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A DISTRIBUTED CONTROL PROBLEM
FOR MICROPOLAR FLUIDS

RUXANDRA STAVRE

Abstract. A control problem for micropolar fluids is considered. The purpose
of this paper is to determine a viscosity coefficient which gives a desired field of
microrotation velocity. The existence of an optimal control is obtained; then, the

first order necessary conditions of optimality are derived.

1. INTRODUCTION

The theory of microfluids was introduced by Eringen in [1]. A subclass
of these fluids is the micropolar fluids. Animal blood, liquid cristals, fluids
containing certain additives may be represented by the mathematical model
of micropolar fluids. This model can be found in [2]. From the physical point
of view, micropolar fluids are characterized by the following property: fluid
points contained in a small volume element, in addition to its usual rigid
motion, can rotate about the centroid of the volume element in an average
sense, described by the gyration tensor, w. Since for a micropolar fluid the
gyration tensor is skew-symmetric (wh = —wyk ), 1t is possible to replace the

gyration tensor by a vector function & for a 3D flow and by a scalar function
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w for a 2D case, function called microrotation velocity. We shall study in
this paper the 2D case. Let @ C R? be an open, bounded, connected set,
with 99 of class C? and T a given positive constant. Taking into account the
constitutive equations for micropolar fluids given in [2], the non stationnary

flow of such a fluid is described by the following coupled system

(& 4+ (7- V)i (u+x) AT+ Vp—yrotw = f inQx (0,T),
jo' +j7-Vw -y Aw+ 2xw — xrotd = g in Q x (0,T),
1) { divi=0 inQx(0,T),

#=0, w=0 on 80 x (0,T),

#(z,0) =0, w(z,0)=0 in©,

\

where ¥, 4, j, Y are positive given constants associated to the properties of
the material, f, g are given external fields and ¢, w, p are the unknown of the
problem: the velocity, the microrotation and the pressure of the micropolar
fluid, respectively. In section 2 we give the variational formulation of (1.1)
and we establish existence and uniqueness results. Section 3 deals with the
control problem. Since the viscosity coefficient x has a special semnification
for the system (1.1) (for x = 0 this system decouples), we took as control
variable this coefficient. We want to determine the coefficient x which realises
a desired field of the microrotation velocity. The necessary conditions of

optimality are deduced in the last section.

2. THE VARIATIONAL FORMULATION OF THE PROBLEM

The proof of the existence and uniqueness of weak solutions is, for mi-
cropolar fluids, similar to that for Navier-Stokes equations. Some results

concerning existence and uniqueness of the solutions for micropolar fluids

can be found in (3], [4].
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For obtaining the variational formulation of the problem (1.1) we shall

need the following spaces (for their properties see, e. g. [5])

V ={d € (H}(N))?/divi = 0},
(21)§ H={ge(L’(Q)/divi =0, @-i/e = 0},
W(0,T;X X")={ueL?(0,T; X)/«'€L*(0,T; X")}, X-Hilbert space.

The following notations will be used throughout the paper

(+,-) the scalar product , | - | the norm in L%(2) or (L%(f2))?

((+;+))o the scalar product , || - || the norm in H}(Q) or (H())?,
(+,-)x',x the duality pairing between a space X and its dual X',

By (i,7) = (@ - V)7, Bu(i,p) =14 -V Vi, € (H(D))? ¢ € H} ().

Taking the regularity fe L*0,T;V"), g € L*(0,T; H1(9)), the varia-

tional formulation of the problem (1.1) is given by

[ 2e W(0,T;V, V"), w e W(0,T; HA(Q), H-1(Q)),

(@(2), 2)ve.v + (1 + X)((F(2), 2))o + (B1(9(2), (1)), 2w
—x(rotw(t), ) = (f(t), vy VZ €V,

3w’ (£), O -1, ma @) HY((W(2), ))o+5 (B2 (3(t), w(t)), Q) -1(2), 3 ()

+2x(w(t),¢) — x(rot(t), ¢) = (9(t), OV -1 ()1 V¢ € Hg(Q),

#(0) = 0, w(0) = 0.

(2:2)

\

THEOREM 2.1. The problem (2.2) has a unique solution (¥,w). More-
over, there existsp € D'(Ax(0,T)), unique up to the addition of a distribution
in (0,T), which satisfies, together with (¥,w), the system (1.1).

