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AB$TRACT

In this paper w-e consider linear controlled stochastic systems subjected

both to white noise disturbance. and Markovianiurnping'

Our airn is to provide a rnatheuratical backgrourrd in order to give uni-

fied approach for a la.rgeclass of pi:oblems associaied-,to linear controlled

systerns subjected both to multiplicative white noise perturbations and

Mafkoviail juurpirrg. Finst we proof au It6 type furrrrula' our result

exterrds the result of [24], to the case when the stochastic process z(t)

has not all.rnoments bounded.

Necessary and sufficient conditions assuring the exponential stability

in ruean square f<-rr the zero solutiou of a lileru stochastic systeur ,,r'ith

rrrultiplicative white noise and Nlarkovian jurrrping are provided'

Sorle q;tiuratsg ltrr solutiots o[ auffiric stoc]ra-qtjg syster's are derived and

necessary and suffflcient conditions a.ssuring the stochastic stabilizability

a.nd stochastic detc.ctabiJity ale Fven.

A sto,cha,stic version of Boulrdexl Rezr.l Lernrrta is proven and several

ia:pects <;f the probleru of robust sta.bilizatiou by state ltxxlbnuk ftrr a

cla.ss of linear systems with multiplicative white noise and Ma'rkovian

.iumping are investigated.



1 INTRODUCTION

The coritrol of stoctrastic systenis with muJtiplicative white noise leceived

much attention in the last four decades. For the results concerning the sta-

bility for stochastic systems with state dependeret noise we refer the readers

to [i, 5,27.22.23) and the references therein. The linear quadratic ploblem

associaterl to a linear stochastic systenrs with ruultilicative white troise was

investigated in [6, 16, 35, 36].

Robust stal-rilization for this class of stochastic systenrs with multiplicative

white noise was intensively investigated in [8, 12,17,18, 28, 31]'

There exists also a great number of papers in which the controlled systems

with lUarkovian jumping are studied. Such systems can be used to represent

nany important physical systenrs subject to random failurcs and structrne

churrg", zuch as electric power systerns [37], coutrol system of a solar thermal

ceotr-al receiver [3a], communications systems [2], aircraft flight control [26J,

contr.ol of nuclear power plants [33] and manufactuling systens [3]' For the

results cancerni}g-the stability,a,nd-optimal stai:ilization:problem we'refer

the readers to [27, 20,29,2;,51.

The robtrst stabilization problem for linear systerns with Markovian.iumping

was studied in [30, 32, 9] and the references therein'

In this paper we consider linear controlled stochastic systerns subjected both

to white noise disturbance and lV{arkovian jumping'

such class of systems was.considered in [24J, where the problem of the ex-

istence of tbe bounded solution was d.iscussed and in [15] where suffrcient

conditiicns coneerning stability and bolndedness of the solution are given

and in [15] where the infinite horizon optimal control of linear stochastic

systems with quadratic cost integrand is studied'

oru. aim is to provide a mathematical backgrouild in order to give unified

aprpr.oa& for a large class of problenrs associated to [near controlled systems

sub.iected both to niultiplicative white noise lrcrturbations and l\{arkovian

jumping. Tbe problem of exponenti.al stabiliiy in rnean square is investigated

in connection with a class of lilear positive ope'rators which are defiled on a

finite d.imensional Hilbert space adeguately associated.

The paper is organised as follows:

The section 2 contains the list of notations used throughout the paper while

the section 3 contains the proof of an It6 type for-mula. Our result extends

the result of [24], to the *se *hen the stochastic process r(t) has not all



momerts bounded and this is the case wlicn the proccss r(t) is a solution of

a sysrcrn of stochastic diffcrential equtitions whose iuprrts are non-antici1,'ativc:

stoctrastic processes rvhich are in Lt([t0,"] x 0).

In sectiou 4 we plove several results containing n€cessary and sufficient con-
- 

ditions assuring the exponential stability in mean square for the zero solutiotl

of a linear stochastic system with multiplicative white noise and lv{arkovian
: jumping.

In section 5 we delive some estimates for solutions of affine stochastic sys-

tems and i1 section 6 some necessary and su-fficient conditions assuring the

stochastic stabilizability and stochastic detectabilif,y ar:e given.

A stochastic version of Boulded Real Lemrna is given in Section 7, while in

section 8 we investigate several aspects of tlre problemof robust stabilization

by state feedback for a class of linear systems with multiplicative white noise

and lvlarkovian junPing'

2 NOTATIONS AND PRELIMINARY R,E-

MAR,KS

The following notations will be used throughout this paPer.

A. R,'is the real n-dimensional space-

R+ is the set of nonnegative real numbers'

RDxm is the set of all rr:al n x rn matrices'

-[,n is the ideutitY matrixin R',

If x is a matrix (or a vector) X- is the transpose of x; if A is a matrix

fAl is the operator norm of A and TrA is the trace of L'

In th is paper D :  {7,2, . . . ,d} .

If I/ is a matrix, then .H ) 0 means that ,FI is symmetric positive

semidefinite.

B. By .S,. we denote the space of all n x n symmetric rnatrices and by 5i

we denote the space of all H : (H(1), "',I/(d)) with f/(r) € E''

.9j is a real Hilbert space with the inner product

d

\H,G):  t  r r {H(t)G(t) ) .
i :1

\



The nonn inducecl by this inuer product is l l lHllf : (H,H)U2 for

all // € S!,. On S,{ we cousider also the uolm lHl: max{l//( ') l;

r < i < d\,H e ,S,{. \A/c have

l r l s l l lH l l l  s {na1u1 ' (2.1)

If T : sl - sj is a linear operator, then llTll is the operator norm of

? induced by the nor.m [ . I "r 
S,1. If ? is a linear operator on 5i, ?*

stands for its adjoint operator. If H € 5i, we say that .I{ is positive

and wri te H > } i f  I / ( i )  )0for al l  i  e D.T:S!,-  Si iscal ledposi t ive

operator if H >0 implies TH > 0. It is easy to see that itT : S! -. El

is a linear positive operator" then

l l " l l  :  l rJl (2 2)

w l r e r e  J  e  S f ; , J ( i ) : I n , i e D .  I f  H : I  ^ + S l r v e s h a l l s a y t h a t ' F /

is unifor:rnly positive if there exists 6 > 0 such that /{(t) > 6J for all

t e I .

I-,emma Z.L If T : S! --* Si ,i.s a linear positiue operator, then T*

'is linear positiue oPerator-

Proof: Let H e Sl,H > 0 and' T*H : iI : (F(1)' U(z),",.n@)\'

Let c €Dbefixed-.and s € Rz arbitrary. We takeG e .9i where

G :  (G(1),G(2), . . - ,G(d))  wi th G(&) :0 i f  k + i  and G(k) :  t r*  i f

k -. i.

we have *-fI1tyr:, (i1,9) : (T'H,G) : (r/, TGI :2!:rrru(i)60),
where TG : (6(l),..., Cia11- Since ? is a linear positive operator tfuea

G1;1 2 O. Si"." H(i) > Oitt"*uins to provc that frS1,S2 > 0' if

S*l e S,,,S* > 0,k :1,2' If '91 > 0 then'5r : $=t\iei9|1bere
)q ) 0 are eigenvalues of ,9r and ei,i : \, "',fr is an orthonormal basis

of orthonormal eigenvectors of 51. We have

Tr StSz : irrx,eielsz: i \1$Sze1 2 o
j :1

and the proof is comPlete.

C. By M\,*we denote the linear space of A -* (A(1)' A(2)'"'''4(d)) whgre

A(l) e R"*. On M*,^we introduce the notm l/l : ma*.o{lA(i)l}'

Thus, (MX,*,1 . l) ir a fi.nite dirnensional Banach space. Sometimes

Mf;.*' wili t"'a""otua U!. Oavtouslv S! c M!''



D. Tluogghout this paper |Q,f ,P] is a given probability space; the ar-

grunent w e Q will not be wlitten'

Elrllll denotes conditional expectation of rc wit,h respect to the o-

. algebra 
'll,'17 c F and, Elrln$): i] stands for conditional expectation

on tne event q(t) : i; En stands for expectation of random variable r.

As usually, two random vectors r and y are identified if n : y a'e'
- 

(almost everYwhere)'

u(t) : (*,(t),,...,tu.(t))*, t e R+ is a standard r-dimensional Wiener

process on the given probability space (see [13])'

Tbroughout the paPer q(t),t ) 0 is a right continuous homogeneous

Itfarkov chain with state space the set D andthe probability transition

matrix P(t) : b;1p11 - ebt,t > 0; here Q : Iq;i with f,r4:1 Q;i :0,i €

D  a n d e u 2 0 i f  i * i .

Assume that P{q(O)) : i} > 0' for all i eD'

For each t > 0 we denote Ft r]aesmallest a- alge'bra F1 C f , contwntng

*:il:: f-ifrz' li,fl];'1":*;Tlf 
respect to which arr random

;ff .::1T: ffi::":::"fi::: T:*: i,,i j;"*nde*
of o-Jgeb ra n ]or 

"tl 
t > 0. ?l+ stands for the smallest o-algebra

containing o- algebras n ao.d 9t'

By Ll-(lto, m),R'), to ) 0 we denote the space of all measurable func-

tioo,'f ,'1J0, o,1 x O -+ Rr with the properties: u(t) is ?ft-measurable

for every t 2 ts and

il [* lu(s\l2d'sln(to) : d] < *'i e D'
'J 

to

since for every t ) 0, ?11 contairs all sets It[ e f withP(M):0 it is

not rliffir:ult to verify that Lzr,.([to, *),Rl) is a real Hilberi space with

the inner product

d r *

1. u,u >: )] Ell: u-(t)a(t)dth(to) : 'l' (2'3)
l : l

he space L},.(|to,r], R,),0 ( to ( ? is defined irr a similar way.

j

1



3 ITO TYPE FORMUTA

Let o : [ts,T] ) Rnxr be a matrix r"alued function with the colunns o{t),"'',

o,(t), o1, € Ll,,(lto,Tl',R"). The stochastic integral

z(t\ : [' og\d.w(s). t e [to, ?]
Ju

is well-defined (see [Friedman]) because the o-a.lgebras 
'171,t ]- fs have the

properties used in th" th*ry.of stochastic It6 integral: i.e. 71tt c ?{b if

tt 1tz,f1 C'tlt and'l7t is independe[t of the o-algebra generated by {w(t +

h) - w(t),h > 0) for every t > 0.

Hence, fi.om Theorem 2.5 and Theorem 3.2 in [13], chapter 5, it foliows, with

probability one, that z(t) is a continuous process, z(t) is 'lil1-adapted process,

Elz(t)l't7,ol :0,

alz(t)1'zl\t l : i ut 1,,v,t"112 dslTtt l',t € ltu, T]
i=l

and we conclude tbat z e Llr,*([to,T1, R.)'

Let trs consider a e L?r,*{lto'4'Ro) and a n-dimensional random vector {

?16-rrr€asrrable with EEI'( oo'

It wil-l fiollow that

n(t) : t + l' o!")d" + l',o(')d'w(s),t e W,rl

is continuous with probability 1 and n e Lf,*(lto, T], R'). If c(t) verifies (3'2)

we write 
d'x(t) : a(t)d't + o(t)dw(t)

t e lts,?l and r(to) : g.

Tlreorem 3.t (A It6 type fonnula). Let {,a and o be as aboue and let

u( t , t , i ) :  t -  K( t , i ) r  *2k. ( t , i ) t  +  k '1{ t ' i )

w h e r e  K  :  f t s , T l x D  +  E , , k :  [ t o , T \ x D  -  R ' , f t s :  [ t s ' T ] x D  
- - t R  a r e

C1-functions w'ith respect to t. Th'en we haae:

El(a(t,r(t), 1(t)) - a(ts,€, ;)) lt](to) : il

: 
"ttjJ*"(s)K(s.r1(s))*(s) 

+ 2te-(s.q(s))c(s) + do(s, a(s))

*2ln- (s) K( r, n (t) ) * lb* (s, n(t) ) "(t) 
* T r (o- (s) K(s' r7(s) )o(") )

*f u(s,r(s),1)qnt"1;)dsln(te) : i l (3'3)
. ; - 1

(3.1)

(3.2)

e



for al l  i  e D.t € [t0, T! and' for th"e stochastic proc.e.ss n(t).t  € [t0,?'] ,

tt,hich uerifics (3 2)

Proof: The proof consists in tbree steps:

step 1: Assume that {,4,o satisfy the assrrmption in the staternent and

additionally { is a bounded random vector (r)o are bounded on po,?] x f,},

and a(t),o(t) .r", with probability one, right continuous functions on [ts,?].

