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Al lStrat : t ,  AI I  f in i te lat t ices of  qu;rs ivar iet ies o l .corrr r r r tat ive lVloufang,s toops !vr th the
nr l Io l .er ice c lass < 2 are descr ibed

Introductir:rr

The prcse'Led paper is dedicated to rhe i 'r,esr,igation of the probrem (ana-
logorrs t ,o  rhe Problenr  of  M. I . r (arga.polov [3] )  of  the descr ipt ion of  r i re  la t t ice o l
Lhr: quasivariet,ies of corrrnrutat,ive tr{oufang's loops wit.h rhe rri lpoLence class ( 2.
ln [5] t, lrc author irave invesiiga.ted tir is problem for tfre conlmutalrve Moufang,s
loops r'vi lh lh<: nilpotence class 2 ivit l i  exponent 3. It was shorvn tlrere that the
latti<:* of srrbquasivarieties of any variety M of cornmurarive Moufang,s loops is
finite or infinire but numerable and is f inite if a'd only if M is generated by a fi-
nit 'e group. In ths paper in the crass N2 of comnrutarive Moufang,s loops *,ith trre
nilpote'r:e cla*s-q < 2 are described all quirsivarietie-q which possessis a finit num-
ber of sirbquasivarieties. It is preserrted in an evident fornr the l ist of all loops
(which are parts of cyclic groups and nona,sociative loops generated by three ele-
mentsl witlr the propert-v that K C N2 has only finit ly many subquasr'arieties
if and o'l"v if K is generated by a finite set of loops of this rist. In particuiar. rf
t 'hr: f initeli '  generated cornmutarive lvloufaug's loop tr wilh the nilpotence class 2
rs nol approxir,ated by Lhese descibcd loops then lhe quasivariery gerreri:,ted by
tlr<: loop r contains a conmtinuum set of disfinr:t <;uasivarieties. There are also
described sor,e f ite lat,t ices and some of thern are largly presen[ed. Ir can be
observed that in the sinrplest cases {,hese lattices are not modular.

$1. Notations arrd prclirrrinaly rezults.

The co'rmutative loop Moufang (see [1]) is called trre algebra /, witri the
unary operat ion - l  

and o lher  b inary one , in  rvh ich for  any o,  y ,z  e L are val id
t ( i la t i r )  n  s :

: E A  =  y x , x y . z r  =  r ( y z ) . x , r - t  . x y  =  A .

\Ve int roduce the fo l lowing notat ions:  Fn = I r (cr , . . . , rn)  is  the f ree cornmut_
at ive loop A, loufang of  rangul  n generated by lhe f ree e lements : t I1 . . .  , r : * ,

N2 is the class of all comrnutatir,e roops l\4oui'ang with the nilpoten<:e cla.ss
( 2, defined by lhe idenlrr,y

( r y  : ) ( r  . a z ) - t  . u u  =  ( e y  .  z ) ( L  . 1 t 2 ) - 1  u ) u ;



N,. .1*  is  the i ,ar ie ty  del inecl  in  N2 by t ,he ic lcn l i t ,y

^*
r "  =  ] .

whr: r ' t :  the r runrber  A I  0  is  natura l ;

l t , , (M) = F,r (M i ;u t , . . . ,e , , )  is  the f ree ( )omlnut ,at ive loop fuIoufa 'g of  the
rarrg n of  the var iety  M e Nz;

Q(t) is l lre qua,sivariety gr:neralerd commuf,a.tive loop IV{oufang /,;
1,,,M is the lattice ofsubquasiva.rieties of t,he qrra*sivarir:{.1, \4 ! Nz;

T  =  Q( i ; 3 ) .  T1 ,  =  Q(F3 (N : , s * ) ) ;
o 

in t  
is  t l ie  M-f ree producr  of  rhe loogrs, , { ,8  which belongs [o the quu;-

iva l ie t ,y  M e Nz;

z , r i s L h e  c y c l i c g r o u p o f  o r d i n u l  p u r e r e a  a .  k a ' u m i . i l u i p r i m p ;  z i s L h e
in l in i t  cyc l ic  group.

As usual  the e lemenls of  the commutat ive loop l4oufang F"(cr , . . . ,onJ are
called t,he word of the variables rr . . . , x' and the elements of Fj are called
asociative rvords.

!v'e shall say bhat the loop ,L of the variet,y M c N2 has in M the reDrezent-
at ion

L  =  l p ( r , y , .  . . ,  r , l l f i  =  1 ) ,

i f  l , '  :  4 . (Mir r  .  . .  ,xn) /8,  where F is  the nonnal  subloop in F, , (M) gerrerated
by the sct  f t  I  &(M)

Tbe loop is reffered as monolite i{ ' is f initegenelated ancl is not decomposable
irr {,he: direr:t, 1>roduct of lwo nonunit ssubloops of it.

The t:xponent of the commutative loop Moufang wil l be called rhe leasI corn-
mon nnr l l , ip le of  thr :  ordcrs of  a l l  i t ,s  e lenrerr r ,s .

Let, I\4 be a quasivariety of N2, I be an arbitrary cornrnut,ative loop
Nloufang. Ttre least normal subloop H of L for whrch L/H € M is denoted
by M(r) and is called t,he cvasi'erbal subloop of the loop .L corresponcling to
Lhc quasivar iety  M.

Let us agree lhat the expression,'the element r l l  of the loop.I. is a.pprox_
in-ralecl by the loop,Ii" is equivalent to the expression "there exisls a morphism
of, loolrs r,t : L -+ Ii such tl-tat zv * l,' .

\\. shall need below the following crireria of belongness the proof of which
\ \ je  cal r  forrnd in  [61.

i
i
I
t
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'l'he 
Jinttelu generatecl comntutahue loop fuIoufang L betongs to the quttsiuarz_

t'1.t1 gr:rteraled bu the c/a.ss K ol cornrrzutariue Loops !\..toufarry tf oncl om.ly iJ tht:
ttontLrtit eltrnents of L arc tzpproilntated by the loops of K.

Ler ,  us recal l  sorne 'ot , ions and .ezur ts  f rom [ r ]  which in  tht :  seqrrer  wi i l  be
usr:d sonteti rnr:s without nrcntioning thent explicit l.v.

LeL L be a commutar,ive roop lvroufang. T'he asocia[o r fa: , y,e] of the erements
x,a,  z  e L are def ined by the equal i t l ,

l r ,A ,  r l  =  ( t : y  z ) ( c  .  yz ) - \  .

'lhe 
asor:iator L' of the roop /, is cailed the subloop generar,ed by ail asociators

of  L '  I f  x ,Y,z are 'onvoid subsets of  ,L  the ' the notat ion [x ,y ,z ]  means the
srrbloop of L, generated by all asociators of the forrn {c,g,z], where t € X, g €
Y ,  z € 2 .  T h e s e [  Z ( L ) = { r e  L  I  I r , A , z ] = t  f o r a l l  y , z e  t , } i s c a l l e d
thc center of the loop r,. The subloop ff of the corrlmutative roop Moufa'g tr is
called normal, if

r . y H = r y . l f

for  arrv  : t , ! /  €  L.  The subroop aud the 'ormal  subloop in.L generated by the
e l e m e t t t s a t , . . . , a n a r e d e n o t e d b y l p ( a 1  , . . . , a , t s i  / p ( o 1  , . . , , a n ) L r e s p e c t i v e l y .
It is easl' to observe, that the asociator L' and the center z(L) of the loop,L are
normal subloops ard the fa,ctor-ioop L/L' is an aberian group. we can easily
co'vince ourselves that it is normal in /, the subloop .L-' gr: 'erared by the powers
of m's o{' all elen.rents of f .

In an1, commutative loop Moufang are valid the icleniit ies

f r , y ,  z ]3  =  1 ,

[r,  y, , ]  = fy, ,  ,  4 = Iy , x, ,J- 1 ,
and in the loops o[ the class N2 it is also valid the identity

l ,  .y ,  , ,1 ]  =  [ r ,  z , t l [y .  z , t ] .  tJ )
(Theorem of Moufang) If the asociator of three eremenr;s a,b,c of the com.-
nt'utatiue loop Moufang L is equar ta unit th.enthe .suhloop generated by the ere-
nu:nts a.,b,c i.s a grou,. In parttcuLar, any tuo elements of L gerrcrarcs an
asoctatzre subloop.

IIere beLout u;e shall formulaLe some lemmas of the papers [S] and [6].

*s
f*
sfi

( r )

Q



Lenra 1.1 [5] The nontrtutal quasridentity

& [ , t r 1  ( " r q , . . . , a , ) =  1 - )  t r ( u 1 , . . . , c , )  =  I

u,h,tch. is t,alicl in the cornmutattte Loop Moufung I's(Nz,s) zs equitalent tn tlrc
uarietV N2,3 t,ellr quas.i identity

kEt ([att - r, y3t - t, a3t]at = ly r, yz, ys)a r)

k  H ( y r , . . . , v , , )  =  1  - - - +  [ g t , y r , ! s ) o 4  =  y ,

u , h e r c '  S n t  (  n , F 3 ( N 2 , 3 )  F l ( l i ( y r , . . . , U , )  =  I  - * +  [ y t , y z , ! t ] a 1  -  t ) ,  l p ( a 1 ,
. . . ,  a , n )  U H  !  l p { f y ; , A j , y * l :  I  (  i  <  j  <  k  1  n , ( i , j , l )  I  ( 3 /  - 2 , 1 1 _ i , 3 / ) , /  =

l .  . , m ) .

