where r : !.
Then the following additional assumption is made:
Assurnption A2: the pairs (A",8"), (Ay,B)are stab,i,li,zable and the pairs

(C",A"), (Ct,Ai arc detectable.
Let us denote by X" and d the stabilizing solutions of the confrol and filtering

Riccati equations associated to the slow dyrra,rrics (4), na^rnely:

ATxr+ x,A,- (x"8"+c{D")s-t (glx" + DTC") +C{C,:g (6)

A"Y" +Y"AT - V"q + 8"4) R-t (c"Y + D"B{) * B"$ : s, (7)
respectively, rvhere R:: I + D"DT, S :: I + DT D", and by Xr, Yf the stabilizing
solutions of the Riccati ecluations corresponding to the fast dynarnics:

ALxr* xyA22- xtBrff 'xr*cj 'cr:g (8)

AzzYr + \AT, - Yrctr' czry * B2Bl : s. (e)
Recall that under assumptio" (Az) these solutions exist and they are positive

sernidefinite.
Thcn the following result pror-ed in [12] holds:

to/



Proposition L a) Under o"ssu,mgtt'iorts (A1) and (A2) thc.re ensts 6 > 0 such that
{or all e € (0, e) the Ricca,t'i equ,ation (2) associ,ated, u,i,th.the system (1) ad,mi,ts the
sl.abi,li,z'i,ng soluti,otr, X (u) > 0 wi,th the following asgmqttotic strwcture:

where

ftrr,: - ($rxt + x"An - x"Bt6xt * cTC2) (Ar, - ara[xr)-'

l ^ . 1
and lX4 ( r ) l  <  c  <  oo  fo r  a I I  e  e  (0 ,e ) ,  i , j  :1 ,2 .  Moreouer  i f  ) "u , ' i :1 , . . . ,n1

and Ay, i :1,...,n2 aT'€. the eigerwalues of A" - B-S-t (8"X" + DTC") and, A22 -
B2B;'XI respect'iuely, thert, for aH e e (0, C) the matri,s A(r) - B (e) Br (u) X (e) has
nl ei,genaalues \"n+ O(e) , ' i : I,...,n1&nd,n2 e'i,gcnaa,lue.s !),6 +O(e) , j:1,...,Tr2
where O (e) is a fimction such that lim"*s., O (e) : g'

b) Tlr,ere sisds 6 > 0 such that for aH e e (0, t) the fikeri.ng Ri,cmti, e4uation
(3) associated with the system (1) has the stab,ili,zing soluti,on Y (u\ 2 A with the
a s y mp t oti, c stru cture :

wnere

hz:: - (Arryr +y"$t - y"cTc2\ + B$T) Q6, - 6cryr)-' .

If p"n, z : 1,..-,n1 arld #yr, i : 1,..., rL2 {rr€ the e'i,gewalues of tlrc matrices A" -

(n"nT +Y"CT) R-tC" and, Ay-YyGC, respeetiuely, thenfor aIIe € (0,E)the matri,r /(r)-
Y (e) CT (e) C (e) has n,lei,genaalues F".*O (e), i : 

'1., 
...,n1an,d,n2 eigenaalues!qr*

O ( e ) , i : 7 , . . . , r 1 2 - J

A diru:t coilsequenc;e of the above proposition is th<: following corollary;

Corollary 1 If ro,^*(e) derr.otes the rnanimal stab'i,l'itg rad'ius o{ G(e) w'ith respect,
to NLCF then

"u*g1"o,*(s) 
:* i r , { f t  *  p(x"y")y4,( t*  p(xf i )- t }  o (u)

x(u)': Ift[i] x::l:ll : | !*tfj']iln :tr;is;,iS, I (10)

I v" * u?rrb) :r'z* u?rrq) I: 
I,is*,ii6 !(", * 't,6) I 

(11)1, ' /^ \  . -  i  Yt t  (u)  Yr(u)r  \ c , / ' -  
L V $ ( u )  

y z z ( r )



A similal rcsrrit to Proposition t has bcen proved in p] for game-theoretic Rjccati
c<luiitions; a rnodificd vemion of this result, useful in the next section is the f<illowing
proposition:

Propositiana 2 Let:

A(u) :  I  A' t  A,z I  , , ( r )  :  I f l  I  ,  n^ ( , \ : l  Fz,  I
l "  !ar '  !Ar,  I  

jnt \e):  
L !"r ,  l '  

u '  (u) :  
L !Er,  l '

C  :  l C ,  C r l

wi,th, A22 i,naert'ible and cans'ider the slout dgnami,cs:

A" : Au - At A;] art
Br" : 81 - AtrAl| Bro
c"

D* : -C2A;;826, , i  :  I ,2.