Under these assumptions, applying Theorem 6'3 in [13], we deduce that'

,:,lfn 
Eln(t)lzk ( @'

for all k e N, ft > 1. We can write:

u(t * h, *(t + h), q(t + h)) - u(t, n(t), n(t))

:  u(t  * h,r(t  + h),q(t+ h)) -  a(t ,*(t) ,q(t  + h)) + u(t '4t),a(t  + h))
d

- u (t,r(t), a(t)) : I xqe+ri=i(e $ + h, r(t + h)', i) - u(f'c(t)' i))
j--r

+u(t, *(t), q(t + h)) - a(t, {t),rt!D,

where Xru is the indicator function of the set M'

For each fixed j €D, we can apply the It6 formula (see [13]) and obtain

u(t 1- h,n(t+ h),i) - a(t,*(t),i) :'1,'*o mi$)d's

tt*h

*, J,"' 
-(c-(s)K(s,i) 

+ k-(s'i)')o(s)du(s)

wlrere mi$) : r- ({1? (s, i)c(s) * 2i- (s; ) la(s} +[o {s, i) *2f (s)/f (s' j)a{s) +

2ls* (s,i)"le) * ?r(o" (s)K(s, r) o (s)\', i e O'

Using Lemma 1 in [24], we deduce that

ELXnft+D:i 
lr'*o [*- {r)K(s, i} + lc-(s, j)Joi s}d'w(s)111r] : 0'

Hence ElXne+n)=i f i+h(rr(s)K(",r) + ft-(s, j))a(s)du(s)11(to) : i l  : 0 and

finally we deduce

El(a(t * h,n(t+ h), ,(r:h)) - 'rr'"r,1)*,or(t + h))lq(to) : tl

: t Elxq(t+D=i J, *t!)dsl4(to) : il' (3'4)

i

*

f
f

t:

v



It is obvious that nii(s) is, with probability one, right continuotrs and lience

lve ltavc:

I i r , l  
l t t h  ' 7 \ '

^. rJ ; l  
rn l ! )ds: r t i ( t ) ,  t  e l to .T) ,  j  eD.

Since r7(t) is right continuous we can write:

[,g ]x*,-^ ,:, lr" 
o 

m1$)d's : x,11tv=1m1(t)' (3'5)

on the other hand, since supr.v",r1Dln(t)lo < * we obtain that there exists

B > 0 (not depending upon t,h) such that:

1 rt*h
El'xrp*nt:i J, 

m1@)d'sl'< 0'

Thus, from (3.a) and (3.5) it follows:

riro-}-.a't(o (t + h,n(t * h),rt$+ h)) * u(t,t(t),q(t+ n)))l '?(a) : i l
h\o F&

:f ,Irnqtl=1rrti(t)ldto): il: EV'(t)1,vtUoI :ll,t € [t0'?)' i e D' (3'6)
j :1

where

tu(t) :-r.(t)K(t, ry(t))r(t)+ 2&' - (t,q(t))r(t) + /*s(t,4(r))

+2@'(t)K(t, ,i(t)) + ,6'(t, ri(t))la(t) * Tr(o- (t)lr(t, r7(t))cr(t))

F\rrther, we can write:

E[(u(t,x(t),n(t + h)) - u(t,n(t), ' l ( t))) ln(to) :; ]

:Et(i xn6+n1qu(t,r(t),i) - u(t,r(t),4(t)))lr(to) : lJ (3'7)
J:T

d.

: i Elu(t,r(t),i)Elyne+D:ll'tTtltr(to) - tl ELrU,r(t),?(t))h(to) : il'

since o-algebra "fr is independent of 9" for ali f, s € [t0, ?] it is easy to vcrify

that:

Elx,te+n):il?7r1 : ElXne+il:ilgrl : Elxn(t+D:ilt7(t)] : pno,i(h)' (3'8)

Hence from (3.7) and (3.8) we have

El(u(t ',r(t),r1(t+ h)) - a(t,r(t),a(t)))l '?(to) : l l

- EI I (r(t, n(t),i) - u(t,r(t), r7(t))) p\abft)h(ro) : il '
i+'1$)

3



Recirll that P(h) : [p,;(h)] : eQh,h > 0 with fj--1 q1i : Q' Applying

Lebesque's Theorem we obtaiu blnt

1
U'q irt(, (t,n(t),q(t+ h)) - u(t.*(t),t l(r))h(to) : i l  (3'e)
t \ 0  n

d

: 
E 

E[o(t, n(t),, ilq,tat;) Irr(to) : i].
J - r

Combi.ning (3.6) with (3.9) we conclude that

1
tim iE'[(u (t + h),r(t + h),rtip+ h]] - u(t.r(t), ' l(t)))ltl(to) : i l
h \ o h  

d
: El(m(t) + 

| 
u(t, r{t),ilqrft)i)lq[to) : i]'

Denote
Gr(t):  Efu(t,r( t) ,q(t)) lq(to) :  i l , i  e D

and

hi$) : EI@@+ I a(t, n(t), fiq4(')i)h(t0) : il'
J : t

Since snpre[rq,r] E(n'L(t) +E]:r u(t,r(t),fiQn$))z ( oo it follows that h;(t) is

right continuous a,nd therefore
1 rt*h

f.3 i I h;(sld,s : t r(t),t € ltu' r).

Heuce
1 fi+h

lqffc'tt + h) - G,(t) - 
J,'"l...(")ad 

: 0,f, € [to'?)' i '  eD' (3'10)

Since the process {t) is continuous in probability (see [7]) it foilows that

u(t,n(t),a(t)) is continuous in probability.

Having suptelto'l Elu(t,r(t), r7(t))f2 < oo it follows that G;(t),i € D is a

continuous function and thus from (3.10) we conclude that

Gr(t) - Gifto) : [' noPlar,t € [h' Tl,i e D
i \  /  

J t o

and so the equalitY (3.3) holds.

Step 2: Assume that { is }16-measurable and El{12 { F' and a' o are

bounded on [t6,?] x f,I, a(t),o(t) arc'lTradapted' Let

€t : €xfff<*'

o r , F ) :  k [ '  . a ( s ) d , s ,
Jwu{t- l , tnl

I t
o{t) : I o(s)ds.

; u rax { t - } , t 6 }

a



It is obvious that rr,1 and o1, dr€ contirluous (with probability one), bounded

op [ts, T] x 0. and ]11-adapted. From Lebesgue's Theorem it follows that

ml:M (t) - o(t)l' + loeft) - o(t)1z)dt: o

,. 
,, 

and applying the t"rlttu"" bou'nded convergence theorem we have

ttm E J,' tt"XO - "$)l' + lai(t) - o(t)12)dt : o' (3'11)

From Lebesgue's Theorem it follows that

iSgs lE*-€12:o '
It is easy to verify that sup,.Vo,r1Dlx(t)12 < oo and

rT
sup Elrl( t) - n(t)1'?

te{to,Tl " cs

1T
*, J,,l..x(t) 

- o(t)l2dtl,

& > l, where 
tt rt

nh : €r + Jr,a6(s)ds 
n l. 

o*(")dur(e)'

Applyrng the r.esult of Step l for each fr > 1 we obtain

El(u(t,,nx(t),q(t)) - o(to, €r, e))ltr(to) - i] :

a1 ['1*i1q /i(r, q(s))r6(s) 12kr(s,r1(s))rs(s] + +k6(s, q(s])
J14

+2(ni$)K(", tl(t)) * k*(s, ?(s)))a,,(s) + rr(o1(s)K(s' 1(s))ot(s))

+ f ,(", **(r),i)qrr'ddslrT(ts) : i]' (3'12)
j :7

Taking the limit for k -+ oo we conclude that (3.3) holds.

Step B: Colsider now that €,e,o verify the general assumptions in the

statement. Define
ax(t) : o(t)X4ttso

a*(t) : o(t)yi"1t113*.

Applying Lebesque's Theorem it follows that or and o6 verify a equality of

type (3.11). Oo the other hand it can be proved that

sup Elr;( t) - r(t)12 <z' l [ ' (r- tu)lae(t] - o(t) l '  + r las(t) - o(t) l2d't l
. t€lro,"l 

- 'Jto

4 o



whcre r,k(t) :€ + I: a6(s)ds + r: dr(s)dur(s).

Now, applying the results flom Step 2 for {. d.k,ok,i1, we obtain an equality

of type (3.12) vri th {s, ak,ok,ue replaced by {, ap,op,np.

Taking again tlre limit for /c --+ oo we conclude that (3.3) holds and the proof

is complete.

Remark Ia [2a) was also proved a It6 type formula as (3.3) for a class of

nonlinear functions u(t,r,i) which contains as a particular case the functions

which are quadratic in u while the process r(t) is a solution of a system o{

stochastic differential equations with Markovian jumping, r(to) : ns'ns €

R",r(t) satisfyi'g sup{.Elc(t)l'n,t e [fu,fJ] ( m for everyp > l and all

tr > t0 > O. In this case, the It6 type formuLa follows easily by using the

reasoning in the first step of tlre proof of Theorern 3.1. The particular case

of tlre ftrnctiou u(t,r,i) considered in Theorem 3.1 was choosen in order to

be sure that the reasonings in steps 2 and 3 of tlie proof are valid, when the

process r(t) is in the general situation described in (3'2)'

STABILITY OF LINEAR STOCHASTIC
SYSTEM DESCRIBED BY DIFFEREN-
TIAL EQUATIONS WITH MA.RKOVIAN
JUMPING AND MULTIPLICATIVE
\MHITE NOISE

A. Consider the linear sYstem:

dr (t) : A4 (t,, r 1 ft\ r(t) dt+ i a, 1 t, r fit)) n (t) dw /t)'
j : t

Tbroughtout tbis section we suPpose that -Ai(', r),0 < i ( r are bounded on

R* and continuous matrix valued functions'

By the standard procedure of succesive aproximation and by using the prop-

erties of stochastic integral, it is easy to obtain the existence and uniqueness

of tlre solution r(t,ts,"o),t ) to 2 0,cs € R" of system (4'1) having -the
properties r(to) :' no,n(.,t0, ro) e L2r,-(lto,T], R") for all T ) to,tr(:' t6, 16) is

,ooiiooo,rs with probability one. Moreover, it can be proved that

sup Elc(t,to,"o)l 'o ( oo,
te [to,fi

f o r a l l p € N , P > 1 .

(4.1)
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By S(f,s),t > s rve denote the fundamental random matrix of solutions

associated to system (4.1).

Hence, :n(t.ts,"o) : O(t,ts)rs,t> t0. Let.6(t,to).t > fu be the funda.rnent,al

random matrix solution associated to the stoctrastic differential equation:

tlz(t) : [-,q(t,'/(t)) + L@'r(t,r{t)))2]z(t)rtt 
-|_Ai$,r1(t})z(t)r\'we(t)'

&: i  k : l

Using the It6 formula (see [13]) we obtain:

O(t, t6)O-(f, t6) - O-(r, 6)O(t,to\ : trn, a'e't ) 0

hence the matrix O(t,f0) is invertible and O-t(t'fo) : O-it,to)'

B. On the Hilbert space Si we define the linear operator L(t): Si * Si by

, d

(L (t) H) (i) : Ao(t, i) H (i) + H (il A;(t d) + f /e ( t, i) H (i) Al(t, t) + I q7H (i),
t:1 i:t

H e S! , i  eD,t  )  o.

On tbe space 5j we consider the linear differential equation

E9: rir)s(r). (4.2)
dt

By ,9(t, to., H) we denote the solution of the equation (4.2) with the initial

condition 5(t6,fs, H): H,H e Sl,.

L*,t T(t,ts) be the linear evolution operator associated to the equation (4'2\'

\A/e lrave Sl(t,!0, H):r$,h){H). It is easy to see that T(t,s) : (?(s,t))-t '

?(s,s) : J' qi being the identity operator on the Hilbert space Ef).

We have also

I
i r ( t .  s) :  L(t)T(t,s)
dt

i

?T-( t , t ) :  T . { t ,s )L. ( t )  (4 '3)
dt
,l

ftr. @,tj : -L- (t)7. (s,t).

It is not difficult to check that

f d

(L- (t)H)(i) - ,{(r, i)H(i)+H(i)d0tf, i)+I ai(t, i)H(i)Ak(t, i)+t auH(i1'
, t :1 j : l
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H e S i , i e D , t > 0 .

Reurark .  I f  Ak( t , . i )  :  Ak( i ) ,A  e  {0 ,1 , . . . , r } , i  e  D, t  €  R+ we say  tha t
.. the system (a.1) is "in the stationary case". In this case the operator.L :

- S: --, S,j does not depend upon l, and the liuear evolution operator defined
by the equation (a.2) is T(t,t;) - eL(t-to) where eL' : tE, q#, the sum is
con\,€rgent uniformly with respeet to t in every compact subsets. It is easy

' 
to see that ?-(t, ts) - sL'(t-to).

Lemrrra 4.1 We haae

(T' (t, t 0J H ) (i) : E [Qr (t, t s) H (lt ftD 0 (t, ts) lq (t s) : i]

tor  at l t )  to > 0, I /  € Sj ,  i  eD.

Proof: Let t/(t,ts) : 5j - Sf be defined by

(U(t,t1)(H))(i) : l t lo-(f, ts)HQt(t))o(f, f0)lq(ts) : i l ,

H e  s f ; , i €D , t l t o .

Take H e Ef;, we define u(t,n,i) : n*H(i,)t,n € R,",'i € D,t > 0.

Applyiug Theorem 3.L to function u(t,n,f) and to equation [4.1) we obtain

r.(1,t(t,ts)(H))(i,)r - nt H(ifu : *- [ '(/ (s, t6)(I-(s)H))(i)d'm.
Jto

Hence 
d.

*' 
(r' h) : U (t' tsl1r (t)'

Since U(to,to) : T* (to,f6) and using (4'3) it follows ttrat

U ( t , s ) : T r ( t , s )

t ) s and thc proof is complctc. t

Combining the results of Lemma 4.L and Lemma 2.1 we get:

Corollary 4.2 Th.e euolution operator T(t,s) and its adjoint operator
T*(t,s) are positiue operators onsl for euery t ) s ) 0.

Prcpcsition 4.3 Und,er the considered, assutnpt'ions, there erists 1 ) 1
suclz that

6t(t-to) 1 ) Tr (t,to)J > .-t(t-to) 1

fo r  a l l t ) *  to )  0 ,uhere  J  e  S ! ,J ( i ) :  In , i  €D.