Lemma 1.2 [5 - 6]. Let M 6e o no*asociatiue quasiuariety frvm the arbitnry
N  e  iN2 ,N2 , r * ,  k  =  1 ,2 , . . . I ,  A ,B  a re  l oops  o f  M  rep resen ted  i nN  sucA  fAo l

A  =  l p ( x t , . . . , x n l l M  ( t 1 , . . . , s r )  =  l ) ,

B  =  l p ( y 1 , . .  , y n l l M { x r , .  . . , c , )  =  1 ) ,

u'here M,N are totalittes of asociatiue utords. If M is the normal subLoop of
C = A *rB gene.ra led by some asociators of  the formfr ; , t . i ,g* l  or [ r i ,y j ,yu) ,

then C/H e M.

Lemma t.3 [6]

& ^ ( N 2 , 3 *  ( r e s p . ,  N : ) ; r t  , .  . . , t s , ) l  l p ( t r r ,  x z ,  r z f  f * 0 ,  , u ,  r u ]  . . .  [ r s n - 2 ,
can* t ,  / 3 " ] )  €  Tp  ( resp . ,  T )

The following lemma zs proved tn the same wall as lem,ma 4 of [5J.

Lenrma t.4. Let L be the Nz -iee prcduct of the looyts F''i"(Nr,r^ respect_
f u c i y .  N s ) ;  r \ , . . . , r L , ) ,

r -  r , . , . r .

uith gluc:d elements

o = f[[*1,- z, rtr;-,, rli] = = lf [r!, _z, rtt;_t, *Lr].
i -  r

l =  l

Then the ele'nt.ent a e L can be represented uia ct product of a num.ber 1 n of
lhe asouators.

$t

#



\ \ r '  in t rodur :e the nota l , ions o l  so lne cornrnutat ive loops Moufangs wlr ic l r  wi i l
be used in thc proofs

iy'--- = l l3(.r , y. l);

M , * *  =  l p ( x , y . z  l l  r s "  -  l ) ;

f f , r *  -  l p (u , y , ,  l l  , t t "  =  gu "  =  1 ) ;

H r t t = l p \ , y , .  l l  f  = y 3 " = r . ' * 1 )

{ H o o t =  2 3 ' , H s s c o =  Z , I { o o o =  { l } ) ,

wl rere r ,s , l  are in teger  numbers and 0 (  r  (  s  (  l ;
,4 , ,1 ( respect ive ly  , , { ,n)  = lp(a; j . I  <  i  < m,L 1.  j  SJrn+ 3)  is  a loop of  the

variet,-y N2,3i (respectively N2)) which determinant relations a.re:

m+ i  m+1
(4)  

f f  [o , . , - r ,o13i -1,ar3 i ]  = .  = 
IJ  fo*" , - r ,am3i- t ,arnr i f ,

i = l  , - r

( 5 )  f a ; i , a p 1 , a p , f  -  I , i *  k v i  *  p v  k  *  p , g  <  j , t , r  l B r n * J ;

[Jt-* = A],,* * . . . * A'*o (respectively Rt* = At*, * ^ . * ,4; ) is the cartesian
product of I instances of the loop A^1, (respectively l_);

Cunk = ts1*pf lp(a i (a i ) - r ,  i  <  ? < / )  ( respect ive ly  Cm = Bt^ l tp(a i (on)- , ,
I < i < /); where element ot is the copy in the loop Af.* (respectively,rl i ,) of
[]u: element

o =  I f  fo r rn - r ,o r r , - r ,  o rg i ]
i = l

of the loop -4,,,6 (respectively ,4-)

As it wix shown in [5], the subquasivarieties of N2,3 are cha.racreriseci by the
asociaror eua-siv11is61"s. We shall emphar;ize in N2 si in N2,3*, for A ) 2,
those quasivarieties which have the same structure and are also characterised by
asociator qua"sivarieties. we denote by N12,si; the subvariety of N2,3r defined
by the quasidentit ies

(7 )  
" t * - '  

=  1  -+  [ r ,  ! , 2 ]  =  I ,

n
a Y*7.

r ' -  = l l [ r r ; -  2,  r3i-r  .  zai ]  -+ , ,3 -  ]  ,

&-r
$ : r

$,1
f l

( 6 )

( 8 )



f<rr a.rrv na.tural ntrrnber n.

[ l t t '  c1uasi idenl , i t , ics

(e)

( r ( ) )

By N1z1 we denol,e l lre c1ua.sivariet,1, q1 N2 ck:fined bv

g 9 = l - + r , 3 - 1 ,

x3 = I  - - - -+ [* .  A.z)  = ]

(11)  tP = I  - - - )  ;u  = i ,

for all prirne numbers p * 3.

Lenra 1.5 -tror any I ) 7, the latizt:es of the nonasociatiue quas;variet;es
N( r , r , )  and  N1z1  .

Proof. A.cr:ording to the quasiidentit ies (7), (8) (respecrively (g) - (1i)) rhe
deternrinanI relations of any monolite nonasociative loop of N(r,u,) (respectively
N1z;) are some equalit ies of some asociator rvords equal to unit (see lenrma 5
of [6]). it is clear lhat lhe nonasocitive subquasivarielies of the quasivarieties
N(r,a'r and Nlzy are generatecl by monolite loops.

\le establish a reciprocal correspondence between nonasociatir.e monolite
loops of N{r,u,; and monolibe nonasociali i ,e loops of N1:1 in the following way:
we consider tlrat to the monoli le nonasociative loop,4J € N12,sr1 with the gen-
e ra to rs  a \ , . . . , a1  and  the  de te rm inan t  re la t i ons  ( i n  N1z ,s , y )  R ( " \ , . . . , a t ^ )  =  t
corresponds the monolite asociative loop A € Nlzy with the generators er,. . . ,at
and dcterrn inant  re lat ions ( in  N2) f t (or , .  . . ,an)  = l .  We prove now the fo l low_
ing st.aements:

io .  I f  the ntanol i te  nonasociat iue loop L -  lp(21, . . . , r r )  belongs to the
rluasiuariety N(r,r,) (respectruely, N(r),/, then eelL,) = e(h.) (re.spectiuely,

Q(L / I / )  =  QQ) )
20 .  Le t  t r t  =  l p (a t1 , . . . , o1 ) ,  B t  =  l p (b t t , . . . , b r )  t t r e  rnono l i t e  no r tasoc ia t i ue

L o c s p . s  o f  N 2 3 t  a n d  A = l p ( a r , . . . , a , ) ,  B  = l p ( b 1 , . . . , b ^ )  a r e c o r e s p o n d i n g l o o p s
o/  N1:1 .  I f  At  € Q(Bt) ,  then A e e@).

'I 'he proof of the statement 10 rezults from rhe fact that, LI L, - Ip@1L,) x.. .
x lp(t,L') and every cyclic subgroup tp(x;Lt) is isomorph with zs (respecrively,
Z) ;  so QU,IL ' )  -  

Q( lp(x;L ' ) )  or  Q(L/L, )  -  Q(Zs,)  ( respecr ivety,  e(L lL ' )  =

Q Q ) ) .

\&. proi,e 20. Let, ri be an arbitrary element. of rhe loop.4/. If the corresponcl-
ing elenrent. u g A' [hen u is approximelted by the loop B because e{Z) g e@)



and a,rcrr rd ing to lo ,  Q(A|A,)  = e(Z)  Lr : t ,  l  l  u  €. ,4 ' .  Thel  u can be
rr :presenlec l  i r r  lhe fornr :

1 r .  =  
i l  [ a i , { L j , c L 1 , ) e , t r ,

l S i ( j ( / c ! n

n'hert :  0 5 a, j r  (  3.  Suppose the elernent ut = 
. ,  n Io\ ,o! ,al ]o, in ; .

approximat,ed by the roop .Br via morphisrn of roops )t,tit"Ih, defined by the
a p p l i c a t i o n s  ( o t ) t =  ( 6 1 ) P ' '  f t l ) B ^ , " ! r ,  I  < i < n , w h e r e  0 < g i i < l t , j _
7,. . . ,nt ,ct ,  e (BI), .  We i ,vest igate the rnorphisrn of t l re loops t I  :  A -+ l l
d e f i n e d  a s :  

a !  = b l , , . . . i l { , r r ,  r  ( i (  n ,

t there0  (  7 i ,  and 1 i i  =  0 i ;  mod 3 l  ,  ro rT  -  1 , . . . , f f i ,and  ro t "hee lement  c ;  e  B ,
corresponds the element ct, e @t), .

\trt verify if d 11. Firstly we observe tliar

(r,)* = n [fuy), ,(o,), , (o'01*1o,,, ,
1 ! i  ( j  < , 1  (  n

u* = II [oY,o!,ot]""r.
I  <  t  4 j c k ( n

we substit,te in these equarities ("t),,oy with the expresions 61, D; and applying
lhe idcntities (2) and (3), we obtain

(u,) ,  = 
i l  [br, ,bt , ,bro1d, i , ,

r< . i ( j ( k1n

, ,ro = i l  lbr,bt,b*)e,ir
t  ( d q j ( c ( n

T'akirrg into considera,tion the equalit ies l i j  = g;j rnod 3 and rhe identity (1),
we obl,a,in 6,.ik =
();iatnotlil Because Bl and B have in their varieties the same determinant re_
lations and (ut)v , u{ arc writ len with the sarne wor<is of the corresponding
generators we obtain that u/ I l . The statement 20 is proved.