Assume that th,e garne-{huretic Ri,ccati, e4uations assoc'iatd, to the slow tnmponent
abaae and to the fast dynam'ics, namely:

AT z" + z"A" - {2"8" + q D"} S-, (4 t" + DTc") + c{c" : s

an,d

4r4 * 27A22 + z7 (B2rBTt - BrrBTr) zr + c{cr: g

wi,th

,  B " ' : 1 8 , ,  B z " f  , D " : : l t r "  D r " f , , 3 , : l n { " n * - t  4 " D ' " 1- L )T"Dr" ry"n* )
haue the stabi,lizing solutf,ons Z, 2 B and Zy )_ 0, respect'i,uely. Then there es,ists
€ > 0 s'urh, l,hat fo'r all e e (0, t) the qame-theoretic Rdccati equut'i,on

A7'{,) z + zA(e) + z (s, (u) nT G) - Br(r) sT @) z +crc :0

lm,s t,lte sl,abil'iz'trtq solu,t'ion Z (r) 2 0 uitlt the foltouirtg asymptotic stntcture:

rz t ̂ \ | z" + eZs @) ezn * e2 Zp1e,) 
I irrlL \e) - l, rzTr+ e2Z[r@) ez. * u2Zrr{e) J



ii

ulhe,r'e

z u :

X

+ z"A{2 + CTCI)(te,,
tArz +

+ (arrsl, - arra{r) z")t

(BrrB'i, - BrrB{r) zr)-t

l t "C l l  <" .  *  fora i l  e  e  (0 ,e)

More.ouet' d! \"r,'i : Ir...,n1 and, )y1,, i : 1, ..-, na o,re the ei,genaalues of A" *
B"$-t (8"2" + DTc") and' A22{ (BrrBT, - Brr4r) 21 resput'iuely, then for all e €

{0,e) fite rnatrinA(e) - (Bt b) eT G) * Br(u) 4 k)) Z (e) h,as n1 eisenao,lues A",*
O (e) , :  1 , . . . ,  n1and,  nz e ' i ,genao,hrcs ! \1 ,  + O (e)  ,  j  :7 , . . . ,nz. l f

The following result is praved in i14]:

Propositi on 3 Consider' !,lte two-tinte-.sanle systern::

n r  :  l t t  ( u )  q  *  A tz (u ) r , *  f u (e )u
eiz : An (e) rr * An (t) *, * 82 (e) u

u  :  C t ( e ) r t *  C z ( u ) * r +  D ( e ) u

uhere Ani b) , Bu(e) ,Co(t) , D (u) are C furtcti,ons with respect to e. Assume that
Arz $) ,is i.twtn"ti,hle and the nmLrices A22(0) ond lrt (0) - An$) ,q;] (0) lrt (0) are
stable. T'hen there enists an, t > 0 such dhat for all e € (A,i) we haue

a) The aboue system i,s stable;
b) If G (e) 'is tlrc tran.sfer rruttrin of the systern and Ga (e) is the transfer matrin

of
the sgstem,

*1 : Arr (o) rr * An (o)"r + a1 (o)rl,

e*z : Azt (A) nr I Azz (0) 
", 

+ 82 (0) u
y  :  C t ( o )  r t * C z ( o ) " , + D ( o ) t r ,

tlten there erists cY ) 0 such that

llc el - Go (')11." . o'

for  a l l6 € (0,e). t r



Another rmeful result {or thc next developrnents is ([10]):

Propositian 4 LetT (e) be. a hao-tim,e-scnle systern with both slow and" fast com.
Ttrntents T" and Ty, reslx:ct'iue.ly, assumed sta,ble.'fhen:

,t:t, ttt (u) il* : max { ll""ll.", ilTrll""},tr

3 Robust controller with respect to the NLCF

The rnain result of this section is given by t;he following theorem:

Theorem l" Under the assumpti,ons (A1) and, (A2) for any 7 ) ,to uhere

jo : [7 * rnax {p (X,Y") , p (X Yi}1* , (14)

tltrre erists an e > 0 such that for all e € (0,t) the two-t'i,rne-scale controller:

K (r) , : (Au (r) , Bo (r) , C*) (15)

( f  An t  Aor r l  I  Bur l  ,  - \: ( | 3a-,, !;;;; ), L :t-, l,L co, co, ) )
ui,th:

Ant : An - YCTct - nt (s{ z" + BT zTr)
Axn :  Az *Y "CTC2-B tW 'Z t
Axzt : Azt - YJc[ cr * 82 (BT z" + BT zil)
Axzz : Azt * Yt6 C, - BzBl' z r
Bm : YCT
Bxz : 46
cm : - (sT z" + BT zTr)
Cxz : -BT Zr

utfLeT'e

z" ,  :  - . y2( ( r  -  7 ' )  I  +x" r " ) - tx "
zp , : --y2 (r - r') ((1 - f) t +x"%)-'

(*,, - (t"", + x"?'n) ((r - f) r + xvr)- ,,)
Zr,  :  _ . -y2 ( ( r  -  f )  I  +  X,Y, ) - t  X, ,



st.ch'i, l i ,zcs ott.Gr]r): (-M k) + Ar)-' (,^r(:) + Ae) uti,LhL* o,nrtL.* stabtemod,-

rllirtg un.certainty su,ch that ll\g Arll* < -y-1.

Proof It is a krrou' fact (see e.g. l9)) that the robust stabilization for a nominal
system G :: (A, B,C) with respect to the NLCF can be reduced to an Il- control
problcur corresponding to the followirig generalized system

i : Ar - H'q + Buz (16)

I c 1  l - r l  l - o Iu t :  l ^  l r + l n l u r * l  r l u zL u l  L U I  L l r
' !Jz : Cr*u,t

rvhcre
H :: -YCr (17)

rvith Y denoting the stabilizing positive definite solution of the filtering algebraic
Riccati equation (3). Moreover, according to [1], a controller K is a solution to the
i/* control problern for (16) if and only if it is also an If* controller for a certain
outer system (Theorem 3 in [1]) associated with the generalized systeml in our case
this outer systern has the following state*space equations:

i :  ( a - r - * n r , ) , - t ( t ' - 1 ) - + H u r + B u z  ( 1 8 )
t  

_ ,  -
9 t :  

- ^ f  2 f 2 ! E

az :  (c  r r - ln) "  + t ( t ,  *  r ) - i ,u ,
\  .J

\arith

F1 , : jt (t ' - 1)-' (c - H, z) (19)

Fz ,  :-" t-*B'Z

z :  :  -^y2((t*  f )  I  +xv)-r  x
urhere X and Y are the stabilizing positive semidefinite solutions of (2) and (3)
rcsprrctively.

\4/lrcn coupl-ing the controlle.r K :: (An, Bx,Cn) to (18) one obtains the resulting
system:

r : (a - ,-LHr') n * BCp1, - 1(t' - r)-i uu, (20)
\  

. J

rp : n,, ( c + -v-iF,) 
"* 

Axrnr_l (1, - 1)-* nou,. "  
\ ,

'ar : -'Y-i Fzx * CPts '



r'.'ltctc r; denotes the state of tlie rx-rntroller. S/e strall show in the following that for
all e € (0,e) and for Ap, Bn, Cx given by (15) the system (20) is stable and its ff-
norrn is kxs than 1.

In ordcr to provc that (20) is stable let us consider thc nonsingrrlar transforma-
tion:

r : l  I -  0 -  I
L 1 _I  )

and dernote by e(t) :: s(t) - ,o(t). Then (20) can be written in the equivalent
forrn:

t :  ( o - r - U r p r + B C o ) r - B C p e + t ( f -  r ) - * n u ,  e r )

e - { a- r-i (H + Bo) F, - BxC + BCk - A-) t - (8C7,- Ax)ea ,

t (t '  - 1)-u (/1 + Bti ut
' '-i Fz+ cu) r - c1,eAt :  
l -1 -  . - t

Accordirrg to Proposition 1, there exists s > 0 such that fnr all e e (0,6) the
stabilizing solutions X (r) and Y (e) of (2) and (3) have the expressions (10) and
(11), respectively. Then one obtains the following structure of ff defined by (17):

(22)

Sirniiarly. dircct algcbraic computations give the following expressions for -F't (u)
and lr2 (e):