Proof: Applying It6 type formula (a.f) for the function u(t, r,i) : lnlz,
.' t > 0,r € fL", i,e D and the equation (a.1) we obtain for all i e D

^E[o(t,t6)rel2l4(to) :d] -["ol '  - ql:s{s)d'slr7|,o) :e]

,13



t > ts, wllcrc

s(t) :r ;o'(r ,  t0)[d;(r,  ?(t))  +,40(t,  , i ( t))  + f  a;1t,  r1(t))A1'(t ,  r1(t)) ]o(t ,  to)"0'
k :1

Since A,,(t,f) are bougded functions it follows that there exists ? ) 0 such

that lg(t) l  S "ylO(t, to)*012. On the other hand,

d

dtElb\,to)rol' l, l(to) 
: i l : Els(t)b1(to) : i l

t ) t s , i € . D ,
'y.0[lO(t, tn]rsl2lT(ts) : dl

d t L ' \

t ) ts. Hence,

40-to) 1*ol2 >,6' 1 O (t, ts)r6 | 
2 
| q(to) : i] 2 e-r(t-to) 1 xol2, t )- ts, i e D .

The conclusion follows from Lemma 4'l'

c. Let us consider At, z / q Il -- M* (r being an interval) which are

supposed to be continuous firnctions, k - 0,tr,"',r,Q e Rd"d is a given

.constant matrix whose elements.satisfy the condition q;i > g' if i f i' Tbe

system (h,, At,...,4;Q) defines the linear operator L(t) : sl - si bv

(L(t) H) (i) : At(t, i) H (i) + r{(i)4 (t, i)
r d

+t,Ae(t, i)H(i)AL r,;) + f ai;H(j),i eD
*=l  j : I

for all H : (H(1,), H(z), ---H(d')) € Sl'

Consider the linear differential eqrration on Si:
i

is(t) : r(r)s(t)
dt

where I(t) is given by ( .a). I'et T(t,to) be the linear evolution operator on

5j defined by the difl'elential equation (4'5)'

we show that the results of corollary 4.2 and Proposition 4'3'still hold also

for the operator r(t, t0) and its adjoint operator 11*(t, t6), even if the operator

I(t) in 1a.+; it not associated with a system of differential stochastic equation

with h{arkovian i umPing.

Proposit ion 4,4 If T(t,,ts) is a linear euolution opet'ators on sf; def'ned

by tle linear diffirential equatiorr (1,.5) then the foltowing hold:

(4-4)

(4-5)
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f t , )  : f  ( t . tu)  > 0,T'( t , t1)  > 0 for  a l l  t  )  f0, f , ts € - f  .

( i i) If t -: A1,(t) are botrnded func.tions, t. lten there erist 6 ) U,'y ) 0

such tlt'ut:

T(t,tL)J > 5"-t(t-tn) 1, Tr (t,t iJ 2 $s-tvtn) 1

f o r  a l l t 2 t u , , t , t u e  I .

proof. T<, pruve (i) * corxicler the li[ear oPerators L1(t] : Sl - Sl,L(fl :

Sl-s jby

(r1(r)HXt) : [Ao(t, | +la,,I,]H(t) + H(i)['ao(t, i) +]uul*lr

1L1t1u1qt; : Ir*(r, i)H(i)AL$,i)+ i qinn|),ie D
k:l  i : l i f i

s : (H(1), H(2),... ,H(d)) €.S9, t e I.

It is.ea.sy to.s<xr that for €a,,u[ t- e I, tlw operator ilt; is a positive operator

on .gj. Let 's consider the linear differential equation

g ' :  r , ( r )s ( r )  (4 -6)
dt

and denot 
" 

Tr(t,fs) the linear evolution operator on 5i defined bv (a'6)' Bv

direct calculation, we obtain that

(n (r, r0)I/) (i) : o;(f, ro)//(i)al(f' t0)

for all t )_ ts,,i € D, H e Sl rvhere Oi(f, t0) is a fundamental matrix solution

of the deterministic differential equation on R"

t 1

h"@: [lo(t, d\ + ]u;;1"1"(*).

It is clear that for each t ) to,fl(f,to) > 0. Since the linear differential

equation (a.5) is written as

*tttl : rr(r)s(t) + t(t)s(t)
dt

we may write the following representation' formula

T (t. td H : Tt(t, to), 
" l:^T1(t, $L{lr (s, ts) H d's

t {



for all H e Si.t ) to,t.ts e. I.

Lclt H € S,1.r/ > 0 bc fixed. \4/c dcfinc thc scqucncc of Voltera :rpproxima-

tions Si(f),4 > 0, t ) t6 by

,5s(t) : T(t,to)H

sr*r(t) : Tt(t,t0)H + [ ' ,r(r,s;i(s)^9r(s)ds. A: : 1,2, " '
,t to

Since Tr(t,to) is a positive operator on 5j, we get inductivelS that Sl(s) > 0

for all s ) fo, k : L,,2,.... Taking into account that limt-- St(t) : T(t;to)H

we conclude that T(t,to)H ) 0, hence T(t,to) Z 0. By using Lemma 2.1 we

get that the adjoint operator f-(t,t0) ) 0, is positive'

(ii) Firstly, we show that there exist 5 > 0,'y > 0, such that

lr (t, h) H | > 6e-1$ -to) 
IHI

lT- (t,, to) Hl > 6e1('-'o) lf/l

for all H e Sl,t )- ts,t,to e,I-

Ler us denote a(t) : Lfilrif.1,to)//lll' : +(T(t,h)H,T(t,to)H)' Bv direct

calculation, we obtain

I
*, ttl : Q$)r (t,, to)H, T (t' t*Hl't ) to'

Undcr thc considcrcd assumptions thcrc cxists'y > 0 such that

,1

tf;rtt>t s 'vlll"(e, tu)rllll''

l4r( t ) l  <21u(t) ,  t2to-' d t

F\rrther we have 
d

fiu(r) 2 -21u(t), t) ts

or equir,alently

fiw$)"no-to)1 > o

for all t 2 to. Hence the function t -+ a(t)ezt{t-to) is not decreasing and

u(t) > elzt(t-rdu(to). Considering the definition of u(t) and using (2.1) we

conclutle that there exists 6 > 0 such that

' ' 
fr$'h)Hl ' 5"t$-t")1vl

s,hich is the first inequality in (4.7)'

(4.7)
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To prove the second inequality (4.7), we consider tlie function

d(s) :  l l2l l lTr(t .s)/{ l l l t ,H e 5,{,s ( t .s.  t  e I '
-l

^ By dircct comPutation \vc obtain

. *rrn: 
-(tr '(s) T'(t. s)H,T'(t, slH).

Fu'ther rve have 
tgorr)r s 2ro(s)'d ,s

and

!w(r\."t1-")l < o,
d s '  '

thus we obtain that the function s --+ O(s)lr(t-") is not increasing and there-

fore 0(s)e2r(t-') > oi(t) for all s ( f hence

I ll"-(t, t)//lll2 > 
"-r(t-") 1 ; l11l I l' '

Usingagain(21)weobtain.thesecondinequalitJi l l(4.?)'

Let r € Ro, i e D be fixed; consider fI e Sl, defined av nu) : 0 if

i * i , n j ) : n n r i f i : i '

Wc maY writc succcsivclY

t-[T(t, t6)JJ$)x : Trlss*("(f, tg]Ji(i]] : ('F, 
"(t,ta)J)d'

- (1*(f, 1q,JE,J) : 
f rrt"t(t,tolr4(t)

i :7

: lT- (t,tilHl '- Ot-t(t-to)lrl2

Since n €W'is arbitrarY we get

[ " ( r , ro)J ] ( i )262t( t - 'o) In , (V) i  e  D. t> to  ]  0

or equivale'tly (1'(t,t')J) ) gs-'Y$*to)J,Yt ) ts. The second inequality in (ii)

may be Proved in the same way'

D. Definition 4.5 We say th,at the zero solution of the systern (4.1) it

_ enponerrt:iatly stable in rnean square, or thatth'e system (/r.l) generates

. tL m,e&n squ&re erponerttiallg stable eaolution, i,f there erist B ) 1,r} ) 0

such that
.g[l0(t, to)"ol' Itl(to) : 4 t U"-'{t-to)lrol2

t T



for  a l l  t  )  f , ,  )  0 , rg  € R", i  €D.

No*'we prove:

Proposition 4.6 The followin'g are equiualent:

(i) The zero soltftion of the systern (4.1) is erponentially stable in mean

squaTe.

(ii) There erist ll > 1,4 > 0 such that

ll?-(t, tr)ll < Ps-'(t-to)

f o r a l l t > f o > 0 .

(iii) There erists 6 > 0 such that

ql: lo(t, t6)cal2at1r71to1- il < 5l*ol'

for aII fs ) 0,rDs € R", i, eD.

(iu) The Liapunou type quation on E!

K'( t )+L-( t lK( t )*J:o (4.8)

has a bounded on R,. and uniforrnly pozitipe solution'

(u) There enists a Ct function R : Ita --+ Sf; unitornz,Iy positiae and

iiund,ed with its d,eriuatiae bounded whieh uerifies the following tinu'r

inequality on Sf;

d . -

ftk1t1+r.(r)r(r) < o (4.e)

un'iformly with rcsPect to t € R,+.

Proof: From Definition 4.5 and Lemma 4.tr it follows that (i) <-+ (ii). It is

easy to see rhar (i) + (iii). We show now that (iii) +(iv). Let

^ 1 6

k(t\ :  
J,  

T*(t , t)Jds.

From (iii) and Lerrma 4.1 if follow.s thas 0 5 &(t) < 6J,,t > 0- Using

Proposition 4..i we obtain that K(t) > +J,t > 0'

From (4..3) it follows that K is a soltrtion of tlre difierentiel eqrration (4-8).

(iv) + (v) follows immediately since a uniformly positive and bounded solu-

tion of the equation (4.8) is also a solution of the inequality (4.9).
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\Ve lrruvc ('*,) =+(iv). If f i(t) : ( l<(t,t;,K1t,2),..., i f 6,a1lr is a urriftx'rlelv

pgsitive. and b<;uncied C1-func.tion with boultled derivative which solvcrs (4'9)

uniformely rvith respect to f € R+, we definc

rlt1t1 : -!*f U, - L*$)kG).

U1t1 : (fr1(t,\),tu1(t,2),.-.,tut1t,a71- It ftrl lows that there exist trr6 ) 0'u*)

0,,t : 1,2, such that

FJ < fit(t) < Prt u1J 1 k(t) < u't Vt € R+'

By using (4.3) it follows that

k(t) :?*(r,4r(t) + fr' 
r-tu,t)tit(u)du' s ) f,' (4'L2)

Hence

,, Ir' T*(u,t)Jd'u s !r" 
r-tu,t)ti[(a)du < k(t) 1v2J' s ) *'

Hence
k$): I* 

,-(u,t)Jitu l vsJ

and solves the equation (a'8)' Thus (u) + (zu)'

(iu) =+ (i,i).

,{3t k(t)be a uniformly positive a..nd boun&d solution of the equation (4'8)'

llsing (4.3) we may write'the representatiou

k(t) :T'(s,lk(4 o l: 
rr(,,t)Jdr.

Also there exist p1, F'z > 0 such'that p1J S k(t t 
g'"!.-1".t.{1^t.> 0'

Since T*(s,4 i, potiii"e) ]fr'e have 1'*(s, tlJ ) 0; and ?-(s' t)/{(s) Z 0 hence

0 <.[" T*(.",qJd;a k(il Si,rl*l it] *=t) 0. Tbereforeiswell defined

the function t --+ /(0(t) : {f T.(r,t)Jdr: R,' -+ Sd'

Applying Proposition 4.3 r'e deduce that there exist p3 > 0 such that F3J <

Ko(4 S FzJ for all t > 0'

L* : t t ) to>0;def ineG(t ) :Tr ( t ' to)K| ( t ) 'S inceT-( t ' to) ispos i t iveweget
lhT-(t.to)J S G(t) < irzT-(t,to)J '

Taking into account that T*(",ts)T.(r,t) :Tr(''ts) we deduce that

G(tJ : lr* 
rr (r,ts) J d'r -

(4.10)

(4.11)
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H e r r c e G , ( t ) : - ? ' ( f . t g ) J a r r d G , ( t ) s _ i c v l r v h i c l r l e a d s t o G ( t ) <
e- " ( r - ro )G( t s )  f o r  a l l  t  >  t o  )  0 .  (o :  * ) .

Further we wlite

1 -
T-(t,to)J < ic1tl < 42.-"{ '- '01t,- t l s  " - r "

llf-(r, to)ll : lT"(t,f6),r[ < {"-"tt-t')
Ps

and hence (ii) holds and the proof is complete.

Remark. a) Flom Proposition 4:6 (i).<-+ (ci) +-+ (iu) *-r (u) follows that tbe

exponential stability in mean square of the zero solution of the system (4.1)

is cornpletely caracterized by the matrices A1,(t,i),i e D,,k : 0,t,2,... and

Q. Therefore \ve s'ill say that the system (Ao,At,.--,A,,Q) is stable instead

of "the zero solution of system (4.1) is exponentially stable in mean squarerr.

b) The equivalence (i) <-+ (iii) in Proposition 4.6 is a Datko type condition

for exponential stability for the stochastic difierential equation by type (4.1).