Norv rve establish a reciprocal corespondence between nonasociative subqua_
siva.ie't ies of Nl:,s,; and nonasociative subquasivarieties of N1z) irr the foilowing
\ \ 'a-v.  Let  Nr  be an arb i t rary quasivar iety  of  N(r , r , ) ,  so N/  

'=  

e{Atn,  i  €  I } ,
wher. .4; is the nronolite nonasociative loop of N2,3,. f 'hen we consider that the



il

,.+

il,,4.

coi responding quasivar iety  N g N1. :y  is  generated by corresponding loops,  i .e .

N = (?{ ,1; ,  t  e  / } ,  rvhere l { ;  is  t ,he morro l i t ,e  nona^sociat , ive ' loop of  N121 cor-

r r :sporrd i r rg Lo tht :  l<>op. ' {1.  Fronr  2o rezul ts  that  the establ ishecl  corresporrdr :nce
is inclcpendent of the choice of generat,ed loops, is reciprocal and conserves the

i r r<: lusron.  'J ' l re  lenrrna is  proved.

Len ra  L .6 .  Fb r  m  =  1 ,2 , . . . ,  we  haue  A* *  €  T * ,  A r ,  €  T .

Proof. ' fhe 
elemeni a € Ank (respectively, 4,,) is approximaLed by the

r r ro rph i s rno f  l oops  p :  A^ *  -+  F3 (N2 ,36 ; r ,A , z )  ( respec t i ve l y , )  A *  -+  I \ ( r , y , z ) )

define<i by the eclualit ies

@ @ @
o i l = f ,  a I Z = y ,  a i 3 = 2 ,

t t @ o
a i t = x ,  a Z Z = ! J ,  d i 3 =  z ,

aYn,  = r ,  aYnr= g,  amt,  = z ,

oYj = l '  Vf' V1 > 3'

Now we show lhat A*s/lp(a) € Ts (respectively A""l lp(a) € T). According t,o

lhe lernma 1.3, the loops K; represented in N2,3r (respectively, Nz) as follows.

r t r+ l

I { ;  =  l p (q r t t . . . , a i 3m+s  l l  f {  [ o63 - r ,  a ; , j - r ,  o ;3 i ]  =  l ]
J = l

are contained in T* (respectively, T). An af lr(c) (respectively, A^fb(a) is a

free producl in lhe varieby Nz,en (respectively, Nlzy) of the loops ,Al factored

over t, lre relalions (5) and according to lemma 1.2 it belongs to the qua.sivariety

T1 ( respect ive ly ,  T) .  The lemma is  proved.

$2. The first auxil iary rezrrlt.

\\ 'e ir i iroduce some notations of some loops of the variety N2,3n (respectively,

N : )  :

B  =  B ( n , V , k )  ( r e s p e c t i u e l y ,  B ( n , V ) ) -  l p ( x , r r , . . . , r s " )  l l
[ . -  o . a r  , . azn  . ,F r  - f s "  1
t - , * l  . . . 4 3 n  , & 1  . . . - 3 n  j r



I I  =  f l (p . ,1/ , r )  ( respect ive ly ,  f f (n ,7)  )  is  the fa.c tor- loop o l  the loop B over

rr;l;ation

, ' = ff [..r,-:, rer- r, r,r;]
i = 1

H,. is the factor-loop of the N2-free product of lhe loops B and,4r.6 (respe<:t-

ive ly , ,4rr )  over  re lat ion

n

c3 =  l l l r r -  2 , t3 i -7 , rs ; )a ,
r = 1

where o is  del ined by the equal i ty  (6) .

Lema 2 .1 .  H^  e  Q@) .

Proof. The element a € H* is approxirnatedd by lhe loop.F3(N2,3u;u,u,w)

(respect ive l_v,  Fs(u,u,ur)  )  v ia loop n ' rorphismg :  H^ -+.Fe(Nz,s-)  ( respect ive ly ,

H^ 1Fl) defined by ttre equalit ies:

,Y = r . - t ,  r l  = u,  r? = w,

t f ,  = r , . - . , x t n = r , x e  = 1 ,

oYn, = u,aYn, = v,afr"  = ut,

a Y j  =  l , f  =  1 , .  . . , f f i ,  i  -  4 , . . . , 3 r n  *  3 .

Now we show that H^llp(a) € Q@). Reaily, H^/lp(a) 7 M * (A^*/rp(a) )
(respect ively,  H *(A^l l l t (a)) ,  where A^sl lp(a) (  Ts (respect ively,  A^l lp{a) e
T) .  But ,  Tk  gQUI)  ( respec t ive ly , f  EQ@) ) ,  ihen  in  v i r tu re  o f  lenrma t .2
rve obt,ain H-/ lp(a) e Q@).The lemma is provecl.

Lernma 2.2. The element s3o € H*, wherc a + 0 mod 3, can not be
rcpresented as a product ol m - | asociatori,

Proof. Let

l ' {  =  l p ( x  1 ,  t  2 ,  .  .  . ,  I 3 n ,  o t  t ,  a t  z ,  a i z ,  a 2 t ,  & 2 2 ,  ( t r 2 3 ,  . ,  . ,  e a 1 ,  a , n 2 ,  a a g ,

l r , a ; i , a 1 1 f ,  I  <  i , &  S m ,  4 <  j , t  <  3 m + 3 ) H , "  g  H *

Then H^f N is a direct product with the reunion of the central subloops x3N =

aN of  the cyc l ic  group.4 = lp(rH) and of  the subloop D = lp(a i iN,  i  =

1 , . . . , f f i , j  =  1 9 , . . . , 3 m * 3 ) .  A c c o r d i n g  t o  i e m m a  1 . 4  t h e  e l e m e n t  a N  e  D

t 0



car not be represented as a product of nt- I asociators. since the subroop z{ is
conta ined in the r :ent 'er  of  t l re  loop I - r r r f  N,resul ts  that  orv can not  be represented
as a, producl of m * 1 asocial,or and in lhe entire loop Hn f N, l lut c3o _ o.,
rriod N' so r3t car not writ,ten as the producL or rn- 1 asociarors. Trre lernrna
ts proved.

Lerna 2.3. Let Hf, be the set ol all cubes of alL elenrents of H^. Then
H l n [ I k = { r 3 o , 0 < o < 3 } .

Prnof. since the roop Moufa.ng is diasociative and in any commutative loop
Moufang is valid tlre identity (l), then it is easy to understand that flfl is a
srrbloop in I{^ and is contained in the center of z(H^),so it is arso normal in
'H,'' Irrom here and from the construction of the loop ff, it is crear that the
nonu'itary elements of the asociator Ht^ which are contained in the subroop fffl
u.r" e*3. The lenrma is proved.

Lenra 2,4. For 
" 

2 33-', m ) n, we haue H* d e(Mz)
Proof. LeL g be an arbitrary morphism o[ loops of H^ in H,. According

to lernma 2.3 f e .Ffl and f e Hk, and from here (a3;c e Hf ,(ztyv g g,,
so (c31r" e H:n 1{i. The element 13, and subsequently (c3)c according to the
construcl ion ofthe loop I l_ is represented as a preoduct ofm*n*l  < r_ I
asocrators' But in virture of the remma .2 the no'unitary eremen ,w of Hl n H,,
can not be represented as a preoduct ofr_ I asociators. Subsequently (ru), = I
and so H", e Q(H,). The lemma is proved.

Lerna 2.5 I fm) 3t" ' ,  r  )  n then H^ /  e@).
Proof. Let us denore

o, = f i t lo, .  i -z,ais i - t ,a;s i f ,  i  = r , . . . ,m..
i =2

we suppose [hat, the lernma is nor, true. Then for the element rB exists an
nrorplrism of loops g i H^ -+ ry, such that (r3)c I 1. Since the number of the
generators of the loop H. is Br(r+ 1) + n * 2 =1, and from the conclit jon of the
l e m n r a n ( r w e o b t a i n

la ' ,1  S fF i f  =  3t t t r - r ) ( t -2)  < gro

Subsequenlly, taking into consicleration the condition ,.n;33", we obtain tha.t
lor sorne
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i l t t t

l p ( a i 1 , .  .  . ,  a ; e - + r ) p  g  L p ( a i t , .  .  . ,  o j 3 n + 3 , J  =  1 , .  . . , i  -  l , i  +  1 , .  .  . , m ) e .

From here on the foundalion of the equalit ies of (5) the equality of = I is

deducr:d. Then

( r t ) t  =  ( l r r , r r , cs ]  .  .  . [ r s r *2 ,  s3n -1  , r sn ]a )e  =

( [x  t ,  c  z ,cs]  .  .  [ rs"-  z ,  c3n -  l ,  /3 , ]  [o .d l ,  a ;2,  anf)e,

so the elernent (tr3)e e H? n I1f is represented as a product of n + 1 asociators.

Since the nonunit elements of ff"3 n Hi can not be represented as a product of

r -  1 :  n * l  asoc ia to rs  weob ta in  ( r t ) t  =  1 ,  t ha t , can  no t  be .  The  l emma is

provecl.

Lemma 2.6 (The first auxiliary rezult j. The lattice LnQ@) is conttn-

ous.

Proof. In virture of the lemnra 2.I Q@) contains infinite many loops .I1-,

where m takes the values of the set of natural numbers. We construct the

inf in i te  sequence {m;, i  = 1,2, . . . }  o f  natura l  numbers in  the fo l lowing way:

m1  =n !2 ,  m i+ r  =  33 - l  +  l  f o r  i  )  I .  Now wesha l l show tha td i f f e ren t

subsets of loops of the set {M^,,i = I,2,...} generates different quasivarieties.

