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Summary. In the theory of micropolar fluids, a special case appears when the

microrotation is equal to the vorticity of the fluid. The aim of this paper is to deter-

mine an external field which realises this case. An existence result for the proposed

control problem is obtained and the necessary conditions of optimality are derived.

For solving the optimality system, an iterative algorithm is proposed and its conver-

gence is obtained. The dismetization of the approximation is studied; stability and

convergence theorems are proved.

1. Introduction

The classical Navier-Stokes theory is incapable of describing some physical phenom-

ena; for a class of fluids which exhibit certain microscopic effects arising from the

local structure and micro-motions of the fluid eiements a nblv theory was introduced

b;' Eringen in [1]. A subciass of these fluids is the micropolar fluids, which exhibit

tniclo-rotational effects and micro-rotational inertia. Animal blood, liquid crystals,

and certain polymeric fluids are a few exampies of fluids which may be represented by

the mathematical model of micropolar fluids. This model was introduced by Eringen

in [2]. From the physical point of view, micropolar fluids are characterized by the



follolving property: fluid points contained in a small volume element, in additio' to
its usual rigid motion' can rotate about the centroid of the volume element in an
ave'age sense, described by the gyration tensor, c,,,, which is skew_symmetric. .i?

Due to its importance in industrial and engineering applications, micropolar fluids
were studied in several papers such as: lB], [4j

Both from the mathematical and from the physical points of view, it is interesting
to consider optimal control probiems associated with the micropolar fluids motion.
such a problem was studiecl in [5]. in f5], a viscosity coefficient was considered as the
control valiable, in order to obtain a desired field of the microrotation velocity.

The present paper deals with another optimal control problem associated with
micropolar fluids. Let us denote by u'the velocity of the micropolar fluid and by
c''' the scalar function (microrotation velocity), which replaces the skew-symmetric
gyration tensor in the 2 D case. Since in the theory of micropolar fluids a special case
(see [2]) appears rvhen the microrotation is constrained by:

( 1  1 ) a; : rotu',

rve considered in this paper the following control problem: Find the erternal f,eld,, g,
which minimizes the functional:

(1 .2 ) J(s) :: 
lr,(,n 

- rotd)2d,rdt,

where J2 c IR2 is the bounded region of motion, er : exll.,?[ and 6s, as are the
velocity and the microrotation of the fluid respectively, corresponding to g.

The paper is organized as follows: in Section 2 we introduce the system of equa-
tions rvhich describes the non stationnary flow of a micropolar fluid, and-its variational

forrnulation' We also define the notation used throughout the paper and we state a
well known existence and uniqueness result. Section 3 cleals with the optimal control
problem: an existence resuit is proved and the necessary condiiions of optimality are
obtained' Section 4 is devoted to the approximation of the optimality system. In
the first part of this section we introduce an aigorithm for solving this system and



we discuss its convergence. The discretization of this approximation is studied in the

second part. we propose fully implicit schemes as scheme 5.1 of [6], p. 334, and rve

obtain stability and convergence theorems. The most difficult to prove is the stability

of the scheme corresponding to the adjoint system. While the scheme for the initial

s.v'stem is unconditionally siable, the one corresponding to the adjoint system is only

conditionally stable.

2. The physical problem. Existence and uniqueness results.

Let fi c R2 be an open, bounded, connected set, r.vith 0Q of class C2 and 1. a given

positive constant. Taking into account the constitutive equations for micropolar fluids

given in [2]' the non stationnary flow of such a fluid is described by the following

coupled system

(2 . r )

d' + (6. V)r- -  0'  + i l  Ad* Vp- xrot a _ i  in A7,
j r ' +  j 6 . Y w - l A u l Z X u - x r o t  d : 9  i n A 7 ,

div ti - 0 in J'l7,

U :  U ,

u-(r ,0)- n

0 on 0A7,

o ( r , 0 )  : S  i n A ,

where X, F, i,1 arc positive given constants associated to the properties of the ma-

terial,  f ,  g arc the given externalf ields, d,u,pare the unknown of theproblem: the

velocity, the microrotation and the pressure of the micropoiar fluid, respectively, and
0r, 0r,r ,0,,t  0a .

f O [  U  :  ; -  -  ; - ,  I O t  c , J :  {  ^ - .  - = - ) .
O r r  O r z  ' d r z '  

d r t '
For obtaining the variational formulation of the system (2.1) we use the followins



spaces (for t ireir propert ies see, e. S. [6]),

V : {d € (,% @)), I  div d: 0},

H  :  { t i  €  ( L r @ D ,  l d i v  i l :  a ,  d . f r l u o : 0 } ,

l l ' {0,7;XT'):{re L2(0,7: X)lu,e L2$,,7; X,)},  X_Hilbert

H , . r (Q i l :  { ,  €  L2 (Q. \  I  y  0u  02u' - \ t t r ) l  
6r ,  A*0,  Ar f r .  €  L ' (Qr) ,  i ,  j