In the ca.se when the functions.A* are defined on the whole real axis, we may

introduce the following definition.

Definition 4.7 We say that the system (Ao,Ar,...,A,iQ) it stable it there

erist P>l,a ) 0 sueh that l l"(f,tr)l l  S pe-a(t-to),(V) t > fs,f,ts € R.

The results of Proposition.4.6 show that when the coefficients of .the system

(4.1) are defined only on R1, then the type of "stability" introduced by

Defi.nition 4.5 is equivalent to the "stability" stated in Definition 4.7.

Proposition 4.8 Thc following arc cquiaalcnt:

f t )  fhe systern (Ao,At, . - . ,A, iq i t  stable.

(ii) For each H: R* ---r Sj continuous, bounded and uniform positiue,

the linear d,i,fferential equation on E!:

**u, + Lr (t)Ktt) + n(r) : s

has a bound.ed antl uniforrn positiue solution,& : R.' -t Sl.

(iii) For ea.ch H: R1 --r S! continuous and bounded' uith H(t) > 0, t €

R+ there erists a Ct-function R : FL, -+ S!, uniform positiue bounded

with boutzd,ed, d,eriuatiue uhich uerifi,es the linear inequality on Sf;:

*Un, + L. (t)k (r) + r/(t) < o

(4.13)

2 o
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urli.fonnly 'witlL respect to t € R*

Proof: (i) +(i l).
'- From the proof of the implication (iii) =+(iv) of Proposition 4.6 it follorvs
. that

k G) : lr* rr (r,t)H (s)d,s (4.15)

is well define.d and we h.ave 4J S k1t1 a ,t{ for all f ) 0, for some positive

constants ut,u2.Using (4.3) we deduce that /((t) is a solution of the equation

(4.13) .

(ii) + (iii) follows easily since a bounded and unifortn positive solution of

the differential equation

n

rt* t) + Lr (t)K (t) + H (t) * r : 0

is a solution of the inequation (4.14).

The proof of (iii) =+ (i) is similar to the one of (") + (iv) of Proposition 4.6.

The proof. is. complete.

Remark The proof of Proposition 4.6 (see (u) + (iu) =+ (,t) and the equality
(4.13)) shows that:

a) If the linear differential equation (4.13) with H satisfying (ii) has a bounded

solution

.  K( t ) :  ( / { ( t ,1 ) ,K( t ,2 ) , - . - ,K( t 'd ) )

where K(t,i) > 0, i e D, we may consider the function

o : R.. x R" x 2 - R, u(t,n', i) : fK(t, i)n.

Applying the It6 type formula (3.3) to the function o and to the system (4.1)

and taking into accorutt the equation (4.13) we deduce:

^.:':;',i'n.",f),'.]llir:,r:il]5 (4 16)
'Jto

r(t) : o(t, ts)r6, t 2 to 2 0. Hence

nl [' l*(")f asltt4o):' i] < !r[K(ts,i)ns
. J h '  \  / r  ,  -  

u 1

v1 ) {J being such that 4J I H(t).
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It lbllorvs that E[J)i lr(s)l2dsla(to) : i] < 6l:1612 for all fs ) 0,16 € R"'

By using (iii) +
that

(i) of the Proposition 4.6 and using Lemrna 4.1 rve couclude

Hence tr(t) : k(t), where lfqtl i,. given by (a.15). Therefore if the equa-

tion (4.13) with f/ verifying (ii) has a bounded solution /((4 > 0, then

(Ao,4r, ..., A,;Q) is stable, the solution Ir(t) is uniform positive and it is the

unique bounded solution of the equation (4.13) with this property.

b) In the same way we can prove that if the system (Ao,At, "'',A,iQ) is stable

and if f/ : R* -n Sl is continuous and bounded, then the linear differential

ecluatir-rrr (4.13) has a uuiclue br-nrrcletl ;:-olution K : F[' - 5,1 whir*r is given

by (4.15).

Corollary 4.g Suppose that A1,(t) : R* --+ Mo,k: 0, 1, "'',r,H : R+ + .Si

ar.e contitzuouu nnd, T-period.ic funetions. If the system (An, Ar, ..-, A,';Q)

is stablc, tltcn thc uni.que bound,cd and, symmetric solution of thc equa-

tion (1.13) is |-peri,odic function.

Further we have:

Proposition 4.10 Thc following arc cquivalcnt:

ft) fhe system (As,At,..-,A,;Q) it stable'

(ii) There enist a > 0,,P ) !, such that llT(t,to)ll S 6"-a(t-to) for all

t ) t o ) 0 .

(iii) There erists 6 > 0 such that

f o r a l l t ) t o ) 0 .

Proof: (i) <+ (ii). If the system (h,Ar,"',4;Q) it stable, then from the

Proposition (4.6) ((i) + (ii)) we deduce that there exist B1 ) 1,41 ) 0 such

rhat f l?-(t,to)l l 3 p&-otrt-to),vt 2 fo 2 0.

On the other hand from (2.L) we get

l lT(t,to)l l  S cl l l l?(t, to)l l l  :  
", l l l?-(t, 

to)l l l  < "zl l"-(t,  
to)l l

and finally wc obtain

l l :r(t ,  to)l l  I  c,Brs-o'(t-tn) -

for all t ) to ) 0 and sorrr€ cl ,c2 ) 0.

K(to,A : 
ll tr'(s, t6)II(s))(r;)ds.

a < [' Tft,s\Jd,s s 6J,- 
Jto
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(ii) =+ (iii). It follows immediatelly from thc inecluality {J < T(t,s)J <

l l T ( t . s ) l l J . f  )  s  )  0 .

Let H : R, -+ .5j bc continuous and boundcd function. It follows that tlicre

exist the real constants 61, 62 such that 61J 5 I/(s) S 6zJ for all s € R';.

since ?(t, s) is a positive operator defined on .sj, we deduce 6tT(t.s)J <

T(f, s)/1(s) 162T(t,s)J for all t > s ) 0. Hence

f i  f i  f t -
6t I rft,s)Jds < | T1t,s)H(s)ds S 6z l^ T(t,s)Jds^ J o  '  - J o  - J o

for ail t > 0. Thus, if (iii) -holds we deduce that there exist the real constants

51, 52 o-ur.'l-r that

5,J < [ '  , ' (r ,s)/J(s)ds < 6rJ' - J o

for all t > 0 which shows that t "+ ftf(t,s)I1(s)ds is bounded on R, for all

continuos and bounded function f/(s).

Applying Perron's theorem (see [1a]) we deduce that there exist the constants

B > l ,a  )  0  such that

fl"(t,s)ll 3 Pe'-ott-').Vt > s ) 0

and tbus the proof is comPlete.

Proposition 4.11- Assume that the system (4.1) is in the "stationary

ca,se". Then the follou:'{'ng are equiualent:

ft) fhe system (Ao,At,...,A,iQ) it stable.

(i, i) For aII H: (//(1), H(2),...H(d,)) €.Si,H(i ') > 0'i € D the alsebraic

linear equation on Ef;.

L ^ K + H : o  ( 4 . t 7 )

has a unique solut ion y :  (K(L),K(2), . . I ( ( rJ))  € Si '  K( i ' )  > 0. i  eD'

( ' f i , i )  For each H: ( I I (1) ,  H(2),  ' . -H(d))  e S1.H(i)  >0, i  e D the l tne'ar

inequ,ality

LrK +f /  < 0 (4.18)

hos a solut ion K: (K(1),  K(2),  . . .K(d')) ,K( i )  > 0 ' i  eD.

(iu) There enists K >0 satisfying L-K <0.

(u) For each H € S,1, H > 0, the linear equutian on' Sf;

L K + H : 0  ( 4 . 1 9 )
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has a urt. iqtte. positiue soluti.ort K: (/((1), 1((2), ...K(d)).

(ut) For each H € ,S,1,,I/ > 0 the lineat' fnequality

L K + . r { < 0  ( 4 . 2 0 )

h a s a s o l u t i o n K > 0 .

('uii) There enists K > 0 satisfging LK <0.

Proof (i) + (ii). From the equivalence (i) <-+ (ii) in Proposition 4.8 we get

that the equation

4*e l+L !K( t ) *H:odt

Irers a uuiclue Lrourrcled and urrifr.rnn positive r-r,rlrtf.iorr k(t). lVforeover fflt; i"-

given bY 

R(t\:  [* 
"r. i ' - t)g4' '\ /  J t

We have i<1t1 : !f, eL""Hd" : fr(O), for all t > 0. Hence iflt; ir constant

and it verifies the equation (4.17).

(ii) =+ (iii).

( i i) implies that theequationL*K+H+-J:0 has asolution.& > 0, He-nce

-k veriffes (4.1S).

(iii) =+ (iv) follows immediately (taking H : J).

(iv) =+ (i) follows from Remark a).

(i) =+ (v).

Let It > 0. Therefore /zJ S H < Ptl and with fl, 4 Fz > 0' Since

l l " " l l  S  F u - * , f  > 0 f o r s o m e  P > 1 , , a )  0 t h e i n t e g r a l k :  f f , e L t r d t i s
convergent and since eLr is a positive operator we have according Proposition

4.4

hJ ]=0,  [ -  eL 'J, I t<k <lLr t -
J o A

Further, we can write

^  r a d .Lk -- J, rt{&'n)at:-H
and thus the proof of (i) + (") is complete.

(.r) =+ (vi) follows by using the same reasoning as in the proof (ii) + (iii).

(vi) =+ (vii) fotlows immediately (taking H : J).

(vii) + (i).

I

q l
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Lct H : -LI{. Thus LK + H :0 rvith f/ ) 0 and I{ ZV' Sincc I( is a
constant solution of the equation K'(t7 : LI{(t) * }/ s'e have

K - eL(t*to)K + 
l""tu-"1 

nd.s,t 2 ts.

Since eLt is a positive operator and ,If > tJ with some'y > 0 we can write

1 ft "r{r-"tJd,s 
< [ '4{r-{Hds S I{ < 6J.

J h  
- J h

Thus, by Proposition 4.10 the proof is complete.

Remark ltom thc proof of Proposition 4.L1 it follows that:

a) If thereexistlf ) 0and K > {Jsuchthat LrK+H:0 thenthestationary

sy-stem (h, At,..., A,lQ) is stable and K : k: fi- eL"Hdt'

b) If thereexist f/ ) 0andf > Osuch that t 'X+II:0i thenthestatioqary

system (h,At,...,4;Q) is stable and

5 Affine systems

Considcr thc systcm

k.: R: I* 
eLrfidt.

rvhere Ar(t,d),0 <
functions. Denote

d'r(t) : Va(t,q(t)fu(t) a /o(r)ldr+ DlAoft' {(r))'"(t) + /;(t)]dtr'*(4 (5'1)
&:1

k 1 r are bounded on Ra and continuous matrix valued

u(t) : (/d(r), f;(t), ..., /,1(t))-.

I f  t 0  >  0 , ro  €  R 'and  f *e  L f , , * ( [ t 0 , f l 'R ) ,0  <  k  <  r fo ra l l ?  )  t o

by standard procedure of succesive aproximations and using properties of

siochastic integral, it is easy to obtain that there exists a unique solution

ru(t,ts,r6) of the system (5.1) with nu(to,to,ro) - ns and r.,(',f6,rs) €

L2o,*,([to,?], R"), T ] to.

Remark. If we denote

z,(t,ts.*o) : O-t(t, ts)n'(t,to, ro)
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O(f, f0) bcing thc fundamental (randorn) matrix solution defined by the linear

part of the system (5.1), then, using the Ito formula, u'e deduce that:

'  z.(t,ro,ro) : to* [' Q-'(*,td[/o(s) - tru(",r1(s))fl(s)]cl's
J lo  A : l

+ i / 'o-t(r, r6)/i(s)rlrrl(s)
EJt '  

\

for  a l l  t )  to .

Thus, rvc obtain thc following rcprcscntation formula of thc solution of systcm

(5 .1 ) :

ru(t,ts,ro) : Q(t,ts)l to+- O(t,t0)/,  *-t,-, to)[fo(") (5'2)

- i a*{r, t(s))/r(s}Jds + t o1t,to; l' ,-'(,, tu)/t(') d;w1,(s)
*:r Er

for all t ) to. This is the stochastic version. of- the well known v.ariation

constant formula in the deterministic framework. Unfortunately the above

formula cannohbe used to obtain some usefirl-estimates for solutions of-system

(5.1) as in the deterministic case. Such estimations are obtained in an indirect

way using some techniques based on Liapunov functions'

Theorem 5.L: Assume that the system (Ao, At, "', A,;Q) it stable' Then:

(i) There enists c ) l,a ) 0 such that

r r t

Elln,(trto,no)ltlrt(r.):i] 1c(e-o(t-t')bJ'+I EI l-"--('-a1661l'?dsltt(ro) : i])'  " '  '?_o 'Ja

fo r  a l l t2 to>  0 , ro  €  R ' ,  ie  D and a l l  f *e  L f , , * ( l fo 'oo) ,R) ,0  1k  1r '

(ii) There enists P > O such that

"l l : 
lr,(t,to"ro)12l,r(to) : , l  < 0(lrol '  .F*utf l/o(r)i2dsia(tu; : ;1;

for all to ) 0, zs € R, fk e Ltr,*Ufo, oo)' R"),0 < k S r,i €D'

(i i i) l irry-*Eln,(t,fo,ro)12:0 for allts ) 0,16 € R", fk e L?n,-$ts,m),R'),

0 ( f t ( r .