Le t  M  =  Q{M* , , i  e  I } ,N  =  Q{Mpr j  e  J } , 1  *  J .  Suppose  tha t  f  €  /

and i. / J,so M*, € rrr. We show that M^, eN. Really, if i t is not so then

tlre element f € M^ is approximated by a loop M^j, j e J. According to

the c l roosen sequence {m;, i  = I ,2 , . . . }  and lemmas 2.4,2.5,  we obta ined the

contradiction. Lemma is proved.

$3. The second auxil iary result.

Let .I, be a ioop of the variety Nz,s generated by a finite number of ele-

nrents e1 ,. . . ,tn, and T1(tr) is its quasiverbal subloop which corresponds to the

quasivariety T1 with elemeents u7, . . . ,11t.

3.1. The construction of the loops .L|,..

According to lemma 1.1 for  any u i  € { r t , . . . ,ur }  there can be taken such

genera.tors 21, , . . . , zn, of. the loop .L that the defining relations of the loop tr ha,ve

thr: form
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f zu , zz r ,4 ; f t t 1  ,  =  ,  =  1 t " , , - r , . , , 23 t , - 1 , i , 2s1 , , ; l u1 i -  u i ,

H r ( 2 t r , . . . ,  i n i )  =  1 ,

wlrere H; ,  uf i , . , . ,u t i i  are conta ined in the subloop generated by the asociators:
f r , ; , z , i , zo t ] ,  f o r  a l l  t r i p l e t s  ( r , t , p )  no t  con ta ined  i n  t he  se t  { (1 ,2 ,3 ) , (4 ,b ,6 ) ,
. .  . ,  ( 3 / t  -  2 , 3 1 ;  -  1 , 3 / i ) i .

in $1 the commutative loop Moufang Bt-x have been defirred. \,Ve take the
loop

Bt,n,  = Al , , tx . .  *Al i randdeno{,ethegeneratorsof  thesubloop A!^, , ,1  1 j  11, ,
in correspondence with ot'r,otlr,...,o!rjr,z^+". Now we define the loop trf, as the
factor-loop of the N2,3 - free product of the loops 81,,1 and .F,. (Nz,s, zr;, ...,
zo;) over l,he relations:

( 1 1 )  H ; ( z t ; , . . . , 2 , ; )  =  t ,

(12 )  [ o ! , i , o f , o , z1 ; )=  t ( i  =  k  +  I  e  {g j  _2 , I j  _  l , 3 i } ) ,

(13) [aJ'", zp;, zq;f = t(pv c q { l j  -  z, l j  -  1, Bi}),

(14), ot ' l trr,  z2;, zs;fu1;= ...  = ot, i fr"r,-2,r,4t,_t, izztr,; fu1,;

where ort, . . . ,at,i are elements of the loops AH,. . .,,4f1! corresponding to the
elemento (seeformula( )  )of  theloopA_1. Fixthenotat ion r ;  = at i fzy,22;,231fa1;.

3.2. The properties of the loops .[!.

Lemma 3 .L .  L ;  g  T t .
Proof. LeL p : L'^ -+ &(Nz,l) be some morphism of loops. .fwo cases are

possible:

l .  ( a t t ) c = .  . =  ( a t ; , ) v  =  l , s o  ( f r r r , r r ; , r s ; l o r ; ) s  = . .  =

([r2, ,  -  z, t ,  zst,  -  r , ; ,  zst  ; , ;Juf t ; )

\ ! 'e denote N = lp(ar; , , , . ,o, ' i )  C Li . .  Evident ly we have N C kerg si
lp(2y,. . . , r , , i )NlN ! ,1.  Taking al l  these into considerat ion and also the fact

l r )



tha t  [ :1 i ,22 ; ,4 ; )a1 ;  €  T1(1 . )  we deducec l  ( [z t ; , zz , i , z : t ; )u r ; )e  =  ] .  l .h is  means
tf  rat  r f  = (a | ' ;  c .  ( [z r ;  ,  zz; ,23;]u 1; )e _ I  .

2.  (ai t lv l  l  forsonre j ,  I  < j  < t i ,

S ,ppose fo r  s imp l ic i t t  j  =  t  S ince  or t= ' f i ' [o i l ,_z ,o lb i_ r ,o i i ; ]  (see  fo r_
nrrrla (4)), then' we suppose that [a]i ,oli,o31J=] 1. In the commutative loopl,loufang Fs(Nz,r) is valid the universal formu]a:

r  =  ( f u 1 , 1 2 , r s ) *  |  e  f x t , r z , s q j  =  1  &  [ r r , E 3 , x 4 f  =  |

&  [ r r , re , rn f  =  1  -+  f ro , rs , "o ]  =  l )

In the defining relalions (13) of the loops L'^ and in the relations of the loopBl,-, (see the construction of this roop) are the corresponding equal.ities:

( t5) [ot \ ,ol i ,  zp;]  = t ,  [ol i ,  o l i ,  zp;]  = t ,  [oi i ,o i i ,  zp;]  = 1

fo r  a l l  ind ices  p  (  {1 ,2 ,J } ;

(16) [ol,r,ol,r,al1,] = t, [oli, oll, a!,,] = t, [o1.,,olL,of1] = r,
f o r a l l r , l ( r ( 3 m + 3 .

From the inequalitv [oli,oii, "li], # t and the equaliries (13) on rhe basis
of the formrrla r we obtain l,rqi,rs;,ru;l* = l and uf; = l(uz; is a product ofasociators [",a, t\, where at reast one of the variables r,y, z is a generator of theform zp; for some p d {I,2,3}). From the inequalitv loli, oli,olL], f 1, from
ihe inequalities (15) and from the formula r reszults

[o?i, o?i, o,?L], = r, . . ., [o?L*+t, a?L^+2, o?\,,*r], = I

Finally we obtain that in the first case rf =
tltat r! = 1, for any morphisnr of loops ,p
provecl.

Frorn tfie defining relations (12)
subloop

- (15) of the loop L'^ we observe that the

t p (a l i , t  (  s  (  t ; , r  1  j  {  r n , t (  r  (  Bm *  J )
is a subloop of the type 8,,*r.This subloop in the below lemmas wil l means the
loop .B;,,r1.

l. This means lhat we can conclude
: Lt^ *+ {t(Nz,s), The lernma is
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Lenrma 3.2. The elements of the normal subloop Bl,;, genernted by lhe
Loop f)1,^, rs approrimated in Lr^ bu the Loap Fs(Nr,e).

P ruo l  No te  N  =  l p ( s ; , f z r i , z , ; , zp i f , t t i i ,  f o r  any  l , r i p l e [  ( r , r , p )  d  i ( 1 ,2 ,  3 ) ,
. ,  ( 3 / ;  - 2 ,31 ;  -  1 ,3 / ; )  and  any  f  >  B / ; )  C  L i ^ .

Frorn t 'he defining rerations of the loop L'^ we observe that r/ n Bf,;, = t.' Ihen 
the lemma will be proved if we shall show that L;/N € T1. From the

defining.elations of the roops ri si L'^/N resurts LhaL L'^/N represents a
cartesian product of /; isomorphic copies of the loop

A = (A^r N2,3,4m,.rv2.3 Fa (Nz,s ; z 1, 22, \)) / tp(alz 1, 22, 4f)

It remains to prove that A € Tr. Weshow that Allp(a) € T1. Really,

A / Ip(a) = A^, / I p(a) ft 
",, 

ft(Nz,s ; "r, 
22, zs) I tp([21, 

"z, rzf),

eviden tly

Fs(N2,s ;z r ,x2 ,zs) l lp ( [4 ,  az ,  z r ] )  €  Tr ,

and from tlre proof of lemma r.6, A^1frp(o) g Tr, and rhen accordingry to
lernma t.2 Allp(a) e T1. Now we show that the elements of lp(a) C .4 are
approximated by the loop F3(N2,s)t,U,z) via mor;:hism of loops g : A _+
Fe(Nz,a; n,U, z) def ined as:

aett = x, qYz = a, o,Ys = z,

att = a, a\z = y, ate = z,

So A/lp(a) € Ti and the elements of tp(a) are approximated by &(Nz,s; t,U, z)
from where we obtain A e Tt and lemma is proved.

Lemma g.A. L,* e ee).
Proolresults from the isomorphism hlnt#r3 tr and lernma 8.2.
Lemma 3.4. The elem.ent z; e Lr^ is approrimated by the element c; =

ar i  = . . .  = at i  of  the loop Ct,^t .

ai j  = r ,

@
a;

zf

i
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Proof. F,vidently, that

I "^  f  lp(21; ,  - .  . ,  zr ; )L i  Z C1,m1.

'Ihen 
a^s a result of composiLion of the morphisms of loops

L ' ^  - t  L ' ^ / l p (21 ; , . .  . ,  r n ; )L i  -+  C t , ^ r .

we obtained what we need.

Lemrna S.S. The element x; e Lr^ can not be represented as a product of
m - 7 asocialors.

P'roof. According to lemmas 3, 4, it is sufficient to show this for the erement

c i = a l i = . . . = g l ; i

of the loop Cr,^, .
Let

N = Ip(alir, oli, olL, oL\, otrlz, otL, . ., o|J,t, otiz,o#s, . . ., o,r,i, o\ii,

ot,i, oNi, o!;i, oNi, . . ., alij r, afr, offr) c 1, ^,
According to lemma 1.3 the element c;.ty' of the loop Cr,^tlN can not be
represented as a product of m * I asociators. so bhis is true also for c; in
C1,m1 si z; in L'^. Tlre lemma is proved.