Proof. The main steps of the proof are similar to those of [5], for Naw./ier—
Stokes equations, so we shall skip them. Analogously as in [5], the proof is

based on the properties of B; and B;.
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3. THE DISTRIBUTED CONTROL PROBLEM

We consider the control problem

(3.1) { Find x* € [0,7] such that
J(x*) = min{J(x) / x € [0,7]},

(2 I =3 /ﬂ (ma'dedt, J:[0,00) > R
with (7, w,) the unique solution of (2.2), Qr = 0x(0,T), wy a given function
in L?(2r) and r an arbitrarily large constant.
We want to determine the viscosity coefficient x so that the corresponding
microrotation velocity of the fluid, w,, have a desired configuration, w,.
THEOREM 3.1. The control problem (3.1) has at least a solution.
Proof. We shall prove that the function J is continuous; the assertion of
the theorem will follow, by using a classical theorem of Weierstrass.

Let {Xn}nen be a convergent sequence to an element x € [0, 7]. We denote

by (#,, w,) the unique solution of (2.2) corresponding to x, and by (¥, w) the

solution of (2.2) corresponding to x. We shall prove that (¥, w,) —= (7, w)
strongly in L%(0,T; V) x L*(0,T; Hy (Q)), when n — 0o.

Subtracting the equations of (2.2) corresponding to X, and x;, respectively,
taking Z = 9,(t) — 9(¢), { = wn(t) — w(t) and adding the equations we get

L(1(8) = () P +5 | wal) = () [2) + (1 +2) [Fa(t) = T +
Mwn () = w@lf+ 2x | wa(t) — w(t) [B=x(rot(wn(t) — w(2)), Fa(t) — 7))+
X(wa(t) = w(t), rot(Fa(t) — 7(2))) — (B1(#a(t) — 5(8), 9(2)), 0a(t) — 3()hvv
—3(Ba2((t) — 9(t), w(t)), wn(t) — w())+(xn — X)(—((Fn(t), Tu(®) — F()))o
Hrotwn(t), Ta(t) — 9(t)) —2(wn(t), Fa(t) — (1)) +(wa(t) — w(t), rotn())).

Using the property of B; (see [5], Lemma 3.4., p. 292), which can be obtained
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also for By, and majorizing the right-hand side of the above equality, we get

(192(t) = 9(t) P +3 | wn(t) — w(t) ) + (1 + ) [3a() — @5+
Yllwa(t) = wOFSAR) Fa(t) — 9(E) P+ilwn(t)=w(t) )+(a=X)En(D),

with A(f) = 2mas(EZ[9(8) 13-+ 22 w3+ S (034225, Bult) =

2 | =((Ta(t), 5a(t) = 9(2))o + (rotwn (2), Tn(t) — 5(£)) — 2wa(t), Ua(t) — (t)) +

(wn(t)—w(t)rot¥,(¢)) | . Integrating the inequality from 0 to T it follows
(| Fa(T)~3(T) P45 |wa(T) ~w(T) |*)exp( / A0 0a— 22 0,10)

(3.3)
Pl gy <200~ 0exp(— [ 4000 [ B0t

The system (2.2) written for x = x, with Z = ¥.(t), ( = wn(t) gives the
boundedness of the sequence {(¥,, wn)nen in L2(0,T; V) x L2(0, T; H§());
hence, from the definition of F,(¢) we obtain the boundedness of the sequence
{ / ()dt}nen and the proof of the theorem is achieved.

PROPOSITION 3.2. The function J is differentiable on [0,7] and

B P~ = [ @ - wn)(on - wildadt, Vaa,x € 07

where (4*,w*) is the unique solution of the system

4

7t e W(0,T;V,V'), w* € W(0,T; H}(Q), H(Q)),

(@' (1), vy + (1 4 x0) (T (1), D)o + (Ba(t"(2), 5o (t), 2wy
+H(Bi(@(1), 7 (1)), Dvry — Xo(rotw* (£), 2) = {f(£), vy — (x — x0)

((@(t), 2))o + (B1(To(t), Bo(t)), 2)vr,v + (X — xo)(rotuwo(t), 2) VZ € V,

Hw" () £) a-v@), 2@+ (@ (£).))ot5(Ba((t),w* (1)) ) -2 (), m3 @)

+5(Ba(7* ()~ 00 (t), wo(t)) £ ) -1, 13 0 +2x0 (" (£) ) — X0 (rotd™ () €)
=(g(t) L) -+, mar (X—X0)(2(wo(t)€) — (rotd0p(t) £)) V¢ € Hi(K2),

| #(0)=0, w'(0) =0,

(3.5) <




and (7, wp) is the unique solution of (2.2) corresponding to x = xo.