:
T

I

t ) /

< ( ?



proof: Since (A0,,4,,..r,/",Q) ir stable then by Proposition 4.6 the Lya-

punov type equation ( .tt) has a llllque boundcd on R* and unifolmly posi-

rive soluti"" r1t; : (R(t,l),...,K(t,d)). Therefore there exist ar ) 0,rt2 2

0 such that
C r 1 J (  k ( t ) < o r J ,  r > 0 .

Let r,(f) : ru(t,to,0),t 2 to. Applying the It6 type formula (3.3) to the

ftrrrr.:ti<.rn a(t,:r.,'i,): rrR(t,i)r 4nd kr the n-ytit{:m (5.1), taking into a.t:tr-tuilt

the equation ( .S) for K(t) we obtaiu:

Elu(t,n,(t), ry(t))lq(to) = il : ,t1,,+-1",(')lt + zcift)pr(s' ?(s))/s(s)

r T

+ f ,+i(s, r1(s))K(s, 'r("))/*(")l + t fi (s)K(s,'r("))/r(")) tlslrl(to) : i]1'
F: l  'k : l

\Ve denote

We may write
r

tl(tJ : E[{-l*,(t)1'z + zr;1ty[r(u,'i(r))fi(t) + E4(r, ?(ilfrIf; ?(t))/&(f)]

" 

o:t

*:1

a . e - t ) t n , i € D .

Since An. k are b<,runrled, there exist "y > 0,6 ) 0 such illat

tit$) < -n"!1t1+'v hni{r)sn(t) + s? (t}l I -f,'"?(r) + 6 s! (t)'

Sirrr,:e elln 1. k(t,r1$\ ! cu2l'n we ltave

ap?, 1t1 < h.;,(t) S arrrt(t) -

Hence h'r(t) S - *nn@ + 6s!(t)- Since hr(to): 0 we obtain

apf(t) < h,Jt) t o 
l:,e-'u-i d(qd", t > t'',i € D

+ I fi (r)fr-( t, q(t)); f r,(t)] I'r(ru) : il

ho$1 : E[u(t,r'(t)',t7(t))lt (to) : i] ', i eD

mt(t): Ellc"{t)Yh(to): il;€D

g;(t) : ^f I a'[tf*(t)l']ry(to) : i'I,i eD.
\ r:o

4 :./_,r
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with a : 1
2a,t On thc other hand

r,(f, f6,, ro) : xu(t,ts,0) + e(t, to)ro.

Combining (5.3) and (5.4), (i) is proved. (ii) follows bv (i) and Fubini
rem. \4/e prove norv (iii). Since

a f x '

E"tJ^ D l/*(t)l'dtlq(to): i] < m,

it follorvs that for every e > 0 there exists t5 ) ts such that

d r *

E, l, s?(t)dt < e'

For each t) t, rve have

I u^'-nfi61as : *a(t-t,) l'" e,ott,-ig?1s)ds+ l',"-"G-ont(s)ds

Ju

From this inequality and (5.3) we conclude

l*rilr"(t,ts,0)l2lq(to) 
: il :0.

Finally, using (5.4) we obtain

J*rfir"(t,ts,ts)l2lq(to) 
: iJ :0

and the proof is complet6-. .c

Remark. If we do not know that the system (Ao,At,...,A,iQ) is stable then
the estimation from Theorem 5.1 (i) is not uniform with respect to f,ts € R...
fn general we may prove that for any compact interval [t6,tr] there exists a
positive constant c depending upon h - to such that

Elln,(t,to,ro)12lrr(to) : i] S "(l*ul' *t*url),' l/ds)l?dsl,r(to) :,;l) (5.{

for al l  t  e [t6,tt f ,*o € R', ieD and al l  f* e L2r,-(Wo,f i ] ,R)'0 <k < r. To
this end we remark tliat since A1,(t,i,),0 < ft 1 r,,i € D arc bounded on Ra,

from (5.1) and (3.1) it follows easily that there exists an absolute constant

1> 7 such that for all f e [t6,t1],i € 2 we have

Ell'x,(t,,ts, 
"o)l'h(to) 

: i) <r{["ol' + El [ ' l iro(.s'16, c6)l'drl,i(to) : i]((r,,Jh

64)
theo-
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- to)  *1)  + i  El [ : "  l f * ( . , ) lz , t .s l4( to)  : t ] ( ( t , - t0)  +1)] -
k :0  "  ' u

By using the Gronwall Lemma we get

sup E[l:r.,  (t , ts,*s)l2rt(ro) : rJ S "(l*ol '  *Lnt/" l /uir) i ' l \( t0): i ]), ' i  e D
to<t<tr k=O 

r Lo

where c ) 0 depends onlY on h - to.

6 STOCHASTIC STABILTZABILITY AND
STOCHASTIC DETECTABILITY

Consider the linear controlled svstem described by

d,r(tl : [Au(t, a(t))r(r) + B(t,q(t)):u(r)]dt+ ; a*1r, rtrr))n(t)i'wt (t)
k--7

$.1)y(t) : C(t'r$))n(t)-

where ,4p : R.' -. M!,, 3 t R+ - M*,, , C: 111 't Mf;,nare continuous

and bounded functions.

Definition 6.1 we shall say that the triple IA,B;QI (where

A : (h,Ar,.',,\)) it stochasticatly stabilizable (or equiualentl'y the

system (6.1) is stochasticaily stabilizabl") ,f there enists a continu-

ous anil bouniled' functi'on F t R+ t M!''n such' that the system (Ao +

BF, A1, Az, -.., A,;Q is st'able'

The function F with the above pr.operty will be termed as a stabilizing feed-

back gain.

Definitio n 6.2 We shall sag that the triple (C, A;Q) it stochastieally de-

tectablei f thereer istsf l :R*--Md**cont, inuousandboundedfunct, i 'on
such tltat the system (-40 + HC, A1, .", A,iQ) it stable'

The function I/ with the above properties will be called- "stabilizing. injec-

tiont'.

Remark If the system (6.1) is in rrstationary case" then the stabilizing

feedback gain and the stabilizing injection are supposed to be of- the form

r :  ( r (1) ,  . . . ,  F(d)) ,  H :  (H(L),  . . . , I / (d)) .

Based on the result of Proposition 4.11 we get the following result which can

. be used to verify the stochastic stabilizability and stochastic detectability,
^ resPectivelY-
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Corollary 6.g If the system (6.1) is in the stationary case the follouti'ttg

are equtaual.ent:

(i) The triple (A,B;Q) it stochastically stabilizable'

,  ( i i )  For each H : (1/(1), H(2), .--,  H(d')) € S,1. H(i) > 0' i  e D t 'he svstetn

At(i)x;+Xr.,4o(i). + )i Aku)xtAiu)
&:1

d

*1,e1;,Xt+B(i)r[t)+f -(i)B-(i)+//(i):0 (9'2)
j--1

i 'e  D has a solut ion (X,f) ,X :  (Xr," ' ' '&)  € Sl ' f  :  ( l (1) ' " ' ' f (d))

€ ML.*,X(d) > o, i  €D.

I f io reouer ,F : ( r ' (1 ) , . . . , f ' (d ) )u ' i th 'F ( i ) : f ( i )X i f i€D ' isas t 'ab i l i z ing

fced,back -gain.
(iii) For en'ch H: (I/(1), H(2), "',IJ(d)) e El,I/ > 0 the svstem ot

lincar incqual'ities

Ao ft )&+ x.,4i (d) + i,q. Uix tA.kQ)
k=1

d

+faloxi+B(r)r(i)+r-(i)B-(i)+11(i) <0 (6'3)
j : t

i e D, has a solution (X,I), X e Sf;,X > 0,I e M!',n' Itiloreouer

if (X,\ is a solution of the system (6'3) with X > 0' then F :

ir(t), bP),'.-,F(d)) with F(i): r(r)Xr-t, i €D' is a stabi'I izins feed-

back gain-

corollary 6.4 If the syst.em (6.1) is in the stationary ease, then the

follouitt'g are equiualen't:

(i) (C,A;Q) is stocha'sticallg detectable'

ftl for eaeh H: (f/(1), H(2), "',H(d)) € Si, H > 0 the svstem of linear

equations:

4 (E)X +XAo (r) + f a;111 &a*(i) + i - qa x 1 *r p i+ cr;r; +/J (i) : 0 (6'a)
&:i i: l

i  eD has a a solut ion X: (Xt X*--Xi  € Si ,X > 0 ' l :  ( l r  fz" ' la)  e

i*.. I\i[oreouer i/ (X, f) is a solution of the systern (6'il with
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X > 0,  then I{  :  (K(1),  I { (2) , . . . , I ( (d))  u i t ,h K( i )  :  XirFr is a sta-

bi.l izittg h{ection (here Ci: C(i)).

(iii) For each H € si, H > a the systern of linear inequalities

,4r(i)x *x!o(c)+i AL(i) xiAk(cFi qiix i+t icrlCi...|i+r/(i) < 0, (6'5)
&=1 j - l

i ,  e D has asolution (X'f),X eSl,X > 0,T e M,!,,0' Moreou.eT' t ' f

(X,l), X > (J is a solution of the svstem (6.5) then K: (K(1)' K(2)' "''

K(d.)i E M!"o with K(i): Xirli, i €D, is a stabilizing iniection.

Now we prove the following theorem, which extends a wellknown result from

the deterministic framework:

Theorem 6.5 SuTtPose:

(i) (C,A;Q) is stochastically detectable'

ftl fhe differerztial equation

't - 
(0'6)

#*tr>+ I;(+K(f) + c(e) : o

haa a bor*ule.d s<tlu,ti,on'k: R; -+ S!,,kg):(kLttr): k(t,A)'F(t'0 >
0,t >'0;i e D whre e $l: (d{t, r), -.-,e (t,q\,eft,t)': Cr(t,i)C(t'i)'

Then the solution of the system (4.1) '[,s mean squ&re enponentially

stable (or equ'iaalently the system ((h,At,"',4);q it stable'

Proof: Cono^ider u : R1. x-R* x D -+ R,,1{,itt,*,i) :'*rK(t, i)n' Let :r(t) :

*(t,ts,os) be a solution of the system (3'1)'

Applying the identity (3.3) to the function o and to the system (a'1) and

taking into account the equation (6.6) we get for all t 2 to and i e D

Elu(t,s,(t),,i(t))ln(to ) : t)-rii{ (to, i)zo - -41:lc(s, r7(s)) n(s)l2d'slq(to) : zl'

Hence

i l [* lC(t,rt$))r(t)l2dtl4$s) : i] < r[K(ts' i]*o <r[sol' (6'7)
'Jto

f o ) 0 , r a 6 € t t - , i € D -

\.trre may write:

dr(t) : {Fo(t, q(t)) + H(t,q(t))c(t,q(t))lr(t) + fo(t)}dt

+ t A&(r, q(tfir(t)dw{t)
&:1
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rvhere "fo(t) 
: - H (t, l1(t))C (t,4(t))o(t).

Sirrce the system (& + HC, Ar...A,;Q) is stable and fs e L\,,,( lto,m) x R")
(see (6.7)) we may use the Theorem 5.1 (ii) to obtain;

ql: lo(t, t6)rslzatlr7fto) : tl

for all to ) 0,0s € R", i e D.

Using Proposition 4.6 we conclude that the system (h,At,...4;Q)
and the proof is complete.

STOCHASTIC VERSION FOR BOUNDED
IIEAI, LEMMA

7.L Input-output operators

Let us consider 

t
dr(t\ : lAo(t,,',(4)"(t) + Btt,r(q)'u(t)ldr + Ic*(t, r7$)\r(fid;w1,(t)

&:r
y(t) : c(t,q(t)r(t). + D(t,-r1(t))u(t)

< 5fl*ol' * ql: If0lr)l2dtlrt(to) : i] S tslrol'

is stable
2

0.1)

f ) 0, with the input Lr € R"', the output y € H and, the states o € R".
The coeff ic ients.Ap: R,+ ' -  M*, f t :0,1, . . . , r ,8:  IL1 -  Ml,* ,C: R* -+

Mi,*,D : R.. - Mi,,* are bounded and continuous firnctions. For each

u i tl,-{lta,4,R-},0 ( to ( T we denote r(t,ts,u),t € [t0,4 the solution
of the'system (7.1) rvhich verifies the initial condition n(ts,ts,u) :0.

The stochastic process n(t,ts,u),t € [to,T] depends linearly upon

u e L?,,-{lto,Tf,R}. Iuoreover, using (5.5) we obtain that there exists c ) 0
(depending upon 7 - td such that

la(t)l'dtlq(ro) : rl.

It follows that the system (7.1) defines a bounded linear operator from the

space of stochastic processes u € L'r,.(lto,?], R*) to the space of stochastic

processes U e Ltr,*([ts, ?], Rf) by

(T,,,1u) (t) : C (t, T $D x (t, to,, u) * D (t, n(t)) u(t)'

*"r!^lr(r,16, 
u)l2dtlrt(ts) : dl ='i 

"l!:
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Thc lincar operator T1n,1 will be termed t'the input-output operatorrr defined

by the system (7.1) on the interval lto,Ti and the system (7.1) will be called
rra state space realizationtr of the operator T,nl.

If the zero solution of the system (7'1) with u(t) : 0 is mean sguare exponen-

tially stable we can deduce (by using the theorem 5.1) that the system (7'1)

defines a bounded linear operator Ta: Lf;,*([to,*),R*) * L2r,*(lto,*),Ro)

by
(T6u)(t) : c(t,r1$fir(t,t6, u) * D(t,q(t))u(t)

for all t € [t0, m), u e Ll*(lto,oo), Il-).