8.3. The construction of the loops -L_.

Let  the loop t r  €  Na,s is  generated by the e lemenbs 2r , . . . ,2 , . ,  and let
{ur, '  . ., u1} be the set of nonunitary elements of the quasiverbal subroop Tr (r).
As it was shown in p.Sl for any element u;,1 S i ( l, is chosen the system of
generators zu, . . . ,zn;  af  the. loop .L such that  the re lat ions hold

f . r u , r z ; , z s ; f u u - . . . = f , z s t , - z , i , z 3 t ; - r , i , z e t r , i l u 1 , l  = u ; , H ; ( 2 1 ; , . . . , 2 n ; ) = l

I f  we would consider  that  the toops .L(21 .  . . , ,2n)  s i  ^L(211,  . . . ,zn i )  are d i f_
fernt ,  th is  rvould means that  there ex is ts  the is imorphism g; :  L(21, . . . ,2n)  _)
L ( r r ; , .  .  . ,  zn i )  such  tha t

uf '  =  lzy,  z2; ,  zs; )u1;  = .  .  .  =  l . r r r ,_r , i ,  ZBt ,_ l i ,  zst ,_zfut , i ,
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H  ( 2 1 , . . . ,  z n ) e ,  =  H ( r u  . . . ,  z n i ) .

In- a rratural way w<:-have the isomorphism of the loops

r t ,  :  t ' ^ /  n ,L, ; i ,  -+ L(21; ,  .  .  . ,  Z, i ) .

t 'n"" tn:^..1:Tents zl ' '  ,. .-. , zX' generat,es the loop L(rt;,. . . , zoi) the conjugable
classes ,Y,'{-' , . . . , rI;{ 

' 
generates the factor-ro .p tlla!,::-.-in 

"u.r, 
of these

con jugab le  r : l asses  we  choose  one  i ns tance  o f  2 i , . . . , 2 |  such ' t ha t  2 i , . . . , 21 ,  e
l p ( z r , . . . , zn i )  C  L ;  Then  { , } "  =  l p (2 i , . . . , 2 : , , g t , ^ r ) .  Now deno te  f o r  s imp l i _
city l

B ;  =  B t i ^ L , c i  =  z ]  . . . r ;  €  L l ^  
"  

. . .  x  L ' ^ .

At the beginitrg for an arbitrary nurtreration of the ejements ur,. . . ,ur € Tr (1,),
we define the commutative loop Moufang L^(1,...,s in the following way:

L " r ( I , . . . ,  s )  =  l p ( r r , . . . , x n , B ; , i  =  1 , . . . , r )  C  L l  x  . . . x  L t ^

I t  i s  c l ea r  i ha t  t r - ( l , . . . , s )  i s  t he  subd i rec t  p roduc t  o f  t he  l oops  B ]_ , . . . , 8 i ^ .
Now we choose the numeration of the erements ul , . . . , u1 and the number s such
that the conditions are verified:

a ) L ^ ( I ) ,  L ^ ( I , z ) , .  .  . ,  L ^ ( L , .  .  . ,  s )  d  T r  ;
b ) L n ( L , . . . , s , & )  €  T 1  p e n b r u  t o t i  & ,  s  <  &  ( 1 .

Such choice is possible because by lemma B.t. L*(I) _ L!* # fr. The
loop L* is now understanding that it is the roop L^(r,...,s) that verifies the
conditiorrs a) si b).

3.4. The properties of the loops .L*.

Lemma 3.6. Lm e e&).
The proof rcsults from the definition of the roop L^ (it is a subdirect producf,

of tlre loops L'^) and lemma 3.3.

L e m m a  3 . 7 .  T 1 ( L ^ ) n ( B r  x  .  . .  x  B , ) L ^  =  1
Proof. There are to show that every nonunit element of

( B t  *  .  . . *  B " ) L ^  =  B ! ^  x  . . .  x  B ! ^
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is approximated by the loop.F3(N2,3). To do this it is sufficient to investigate
thr: nontrivial projection of the element onto the component i a,ncl to use lemma
a 9

L e n r r n a  3 . 8 .  T l ( L ^ )  g  { l , u r f r , . . . , r L , f " }  f o r  s o m e  . f t , . . . , . f ,  e  ( B t  x
. . .  x  B s ) L ^  C  L ^ ,  a n c l  u ;  =  t t ; ( x 1 , . . . , s r )  €  T 1 ( / , ( c 1 , . . . , a r ) )

Proof .  Let  a € Tr( l - ) .  l 'he correspondence x i (81 x . . .  x  B,)L. ,  < >
t j  #  z i  is  extended up to the isomorphism of  the loop L^/ (8. ,  x . . .  x
B , ) L ' "  =  L ( r r , . . . , r n )  =  L ( 2 1 , . . . , 2 n ) .  T h a t  i s  w h y ,  a c c o r d i n g  [ o  l e m n r a  3 . 2 ,
Q ,  =  1 r k ( r t , . . . , t n )  '  J ,  w h e r e  u p  €  { r r ,  . . . , u t } , f  e  ( 8 ,  x  . . .  x  B r ) L ^ .  S u p -
pose that lemma is not true, i.e. a > s, and construct the commutative loop
I v l o u f a n g  L ^ ( r , . . . , s , f r )  =  l p ( w , . . . , u m , 8 ; , i  =  1 , . . , , $ , & ) ,  u n d e  a ;  =  a i z !  .
Now we conside ' that  the in i t ia lgenerators z1,  . . . ,zn a i  bucle i ,L  are chosen in
correspondence to the loop Lf,, i.e.

u * ( 2 t , . . . ,  z n )  =  f , r t ,  r r ,  4 ) a 1  =  . . .  -

( 17 )  l . t i l r - r ,  za ! * - l ,  zs to fus r * ,  H  * ( r r , .  .  .  ,  zo )  =  I

Then in the projections of the loop tr- (1, . . . , 5, &) onto each component L'^ we
have the equalit ies

(18) lr\ ,  tL," i jr i  = . .  .  = [r i t ,_r,z|t^-,,  r '" tr]ai,  mod B!;

In particular in the projection on the component a according to the definition
we have

(19)  l t l , r t , r l l r la tk  =  . . .  =  [ r t , ,_ " ,z t t r_ , ,2 ! , r ]o1ra t * ,k ,

where olt, . , . ,at*,k e B:r. In projections of the first s components, by multiply-
ing of the equalities (i8) we obtain

(20)  f r r , rz ,ca ]u101 =  . . .  =  fxs t r -z , ru*_1 ,xs t r fa1*b1r ,

whert :  61 , .  .  .  ,bt ,  € Bl" .
It is clear that b1 can be taken as equal to fi, and ihen a.= [rr, a2,r3fuft1.

Final ly in the loop L^( i , . .  .  ,  t )  we have the equal i ty

(21)  fa t ,az ,gs fu f t la tk  = . . .=  fynr_" ,ys r i_ r ,  as t r l t l *b , ,o ,n ,o
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We denote by

'  =  [ Y t , a z , a s ) u l b t a l k  €  L , 0 , . . . , s ,  & )
and shorv that e is not approximated by the commutative loop Moufang
rb(Az,s) Let ) :  L^(r ,  ,s, , t )  -+ F3(N2,r)  be some morphism oroops. Thelollowing cases are possrble:

l) (aik)A I 1 for some jr. For simplicit y leL j = i. Then by formuta r (see theproolof the lemrna 3.r) and from rhe defining relations of the roop Ll wededuce
theequa i i t -1 , (o ro)^ ,anc l  f romthedef in ingre la t ionsof the loop L^( I , . . . , s , , t )  wededuce the equal i t ies ?r i  -  r , [yq,ys,9oJ) = 1,bi  -  l .  This means that c]  = l .2 )  ( a . i t ' 1 t '  =  l  f o r a l l j -  1 , . . . , 1 t " .  W e d e n o t e

N  =  l p ( a i k , i  =  r , . .  . , l r ) ,  A  =  l p ( y 1  , . .  . , ! / n , 8 t , . .  . ,  B r )  c  L ( 1 , . . . ,  s ,  & ) .

Then evidently the application g :

y j N  )  \ ,  j  =  1 , . . . , f l ,  6 N  - + E - ,  b  €  B ; ,  E  e [ i ,

where  F ;  i s  the  same loop B; ,  bu t  f rom L( I , . . . , s ) ,6 . i s  the  cor respond ing
element to D, is extended up to an isomorphism belween AN /N and tr(l , . . . , s).
. 1T 

the following applicarion is given \: ANIN _+ &(Nz,s) such rhar(y1 / )^  =  yA f lo rany  y  €  l ' r - i samorph ism o f  loops ,  s ince  y 'y '  C  kerN.This rneans that fd- l  :  L(r , . . . ,s)  -+ Fa(Nz,s) is a morphism of loops. Sincea €  Tr  (L (1 , .  . .  ,  s ) )  we have

I -  od- ' r  = ( [at ,cz,rs]urbr) i - , r  = ( [y,  ,az,ysfu1b1l/)r  =

( [u r ,92 ,ys ] r f i r ) ^  =  ( l y r ,  az ,as ]u16 io rk ) r  -  , ] .
So, a^ = I  for for any morphism of loops , \  :  t r_(1,. . . ,s,&) _+ Fe(Nz,s).
subsequent'ly' L*(r," 

" s, a) / Tt, which contradicts the minimatity of thenumber s. According to obtained contradiction resurts that the statement of thelernma is tru.