F, (u) :  tL ( t '  -  1)- '  lqg +y"2")+c2(yi lz"+yrzTz) +o(e)
cz(I  +\zi  +o(e) l

Fr(') : .y-+ | BTZ"+ 4ZT.+O(e) BTZ1+O(e) ] .
Let us denote

L ( e ) : : H ( r ) F r ( e ) : f  , L u * o ^ ( . e )  . L n * q ! t )  I .  ( u )
|  ! L r '+o (e )  l Lzz+o(u )  I '

Tlrcn repla<;c (15) in (21) togctirer with (22)-(24) obl,aining thus tlie following
tu'otime-scale structure for (21) :

21 : "Att (e) 4 * Atz(u) 
", 

+ g (e) u1
1 1 1

22 : :Azt (t) q -r 
tAzz 

(u) ,, + :8, (e) ut (25)

Ut : Ctzt * C2(e) z2

H(,):l:H;l:l ]: -l:T,ftlS8l ]

(23)

l0



wltcrc zi inclttdcs the sk;w cornponents of c and e, z2 incorporates the fast compo-
ncnts of r aucl e, and

A,, (e\ :  I  e,,  * TLL' - Bt(BTz"+ BTZi;)+o(e) h(BTz"+ BTqr) l- ' r r \ - /  
L  O(r )  A ' -Y"C{C,  J

A,^ (r\ : I ar, - TiLn * BtB{zt + o (e) B;BT zJ Iv 'Lz \ " '  
L O (r)  An -n! 'C,  l

(26)

A^, (,\ : I ar, - TiL"t - Br(E{2")- BT4r) + o (e) ar(n{2"+ BT Z{r) 1- '2': \-t 
L O (t) Azt - Yr$'Ct I

AzzG\ : I or, - r-*Lzz - B?BT zr + o (e) BrB{zL 1- 'zz \" / 
L O (u) Azz - V1C{Cz J

B,(u) : t(t, -1)-+ i Ytr;^:p(') IL o(u) l
Bz (e) : -t (t, - 1)-* | "tq,J I (') I-)  

L o(u) l
c t  :  (aTz"+BTzT)[  ( r - '+1)r  I  )

cz(r )  :  BTzr l  ( "v- '+1)J+o(e)  I  ]
The fast dynamics of (26) has the state matrtx Azt(0) which is triangular and

its eigenvalues are:

A(422(0) )  :  n (or r -  " t - iLzz-  nza [z r )  u  L (Az2-Yr .CTCz) ,

'n'here A(') denotes the sp,3ctrum of (.). Since 7 ) 7o,Zy given by (15) is the
stabilizing solution of the garne-theoretic Riccati equation ([91)

ALzr * 21A22* zrB2BTzt +c{C2- (r - "/')-t (r + zryr)6c,(r +vrzr1: a

which fact irrplics that the rnatrix

An - (r - r') 
-' y,c,j' c, - (u,u',{ + (1 - -yr)-' v,c[ czv,) z ,

is stable. Dirert computal,ions using (22), (23), (25) reiveal that the matrix above is
jrist 422 - Ti Lzz - B2Btr' Z! ancl heace this matrix is stable. On the other hand,
according to the assuurptions of the theorern, Y1 is the statrilizing solution of (10)
and hence Ar, -YrCg'C2 is stable. Tlnrs we conclude tllr,lt Azz(0) is stable.

1 1



Consirlcr now thc slow dynarnics o{ (25) which sl,ate rnatrix is

A" ::.4,, (0) _ An (0) "61"411 (0) . (27)

Usirrg (26) one obtains that ,4" has the following tny'rnptotic structrire:

n  - f' , . "_L

where * denotes an irrelevernt entry and

A,n : An - 'y-i Lr, - n, (n{ z" + 6 zT;)
- (or, - {LLn - B1B'{ z!) (o" - ^r-LLzz - no{ z,)

* (or' - t-iL'zt - n, (nl z" + nT2fi)

.4sti * I
0 A"zz )

(28)

(2e)

Asz2 : An -- Y"4 ct - (At + v"4 cz) (Ar, - 4c{ c2)-' (Ar, - \c{ cL)

It is easy to check that "4"rr coincides with the slow dynamics of the two-time-
scale system having the state matrix:

M (r) : A(e) - {*t G) + {i  n( ') & ( ') .