U@): {p e L'@) I lond.* : o}

and notation:

( . , . )  t he  sca la r  p roduc t ,  l .  l  t he  no rm in  L2 (0 )  o r  (L2 (e ) )2 ,

( ( . , . ) )o  the scalar  producr  ,  l l  . l lo  the norm in  Hi@) or  (H]@))2, ,

( ' , ' )x' ,-r the duali ty pair ing between a space X and its duar x,,

Bt (d,L i )  :  ( i . .  V)d,  Br( i l ,p)  :  i l  .y ,p  Vd,6 e (HA@DI,  ?  € Ht@).

In the seqr.rei rve shall use the following estimates for 81 and 82 (see [6], p. 292,
for 81):

e rllru,(il,u),,i)l<Ol d f /,i l i l l l1/,16 1,111,11;/1l,rl l; /,,vilev,d,dE(H;@)),,

[|{4,{;, a), p)l slrlil f /,lldfo/'1, 1'1, llrllt/,llpll|/r,vd€v, a, pe H}(t}).

For f eL2(0,,7;v'),  g€L2(0,7; I{-t(J?)), the variat ional formulation of the prob-

lem (2.1) is given by

(2 .3 )

d  e  W ( A , T ; V , V ' ) ,  a  €  W ( 0 , 7 ;  H ] @ ) ,  H - t ( Q ) ) ,

(6'(t),4r,,,  + 0'+ x)(( ' t(/), 4)o + (B{d(t),r1r)), f  v,,v
-1(rot ,(t),4 : G(q,4r,,, yi e V,

j  ( r '  ( t ) ,  ( ) ,  ;  p1,  n ]  p s+1 (u ( t ) ,  (  )  )  o +r (  B z(6 ( t ) , ,  ( t ) ) ,  ( )  n _,  p1, ,  ;  1 o 1
*2y(," t ( t ) , ( )  -  X(rot  , t ( r ) ,  O :  k( t ) , ( )s_,1r2; ,a01 @) V( e HJ@),

u-(0) = 0-.  *(0) :  g.

The next theorem gives the existence and the uniqueness of the solution of the
problem (2.3)'  Since the main steps in obtaining these results are similar to those
n'ell known for the Navier-stokes equations (see 

".g. [6i), we shall skip the proof.

space,

- 1 q l- ) - ) )



Theorern 2.1 Tlte problern (g.S) has a

p € D'(Q7), unique u.p to t lre add,it ion

together with (6,o:11the system (g I).

unique solution (d,r). l,[oreouer, there eilsts

of a distribution in (0,7), which satisf,es,

3' The optimar co'tror problem. The optirnarity system.

\ve shall consider in the sequel f,rther regularity for the external given functions, i.
e' i  e (Epr)) ' ,  g € Lz(ni l .  Taking into account the regularity of e,the init ial
condit ions and the regularity of the data, i t  can be proved, as in [6], that a'the
c lnai i ty  pa i r ings ( ' , . )v , ,v  and ( . ,  . )s_t1o 

,n ] (a)  can be replaced by ( , , . ) .
we define the functional: ' ' l  :  L2(t)7) s R,given by (r.2),with (r in, c,4) the unique

solution of (2.3) corresponding to g. \\re introduce:

(3  1 )

and we consider the

(C P)

B, : {s € L2(ar-) l l lsl l",p,1( "}, vr ) o,

control problem:

f n;na g* e B, such rhai
1
[ /(g.) = min{.r(e) ls e 8,1,

with r an arbitrarily la'ge constant. The physical interpretation of this problem is
the foilowing: we determine an external field g, which gives rise to the special case in
the theory of micropolar fluids, a : rot d.

The existence of at reast a sorution for (cp) is given by the next proposition:

Proposit'ion s.1 The contror probrem (cp) has at reast a sorution.

Prooi'.rf we prove that the functional -/ is lveakly lower semicontinuous, the assertion
of the proposition will folrow, by using a weierstrass theorem . Let {g^},en be a weakry
convergent sequence to an eJement g € L2(nr).w" denote by (6^,w,) theunique
soltition of (2.3) corresponding to g,. The boundedness of the sequence {(6^, r,)}*
in  (H2'1(Qr)) ' *  H ' ' t (ar )  (wi th  a constant  depending on d) ,7 ,  i , thev iscos i ty  co_
efHcients, and on r) follows with the same steps as those for ]\avier_Stokes equations



(see e. g 16]). by using the estirnates (2.2). Since

is compact,, w'e get the following convergences (on

the ernbedding H2,1(Qr) c f2(nr\

subsequences):

(6,, an) - (d, c..,) weakly in (Hz,t(Ar))3, when n _+ oo,

(6,,,  r,) -+ (6, c.u) strongly in (L2(er))3, when n _+ oo.