Lemma 3.9. The loop L^ = L^(1,...,s) ls approtirnated bg the loopsC t , * , , . . . , C ! " * , .  I n  p a r t t c u l a r ,  t h e  e l e m e n t  u i f ;  €  T t ( L ^ )  C  { l , u ; ,  f ; , . . . ,u'tr] is approrimated by the element c; - (otn = ..o,,r) of the loop Ct,^r.
Proof' rL is sufficient to investigate the projection of the eremenr, u;f onto epro3ection and to apply lernma 3.4.
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Lemrna 3.L0. The nontnutal eLement of T1Q^) can not be represented in

thc: product of m- | asociators.

Proof. By lemnra 3.9., the element I I a e Tr(tr,,r) is approximated by the

elemerrt c; € Ct,n,. We investigate the normal subloop

N = lp(a!,;r,n!,lr,o!r'r, 1 S i < l;, I < r S m)

of the loop.

O 1 , , , = t p ( o ! , i , l  S  j S  l ; , 1 1 r  S r n , l < q < 3 m + 3 )

It is easy to see that y'r' is such subloop of C1,n, that the factor - loop C1,^rf N

and the element c; N € C1,a, verifies the conditions of lemma 1.4. Subsequently,

by this lemma 1.4 lhe element ciN can not be decomposed as the product of

nr- I asociators in the loop Ct.^rf N. This means that this is also true for ct in

C'1.-, and a in L*.

L e m m a  3 . 1 " 1 .  T r ( t r - )  C  N  =  l p ( l p ( u , . . . , a n ) ' , 6 i i , i  =  1 , . . . , s , j  =

I r " ' r l i )

P r o o f .  D e n o t e  A  =  L ^ l N , B  =  I p ( 9 t , . . . , 8 , ) N l N , C  =  l p ( y 1 , . , , y " ) N l N .

Evidently that C € T1. Using the same rationaments of 2) of Iemma 1.6 there

can be easily also understand that .B € Tr, -4 is the factor - loop of the Nz,s -

free product of the loops B and C pover relations:

lo loN ,ukN,a tN l  =  t , l " l , l sN,a f ; iN ,v rv l  =  t

for the totaly of indices j , i , r ,Q,k,p,t ,e indicated in the def ining relat ions of the

loops tr l  s i  L^. According to lemma 1.2 Ae T1, where from T1(L-) e N

Lemma 3.L2. Let m > 3" .  Then lL^j<3* '"

Proof. Denote by l(A) the number of generators (independent modululo A')

of the loop .4 € Nz,s. Then

l ,a l  S  l f i (N2,3)  <  3 I+* r ( t - t ;1 t -z ;  .  3 t3 ,

where /  = l (A).  We shal l  use bhis formula. Since

l ; 1 n  < m ,  l ( L )  =  n  < r n ,  s  <  l T 1 ( 1 , ) l  < l L l <  3 n + t ( n - r ) ( n - 2 ) .

l {A* t )  -  m(3m+ 3)  -  i3 rn ( rn  +  1 ) ,



resull,s that

t (L^ )  =  / ( r )  +  / (8 , )+  . .  +  l (8 , )  =  t ( r )  +  r (A*1) / ,1

. + l ( A ^ t )  . 1 ,  <  m + 3 m 2 ( r n * l )  < r n a .

where fiom we have

l L ^ l < 3 ( m ' ) " - 3 m ! 2

With this the proof of lemma is completed.

Lemrna 3.L3 Let m > 3". Then euery element of L'^ cart be rep,resented
as a product of m8 asociators.

Proof . If the comrnuta.tive loop Moufang ,4 € Nz,s is generated b1, I elements
then we in a simple way can understand that any element of A' can be written

as a product of a number < /2 of asociators. Taking this into consideration and
the equality t(L*) < rn4 we conclude that lenrma is true.

Lemma 3.L4.  Ic te -  )  3"" , r  )  3mr2, l  {  u ,  e T l ( rm).  Then u is  not
approt:imated by the loop L,.

Proof. Suppose the contrary, i.e. there is the m.o/rphism of loops g ; L^ *-_+

Lr, such that ue + l, It is clear that ue € Tl(r"). Accotding to lemms S.IJ
thc clement u and this rneans also that ue in L, can be written in the form of
a product of mB asociators. on the other hand, accotding to lemma s.l0 ue
can nttt be represented in L, in the form of a product ol r - I asociators. But
r - 7 ). 3*'" * | > nF, that can not be. The lemm,a is proued,

Lemma 3 .L5 .  Le tm >  3 " " , "  >  3 " ' ,  j  *  u  €  T t ( r - ) .  Thenu  i s  no t
approrimated by the loop L,

Proof. According to lemrta 3.11,

'= 
,=l], 

(aii!"' ir,
) = t . . . , 1 i

where  0  (  o ;3  (  3 , y  €  I p (A t , . . . , gn ) '  o rd  f o ,  eue ry  q  -  I , . . .  , r n  we  haue

ait =farn\,oiri,oto:r]loto:,,"tnl","loil ..[a!nl^+t,o!n;,"*4r,oir;,s*+")

Dutote |  = { ( i ,  j ) ,  o ; i  *  0} ,s to i  =to ic \ , " jn i , " tn ! . . . [a io i , t^+t tos,Bm{2torn]r -* ,

Now suppose the contrary, i.e. there is the ntorphism of laops g ; L* -+ L,,
such that ue + L Two cases are possible:
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1) There t:rists a pare (j, i) e I,
, l  €  11 , . .  , r n j .  S ince  a i ;  €  B r

B rx  . . .  xB "  a re  ( r cca l l  t ha t  B ;  _

At"",)) the equalit ies

such Lhat (oit), = I fo,r ertery
x ... x IJ,, and in the rlefning reLations
I

Lnt^,; 
see also the defnitron of tlre loop

fu l r i , " !o i r , ,o to i , , , , l  =  7,  for  a l l  ( i , i ,q , t )  *  ( j ,  , i , ,9 ,  , t , )  or  ( j , i ,c , t )  +
( j " ,  i " ,  q" , t " ) ,  or  ( j , ,  i , ,  q , , t , )  I  ( j , , ,  i , , ,  g t , , t , , )  i f  t ,  l t , t , t  >  g,

lhen the order  of  the subloop tp((Str ) r ,q  = I , .  . .  ,m) C L,  ts  grec ler  t l rcn tn,
this means thot tt ts gwater than the order of the roop L. itserf, because according
to lemma 3.19 and to the condi t ion lL , l  < 3, , ,  (  rn

2)  For  euery po,e ( i , r  e  I  there ex is ts  on c € { t ,  . . . ,m} such that  (o jnt l t  =
l .  Using again the re lat ions of  the loops Br  x .  . .x  B" ,Bi  and A^, ,ue car t  be
written in the fornt:

u, = [fl 1o!o;,7*",;, @tni)r, btoi)r]v*
( i , i )

S i n c e y e ( y € t p ( y t , . . , , ! , ) = t p ( [ y ; , y j , y * ] , 1  <  i < l  <  &  <  n )  c a n b e w r i t t e n i n
the fonn of the product of nz asociators, than ue is reprcsented as the product
of n2 + I < J"" 1r asociators. we obtained the contradiction with remma s.10.
T'he lemma is proved.

Lemma 3.16 (The second auxiliary result). Let L is a fnite roop of the
uariety ONz,s' If L (Tr, then Q(L) contains a continuous number of different
subguasiuarieties.

Proof' Accoding tom lemma 8.6. the quasivariety e(z) contains an infinite
of corrrmutative loops Maufang tr_, where nr takes the values

ff\t = 3n" ,rni.r1 = lmlu

for i > l' Analogically, as it was exprained in the proof of remma 2.6, using
lemmas 3.14 si 8.15, we obtain that diferent subsets of this subsequence of loops
generates different quasivarieties. The statement of lemma now folrows.

$a. The basic result.

Theorem. The rattice of subquasiuarieties.^ of commutatiue loops Moufa,g
wi,h the nilpotence c/oss ! 2 is fnite if and onry rf the quasiuariety K is gener-
ated by a fnt te set of  loops o! the type f f*_* ,H,**,H,"*,Hr"r,Zr^,  wherv
lhe printe nwnber p * J.



I>roof' sufficiency. Let E be the set of all roops of trre i'dicared types in
tlre fornrulation of the theorenr, and -L bc the direct produci of a fir ire nunrber
of loolrs of x Evidentr-v, K = ee) containes onry a finite number of loops,
each of thern is generated by three elements. So it is sufficiet to show that
every subcluasivariety in K is deterrnined by Joops generated by three ereme'ts.
According to the aparness criteria rhis wil l be true if every finitely generated
loop Ii € K is approximated by itself subloops which are generated by three
eiements.

w'e show that it is reaily the case. rf b € B and 6 ( B/, thon it is obvious 6
rs aplrroximated by a cyclic subgroup. Let 6 € .B,. Since Hrst, Hrcst, Haoct,
H--- are respectively approximated by the loops Z3t x F3(M23),23, x Z x
fb(Nz,e), Zs, x Z x &(Nz,s), Z x Fs(N4,;, then 6 is approxima.ted by the loop
rb(Nz,e) '  Let  the appl icat ion g:  B -+ &(Nz,s;  r , ! ,2)  be a morphism of  roops
such that be = [x,y,z]. Then Bf B,l{erg is a product of 3 cyclic subgroups
of order 3' According to thje theorem 8.1.1. of [2J, there can be taken such
generators brB, , . . . ,b^8, of the loop B /8, lhat:

B / B ' -  l p ( b 1 B t )  x . . .  x  t p ( b * B ' ) ,

Kers. B' lB, = tp(blB,) x tp(blB,) x tp(bl?,) x lp(baB,) x .. .  x lp(b*B,\
We denote C = lp(bs,. . . ,b_) C B and show that

l p ( \ , b 2 , D s ) , n C a  =  l .