On thc othcr hand, for e close to zero. the solutions of the Riccati equations (2)
and (3) have the asymptotic structure (10) and (11) respectively. Moreover since
Z (e) given by (13) is the sta,bilizing solution to the game-theoretic Riccati equation:

A' (r) z (e).+ z (e) A(r) - z(e) B (e) B' (r) z (e) + €C
- {1 - .'/2)-' (I + Z{e) Y (e)) CT'C g + V (e) Z (e)) : s,

i t  fo[ows that A( ')  -  (r  -7\- 'Y (e)cvc(I +Y(e) z(e])- B(r)8, (u)z(e) is
stable. Using (19) one c;an check that this matrix is just M(t) defined by (29)
wlrich fact shows tbat M(e) is stable for all e e (0,6). Since X",Y,X1,Y1 ar.e
thc stabilizing solutions of thc Riccati equations (6), (7), (8) and (9) respectively,
it results that the ljmit of the slow modes of M (e) have negative real parts arrd
thcrcf<rre .4"rr is stable (for more details see [3]).

In order to prove that A"zz is stable we notice that this matrix is just the state
matrix of slow dynamics of the system with the state matrix,a (e) + // (e) C, which
fact rcsults lry direct cornputations. The as;,rrptotic structure of the eigenvalues of
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,a(e) + H(t)C given in Proposition l shor*",s t,Itat, A.,zz is stable. Thus we provcd
that thc slow d)ananrics of (25) is stable.

Sincc thc two-time-scale systerur (25) has both sktw and fast components stable
wc cclncltrdc. accclrding to the Klirnuscv-Krexovshi thegrem that (2b) is stable for
a l l  e  € (0,6) .

We Pror,e now that K (r) givcn by (15) is a 7-attemrating cont,roller for the gener-
aljze<l systcut (18). To thjs end cnnsider the morlifie<i controlk;r K(e) : (Ax,81,,C7,)
wher<:

A x :  A + H ( r ) C - B B r z ( s )
Bk : -H (u)

Cx : -nrz{e)

u'it}: f{ (e) and z (e) dehted by (12) and (1g) respectively where x (u) and y (e) lmve
the asyutPtotic structrres givcn by (10) anrl (11), rcspectiveiy. W].uo coupJing the
controller (30) to the system (18) one obt:rins the fol-lowing two-time-scale resulting
systeui:

b,t : A,n (e) nrt t $rr(u) nrz * Bs (e) u,1

i ,z : !o"(r)"', *lo,rr(u) *,, +!a*b) u,
at : Ct (e) rrt I C,, (u) rr2 * D, (e)'u1 .

Dirc<;t cornpittatiorrs show that the systcm obtainc<l bv corrpling K (u) to (1S)
h:r^s thc statc*space equations:

x;,1 : 4rr (0) rn * A,t (0) r,2 t 4., (0)rr (32)
1 1 1

i ,2 : : , \zt (o)r,t  * 1A,n (o) r,,  * 
)",,  

(o)",

llr : C,r (0) rn * C,, (0) rrz * D, (0) u1 .

Tlten ac<;orcling to Proposition 3 it results that for E small enough the .Fl- lorrn of
(32) is less t,han 7.

4 A particular case: the e-independent robust con-
troller

In tho prrrscrnt section we r:onsider an important particular case na,mcly thc sit Lration
wherr the iast dvnamjcs of G (e) is stable. We shall first investigate r,ire robustness

(30)

(31)
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I)r^ope.rt,ics with resp<rt to thc NLCF in this *rse and th<:n we shall describc a
proccrlurc to dctcrrnine arr e-indepen<lont optirral robust cor:trrrLler.

4.L The robustness radius rn/ith respect to NLCF of stable
two--time-scatre systerns

'Tlrt: {oll<m'ing rr:sult shorvs t}rat if the f:r^st dyramics is stable then onc can stabilizc
G (e ) by rning an e-indcpcnderrt controller which robustness properties q'ith respcct
to thc NLCF are investigated . In fact this result extends of the result deduced in
i15] wlrcrc the ca^se C2(jwI - Arr)-t Bz:0 is considered.