Using the above convergences, we can now pass to the limit in (2.3) corresponding to
gn and we obtain that (d, c.-') is the unique solution of (2.3) corresponding to g. From
the uniqueness of the solution of (2.3), it follows that the whole sequence {(d,, ,^)},
is convergent to (d, ,) and, therefore, the property of -/, statecl at the beginning of
the proof, is immediate.

The next property of -/, given by Proposition 3.2., will lead us to the 'ecessarv
conditions of optimalit;'.

Proposition 3.2 The functional J is G-differentiabre on Lr@r) and, vg, g. e Lz(a7)

(3.2) (J'(s*), 9 - s*)r"@r): 
lo_(rot 

(d6 - f i) - (ro -r,,,.))(rot 6* - w*)drd,t,

where (u'.,ar*) is the unique solutio,n of (Z.J) corresponding to g* and, (6o,ao) is the
unique solution of the system:

(3  3 )

8o €W (0,  T ;V,  V'  )n(  H' , t  (9r))r ,  ao €W (0,  T ;H[ @), H -r  
@))n Ur, t  @ r)) ,

(dL(t),  4 + fu + xX(u.o(r),  4)o + (81(6- (t) ,do(r) -  6" ( t)) ,  4
*(Br(r.o(f ), ,*(/)), i) - y(tot wo(t),4 = G(t), f yieV,

j(o'oft) ,()  + r((ro(r),  ())o + j(Br(do(/),  a.,"(r)) ,  ()

+j Br( i-( t) ,ro(t)  -  r"( t)) ,O + zx@o(f),0 _ x(rot do(r),  o
:  (s(t) ,0 v( € Hi@),
u-6(0) = 0-, a.'s(O) : g,

Proof' The existence and uniqueness of (u's, r,,,6) follow with similar techniques as
those of 'l 'heorem 

2.1. The regularity of the solution of (8.3) is a consequence of the
rernark made at the beggining of this section.



The ciifferentiability of ,i anci the relation (3.2) are obtainecl with standard tech-
niques' we denote by ("1*r, r,,'on) the unique solution of (2.J) corresponding to g* f
a(g - g.), for any o € (0,1); rve define the functions ?i* i !b(?i"e- d.) 

*f lwo -
(ron - u*) a
--- + c'r-. With the same remarks as those of the previous proposition, we es-

tablish boundedness results for (ti", cuo) in (Hr,t@r))3 , with a constant independent

of o and, then, the conver.gences which give (S.2).

If we take in (3.2) 9* a solution of (Cp), it foliows:

(3 .4)
[.^G*(do 

- .]) - (ro - r.:.))(ror f - u*)d,rdt > 0.
r  J t T

In the sequel, we shall replace the constrained inequality (3.a) by an unconstrained

one, given by the optimality system.

Let g* be a minimum point for the functional J. We consider the following adjoint

system:

(3  5 )

il. eW (0, T ;V, V' )n(Hr', (er))r, p* €W (A, f ;H[ @), H -1 
@))n Hr,t (Ar),

-(i,- '(t), i) + (p + xx(,;.(r), rl)o * (Br(r,tr(t)),,r(r))
-(81(u'.(r) ,d.(t)) ,2) + i@z(i,a"(t)) ,  p-(t))  _ 1(rot p"(t) ,a
- (rot tl(t) - ,"(t), rot i) yi eV,
-  j (p . ' ( t ) , ( )  +  r ( (p . ( l ) ,  ( ) )o  _  j (Br(d- ( t ) ,  p- ( t ) ) ,o

*2y(p.(t) ,0 - x(rot d-(t) ,()  :  -(rot 6-(t)  -  r*(t) ,O V( e HlU4,
d-(T) : d, p*(T) : 0,

whele (r*, ,*) is the unique solution of (2.3) corresponding to g*.