Obviously that /p(b1 ,bz,ba)* = e(Nz,s) and (CB)v !  &(Nz,s), .  Then /p(t ,1,
hz, bs) o CB g l ierg.Ip(\ ,b2,fu), .  This means that,  every element c €
lp(b1,b2,h) n CB can be represented in the form x = y[b1,bz,bs]o for some y €
Ii erg and a < 3. Since c e lp(fi ,02, D3) si lp(b1, b2, bs) fi It e^p _ lp(br, bz, bs)",
it results U = z3 for a fixed z e lp(bt,bz,be). So e = z3[b1,b2,fu]o. Be_
side of t'his, taking into consideration that commutative group .B/.8/ is the
direct producl of  the cycl ic subgroups lp(b;8,) , i  = I , . . . , f f i ,  we observe that
lp(b1,b2,h) nCB ! "B,.  In part icular,  r  € Br.

Then according to q,asiidentities (g) (evidentry they are true in any roop of
t l re set D),  we have z3 = l ,  and subsequent ly [bt ,bz,6s]" g B,nCB C Kerg.
But [61 ,bz,bs]" e tierg only in lhe case when a = 0, since as it was observed
[b1,b2,bs]e * 1.  I t  means that" tp(a1,a2,r,3) OCB = 1, what w3s to snow.



Since be  =  fx ,y ,z ]  s i  [01  ,bz ,bs ] ,  =  [u ,y ,z )F ,  p  *  0  mod J ,  resu l t ,s  tha t
b = [b1,bz,bt]1 mod I{e,p for some g I  0 rnod 3. Then b-r[br,bz,be],  € I ierg-.
[J'' But fronr the representa.tioi of the group B[8, and rrom the incquarity
h ,bz ,bd*  #  i  i t  can  be  seen tha t

I t ' e r g n B ' = l p ( t b i , b i , b * ) , 1  <  i <  j  <  k < m , ( i , i , k ) *  ( 1 , 2 , 8 ) ) c C B .

We obtain

b-t [br,bz,bs]1 e CB si ] = [01 , bz, be]l rnodCB .
If remains to inves[igate the natural rnorphisrn of loops tl., : B _+ B/CB. We
have

bv = ( [b1,bz,b"]r) i  = fbt ,  bz,br l t  Cu + CB,

i.e, the elemeut 6 is approximated by the loop lp(\,b2,bs) C B,what was to be
shown.

Nece,ssitation. Let K be the quasivariety wrrich contains onry a finite'umber
of subquasigroups and by absurdity we suppose that K is not generated by a
fibite set' of finite nonisomorphic loops of r. It is clear that K contains onry a
finite number of nonisomorphic loops of the set E. This meanbs that there is a
finitel,v generated loop .t € K such that the quasivariety ee)is not generabd
only by loops of D- In this case we shalr show that e(L) c K contains continuous
many different subquasivarieties and so we obtain the contradiction.

conside. the choosen i such that in .K there are no such loops as .[ with
number of generators ress than the number of generators of this roop tr. thi, i,
why if "f is linite .L can be considered with the exponent equar to the power of
thr: nrrmber 3 (i.e. I is a B - loop). We investigate the cases.

L  For  sonre  e lements  a ,b t , . . . ,bsn  d in  L

o' = filoro- z,bai-r,bs;J * r
i = l

Denote by I/ lhe set of matrices of the fonn

(  o t  o r . . . a , ,  \
\ & o z  o ,  ) '

rvhich verif ies the condition

[o,bl ,  .  . .  b3; ' ,U(,  . ,  .  O!; .1 = t ,



*'herc

0 ( cr; ' < 13 a'd 0 s Ji < i3, and investigate the conrmutative roop [,{oufa,ng
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B = B(n ,V,k )  ( respec t iue ly ,  B(n ,V) )  =  lp ( r , l t , . .  , ys ,  l l

,,t = ftlrr,_ 2,lJii_r,
i = l

us ; ) ,p ,ao , , . . . a9 , ' " , y ( '  . . . a9 ; "1  =  r ,  (  1 r ,  . . , 1 r "  )  .r '  
\  B i , .  , p ; '  ) u , ) ,

where 3* (respectivery 0) is the exponent of the roop ,f (and the relations aregrven in the variety N2,3^ (respectively, N2)). We show that the loop B e ee,).l)enote
'1.  = lp(x3,[r ,y,r ] ,  for al le lements y,z e B) C B.

A'y element of the subroop ? is approximated by tr via morphism of. loops of .Bin ,[ defined by the applications

B lT = Z3 x D, where

23= lp(nT),D = F3,.(N2,3,,

(respectiaety, Nz); h .. .,hn)/b(fr[r"r_r,y3,_r, y', j).
r = 1

Obviously Ze € Q&), and according to lemma 1.3 D e e(t), This means thatB /T e Q(r)' where from fo,owing the criceria of apartness we have B e e&),what was to be proved. In virture of remma 2.6 there are a continuous differentsrrbquasivarieties in e@), so this is true also for e(L).2. In L there are valid the quasiidentities

n

e3 =  
l f [es ; -  z , r ,z ; - t , ca ; ]  -+  e3  -  l ,  n  =  1 ,2 , . . .
i = 1

The elements of the asociator L, arc not approximated by the loop Fs(Nz,e).Really' if this is not so then according to the apartness criterion

L e Q & / L t x F 3 ( N 2 , 3 ) ) ,

which contraclicts the supposition. subsequentry not a' elements of L, are ap_proxinrated b.v the loop F3(N2.3).



According to the theorem g. l
rc1:rcsented as

I .  d in [2J,  the loop 1,  in  the var iety  N2 can be

L  =  I p ( t r , . . . , r n  l l  " i ,  
=  r ; . i  =  1 , . . . , 1 , r r =  l , / =  / +  1 , .  . . , r f l ) ,

w l re re  r1  e  F r ( r1 , , . , , r r ) , , and  s ;  a fe  so rne  conv i ' i en t  numbers .  We  sha l lshow rhat f<;r every i { / the number s; is devided via 3 and according to thequasiidentit ies of the condition 2, sr, = 1 and rt _ l. Really, let in thecontrary, for some i ( / s; is not devided via 3. If r; = 1, than accordingt: u,: jo.:rttr.(t), x; € z(L) si tp(t;) n L, = r. Ir resulrs from here rhart '  =  r 'P \ r i )  x  lp ( r1  .  . .  , r i -7 ,  c i+ l ,  .  .  . , r r )  tha t  can  no t  be .  Le t  now r ;  I  l ,  thenaccording ro identities (l) and (3) we have

[ r r ,y , r ]  =  [ r l , , y ,  z ]  o r  [z ; ,  y ,z l  =  { r ' r , , y ,  r ] - t

lor a.ny y,z € L. Where from we obtain that r; € Z(L). According to theDik 's theorem[4 ]  theapp l ica t ionc ;  1 r ; ,x3  _+ t3 , j  *  i , j  =  L , . . . , f l , r sex tended
up to an rnorphism of loops <p: L _+ /,. Since s; € Z(L),results Lhat, Kerg _
lp('?)' But a,9 can be excruded from the set of generators of the loop tre. sincelp ( f i )n  L t=  L  and L /L '=  tp (x tL ' )  * . . .  x  tp (x1L, )  e  ee)we obta in  thaL Lis approximated by the loop Lv x lp(a;L,), which conlradicts the choice of theloop I.

So the numbers s; , i  = 1,. . . , / ,  are devided by 3, so the loop tr  has therel>resentation

L = l p ( s r , . . . , x o  l l  " , f ' =  
I , u i -  1 , i -  1 ,  . . . , l ; u j =  l , J =  l + 1 , . . . , r n )

we investigate the commutative loop Moufang represented in the variety N2,3*(respectively, Nr ) as

B  =  l p ( x t , . . , , t n  l l  o ,  =  1 , r .  -  1 ,  .  . , m ) .

It 'is clear ihat B e e(L) and not all elements of B, are approximated bylhe loop &(Nz,:). According to remma 1.5, the lattice of subquasivarieties ofQ(B) is isomorphic to the rattice of subquasivarieties of e@ /Bt). According tolernma 3'16 Q(B /83) co'tinuous many different subquasivarieties. subsequently
Q(B) and so a.lso e(r,) contain continuous rnany different subquasivarreties. Thethcorem is proved.
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According to the apartness criteria it results from the theorenr the following

Corollaly. I'et L be a fnite generated comrnutatiue lwp Moufang uith the

class of nilpotence 9. 
'rhen 

the lattice of the subquasivarieties of LrQQ) is

either tinite or continuous, but LqQQ) is f,nite if and only if L is the subdircct

product of sorn.e loops belonging to the sante fnite set of loops of l).