Proof. The existence and uniqueness of (4%, w*) follow with similar tech-
inques as those of Theorem 2.1. Let a € (0,1) and let (¥, Way) be the
unique solution of (2.2) corresponding to xp + a(x — xo). We introduce the
functions Uy = (Uay — %)/ + U} Wa = (Way — wo)a + wy. We shall obtain
the problem satisfied by (¥, wa) computing ((2.2) for x = xo + a(x — x0) —
(2.2) for x = x0)/a + (2.2) for x = xo; taking Z = U,(t), { = wu(t) in the
obtained system, adding the two equalities and usiqg the same technique
as the one of Theorem 3.1. we obtain the boundedness of {(¥a, Wa)}ac(o,1)
in L2(0,T;V) x L*(0,T; H}(2)),then the convergence of {(¥a, Wa)}ae(o,) in
W(0,T;V,V'Yx W (0,T; H3(Q), H(2)). Finally, using this convergence, we
obtain (3.4). Let xo be a solution of the control problem (3.1) and (¥, wp)

the corresponding solution of (2.2). Then (3.4) yields

(3.6) /,, (e Mopmizy it 0

4. OPTIMALITY CONDITIONS
Let xo be an optimal control and (%, wy) the unique solution of (2.2)

corresponding to x = xp. We consider the following adjoint problem

(@ € W(O,T;V, V"), po € W(0,T; HE(Q), H1(9)),

—(ty (1), vy + (1 + x0) ((a(8), 2))o + (Bu(Z,%0(2)), to(t))vr.v
~(B1(t(t), (1)), Dv,v — §(Ba(Z, wo(t)), po(t)) -1(), 13 )

(4.1) ¢ +xo(rotpg(t),2) =0 VZ €V,
“j(Pﬁ(t)7C?H~1(n),Hg(n)+7((Po(t),C))o—j(BZ(ﬁo(t),Po(t))aC)H—l,Hg

+2x0(po(t), {)+xo(rotiio(t), ¢)=(wo(t) — wa(t),{) V¢ € Hy(9),
| @(T) =0, po(T) =0.




PROPOSITION 4.1. The system (4.1) has a unique solution (i, pg).

Proof. For obtaining the existence, the uniqueness and the regularity of
(2o, po), we use the same remark as the one of the proof of Theorem 2.1.

The last result ov this paper states the optimality conditions associated
to a solution xg of (3.1).

THEOREM 4.2. let xy be an optimal control. Then there ezist the
unique elements (v, wy), (2o, po) € W(0,T;V,V)xW(0,T; H} (), H1(Q))
and the distributions py, my € D'(Qr), unique up to an additive distribution

in (0,T), satisfying the following problem

.
system (1.1) for x = xo and the unknowns ¥ = %, w = wp, p =py

( aiz - - — - - -
—"'55 ~(1+ x0) A do— 5ipy Vo +(Vio) iy — B1(0, do) +V7g
—xorotpg =0 in Qp,
.0 oy i : :
(42) ) —J%* v A po— jBa(%, po)+2x0pat-xorotly =wp —wy in Qr,
.2) 4

divig =0 in Qp,
Gy =0, pp=0 on &0 x 0,7),
(e, T)= 0, p(z,T)=0 in Q,

(xo — X)/(io - rotwy —porotdy+ 2wepy — Vi - Vidg)dedt >0V [0, 7).
\ Qr

Proof. The first assertion of the theorem has been already proved. The

existence of a distribution 7 is obtained as in [5], for Navier-Stokes equations.
We have to prove next the inequality of the system (4.2). This inequality
without contraints replaces the inequality (3.6). ¢
Taking adequate test functions in (4.1) and in (3.5)-(2.2) and using the
equality
(rotw, #) = (rot#,w) Yw € Hy(Q), ¥ € (Hy(Q))?,

we get



(w*(£) — wo (), wo(t) ~ wa(t)) = (x0 — x)(2(wo(t), £o(t)) — (rotdo(2), po(t)))
—3{Ba (3" (t)— vo(t), wo(t)), po(t)) -1 (), 2 () + Xo(rot(T* (£)— To(£)), po(t))
+xo(rot(to(t), w* (t) — wo(t)) = (xo0 — x)(To(t), rotwo(£)) — (po(t), roti(t))
+2(wo(2), po(2)) — ((o(2), T (t)))o)

Integrating the previous equality from 0 to T' and using (3.6) we obtain the

inequality (4.2); and hence, the proof is achieved.
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