Comput ing (3.3)-(2.J)n=r.  for  ( r ,0:  (d.(r) ,  p-( t ) )and (B.b) for  ( i ,  ( )  _ ( ,1(r)_
6o(t), r.(r) - ,o(t)) and adding all the obtainld equali i ies, the inequality (3.a) be-
comes:

(3 .6 )

Therefore, we can state the following theorem:

Theorern' 3'3 Let g* be an optimal control. Then, there erists the unique elements:

fr,e.G 
- s-)dndt2 o Vg Q B,'



(d*, u*), the solution of (2.3) corresponding to g*, (i l*, p.), the solution of the adjoint

system (3.5) which satisfy the following optimality system:

(oS) '

(6-' (t), 4 + 0'+ xx(m(r), 4)o + (81(fi(r),6.(t)), 4
-x(rot r* (t), 4 = G(t), z) Vi e V,

j ( r - ' ( t ) , ( )  +  r ( ( r . ( t ) ,0)o 1 1@z(d-( l ) ,c , r . (c) ) ,  ( )

*2y( ' :-( t) ,0 - x(.ot u' .( t) ,  ()  :  (g.(t) ,  ()  V( e 4@),

f i (0) :  0 ' ,  i r .($) :0,

-(d- '( t) ,4 + 0'  + x)(( ' ; . (r) ,4)o + (B{i ,d.(r)) ,  t7.(r))

-(8,(r*(t) ,  r f  ( t)) ,  Z) + i@z(i,w.(t)) ,  p.(t))

-x(rot p*(t),/) : (rot 6-(t) - r.(t), rot i) Yi e V,

-  j (p-  ' ( r ) ,0  
+ t ( fu- ( t ) , ( ) )o  -  j (8r (6- ( t ) ,  p . ( t ) ) ,  ( )

*2y(p.(t) ,()  -  x(rot d-(t) ,6) :  -(rot , t .(r)  -  , .( l ) ,0 V( e Ht@),

i , - (T) :  0 ' ,  p* (?)  :0 ,

(o s),

(OS) ,  t  p . b - s . ) d , r d t>0Vg  €8 , .
J e n

Proof. The regularity, the existence and the uniqueness of (ff, p*) can be proved

with similar techniques as those mentioned in Theorem 2.1. The inequality (OS)3

was previously obtained, hence the proof is complete.

The next section deals rvith the approximation of the optimality system.

4. The approximation of the optirnal i ty system.

In order to soive the optimality system,, we propose, in the first part of this section,

an iterative algorithm and we study its convergence.

The second part of this section deals with the discretization of this scheme; sta-

bility and convergence theorems are established.



4.L The approxirnation scheme.

lve propose the follolving iterative scheme: given an initial guess go € 8,, find, for

any nt :  0 ,1,2, . . . ,  the e lements 6^,  u* ,  d* ,  p* ,  pp11 sat is fy ing:

(os)?

(r; '^(t),,4 + 0'+ x)(@^(t), i))o + (B{6*(t),d*(t)),4
-x(rot a^(t) ,4:  G(i l , i1Vi e V,
j  (r '*(t),,  () + t (@ ̂(t), 0 )o + j (8 2(6 ^(t), t ' :  ^(t)), ()

*2x(w*(r),0 - 1(roi d^(t),() = (g^(r), () V( e /4(J?),

d,,(o) : d, ,^(o) : 0,

- ( i l |^( t ) ,4 + 0 '+ i l (@^(t) ,4)o + (B{r ,6*( t ) ) ,d^( t ) )
-(B{6*(t), i l^(t)),1 + l@z(i,a*(t)), p^(t)) - x(rot p^(t),,4 :

(rot ti-(l) - w*(t),rot i) VZ e V,

-  j (p^( t ) , ( )  +  t (p*( t ) ,  ( ) )o  -  j (B"(d^( t ) ,  p*( t ) ) ,0

+zy(p*(t) ,  ()  -  y(rot i l^(t) ,  ()  :  -(rot 8*(t)  -  w^(t),()  V( e Hl@),

d^(T)  :6 ,  p*(T)  :  0 ,

(OS)T

(os)T*'

where 5- is a positive suitable constant and Ps" denotes the projection map of L2(A7)

on B,

We prove next a convergence theorem for this iterative algorithm.

Theorem 1.1 Let {g-o}*.x C {g-}-erv be a weakla conaergent subsequence to an

element  g*  € Lt (Qr) .  Then the sequence {6*0, ,e*0, i l^o,  p-* } teN,  wi th  the e le-

ments giuen by (OS)T:2, is weakly conuergent in (H2'1@r))u to the unique solution

(6*, r*, d*, p*) of (OS)p2) corresponding to the aboue weak limit, g*.

Moreouer, for any m € N, there erists 5^ ) 0 such that:

e*+t = { ""(g^ 
- 6^ 

lp#(a,)) 
' if llp^ll,'p'1 I 0'

I n^, lf l lP*ll7'P,1: o',

( 4 1 ] | I JG**r) < J(s*) and

| ;gLttt e*) - J(e^+t)l :0 * J,;g l lJ '(s; l l ; ,1o.y :0.