Theorem 2 If th,e fast d,ynurn'ics of G (e) 'rs stable th,en an11 sdabi,I'i.zdng controller

for it.s slaut dyn,a'mics is also a stabi.liz,ing co,ntroller for G(e) for e * 0+. Moreoaer
'i,n, l,lt,i,c txt,srz, {,!tu rohu,s{nr:ss twdi,us of G (e) wiLh rcsltu:t to tlte I{LCF for is

, [gr,",*:  minif t  * p{x,Y"))-*,(t  * l lcr l l" .)- ' }  ,

ruhele G y denotes tlte fast d,ynamics of G (e).

Proof Let K" be a stabilizing controller for the slow dynamics of G (e). Simple
courputzrtions show that by coupling this controller to the generalized systern (18)
onc obtzlins a two-time-scale resultinq system rvhich fast drrnamics is

Tr , :  (A2,,Y.C{,Cr, I )  .

i\,{orcover the slow dlrramir;s of the resulting systeur coincides with the dynamics
obtaincd bv coupling the controller to the slow dyrarnics of (18). It follows that
rrnrlcr thc assurnptions irr the statcurent both fast and slow cllrramics a,re stable and
thcrcforc thc resulting two*time-scale systern is stable; thus we conclude that 1{, is
a stal;ilizing controller for G (e) when e * 0+.

On the other hand if we denote by T (e) and T" tbe transfer rnatrices of the
resrrlting svstcrn a,nd of its slow dynamir:s respectively, according to Proposition 4
it folkrrvs that

-lirn f,nn* : rnin {llz, * , l]Tlil*]i
e + u l

Fi'orn (3-1) it rcsults that [ 
- ffrt, whcrc ffy s t]-re invcrtiblc factor frour t]re

I{LCF- ot G1. Then Wtlti + &^-i : l sives that f + GtG? : Mrt (*;t)- opd
t.hr:r<:forc

i l -  _ i t  . . _

l inr; ' l l  :  l l  I  r  cr ]1i"" :  1-r l iGri, ,-
l i  J  l l -  r L
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sirrce thc rol:ristncss ratlius of ?l r:rjrals (11- p(x"v;)y-i, (3J) frorn 1hc state_
urcrrt dircctly follows frorn (35) and (36) aud the proof eri.ds. f

Rernark 1 'fh,aorenr. 
2 shrnil.c tlmt i,f rh,e fast conqton,erd o! G (e) i-g ;ttable tlrcn one

uln usc rnt' e-'htderyendent cotttroller dedermi.n.ed, for tlrc slorLt dyna,rni,cs ttith

? > i lrax 
{tt ,  p (x"y"))i ,  (r + l icrl l"")} .

Remark 2 Sirt'ce th,e roltrtstness rarl'ius i^* g'iaen by (33) cor.r'esponds to the atse
tLtlt'crt e-ittde'pertdcnt sta,b'i,I'izing tnntrol,l,ers aTe mnsid,erefi,, it results tlm,ti^*^ { rmax
for t --+ 0y wlmer,n * giuen by (1e) ,i,s obta,ined, by two-time-scnle controllers. Com-
paring (ii?) w,ith, (35i one obtai,ns that

1+ l lc/ l l , . .  )  (1 + p(x Yi)* .
'J'lt,e u,boue irte4tnlity together w'ith (12) and (33) reuenls in fact the deteilora.tio* of
tlrc robustrtess radi'us when e-ind,epentlent con{rollers are used, for tlrc robust stabi,-
Li,zat'ion, of G (e\.

Remark 3 I''ike a consequence of T'lreorent 2 we can i,naesti,gate tlrc,infiuence of the
snm'Il t'irne constartts induced, by the serLsors and, actuators d,etay upon, the robustness
rad'ius of a gi,uen plartt. Indeed,, let G :: (A, B,C, D) be a noynirtal systern w4thout
s'in'qular perturbati,ons and assurne th.at the sensors introd,trce a small d,elay e > 0,
Lln,l, i,s their Lransfer functi,on are H"un"("): ll@s+1). Then Lhe state i4ntions
oJ'G togeth,er the d,gnantics of tlte sen,sor.s u"e

r  :  A r * B u
e 2 :  C r * z t D u .