Remark It is obvious that the space Ll,.(Ito,4;R-) may be identify as the

subspace af Lf,,*([to, m), R-) consisting in the processes u e L?r,.(lto' m), R-)

with the property u(t) : 0 if t > T. under thjs convention we may

write: L1,.,(Vo,?1, IL*) c L2r,.(lto, m), It-) for all T ) to' It is easy to

verify that if the system (Ao,Ar,..-,A,iQ) it stable, then we have T6g:

trrnrTro 1"1.{[.,11,R-; vrhere flro,r: L?r,*(lto,,oo),Ro) -- L?*(lh,fJ,Ro) is the

canonical projection.

B. Concerning thc product of two input-output opcretors it is casy to F**,,

proposition 7.1. Let Tr^,, : Lzr,*(lto,fl, R,-) - Ll,*(lh, TJ, Rn) and Tlos :

L?,-(lta,fl, ILo) -. L?r,.(lto, ?'J, R-) be the input output opetator haai'ng

the state sW@' tw,Iizati,or*

,r*i (t) : I4|.,rilt))C(t) + Bi(t,q(r)),rt(t)l at +t,*(f, ?(t))st( tldq(t)
*:1

f  (t) :  cj(t,rt$)c(t)+ a(t,q(t)\ui(t), i :r,2

then a state space renli,zation af the linenr operator TrtrfTl,t is gi'uen

by

(ti(t) : L^$,Tt|i))fr(t)+B(t,r{t))#(f)1rtt+i A1,$,r1$\fr(t)c1'w{t},t e {to,Tl
,t:1

y{t) : e 1t, rt1t11a{il + D (t, q(t))uz {t)

uhetz

A^ft . i l :  (Aq,, ;)  nt( t , t ' )C(t , i )  \  /  a l( t , ; )  ."9 . .  )v \ "  
\  u  4 $ , i ' ) ' ) ;  

A k ( t ' i ) : l  " b "  n ! 1 t ' l ) '

,k : 1, 2,...,r, e1t,,11 : ( at$:!)'D'.(''i) ) --  
\  Bz( t , i )  ) ' '

ep,;'1: (cl(r, i) D)$,i lCz(t,i)), n1t,t1 : D](t, i lD2$,i),fr: ( ;; )
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Concerning the invertibility of a input-output operator we can prove:

Propositian 7.2 Assume that for the system (7.1) th,e num,ber o! the

inputs equal the number of the outputs and,inf46po,t, l ldetD(t,i) l > O' i eD,

then the corcespond,ing inltut-output operator Ttot' : Lf,,.(lto,t1],R,*) -+

L1,.(lto,trl, R-) is inuertible uith bounded' inuerse'

A state space realization of the operator T;olr, ts giuen by:

d,n{t) : t[,4o(f, q(t)) - B(t,\(t))D-l 1t,q1t11C(t, r7(t))]r(t)

+ B (t,,t $)j D *' (t, rt (t)) y (t)\ dt + 
E 

o r (t, rt (t)) t (t) dwr ( 4 ( 7' z )

u(t) : -D-t(t,\(t))c(t,,q(*))r(t) + D-l(t, 't\v(t)'

It/[ oreou er if inf;'-a ldet D (t,i) | > O and the sy stem (Ao- n n-r C, At, ..., 4; Q)
is stable then the input outTtut operat'or T6 : Ll,-([to,.o),R*)

Lf,*(lto,oo),R-) is inaerti\le with bounded, inuerse and' a st'ate space

realization of the operator T;t ," giuen by (7.2).

C. It is clear that if 0 < tr 1tz and if u e Lf,,.(lte, oo);R*), then

d(r): { ",tJ i,'!;':), (7.3)

belongs to Lzr,r(Vr, oo); R*).

Thus, (7.3) defines a cannooical injection ib,t, z L?r,.(ltz,oo),R-)

Lf,,*([tt,oo),R-). We remark tbat if Lf,*(fu,*): Y): 
k : l',2 is endowed

*iih tU" norm generated by the inner product (2.3) then the injection i41,

is not an isometry, as it happens when on L?,,-(V*,F)'R-),/c:1,2 the

standard L2-norm is considered. However, we point out that for the devel-

opments in the next sections it is essentialy to consider the norm generated

by the inner product (2.3) (see [28]).

under these remarks it follows that to - llTrrll is not a decreasing function

as in deterministic framework or in the case when the system is subjected

only to the wbite noise perturbations. At the end of this subsection we prove:

Proposition 7.3 Assume that the zero solution of the system (l.t) for
u : 0 is erponenti,ally stable in mean square and llT6ll < 1. Then there

erists 6o ) 0 such that:

h'-,?it*- D'(t, i)D(t,r) Z o

for all (t, i) € R,+ x D.
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Proof. Our proof is based on sorne ideas of Hinrichsen and Fritcbard in [16]-
We choose €s soch that llTolKt' - ui)tlt and denote i : 0' - u')tl'.

We show that 721^* D'(t,i)D(t,i) > 0 for all (t,i) e It+ x D. lL this is not

true, then there exist to ) 0, is €D,Ito € R*, ltnl : I such that

uih2l^ - D*(to, io)D(to, io)q = -2a <0

f o r s o m e a ) 0 .

since D(iiil is a continuous function then there exist fr ) 0, such that

,riw'I^- D*(t,ia)D(t,;o)J"o ( -c

for all t e [t6, to * 6oJ,6 e [0, 66] and define the stochastic process 3(t) definea

by

r4{t) :{ *,*,:l ii I E [l;,?]ili' 
.4 m)

Obviously ua e L1,-((0,*);IL*)' I'et n6(t) be the solutioa of the system

9?.1) coreE)ondiag to the iaput u5(0) : g.

l.rlt T ) to * 60 be fixed and K(t, : (K(t,1),/((t,2),"',K$,q) be the

solution of the equation (6.6) which verifies Kff,i) : O,i e D. Applying

the l t6 typeformula(3 .3) to the func t ionv( t ,x , i ) :n rK( t , i ) randto the
system (?.1) and taking into account the equatioa (6.6) we obtain easily:

rT
EU"- {lsr(t)l' - r2l"o(t)l'}dth(0) * il :

tT
EU- {zni(t)N(r, a(t))u6(t} - ujA(t' dt))u6(t)}dtll(0) : d

i e D where

y{t) : C(t,rt?Dnp6(f) + D(t' ?(t))u6(t)

"M(t, ;1 : K(t,i lB(t,i) + cr(t,i)D(t' i)

a(t, i) : 1"1* - D',(t,i)D(t,i).

F\rrthcr wc may writc

rT
EI 

I' {zr} (t),M( t, 4(t)}u6(t} * rJ (t)a(t, q(t))u6(t) }ala(o) - iJ :

fio*.6
,tll- t ri(t)"l/(t, q(r))ra - 4A(r,'r(t))"0)xn6p;.tltlq(0) : dl :

fio*6 d

El[.^-" l{zn6$)N(t,r)rro 
- u[A(t, j)t o]xnr'>rxngty:;od'tlr1(01 : 4 :

J.o j : l
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t tot6
uIt^'-" {rri!)N(t,io)'uo - u$A,(t,*)t n}xrt,l:6rltlr1(0) - d] :

etol-6 Fo+6
,rtt'' nt(t)N(t,is)'uax,t1t1:;,dtlr1(0) : il - J^ 4A(t, i4)u4p;o$)dt'

Hence

utlo'{loo(t)l' -i'loo(t)l'}dtlr1(o) : dl >
rto*d ^ tt4+6

" J""' p;,;o$)rtt - zUll Jr" *L*$)N(t,'a)uoxnt'):*dtla(0) : il'

on the other hand using (5.5) we deduce that there exist c1 ) 0 not depending

upon 6 such that

^s.Yt- E[lr6(r)1214(o) : il S Arflllor 1oo1t7fatlr,(0] : il < c16'
o<t<T

Thus we conclude that there exists cz ) 0 not depending upon 6such that

irtlr'fly,(t)f 
- i'foo(t)l'latl,t$): il >

' - L

d rtat6
oE [.--" Pi,i,(t) 

- o16{6' 'i]ii- ::'

i=i Jb

sincepr.*(t))0forallt20andt--+p;o,;o(t)isacontinuousfirnction(see[6])
we deduce that there exists 6 e (0,66) su& that '''jr:'r '

pi",io(r) > |**t*) 
> 0, (v)t e [to,h +01.

Hence
d 1

Ip,.,,"(t) 2 p;.,t(t) > ir,.*(to) > 0' (v)t € [to'to + 0l'
i:1

Thus we get that for 6 > 0 small enough we have

D rt lr' fls6(t)12 - t'lu^*(t) 12)dtl'](0) : ll

2 6L|p^,a(t ) - cz{61> o.

On the other hand, we write

0

: 
*utlr* ly6rq)l'&h(0) : il- 1'* t,l- lu6(t)l2d'tltt(01 : 4
i:1 ')

d t T

i :1  ru
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which i,s a contradiction and thus the proof is complete.

Remark, Thc rcsult provcd in thc Proposition 7.3 allows to provc thc

stochastic version of the Bounded Real Lemma of the system (7.1)' However

for the sake of simpliciby in the next subsection we'll consider only the case

when D(t , i ) :  0,  ( f ,  i )  e R1 x 2.

7.2 stochastic version of Bounded Real Lemma

A. In t[is subsection we establish a necessary and sufficient condition assu&r'
ing that the norm of input-output operator defined by the slnstem

ttr(t) : lAo(t,r1$\r(t) + B(t,r{t\)u(t)!dt+ f e*1t, r1$))r(t)dutz$)
l:t

t/(r) : C(t,q(t))r(t) $'4)

is less then a prefixed level 'Y.

wb extend the result of [2s] and [29] to the case when the mntrolled system

is subjcctcd both to rtwhitc noisc'r pcrturbations and Markonian jumping.

We associate the following system of Riccati type differential equations

parametrized by f.

I r

#*,tq + ,4(*, i)xr(r) + x'({/o(t, i) + 
Eo;(r,i)xt(4-4(t' 

i) +

d

f arix/t) + 1-2xr(t)Btt,i)B-(t,i)xr(t) + C'(t,i ')C(td) : 0,i €D' (7'5)
i:r

When D : {L} (7.5) was considered in [?, 29] for time-varying case and in

[16 ] fo r t ime- invar ian tcase 'For '$ ( t , i ) :O ' f t :1 '2 ' " ' ' r sys tem(7 '5 )was
intensively investigated in [28]'

A Cl_funcrion X : Il* -+ .Sg,X(t) : (xl(t), Xr(t),...,Xd(t)) is called

stabilizing solution of the system (?.5) if it verifies (7.5) and additionally, the

zero solution of the linear sYstem

d*{t) : (Ao(t,,?(r)) + B(t,q(t))F(t, rr(t)))x (tJdr +I r*(r, q(t)}x(t)dwt (t)
&:l

is exponentially stable in mean-square, where

F(t,i) : yzB'(t, i)Xitt). (7'6)
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Lut r > 0.0 <tu < i1,r1r € R',,i €2 be fixed. consider the cost functions

Yr(to, t l ,co '  i , ' ) :  L?r,r , ( [ t6, t1] ,R' ' )  - - r  R

[(to, oo, rDsr i,.) : L?r,.{[to, *), R-) *+ R,

defined by:

V-,(to, t r,, l"0, i, u) : El l " (l4.(t, ts, *o) [' - 12 1u1t1f 1 atl q (to ) : i]
Jto

V.,(tr,@,os, i,u) : ulll Uo"ft,h,q)1z - ttlu(t)l\dth(t0): il

where
yu(t, to,ro) : C (t, q(t))n,(t, ts, ns)

being the solution of the system (7.a) determined by the input u.

Dircctly, by Thcorcm 3.1 wc obtain:

Proposition-7.4

If X : [to,tr] --t Sj is a solution of the system (7'5),

X(t) : (Xt (t),'.-., Xr(4)

then we haue

Vr(to, t 1,, x o', i, u) : riX; (to ) ro - Elri]g, ) Xrg,1ft 1) x" (t1 ) | a(tg) : d]

,'41: [u(t) - F(t,r7$)ln"(t]l2drh?(t0) : dl

for alt i e D,rs € R,2, u e L!r,-(lts,f1],R"),r '(t) : tu(t,ts,rs) and' X(t' i):

Jf,(t),"F'(t,i) defineil as in' (7.6)'

with the same techniques as in the Proof of Proposition 3 in [28] we obtain:

Proposition ?.5

a) Assurne that
supretarr]l lT"l l < f.

Then there esists a positiae corwtant p depending uponts,t1,t1-ts such

that
Yr(to,tt, no, i, u) S pltol2

for aII u e L],-(lto, trJ, R-),to € Il2.
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b) If th.e systern (Aa,A1,...,A,;Q) is stable and

sup l lT"l l  < 1

'.. 
then there ecists p> 0 not depending uponts,

. V.r(fo, *, rs')iru) < Pl*olz
' 

for all u e L2r,*([to,m), R*), rs € Rtr, t6 ) 0, i e D.

B. Tbe next result is a stochastic version of the Bounded Real Lemma for

o linear system described by stochastic difierential equation with Markovian
jumping on a compact interval [to,tt]'

Theorem 7.8 Thc following arc cquiualcnt:

(i)
Bup llT,ll < r

u.€lf{'tl,l

(ii) the solution Xr,(t) : (X(',1),..., X(',d)) of the ssstem (7.5) u:hich

oerifi,es the ennditon x1r(t1,i) : 0, i eD is ilefi'nel on the whole inter"ual

[to, ttl'

Proof: Follows directty applying Proposition 7.4 and Proposition 7.5 (a).