I



Proof ' The sequence {g,,}*61'E being bounded in L2(Q7), it contains at least a weakly

convergent subsequence. Let us denote by {g**}r6x such a subsequence, and by
- 

l+'ii g- € L2(Q7) its weak limit. We obtain the boundedness of {ri-u t arnps il*o,, p*r}*eN,

. in (H2'r@r))u with the same remarks as those of Proposit ion 3.1. The f irst assert ion

of the theorem follows, passing to the lirnit in (OS)3, (on a subsequence) and using

the uniqueness of the solution of (OS)r_:.

For obtaining the second assertion of the theorem, we shall prove first the Lipschitz

continuit,v of J' on 8,.

Let 91, gz be two elements of ,B". we denote by (r-0, ai) ili) p;) the unique solu-

t i on  o f  (OS) r - ,  co r respond ing  to  g i , i  : 1 ,2  and  (6 , r , i . ,  p )  :  ( 6 r , , r r , d r ,  p t )  -

(6r, , t ,  i l2, pz).

Computing (OS)r1o=n,;-(OS)r1o=n; for (r, ():  (u-(t),  c,. '( t)) and adding the equal-

i t ies we set:

I  d  , , + , , , t )  . l

;;(161)l' + il,(t)l\ + 0' + x)lld(r) ll', + ill,U)ll', + z ylw(t)12 :
(4.2) GU),,(r))  -  (81(d(r),  6r(t)) ,r(r))  -  j (8,(d(t) , ,r( t)) , ,c,r(r))+

x(rot cu(i) ,  d( l))  + x(rot d( l) ,  a" '( t)) ,

since (81 (i,,d),d) : O Vd e V, d e (H]@))2 and (Br(d,r),r) : 0 Vt7 € V, w €

Hi@).

Using the estimates (2.2) and standard computations, it follows:

(4  3) lldll 7z p,r ;y * | | a; | | ;, 1o,r ; Hl @)) S M (r)llsll 
", ra,t.

Comput ing now (OS)r( r=n,) - (OS)r(n=n; for  ( i ,  ( )  :  (d( t ) ,  p( t ) ) ,adding the equal -

i t ies and using (2.2) together with (4.3), i ,ve obtain:

{4.4)

which yields:

l l i l l l yz p,r ;vl + | | p I I r, ro,r ;Ht @)) < L (r)ll slft, @,t,

(4  5)  l l / ' (g ' )  -  J ' (gr ) lb@i l  3  L( r ) l lg '  -  sz l i ,@,\ ,vsr ,  s ,  €  8 , .

1 0



lVe note that the Lipschitz constant clepends

to cc.

This prtilerty of the functional J allor,vs

" a c ' l c r r re'  0-  € t r ( " )  l lp^ l l rp,1,  t14l lo^ l l t ,e, i ,
this choice, the propert ies (4.1) are fulf i l lecl

on r. For r -+ oo, tr(r) also converges

us to make a convergent choice of 6*, i.

with a, c arbitrari ly chosen in ]0,1[. For

and, hence, the proof is achieved.

4.2 The discretizatio' of the approxirnati 'g system.

This subsection is concerned with the discretization of (os)Lr, (os)l '*t ,  both in
the space and in the time variables. For the cliscletization in the space variables

we use an ilternal approximation and for the discretization in the time variable, a
backrvard Euier scheme' After the clescription of the scheme, 've prove its stability
and convergence.

Let h be a pa.ameter converging to 0; we denoteby w1",vn, sn and Ml"internal

approximations for v, H3@), Lt@) and L2(e), respectively, and rve define:

r ih - Mno {g e tr@) I lgl < 
5l

lve divicle the interval 10, T] into n intervals of length at : !,n € N*.
n

For any f e #1nr) rve define the element" fi,, fk,...,,ft,€ M1, givenby

(1 T) rr : L [ro'I ; . :  
a t  L 6 _ 1 1 o r f  n d t ,  l c  :  r , . . . , n ,

rvhere f n e L2(0,7; ht6) is the space discretization of / .

a)  TI ie  d iscret izat ion of  (OS)f  .