95.  The descipt ion of  the la t t ice Lqe(f t *  x  &(Nz,s)) .

As it was observed, any quasivariety M generated by the commutative loop

Ivloufang with lhe exponent 3e, which contains finitely many subquasivarieties,

i s  con fa i r red  i n  t he  < luas i va r i e t y  Q(Zs r ,  -& (Nz ,s ) )  and  M =  Q(H , , , , t , , . . . ,
t f rnrntn)  for  some r ; ,8 ; ,1; .

\!'e introduce the notations:

rl f2 T^

.51 E2 Sn

t1  t2 tn =  Q ( H r r r r t r , . '  . ,  f f " . r , r o ) ,

g r * = ( " ' '  =  I  &  y t '  =  1  &  z 3 '  = I 1 f r , y , z ] =  I ) , 1  ( r (  s ( 1 .

Proposition 1. The quasiidentity g,r1 is trwe in the commutatiue loop

Moufang H7,r's, if anf only if at least one of the inequalities ful[fls r < r',s <

s t r t < t t .

Proof. Reall.y, let p*l is true in Hr,o,1, and suppose that r ) r',s ) st,t > tt.

Then in Hr, r ,1,  the ident i ty  is  [ rue z3 '  = l ,  so a lso the ident i ty  [ r ,y , r l -  1do,

that can not be.

Let now be true one ofthe inequalit ies r ( r ' ,s ( s',1 ( 1,, for instance

r 1 rt, and let for c = a,! = b,z = c, where the elements o,b,c belongs to

t l re loop Hr, r ,6,  = Ip(r ,y ,z  l l  rg"  -  l ,g9 '  = l ,z3t '  =  l ) ,  the le f t  s ide of

the quasiidentity tp"r, is true, so 03' = 1,03' = l,c3' = l. Since a,6,c can be

represented by the form

a =  x o ,  . O F r r l r a ' ,  b =  r a t  . r ? t 1 1 z 6 , r c =  c 7 t . r ? s r a t " r ,

where

0  (  o ;  (  3 " ' , 0  S g ;  < 3 " , 0 S  ^ l i  1 l t ' , a ' , b ' , c , e  H l , s , t , .

We obtain the eoualit ies

t u ' 3 '  =  1 ,  gozS '  =  l ,  { , o "3 "  =  l .



and from here

o13r = ArnodS'',o23t = 0mod,3' ',o33r = ArnodS'' .

Taking into consideration the inequality r < r' we have at the same tilne

et,ez,o3 ale divisible via 3, so the elements rdt,xa2 )oqs belongs to the central

subloop Hf;,r,t, C H7,r,1,. Then we have

fa,b,c]= f rdr  y9r  rar ,  taz y?t  raz,  *aoo1s ras l  -

ly9t ,o, ,y0" zo" ,V9, zo"l = l

Subsequently we can conclude trhal, tp7rl is true in Hr,r,2,. The proposition is

proved.

Proposition 2. If the subqvasiuariety M is contained in Q(Zsr, Fs(Nz,a))

then

M =

11 fZ fn

51  S2  8n

11  t2  l ^

for some f;, s;, t; 1 n the

following:

condition is uerifed 11 1 12 < . . . S tn and one of the

r i  (  ( ( ) r i+r ,

s ;  (  ( ( ) s ;11 ,

t ;  )  l * t i

r" i  (  f ; . r -1,

s; )  ())s;rr .1,

t i  >  (> ) l i+ r ;

r ;  (  (()r ;+r,

5 t  >  S i + l ,

t i  (  (< )1 ;+r .
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Proof. As it was observed

M =

11 12 Trt

.51 52 .9n

t t  t 2  t ^

where r;,si, l i  are not determined in a unic way. we consider the system
{H,, , , t , , f  =  l ,  ' . . ,n}  those posib le system which conta in the reast  number of
nonasociative loops. It is clear that we can suppose that 11 112 1... ( r,r, also
we observe ihat the choosen system contains a single cyclic group Hoo" = Zs,
if the expone't of the quasivarieties M is greater than the exponent of each
nonasociatice loop and in the contrary case the sysiem does not contain groups.

To prove that r;,s;,,; verif ies [he condition a). or b), or c), is suffcient to
show lhat that in each of these conditions there can not be two equalit ies but
two inequalit ies impluies the third. we verify this tact for the condition a)
(analogically it is verif ied for conditions b), c)).

suppose that r; = rr '+l,si = si+r. If 0 = r; = ri+r, we obtain the contradic-
tion rvith the number of groups of the system. Let 0 * r; = rirul, then

Q (  H r , r , t  r , f l " ;1 , , r i -1 ,  r ,4  )  = Q (H r  r r ,mdn(r ; , ! ; . r1  )  r  f loo -"*  r i  )

contradicts the condition of minimality of the number of nonaeociative loops of
the system.

Also there can not be tbe equalities

rd  =  r i+ l  , t i  =  t ;+ t  sau  s i  =  f i f  l , l i  =  l i+ l

We prove now that is true the implication

r i  <  r r+1  &  s i  ( s i+ r  { l i  ) J ;+ r

(The implications

r; ( r;11 &

, ri 1 r;a1 &, la

are proved analogically.

s; ( s;g1 --) l; ) l;.,r1,

)  l i11 -+ s;  < (<)s; + 1
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Really, if l ;11 ( l;, then

Q(Hr , r , t , t  H r ;41s ;q1 t ;4 r )  =  e (Hr , r , r , ,  f / oo l ,+ ,  )

contradicts the minimality of the nurnber of nonasociative loops. l.he proposition
rs provecl.

Proposition S. The quasiuanety

ts contained in the quasiuariety

if and only if m3x(rj,si,tl) > max(r;,s;,t;) and for euery r; * 0 therc is a
triplet

/ , i \
| :i l, such that r; Z r! > 0,s; ) s! and. t; > t!.
\ r i  /

Proof. T'he sufficiency. For every i and j(i),

H r  ;  s ,  t  ;  e  Q (H r ' ;  r , i t i ,  Z  
r^ " ,  t . , , , , , , , t , ,1 )

i f  r ;  l 0
The neces.sitation. max(rl,si,tl) > max (r;,s;,t;) is obviously true since

the exponent of the firsr quasivariety is not greater than the exponent of the
second. suppose that that the second condition is not furfiled, i.e. for some
i ( n and some j < rn or r;1r; or sd < 8;, or t; < rj. Then the quasiidentity
Pririr, is false in H,;t;ti, and is true according to the proposition l, in the loop
H4,,,t,,. The proposition is proved.

Corollary. f
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then the .matrices

coincide.

Proof. &eally, accoding to the condition we obtain

rnyx(r; ,s; ,  l i )  = m1'x(r i ,s i ,  t i ) .

lf r; t' 0, according to proposition 3,

r; 1 r'r, ri S "r1 ,t; (t,i,

rl I rp,rr1 ( ,0, t' i S to

for sorne indices j, k. Where from we obtain the irrequalities

r;  (  r1,  s;  S st ,  t ;  1 tp,

which are true' according to the proposition 2, only in the case rvhen i = &,
Subsequently

Let N a quasivariety defined by the identities of (i), (ii) and quasiidentities
of (ii i) - (v) and suppose rhar N I e(.Fs(Nz,e.)).

r; = rt,si = s! ,ti = t' j,

what was to be proved.
Observation L. For k > | the quasiidentities of the /oop .Fs(Nz,t r) has the

following basis

( i )  13" = 1,
( i i )  [ [ r ,  A ,  z f  ,u ,u ]  =  I  ,
(iii) tAe asociator quasiidentities of the loop .F3(N2,3),
( iv)  c3 = - f i  [ " . , -r ,  es;-r ,  oa,]  -+ a3 - l ,n = l , ] ,  .  .  . ,

(v )  s3^- '  =  1  - l  [ r , y ,z ]  =  l .

Proof' Let N be a quasivariety defined by rhe identities of (i), (ii) and
quasiidentities of (ii i), (iv), (v) and suppose rhar N I e(&(Nr,s_)) We in_
vestigate a finitely generated loop tr € N,, ( e(.Fs(Nz,s)). Suppose rhat

( i  *)"(  ' ; , :*)



L = f'o/H. Let M = Finr?. Then there js such element u € FI and u. ( M,
u'hich is nor approximated by trre roop p3(N2.3*). subsequently the quasiiden-
Lit'y M = I -+ u = r is true in the roop e(Nz:) a'd is farse in F,,/M. But trris
is not true sirLce in Frf M there are true the quasiide'tities (ii i).

corollary. The qua.siuariety L generated by a linite comtnutatiue roop Moufarg
contains a continuous set of subquasiuarieties if artd onry if in some s - subroon
of L ts false one of the guasiidentities:

a )  * t  =  f i [ * r , - z , x 3 i - l , x s i ]  - +  x 3  =  l , i =  1 , 2 , . . . ,
i = l

b) theasociator quasiidentities ofthe loop Fs(Nz,e).
Observation 2. Fo, k ) 2, the tattice Loe(Zy x F3(N2,3)) is not mod,ular

R,eally that is the ca-qe since we easiry convince ourserves that the quasivari-
eties

Q(Zs, x Fa(Nz,s)),  Q(rs(N2,31) ,Q(zz,) ,QQs)

fornrecl in the lattice LqQ(h^ x Jb(Nz,r)), k > 2, a nonmodurar sublattice of
five elenrents.

Below we illustrare the aspect of the lattice Lq(e(h^ x &(Nr,s)) for & =
1 , 2 , 3 .
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orrservat iorr  3.  Fo '  any natur t r  t tunber k  thc lo t t ice I -o{z x i%(N2,3.) )  ,s
l inite. nonmodular and hos lhe rt-spccl:
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