Remark:

The statement of (i) of Theorem ?.6 difiers by the corresponding result in

deterministic framework siace r --+ llT,ll is aot a decreasing firnction.

C. In the same way as io [28] we cen prove

Proposition ?.7

Assutne that:

(i,) The systern (,{6,.4r,...,A,iQ) i't st'able

(ii.)
sup llT"ll < 'y

Let Xl(t): (Xr(f,1) Xr(t,2)...X7(t,a) b" the sotution of system (7.5)

which aerifies the conditi.on Xv(T,i) : 0, i eD.

Then we haue:

^ a) The sotution x7(.) is defi.ned on the whole interual [0,r].

b) There edsts p > 0 independent of T,t such that 0 < xr(t,i) s pI",

:  f o r a l l A < t < T , i e D .
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c) For each ts € [0, ?] we haae:

man{V.,{to,T,no,i,u)lu e L},-(lto,f], R-)} : r[Xa(t6, i)cs
: V"(to,T,fio,irur)

where
ur(t) : Fr(t,, q(t))*7(t),,

*rO h the solution of the problem

d,r(tlffu(t,r1$)l+B(t,r7|))Fr(t,r7ft))lx(t1a+;a*tt, r1(t))r(t) dwl(t) (7,7)
&=1

t2 ta , r r ( to ) -ns .

Fy{t,i) : 1-z B* (t, i}Xy{t,i).

0 { X y , ( t , i ) < X y , ( t , i )

(7.8)

f o r a l l O < t S n < 7 2 , i € D .
Tlre main rcsult of this subsection is:

Theorem. T,E The follouing are cquiaalcnt:

(i.) The sgstern (h,At,...,$iq i" stable and

sup llT,ll < 'y.
r)0

d)

(7.e)

(ii) The system (7.5) has a uniqueboanded onRa anil stabili,zing solu-
tion X(t) > 0. Mctreaae.t' if A*(.j,it : 0,1,...r,.B(.), C(.) arv |-pe.riodic

functions thcn the stabiliz{.ng solution af system (7.5) is also a 0-
perindi.c function.

Proof: (i) =+ (ii). Fbom the Proposition 7.7 it follows that the function
*1t1 :1x1r, t1, x1t,21,...,X(t,d)) is well defined lry

.f,1t,t;:.,!im Xr(f,il
1 + 6

(7.10)

t > 0 , i e D .

By standard argtrment we get that the firnction *1t; aue"ed by (7.10) is
a solution of the system (?.5). Applyiog again the Proposition 7.7 (c), we
rlerlut:e that 0 S * 1t1 < pJ.

Thc fact that ,f (t) is tbc uqiquc boundcd stabilizing solution of thc systcm
(7.5) may be obtained in the sarne way as in the case when the system is
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only subjected to h{arkovian jumping (see proof of Theorem 1 in {28]) and
wc ommitcd it for shortncss.

Assrrme now that ,4"t(.),.B(.),C(.) are d-periodic firnctions. Irct, *rp) :
(*t '$,1),..., *r$ d)) defined uy &'(t, i) : xr*a(t + 0,i), (xr'(T,i) :0, i e
D).

By uniqueness arguments of the solution of the system (7.f) we deduce that
*r$, i \ :  xr( t , i )  for  a l l  t  e [0,4,  i  eD.

Hence we harre

f,1t; : ;IL&(4 :i*xr,*(r * q : X(t* 0),t € R,, i eD.

This shows that if the coefftcients of the system (7.5) are d-periodic functions
and if (i) in the statement holds, then the unique stabilizing solution of (7.5)
is d-periodic function.

(ii)===+(i). To obtain that the system (Aa,At,..,,AiQ) is stable we use The-
orem 6.5. To this end we remark that the system (7.5) can be written into a
compact form:

.l

#*trl + Lr (t)x(t) + dqrl : o

0 qty : 10 qt, ty, .--, 0 $,,t))

d1t,i1 : A'(t,i)c(t, i)

oft,t\ : ( r'a'Y,','lf(t't) ),, ) o, d e ?.
\  U \ t , t )  I '

We have to check that the triple (0,A,Q) is stochastically detectable, where
A: (A0,Ar,... , ,4). To this end we take fr$): (tt(t,  l) ,H(t,2),., . , ,n1t,a11
with A(* ,  i ) :  (7-1B(t , i )  0) , f  > A, i  eD.

\Ve have
( ,ar  +  HC,Ar , . . .A, ;QI :  ( ,4o + FF, ,A1, . . . ,A, ;Q)

which is stable.

Applying Theorem 6.4 to the equation (7.11) we deduce that the system
(Ao, At,.-4;Q) is stable.

The inequality (7.9) is obtained in the same way as in the case wheu the
system is subjected only to Markovian junping (see proof of Theorem 2 in

[2S]). Thus the proof is complete.

(7.11)

where

with

where
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Corollary 7.9 The followi'rzg are equiualent:

(i) The system (Aa, At,,...A,)Q) it stable and sup,'s l lT' l l  < "y'

: (ii) There enists a boundei, Cr-function X: R-* -+ Sf; uniform' positiue

r t ulfich is bound,ed wi,th, botmded deriuatiae and' uerifies the system of

, tnatrin differen'tial inequalities.

" d .v/r . : \  r  At l t  . . \  r1lf ,  ; \  |  ral+ ,; \  A-l* ; \  .  
'

dt^it, i) +.4(f, i)x(t, i) + x(r, i)h(t, i) + t Ai(t, i)x(t, i)Ak(t, i)
t=1

d

+ | e;1 x (t, il + "r*2 x (t, i) B (t, i) Br (t, i) x {t, i) + C. (t, i) C (t, i) < 0 (7't2)
j :1

uniformly with respect to t )-A,i e D.

Moreouer if the cofficients of the system a.re |-periodic functions and if

(i,) trcItLs tlrc.rt, thrcre e:r'ist-s a uruifctnn positi.ue. C1-tunc:t'iort X : R* --+ ,S,f ,
which is 0-pcriodi,c and sotocs (7.12).

Proof: (i) + (it) It follows applying Theorem 7.8 to the augmented system

dcscribcd by

ctu(t) : l,1j(t,a(r))c(r) + B(f, q(tjlu(t)ld,t+ f eo(t, rilt))*(t)dwt (t)
,t:i

where 6 > 0 is sufrcientlY small.

To prove (ii) + (i), firstly we ob,serve that from (7.12) and Theorem 4.6

it follos,s that (,46, A1.,...,A,;Q) is stable. Further by using again (7.12)

and reasoning as in the proof of Theorem 2 in [28] one concludes that

supr>g llllll < m and thus the proof is complete.

D. For each t6 ) 0 we denote r(t0) : {,y > 0l the system (7.5) bas a bounded

and stabiliziag solution X : [t6, m) -- Si]'

"i(to) : sup liT'll.

The next result can be proved in the seme way as in the case of the system

containing only l\ttarkovian jumping (see [28])'

. b) If the cnfficients of the system (?.il are T-periodic functions, then

l(to+0): I(to) for al l  to ) 0 andts * i(fo) is constant.

so(r): (t" 'n'  ) 'n,
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c.) A the system (7,4) is in ttthe stationary case tt then,

l lT, l l  :  l lTol l
^  

fo r  a l t r29 .
.:

The nest result is the stochasti,c uersion of the bounded real Lemma for
Lhe system (7.D in th'e stati'onarg case.

Corollary T,LL Assume that system (1.il is in 'tthe stationary cose't.

Thcn the followi,ng arv cquiaalcrrt:

(t) the systern (h,At,..,A,iQ) ,tt stable arzd llToll < r.

$l fhe system of algebraic Ricoati type equations

hti)x;+ x,&(,r) + f a;111 xiAk4) *f u,t, + yzx,B(t)B-(i)xr
r.:t i:r

+C'(d)C( i )  :0 ,  i  eD

has a unique stabili'zi'n4 solutian X : (Xt rtr...Xi € '*, *r) 0,i e D'

(iii) The systern of matrin inequality

( l:ff1 x,29 ) . o, i eD
\ B-(i)xt -tI* )

has a positiue solution * : (*r, tr,...,Jfd) € E!, where

L;(X): Ao(i)& + X,,40(i) + Dtr.Al(i)&Ce(i) + Df:r q;iXi * Cr(6)C(i)'

8 R,OBUST STA'BILTZATION OF

STOCHASTIC SYSTEMS WITH
MARKOVIAN JUMPING

In this section we shall study the problem of stabilizatiou by state feedback

of a linear stochastic system with Markovion jumping with parametric struc-

tured uncertainties.

8.1 The stochastic version of The small Gain
: Theorem

. using the notation of the previous subsection, we prove:
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'I'heorem 8.1 Assume that the zero solution of the system (7.D 6or
u : A) is er.ponentially sta.ble in mean squere, the number of irt'puts

,. 
cquals thc numbcr ol outPuts' and'

sTrllr' l l < 1. (8.1)

:. 
Und,er these conditions the zero salution of the systern

d*(t) : Aol-,tt{t))'*(t)dt+fdr6,1(t))*(t)rlure(t) (8.2)
,t=1

i.s erporzentinlly stable in mean square with

Ao$,,t\: 4(r, i) + a(t, i,)C(t,,i).

Proof: Using Corollary ?.9 (i) ==+ (ri) for 1 1 l, we deduce that there exists

a C1 uniform positive function * : R+ --+ S!, X 1t! : (Xt (t), " ', &(t) ), X'(4 >

0 bounded with is derivatirrcs bounded, which verifu the linear difier-eatial

matrix inequalities. (7.12)

By direct calculus we get

t -

#X'CI + 4 (t, i) * t$) + & (t)&(t' i) + I a;(r' il Xt(tj Ak(t, i)
&:1

d

r)iai*i(t) + [F(t, i) * C(t,i)J-[F(t, i) * c(t'd)] < 0'i eD,t > 0
i:1

where we clenote Au$,,d) at before, arrd F(f, i) = B*(1, i)&(f)'

Hence
d

!.*,$)*t i,(r, d)-ft(r)+ rt{t)Aa(t,i)+i 4(r, i)&( t)Ak(t,t)+i qijLjg) < 0
d { _ r l - ,  

r - - 0 \ _ , v t - _ r \ _ , , -  
* : l  

E \ , ,  
i = t

uniformly with resPect to t ) 0,i eD.

Applying Proposition 4.6 (u) ===+ (d) we deduce that the zero solution of the

system (S.2) is exponentially stable in mean square and the proof is complete.

Remark. Combining Thcorcm 8.1 and PropositiotT.2 wc obtain that thc

operator / - T,o is invertible with bounded invcrse Vtg > 0 and a state space

realization of its inverse is:

&n(t) : &r(t,r7(t)):r(t) + B(t,r1(t))y(t)ldt
'"

^ : +f {(t, q(t)}n(t)tuk(t)
,L:1

u(t) : C(t,q(t))n(t) + s(l).
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Lct us considcr thc controllcd systcms dcscribcd by:

dn(t) : LAo(t,?l(t))r(t) + B(t,?(t))'&(t)ldt + f ao1t, rt(t))r(t)dwdt)
t:1

y(t) : C(t,q(t))r(t) (8'3)

drx'(t) : [ '43i",a(*))r"(*) + B'(t,l(t)),r"(41 dt +|A[(t,1(*))r"(t)rtur3(t)
rt:1

y"(t) : C'(t,q(t))r '(t)-t- D"(t,q(t))u"(t) (8'4)

c € R", r" € f['k (are the states), u € R,*, u" € RI (are the inputs), 3t €
p,lp,y" € f1"' (the ogtputs) and matrix coefficients. When coupling the system

(8.3) with the system (8.a) by taking u(t) : 3t" and u" : y(t) we obtain the

following closed-looP sYstem:

,tna(t) : Aa,"1(t,rilt))na(tldt+ i A*,"t(t,r{t))x'6(t}ttut1,(t) (8'5)
t=l

where

Asd(t,o) : ( hft , i') *u?r|,,,,i\ff (t;ii)c (t 
") 

B(1'J3;!t' i) 
)

I n*1t,;) o \A*,a(t,t): 
I o A"kg,i) ).

The following result is a stocbastic version of the Small Gain Theorem [10].