For (OS)i we pr.opose the following scheme:

Schemel .  l \het t  ( i^ ) f ; , , . . . , (6*) I ; ,  and (a*)Tr , " , . . . , ( *^) f ;L  are knowrz,  le t  us f i ,nd,
((d*)f, , .  (r^)h) € I4/h x Vh as the solution of the problem:

*Ur^f,, io) + (rt + i l((@^)f,, in))o+ (81((d-) f; ,  ,  ( i-)f,^), zo)
-x(ror (r^)f,,in) : 

fiW*l\;', io) + Ul,,ih) v;h 6 wt,,

!1tt,i lf,^, (a) + t((@*)f,*,(r))o + i{Bd(6^)f;r, (r*)f,*),(o)
+2y((a^)f., (n)-y(rot(d*)f,., e: fittr^)f,, ' , (n) + ((s*1L, (n)y(n€vn,

(4 6)

,- ,,1
t

i i



with ((41-)7,,", tr^)jr, ,):  P*,nxvn(d_(0), , , , ,(0)) :  (0',  0),

We define a6 : (W1 * Vn\, r-+ R and L1, : W1, x V1, r) R by:
.. 

"!.

oo((d,,) , ( i ,0) :  
*rr , ) i  *  W+ xX(4 r))o + (8,((6^)I*, ,d), i )  _ y(rot a, l

, j ,+71@, () + r((r, O)o + j(Br((S^)In',r),0 + zx@,() - x(ror r i ,  O,

L n ( i , O :  * ( @ ^ ) l ; r , ; ) + , 7 k  i , '
l,t.. , fft",i) + 1(@_)f"" () + (k^)f,,c).

The systern (a.8) is equivalent to the following linear eqr.ration:

(1 9) on(((6^)f,, ,(r*)f,),( in,ei l) :  Ln(in,e) vgn^(n) e wn x vn

and therefore the existence and the riniqueness of the solution of (a.B) is a consequence

of the properties of a1, L6 and of the classical Lax-Milgram theorem.

We shall prove some a priori estimates, wirich will give the stability of Schemei.

Theorem 1.2 The solution ((d*)f*,(r^)h) 
"f &.5) -<atisf,es:

( 4 . 1 0 )  l ( d * ) f " | ,  S C ( r ) , k : r , . . . , , f r ,

(4.11) il4^)f. - @^)f;'l ' 3 c(,),
A=1

(4 12) ^rill.i-;k ll3 s c(,),
ft=1

( 4 .13 )  l ( r ^ ) f , * l '  <  c ( r ) , l t :  r , . . . , n ,

(4.14) f , l@*)f,  -  ( ,^)f ; ' l '  < c(,),
fr=1

(4.15) , a, i  l t  (,^)f, l l3 s c1,;.
f t=1

Proof. Taking ih: ('i*)f, in (4.8)1 , (n : (r*)f, in (d.8)2, adding the two equaiities

and using the identity

2(o  -  b ,a ) :  l o l '  *  l b l '  +  l o  -  b l ,  ya ,  b  e  L t (A ) , ,

12



rve obtain:

i

2 Atw6^)f'1, 
- l(6 ^)f;' l, + l(i*)f, - (6^)f";' lr)

+ $;({,;Ll' - l(,^)h;' l, + l(,*)I* - (,^)i;' l,)
(4.16) +0, + x)ll(6*)f,l l3 + u ll @^)f*ll6 + zxl@^)f,|,

-x(rot (r^)f,, (d^)h) - x(rot (6^)f,, (r,,)f,^)

: u1,, @;h,) + ((g;h,, @^)f^), k : t, ...n.

Next, using the equality

(a, rot 6) : (6.rot cu) Vd e (H]@))r, ,  e H]@),

and the inequality

(4.r7) (u.,, rot t) <lilulllu-llo, v,r' € (,4 @Dr, u e H[@),

(4 .16)  y ie lds,  a f ter  the addi t ion of  the obta ined inequal i t ies,  for  f r :1 , . . . ,n :

l(6*)7,1, * i l@*)f^ - (6*)f,;' l, + t, tt i il@;"-llr,
,b=1 

n 
k=l

(4.1s) +il(,*)i,l ' * i Dl@^)f, - (,^)I;' l ' + tatill(,*)f^ll
1 n k = r 1 n , t = 1

S c n z,t1! i V\^f - : i Kg^)1,'' )
l "  k=l I  k=7

and, hence (4.11), (4,.r2),, (4.1,1) and (a.15) are obtained. If we add now the inequal-

i t ies for k: r, . . .g, with q Sn, we get (4.10) and (a.13) and the proof is achieved.

We define the functions:

(  , -
1  {d^)6( t )  :  (6^) f ,^ ,  Vt  €  [ (k  -  t )At ,kAt [ ,1 4  ] q \  I  "
)
|  ( r ^ )n" ( t )  :  ( rdT,  v ,  €  [ (k  -  t )a t ,ka t [ ,  k  =  r , . . . , tu .