(37)

T'he fast dynrtrnics 
"f 

(37) i.s Gy: ?I,D,I,a);ffienfrorn Tfieorenr, E it resu,Ids
f,lnt tlte follou.ring two cnses can occllr:

a') If D:0 then licrll"" :A an,rl, according to Th,eorem 2 tlrc robusturess raddus
u'i,(,{t. respect to dltrz NLCII of (57) for e ,-+ A * t:o,inc,id,cs widh tlx: one of G since ,fut.
{.ltis ctt,seGJ:0 a,nd therefore

(1 +p{x"y"))- i  .  ( t  + i lcr l l . ")- '  .
t)) II D t' 0 the r"obusdnes.s properties of (s7) w,idh respect to tlrc NLCF can be

utorso t,han, tlte robustness properties of G; this hagtpens i,f

r + p (Dr n) t (t + p{x"y"))t
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Fl.emank 4 Ano{,lter ytal't'iatla,r sittto,fiott {nn alry)ear whe.n a loop-shapi,ng Ttrocdn"re
'is rt.sed,. Indccd, 'in order to 'in4troae Llte sen^si,tiaity and 'its conrylenr,ento,ry per-
fortn,anc.cs, tlt,e weightirtg fu,ncti,unsWt(s) andW\(s) respectin;ely, are ehosen such
tlmL {,hc ',shapel,' s'gstern Gss,:: Wr2GW1 srt"LisJies the desired, loop sltape ([fl) . Si,rtce
uxml.l1t1 Lhe rna,gnihtd,e of comytlernen,tar11 sensiti,uity is law at luigh frequen,cy, the
weiqhl,'inq fitrt<:1;iort,IA2$) httrorJuces a Jast dynotni,cs suclt that Gsh {nn be regarded
o,s a. tu;o-L'inte-scnle system. By choosing for era,rnple

Wz (") - C*("I - Ao,)-t Bo, * D- with A.* : -!I onae ) 0,
t

and o,ssurni.rr.q for si,rnplic'i,tg tltatWl (") : I, ane obtains that G"7: WzG has the
{ollowing sto,te- s'pace equat'ions:

b  :  A r * B u (38)

Ii) : Bo,Cx -!n * B,uD'u
e

U :  D*Cr*Cu,wID*Du

whi,ch denates for srnall ualues of e a two-ti,me-scale ,sgstem wi,th the fast dynanai,cs

Gt :  ( -1,0,C*,  D.D) :  D*D.

Th,us it lollous th,a,t i,f D* : 0 or D : 0 then i^* giaen bg (33) equals
(1+ p(X"V"11-a o,nd there.fore, accord'ing to Remark 1 tlrc e-i,ndepend,ent robust
c.on,Lroller wi,th, resltect do the NLCF for the slow d,yna,mi,cs of (38) i,s also a robust
con,troll,er for G"7,.

4.2 An optimal robust controller with respect to the NLCF

According to Theorem 2, two situations may occur concerning the robustness radius
of G (e) witli stable fast dynamics:

a) Tlre casc, wherr (1 + p(X"Yr))-* t (t + llclll.")-r; in this situatinn au op-
tirnal robust controlle.r for G (e) when e -+ 0 t can be obtained by determining the
rt-rbust <;ortrollcr with rcsl>c<;t to thc NLCF corrcsponding to the skrw dynarnjcs G.,
of G (e) for 7 

- 1+ llc/i1"". Such a controller can be determined since the maximum

rolrustncss raclius G" ccluals (t + p(X"%)):;.

b) If (1 + p (X"Y"))*; < (t + |1Cr11*)-', thur, (33) gives that
1

[4r fo'o* : (1 + p(X"Y"))-z
€+u I

1 ?
l o



Ilr l.liis t;itsc, whcn s ---+ 0,. thc optimai robust rnutroll<;r for G(e) coincicles with
tlrc oPtiul:rl robust contr<llkr for G, . In or<ier to tictcrrnjne such a controiler for
G". onc can uso a krtown result proved in ig] rvlrich states that an optimal robust
cortrollcr with respect to thc NLCF is givcrr by /{ - {JV-I rvhere {I aa4 V are gre
-stabb sohrtion of the optimal one-bkrck Nehar.i problem:

,,,jp,,?- jl hlt ] . | 7 ] ll_

A: l - ' ; lJ  -01+g] 'u: f  - ' ;1 i  ]
c :  f  

- te  t r  
? ]  "  

: l - ' ; ' ] ' ,

(3e)

Dil{rncnt explir:it solutions of this Nehari problem can found in 15] and [2].