Theorem 8.2 Assutne that

a) the zero solution o! the systern (8,3) and the systern (8.1) for u :

0,u" :0 respectiuely are enponentially stable in mu,n square,

b) If {T"}"20, {T7] are lamilies of irryut-output operators associated to

systems (8.:]), (8.il res'pectiuely, rt:e assume

sup llT'll < 'y,
r)0

TB llqll < ?-1

for somc "y > 0.

und,er thcsc assumptions thc zero solution of thc closd'-Ioop sgstem

(5.5) is etponentially stable in meanz squ&re'

t
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Prooft Let u^s consicler the controlled system rvith the input d and the output

v:

' d f t ; ( t ) : [ A o ( t , r i l q ) a & ) + - a 1 t , r f t t ) ) f i ' ( t ] l t t ' t + I , 4 * ( t , r { t ) ) i ( t ) < 1 w 1 , { t )
k: l  

(g.6)

Ao(t,,) : ( Ao(t, i) 
"nl)1r,,"#'', ) ,n1t,;1 : ('(';Y;,;!t','' ) ,

/ - \
e p,q: (c(r,d) o),0 :  t  :  l  .A*(t, i j :  Ar,a(t, i )-

\ "  /

It is easy to see by using Theorem 5.1 that the zero solution of the system

(g.6) for &:0 is exponentially stable in mean square. On the other hand if

Y,, Lf,,,{ lz, oo), R/} - I '}*{[",oo), Rr]

is the input-output operator associated to system (8-6) then

f,, : T"T:'

Hence, from b) we have snPx>s[lf'[l < 1'

The conclusion follows applying Theorem 8.1 to system (8.6) and the proof

is comPlete-

If in (8.4) c"(t, i):0 for all t ) 0,i € D,then the operator Ti becomes

(:liu)(t) : Di(t,r?(t))"(t). In this case the corresponding closed-loop system

be.r-.omes

d., (t) : Fo (t,,? (t) ) + B (t, rt ftD D" (t, rt(t)) C (t' n(t))1n $) dt
/

+ I,{e(t, q(t)):r(t)dw1(t)' (8'7)
&:l

Corollary 8.3

{t) Assume that the syst'em (h,At,...,A,iQ) iu stable and s]up,.o l lT'l | <

n

(ii)

surrr lox lD"(r , t ) l  < 'y- t .  (8 '8)
'io ieo

. Then the zero solution of the system (8-7) is erpon'entially stable in

rnean squ&re,

4 r



L,et
ing:

Proof: It is easv to verifY that

l lT;ll s :H 
maxlD'(r' t)l s ?!8T.3.lD'(t't)l 

< r-' '

The conclusion will follow from Theorem 8'2'

R.ernark: Since D" : Ra - M'**, the inequality (8.8) may be written as:

strp">u lD'(")l 1'y-t,l 'l being the norm in Ml,*'

8.2 Estimates For Stability R"adius

us consider the follo$,ing stocbastic linear system with Markovian jump-

d.r(t) : lA0(t,'7(4) + B(t, a(t))A (t,,q(t))c(t'q(t))ln(t)dt

+ I Ae(t, r1(t))r(t)du3(t) {8's)
l=1

where  Ar  :  R+ -  MlJ t :0 ,  1 , " ' r r ,B :  R+ t  M! ' , ^ ' 'C- t \  :  
M!*

are continuous and uo;aea fuoctions which &re supposed to be known,

; , 11;; J;1!-*arc continuous firnctions whicb arc unknown and modcllcd

the uncertainties in the sYstem'

The systen (8.9) will be called "the pedurbed systemrr of the following nom-

inal system:

dr(t) : Aa(t, r1$) n(t)d't + t A*(t,t(t) )c (t)dut (t)
&:1

and tbe pair (B(t, i),c(t,i)) describe the structure of the uncertainties' Let

us denote A** the set of the firnctioas A : R+ -- Ml* which are countinu-

ous and ,onrru lA(t)l ( oo, | ' I being the uorm on M{*'

On A-o we define the norm llAll : supr.6lA(t)t'

If the trivial solution of the nominal system (8.10) is exponentiaily stable

in mean square, it is natural to ask if the trivial solution of the perturbed

system(g.9)issti l lexponentialtystableinmeansquare.Thuswecandefi.ne
the stability radius for the perturbed system (8.9) p(A, B,C;Q\ : iof{p >

0l3a € A-* with llAll : p 
-such 

that the zero solutioa of the svstem (8'9) is

not exponuotiuly stable in mean square')

Based on the small gain theorem we shall obtain a lower bound of the stability

ra.dius p(A,B,C;q\. la W\ 28] respectively, were provide estimations of

(8.10)

Q r



stability radius for ttre case when the nominal system is subject to the white
noisc typc pcrturbations and }{arkov pcrtrrrbation rcspcctivcly.

- To the perturbed system (S.9) we associate the following fictitions controlled

system:

,- dn(t) : IAoU,n$))r(t) * B(t,q(t))u(t)ldr +
. f

+8,4r(f, q(t))r(t)dw{t) (8.11)
l:1

tt!) : C(t,q(t))x(t)

and denote {f,}">n the family of the input-output operators corresponding
to the system (8.11).

Theorem 8,4 Assume that thc zcro solution of thc rnrninal systern

(8.10) is er:ponentialty stable in mean square. Then the stability radi,us

of the perturbed systern (8.9) satisfies

p(A,B,C;Q ) (suP l lT,l l)-t.' r)o

Proof: w'e denote 'y0 : strp">0llf"ll. Let a 5 Amf be arbitrary with

tlAll < rt'.
Consider the linear bounded operator

Ta," t Lf,,,,,(Ir,oo), R,o) -+ L?r,,,,(It',oo), R-)

(T6,'u)(t) : A(t, a(t))u(t)' t 2r'

We have
l lTa,'ll s llall

. Consider the auxiliarY sYstem

d,n(t) : [,'4o(t,?(t))r(t) * B(t,'l(t))A(t, q(t\)u(t)]d*

* I a*(r, a(t))c(t)dtr1(t) (8.12)
ts:1

v(t) : C(t,q(t))t(t)

haviug tbe inputs u € Rp and outputs y € Rp'

It is easy to see that th9 input output operator of the system (8.12) on the

^ interval h, *) is T' : T''T6,".

r)0 
" tZO r)0

I . n
o1 y

t o

t
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Applyrng Theorem 8.1 to the system (8.12) we deduce that the z,ero solution

of the perturbed sYstem

dr(t) : [h(t,?(t)) + B(t' r](t)) A,(t, q(t))c (t, nuDln(t)dt

., * )l e*it, q(t))'e(t)dwdt)
t:l

is exponentially stable in mean square'

Thus we conclude that

l lAl l  < p(A,B,C;Q)-

Since A is arbitrary with llA < ?ti it will follow that p(-A, B,C;Q) 2 '1,o I

and the Proof is comPlete.

8.3 Robust stabilization By State Feedback of a Lin'

ear stochastic system with Markovian Jumping

Let us consider tbe perturbed qystem:

dr(t) : {Fo(t, ?(4) + B{t,q(t))A(t' r1(t))c1(t, t?(t))ls(t)

+ B2Q,r1(t))u(t))dt + t Ar(t, r{t))u(t)tlwp(t) (8'13)
f=1

where u (: R-z is a coatrol and .r € R" is the state, A1 : Rl' -n M*rk :

0r1,. '.rrB, ,R-. '  Mdn,*iri : lr2rC1 : R* -+ Mir,o arc boundcd and

continuous functions *U.i.n *" supposed to be known and A : R1 -+ M!"r^

are continuous firnctions which are rrnknown. The firnction A modelled the

parametric uncertainties of the nominal system:

d.r(t): [10(t, rt$)]x(t) + Bz(t.a(t))u(t)ldf + i A1'(t't7$]]x(t)tJu1'(t)'
k=1

The problem whjch we wish to solve consists in finding a stabilizing feedback

gain F : R* -r M!,r,^ which is bounded aad continuous function such that

rhe conrrol u(t) :"'i(t,q(t))r(r) stabilizes the perturbed svstem (8.13) for

all perturbation A with llall < p for a prescribed level p ) 0'

. 
^ The corresponding closed loop system is:

-a d*(t): Fo(t, r1(t))+Bz( t,n(t))F(t,q(t))+F,1(t, ' ](t)A(t 'q(t))C1(t'a(t))lr(t)dt

* t



* ; Ou 1t, ?7(t) ):r(/)(t'*(t)'
t :1

- To this system lr,e associate the following auxiliary system:

dn(t) : i lAo(t,q(t)) + B2ft,qftDF(t,q(t)lr(t) + B'(t' q(t))u{t)}dt
; t f

+ f ,a*1t, rfit))n(t)drr;6(t)
k-l

s(r\ 
( cr(t, ' i(t)) 

)"pl 
(8.14)

| - 
\ r(t, n(t)) t

and denote

rl : L?,,*([", oo), Il-') -, Lf,,*(Ir,-), R-'*o')

the input-output opera[or on the interval [", *) defined by the auxiliary

systenn (8.14).

DirectlS by Thenrem g.4 (taking instearl of a, A : (a 0), we obtain:

Proposition E.5 Suppose that (fu* BzF,A',"''A";Q is stable' If

sup llTf ll < p-! (8'15)
r2o

then the control, u(t) : F(t,q(t))n(t) stabilizes the petturbed system

(s.13) lor alt A rt:ith llAll < P'

The next result provid.es a necessaly and suffi-cient condition which assurcs

the existence of a stabilizing feedback gain which 
"erifies 

the inequality (8'15)'

Theorem 8.8 The lollowing are equiaalent:

( i ) T h e r e e d , s t s a s t a b i l i z i n g f e e d b a c | e g a i n F : R n . n M ! o , * b o u n d ' e d
an'd' continuQus whieh satisfies (8'15)'

( t t ) T h e r e e n i s t , s a C | - f u n c t i , o n X : R 1 _ + S f ; u n i f o r m p o s i t i u e w h i c h
is bounil.ed, with boutzded d,eriuatiue and' solues ,he followino system of

d'iff erential inequ alities :

,l

*x\, i) +,4;(t, i)x(t, i ,) + x(t,4lu(t '  i)
dt

+ | a;1r, r)x(r, i)Ak{t, t1 ff i ;p, 31 (8'16)
&=1  t - -  t

+x (t, i)lp2B {t,, i)B i $', i)- B 2(t' d)B;(t''i ) lx (t' i}+c i $' iY t(t' i ) < 0

unifortnly with respcct to t >-0'i eD'

d q \
) (.,



Proof: (i):+(ii)

Applying Corollary ?.9 to the fictious system (8.14) and the parameter "y :

_. p-f wc dcducc that thcrc cxists a C1 function X : R,* -+ Sj uniform positivc

^ which is bounded with bounded derivative, verifying the system of differeutial

., iuequalities:

*x(t, 
i) + [/o(t, i,) + Bz(t,,{)r'(t, d)J'x(t, i) + X(t',')[Ao(r, f) + B2(t' Or(t, i)J

d

+i AL$,4x(t, i)A1,$,i) + I ailx(t,31+ pzx(t,i)Bt(t,i)Bi(t,i)x(t,i)
k:1 i-L

+Ci$,,i)C{t d) + Ft(r,t)f '(t 'd) < 0

uniforrnly with respect to t > 0,i € D'

F\rrther we may write:

d  ' '  - ' r r  . \  ,  v t '  - . \  |  t '  
r

**Q,i) + Ai(t,i)x(t, t) + x(t, i),{u(t, i) + 
E 

Ai(J',i)x(t' i\Ak(t,i)

d

+ f q,ix( t, i) + x(t,qbz Bt(t,t)ni$,i) - Bz(t,i)Bi(t'i)Jx(t' t
j - l

+cf (r, ilc.(t,t) + (F(t, i) + B;(t'i)x(t'0)-(r(t, i) + B;(t d)x(t,i)) < 0

which shows tbat the functioEs X(t,l) solve the system (8.16).

(ir) ===+ (C)

Irr X(f) : 1*1t,t), -i(t, Z), ..., tr(t, A)) a uniftxnr prsitive solution of the sys-

tem (A.fO) whicfi iE-Uounded with its derivative. tet F1t, i) : *B;(t',ilx(t,i)'

t > 0 , i e D .

It is casY to sca that wc havc:

*U fr,i) + [& (t, i) + Bz(t, i] F G,i)l 
-.f (t, i) + X(t, f ) [l{(t, i] + Bz(t d)F(t, t)l

* i aip ,i l*g,i)Ak(t,i) + * w*$,i1+ p2*$,i)Br(t, i)Bi1r,, i) ' f (t '  i)
k:l i=t

+c;(t, i)cr(t, i) + F-(t,l)Fqt, i) < o

uniformiY with resPect to f > 0,i eD'

. 
- 

Applying Cornllary ?.9 (ii)===+(i) we cleelrrce theh F(t) : 1F1t, t),'Fqt, X)1"',

., Fil, bl 
-il 

a stabilizing ie€dback gain and additionallv (8.15) holds' Then

..'' the Proof is c-omPlete'

a-



C o r o l l a r y  E . T  I f  A k ( t + 0 ) :  A * ( t ) , & : 0 , 1 , . " , r , B / t + 0 )  :  B i ( t ) , i :

1,2,c{t + 0) : c1(t) for all t > 0 thert' the following are equiua'Ient:

(i) There esists a stabilizing feedback gain F(t) : (F(f,1)' F(t'2)'"''

F'$,a) whidt, is a a-period,ic function and in addition (s.15) be fulfiIled.

(ii) There esists a Cr function X: R* -+ E! whi'ch is uniform positiue

and, solues the system of d,ifiererfiial inequalities (S'16)'

Corollary E'E Assume that : Ar(t,i\ : Ak(i\,k : 0' 1' "" r'

Bj( t , i ) :  Bi( i ) ,C1(t , t )  :  C{ i )  for  a l l  i  )  0,  i  eD'

IJnd.er these conditions the louowing arc equiaalent:

(i)There eriats a stabi'Iiai.ng feedback gain F : (Fr, F2, ""JL) € M!-,^

such that
l lrf l l < {t.

(ii,) The sgstem of algebraic nonlinear inequli'ties

,q (i)x(i) a x (i)Ao(;1 + [ a;1t)x (t).Ae(i) + i qix lil+ x(i) lpzBl (i)Bi (i)
t=l i:l

- B2(i)82(i)-lx(r) + ci(t)cl(t) < 0

i eD has a posi;titte solution .X: (X(1), X(2), "''X(d))'
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