An immediate consequence of the above theorem is the following stability result:

Theorem 1.3 The functions (6^)n,((r^)n^) defined by (4.1g) are uncondit ionally

L * (0 ,7 ; (L r@) )z )  and  L2 (0 ,7 ; (H ;@) ) r )  (L * {0 ,7 ;  L r@) )  and  L2 (0 ,7 ;  H }@) )  s ta_

ble.

The next tireorem gives the convergence of tire Schemel.

1 . f
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Theorem 4.4 For ft  -+ 0 andn -+ oc the fol louing conuergences can be,proaed,:

( i , , )o^ 16^st rongly  in  L2(0, f  ;er@D2),  ueakly  s tar inr* (0,  T; (L2@D\,

weak ly  i n  L2 (a ,T ;V ) ,

(r^)on 4 a^ strongly inL2 (Ar), weakly star in tr*(0, T; L2 (AD,

weak ly  i n  L2 (0 , f  ;@;@) ) .

Proof. For obtaining the above convergences, \,ve follow the same steps as in [O], p.

357-363, for Navier-stokes equations, so we shall skip the proof.

The computation of the solution of (a.8) is not easy because of the constraint

div(6^)f,: 0. To overcome this difficulty we introduce, as for Navier-Stokes equa-

tions, the following equivalent system:

f i@^)L,2n) + (r,  + x)(((6*)L, in))o + (Bt((d*)!, ; '  ,  ( t^)f ,) , ;o)
-x(rot (r*)f , , in) -  (@^)f, ,div i1,) =

1

o{ri*)f,, ' , in) + (fr^,ih) vrh e (vo)',

f i l{r^)f,, (a) * ^t(((a^)f*,,(r))o + j(Br((6-)f; ' , (rdl,,),0)

+2y((w*)fn, en) - 1(rot (d-) t^, (o) :
;

1(@*)f ; ' ,  
(o)  + (k*) f ; , , (n)  vEn E1io,

( d i v  ( 6 * ) f , , s i , )  : 0  V s r  €  5 6 ,  k : I , . . . , e .

Tliis system is solved by using Uzawa algoriihm (see e. g. [6], p. 3Bg).

\,\ie pass next to:

b) The discretization of (OS)l ' .

First, we define the new functions:

I  *^@,t ' )  :  d^(r ,T -  t ' ) ,

I  r -1t ,  t t )  :  p^{r ,T -  t ' )

(4.20)

( 4 . 2 1 )

14



and \,ve obtain the following ecluivaient form of (OS)f :

{4 ' ) )

?n;(t),4 + 0'+ i lftn*(t),4)o * (8,,(i,6^(T - t)), 6*(t))-
(Bt( i*(T - t) ,6*(t)) ,4+j@z(i,u^(T _ r)),  p*(t))  _ x(rot 

"^(t) ,n- (rot d*(T - t) - ,*(T - t), rot i) Vi e V,
j (p^( t ) ,O + t ( (p^( r ) ,  ( ) )o  -  j (8r (6^(T _ t ) ,e^( t ) ) ,0  + 2x@^(r ) ,0
-1(rot , i^(t) ,()  :  -(rot d^(T - t)  -  r*(T _ t) ,0 V( e Ht@),
u3*(0)  :6 ,  v^(0)  :  0 .

For solving (4.22) we introduce the iterative scheme:

schemel.  wen (d^)2*, . . . , (a i t ; '  and (9^)o1,, , . . . , (p*) Int  are known, let

find (Qn*)f., (*r*)f^) e Wn X V6 as the solution of the problem:

At(\i*)f", in) * (p + il(@^)f^, io))o+ (8, (in, (d^)T,n*'), (ri,*)f,r)
- ( B { (6 *)T; r * ' ,  (d *)f,), i  o) + j ( B, ( i  n,, (, ;T;k +, ), (p *)f.; '  )
-X(rot (V^)f,,, in) :

L  / ,  -  ' l - I

g(6-)8"', in) * (rot (d*)t,r*t - (r^)i,k+1, rot ih) vrh 6 Wn,
J  , r  r L

7;k -) f" ,  (  o) + t  ((@ ^)L, (n))  o -  j  (B r((6 ^)T,;n*r,  (q,  ^)f , ) ,  h)
+2x((p *)f*, &) - y(rot (6 *)f;,, e) :
J  r r  r A - l

4k*)f" ' ,  isn) -  (rot (6*) i^A+1 - @*)T;k+t,(n) vqoEyr,,

with ((r i-)o0,", (p*)onn): P*o*vo(i^(o), p^(0)): (0',  0).