5 A numerical example

Irr rtrdcr tti il]rtstrate the rcsults d<trir.ed in thc previous sections, consiclcr thc short-
pcriod d;ruamics of the F-8 fighter at altitude h : 20000 ft and speed V : 62fi f t/s
([aJ) having the state-space realzatioo (4, B,C, D) with

whcrc thc state are: c-the anglc of attack and q-the pitch rate, the control is the
ele,vator dcflcction rf" and the rnerixured outputs are the normal accelcration c,, and.
thc pitch rate q. Assurnc that the dynamics of the a,ccelerometer and of the grro
are approxirnated by first order low-irixs filter with the tirne constant e. Then the
short-pcriod dy:ramics togethcr with the sensors dyrraurrics givcs a two-time -scale
s)'steur having the satne structure as (37). The optimal level of attenuation given by
(1a) is 1": 5.2A39. Thcn using (15) we determined for 7 

- 7.1.1o the e-clepel4ent
robust cxtntrollcrs corresponding to s : 0.01; 0.001;0.0001. In orcler to evalgate the
rubustnr:ss propertics of thesc cuntrollers rve detcrminccl the gcrreralizecl systcm (16)
r.:orresponding to the two tirnc scale systern (3?). The robu-st,ness rarlius provijed
lrv tlrcsr: <rxrtrollcr-q is girrcn by fl: (llTurrjl*)-t wlityc e,.,, clenotcs the transfcr
rnatrix of thc rnsrrlting system obtained bv coupling the controller to tire generalized
svstr;ur. Th<: valucs of 114,", ll* for d-i{fercnt valrrcs of e a,rc shown in Talilc 1.

<;ontrollers



Sirrcc in this nulncrical exa,mplc the last dlara,urics of tlte tr','o time scale s.ystern is
stablc 1v(.' (tall tlctcrrnine z:,n e-indcpon<lcut optirnal robust r:ontrollcr n'ith rr:spcct tr.r
l,lLCF. I{unrcrica-l computations give tbat (1 + p (X"f-))t : 5.203g and l+llc/11"" :
3.1200 att<l licun $/c a,re in l,he Ca^so (ir) cliscusscd irr Section 4.2. Then we cletcrrniirecl
tirc optirnal robu,st <;ontroller n'ith rcspect to thc NLCF for the slow componcnt
by solvirrg thc orr+block Nchari prohbrn (39). 'fhis <xrntroller'has the realizatiorr
{Ao,l3x,Cx, Dx) whcre

A5 : -7.6777 Bp :

C* :  -0 .0725;  Dx:

2.2854 -0.5244 
] ;

-  0.1643 r .0323 ]  .

It stabilizes the generalized systcm (16) and the If* norn of the resulting systern
for diffcrerrt r,'ahrcs of e are given in Tiitrle 2.

Tablc 2: e-irrdeperdent controllers
e 0.01 0.001 0.0001

il"y'"' li 6.0250 5.2999 5.2143

The abovc results show as expected, that for 6 --+ 0+, an e-independent controller
provides a robust;ness radius of the two time-scale system close to its optimum.

6 Concluding remarks

hr this pill)ilr, the problem of robust sl,abilization with x:spcct to the NLCF of
singularly pert,ubed systems has been studied. The constnrction of the robrr,st
coutrollcr uscs the stabilizing solul,ions of the Riccati equations associated with the
slot' and fixt dt,narnics of the nominal system, respectively; thls the cornputations
dcr not, deporrd on thc surall parameter e, Ba^sed on thesc solutions, an upper bound
of the robustnr:ss radius is determined. It is shown ttrat in the general case the
robust corttrolli:r is also a two._time scale systern. If the fast dynarnics is stable then
an e-indepenrlent robust controller can be determined. This controller is just this is
just the r:ontlollcr corrcsJx;nding to thc sbw dr,rraurics rn'hicfi achieves a robustness

r i r< l i r rs  lcss or  r r l r r r l  th i rn  r r r i r i i t i  +  p(X,Y") ) -* .  ( r  I  l lC l t l " " ) - ' )
Ntuncrical results shon'that the obtained controllers prcrvide robrlstness proper-

tics r;losc to tirc spr:cifications particularly for smal1 values of e, where in fact the
ill c;orrditioned cnmputations appear when the u,sual forrnulae frx'the f/- controller
arc uscd. Ihis fcatrue is due to the fact that the constructions of the robust con-
troilcm rvith rcspcct to NLCF use a.ryznptotic expansions for the solutions of the
Ric<;ati r:cluatit-rns involved.
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