
t

ilfnnmfi. Dt lttttrtmgr
Ar rcfiffitrf Rof$fE

PNTTNNTT 8EnIES Otr TIIE IilSTrnITE OF MATHAMAT?;ffi
OT TIIE NOMANTAN ACADIqMY

fff

r8Eil 060r''t

ON TNg lNDAf, T'ORMUI/I Or MEI.NOSN AND NTSTON

br

n LAUfUn srd ff,MOnOIA!ru

hprini nr.l#il00

BlpufrErfl



ON THE INDEX FORMIJLA OF MELROSE AND NISTOR

by

R. LAUTER*) and S. MOROfANU **)

March.2000

i'; FB l7-Mathematik, Universitiit Mainz, D-55099 Mainz, Germany.
E-mail: lauter@mathematik.uni-mainz.de

**) Institute of Mathematics of the Romanian Academy, P.O.Box I-764, RO-70700, Bucharest, Romania,
E-mail: Sergiu.Moroianu @ imar.ro



ON THE INDEX FORMULA OF MELROSE AND NISTOR

ROBERT TAUTER AND SERGIU MOROIANU

AssrRacr. We improve two results of a paper by Melrose and Nistor [2] . We
propose a simpler expression for the index of fully elliptic cusp pseudo-differential
operators. We show that the local term in the index formula is given by a convergent
indefinite inteEral.

The main goal of this note is to improve Proposition 16 from the paper I2l bV
Melrose and Nistor. Namely, Iet A,B be cusp operators. We claim that we obtain the
index functional I F(A,,-B) defined in [2, (S2)] as a sum of only two terms instead of the
eight in [2, (90)], provided that A&B is a Hochschild l-cyclein A. Moreover, we prove
that the Atiyah-Singer-type term in the index formula from the Index Theorem of [2]
is given by a convergent integral. This term is defined a pri,ori, as the regularization
of a diverging integral. Our second result improves the Reduced Index Theorem from
[2], where the integral is shown to be convergent under some extra assumptions.

To fix notations, recall the following definition of the "trace" functionals, equivalent
to 12, (aa)l:

(1) zrTr(Ar"Q-") : T16,"(A) + rf i61l1 + "ff"(A) + O("',  zr,r2).
Proposition 1. Let A,B be cusp operators. Assume that A&B def,nes a Hochschi,ld
cycle i,n A (i,.e. [A,,8] belongs to the resi,dual idealL). Then

I  F (A, B) :GI(A[B, log r])  + G"([IosQ, B]A).

Proofi The cycle condition means that Tr(lA, B]) is well-defined, hence the function
T r ( [ A , B ] r ' Q - " )  i s  r e g u l a r  a t  z : 0 , r : 0 .  S o

IF(A, B) :  Tr( lA,Blr"Q-")"=o,r=o
:  r r  I (A(B -  r "  Br-")*"e- ' )  + (e"  Be-"  -  B)Ar 'e- ' ) f  z :or=o
: Tr lzA(IB,logrl I  zHt(rDr"e-,1z=o,=o

+?r [ r ( f lo  g Q,  Bl  *  r  H2Q))A*"  Q- ' ]  z :o ,=o,
where Ht(r),Hr(r) are entire families of operators of fixed order.

Recall [2, Lemma 4] that for any holomorphic family C(z,r) of cusp operators
of fixed integral order, the function Tr(Cr"Q-') has at most simple poles in each
complex variable at real integers. It follows that the terms containing Ht(r),Hr(r)
do not contribute any constant term. We are left with the regularized values at
, :  0tr :  0 of Tr(zAlB,Iogrlr"Q-") and 7r(r log Q, B]AI"Q-"), which by (1) are
just G6(A([B,log r]), resp. G"11tog Q, BIA). n
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Let now A be a fully elliptic (or equivalently Fredholm) cusp operator. Then
4 has a parametrix B which. inverts it up to remainders in the residual ideal Z.
Note that A & B is a Hochschild cycle in A. Let us make the following definitions:
T16(A(18,logrl) , :  - in(A) and Tr"([og Q,B]A) ::  AS(A) (the second definit ion
differs from ([2], (87)) by at least a minus sign). Of course, both the definitions of

ry(A) and TS(A) are independent of the choice of the parametrix ,8. In fact, it suffices
that B inverts A up to trace class remainders.

Theorem 2 (Variant of [2, Index Theorem]). Let A be a fully ellipti,c cusp operator.
Then

Ind(A)  :TS(A)  -  
,n@).

Proposition 1 to the cycle A & B, where B is a pseudo-inverse of LProof: Apply
such that

12) BA : I  -  Pk,A,AB :  I  -  P.okut.

Not ice now that  IF(A,B) :  Ind(A) .  I
We claim now that the conclusion of [2, Lemma 15] holds provided only that ,,4. is

fuliy elliptic, without any extra assumption. In other words:

Proposition 3. The integral forTS(A) conaerges without regularization i,n r.

Proof: Consider the functio" /(.) :  t .xn{,=.1([oB Q,B]A)-"x5"Lva!. By [2, (55)],

(3) TS(A) : [ ([os Q, BIA)-,zva,l + t ttr.- o [" f (r)d,r.
J "s*xn{r>rs} J ,

Here LIM is the Hadamard regularization of the 1imit, defined as in [1]. We remark
that the volume forrn z5,zvu!, and hence also /(r), is a smooth multiple of r-2.
Replace / by its asymptotic expansion at r :0. As far as convergence is concerned,
only the coefficients of r-2 and r-1 matter. The product on the boundary algebra
Aa has as leading term the suspended product, and the other terms are multiples of
r. So let Ao,Bo,8o be the indicial operators of A,B,,Q in the suspended algebra.
The term in (3) diverging like e-1 is given by the leading component of /, i.e. f -r:

-[""."n{,=o} ( [os 80, Bs]As) -*2, 6,Lna!'

L e m m a  4 .  f - z : 0 .

Proof: We can express f -, us the residue otTr(g5ltog Qo, BolAo) at r :0. The rest
of the lemma is formally identical to the index formula [2, (3)]. We claim that f -2
is equal to Tr(lBo,As]), which equals zero (becan." T" is a trace, and also because

[Bo, Ao] : 0). Going backwards,

Ti1|ao,,to1) : TilQ\lBo, Aol),=o : Tr(1Q6,,BolAo),=o

__Ti ( rCI,Bo 
_ e;, BoOl \

y v o  -  
u A o )

\  ,  , / r = o
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Let -ll(r) : (80 - Qi'BoQDlr. Then f(r) is entire, of fixed order, and fl(O) :

f logQs,-86]. Note that np6f1r)A6) has at most simple poles at reai integer r,
which implies the claim. n

Let us now examine the other diverging term. It is given by the coefficient of
r-1 in /(r), which by [2,_Qflt is just T16,"([o9Q,B]A). By [2, Lemma I2], we

have Tt6,o([ogQ, B)A) : T16([4,B]). By assumption, [A,B] belongs to T and so

T16( [A,  B] )  :  O.
Therefore, only integrable terms are left in the asymptotic expansion of the inte-

grand in (3). This finishes the proof of the proposition. n
As for the 17 term, this is not quite the 17 invariant from [1], even with the assump-

tions on Q at the boundary from [2, Proposition 17]. The difference arises from the
fact that the reguiar value al z : O of. f r(Q"A) and Ti(A) do not always agree. As
shown by Nistor [3], they do agree for differential operators .4., in particular for Dirac
operators.
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