We define now a6 , (Wn , Vn), r+ IR and L1, : W11 x V1, r) IR. by:

on((d,e),G,())  :  
*r*,4 + 0, + i l (@,4)o -  (Br((6^) i , r*r ,d),1 -  y(rot e, i )

a

+f i (v,O + t {@,0)o -  j (Br((6^) ink+r,e) ,0 + 2x{v,O -  1(rot  d,e ) ,
1

L n (i ,  O : ; 
( (.t  -)f; ' ,  i)  - ( B {r h,(6 ^)T,n *'  ),  (a i l f , ;r ) - j  ( B r(r n, (a ;f;k +r ), (p ̂)I;r )

.  J  r t , . ,  t k - r  z ' \  r,  
, 11 \ \ *m /hn  t  \ 1 r ( ro t (6^ )7 ; r * t  - ( r * )T ; r *1 , ro t  i ) - ( ro t ( t i - ) t ; r * ' - ( r ; x ; k+ t ,e ) .

Tlre system (4'23) is equivalent to the l inear equation (4.g), with ((d-)f"^,(r^)f^)

replaced bv (rn ̂ )f,", (v ̂ )f;.1.

(4.23)

I U



The properties of n7, and lr ailorv us to apply Lax-N{ilgrarn theorem which yields

the existence and the uniqueness of the soiution of (a.23).

The rnost clifficuit part of this section is to obtain the a priori estimates of the

type  (4 .10 ) - (4 .15 ) ,  f o r  t he  func i i ons  ( ( . i * ) f , ,@^) f *7 ,  k  : 1 , . . . ,D .

In the sequel we sha,l l  need the fol iowing inequali t ies (see [6], p. J33):
(

(4 .24)  {  
l " t i  <  do l luo l lo  Vun €vn '

I  l luol lo s s(A)lu6lvu1, e vn,
rvhere S(A) -+ oo as A -+ 0,

We shall prove:

Theorern 4.5 If h and n satisfy the inequality

(+.25) AtSz(h) < n: u 1t ax  ( r - r ' J2 i 2co ) '

then:

(4 .26 )  l 0n* ) f "1 ,  1D( r ) , k : r , . . . , n ,

(4.27) it*;f,- (ui^)Lrl, s D(r),
A=1

(4 28) ^rill,.6^)f,ll3 s r("),
k = 7

( 4 . 2 e )  l ( p ; f * | ,  <  D ( r ) , , k : \ , . . . , n ,

(4.30) i l ,r.^)f,- (p*)f,, | ,  s D(,),
&=1

(4.31) ArD,ll@^)f,,l lr, < n0.
A=1

Proof . For simplicity, any function (f*)f, will be denoted in the sequel /4. Taking

in : *jk in (4.23)1 , (r, : gk tn (4.2J)2, adding the obtained equalities and using again

the identity of Theorem 4.2, we obtain:

1 , ,

zlr|ar f - ldk-t l ,  + l , ir  - r ik*t lr) + 0r+ x)l ldA|la

* *r( lvr l '  - l ,pn-' l '  * lpr -,pk-' l \  + t l lgrrl lS + zxl,prl '
(4.32) :  (rot  6n-k+1 - rn-k*r,rot  , r .d*) _ (rot 6n-k+r _ rn-k+r,gk)

*x(rot  gr , r r tk)  *  1(rot  . i r , rpr)

-  (Bt(dk, ;n-k+\), ' , i *- t  )  -  j  (Br1nk, rn-k+l) ,  pr- t) .
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\ \ 'e shail  introduce in (a.32) the fol lowing cornputations:

: ; , .  
- (Br( i r  ,6" - r '+ t  ) ,  d l - t )  :  - (B l l r ik  -  ? ik- r  )dn-k+l ) ,  , ln- t )

(Bt ( '6r - t ,  u*-A*t ) ,  , ik - \  (  (we use (2.2)r )

,/Trnr - rik -1 
| / z 11'$r - lik - 1 

11f,i 
2 p'- *+r lt / 2 

lldn 
- k +1 | | l/' I | ;*-' | | o

+f21,,1u ll lO*-tlloll,lf-t '+tllo < (we use (4.24)z for the first rerm)

, /zs1n\Fnr - , ik- ' l l ' l - , t+t l l l , t*- '  l lo +,/zl,nk-l l l ld,L-l l lol i#-n*' l lo,

-  j  (Br(dn,  rn-k*r ) ,  fk - '  )  :  -  j  (Br( rno - , ik - t ,  wn-k+t) ,  po- t )

-  j (B r (6k -1 . rn -k * l ) , pk - t )  <  (we  use  (2 .2 )2 )

i Aftnr -,ik - | 
| I 

z 
11,]r - 1ik - | 1110/ 

2 
1r" 

- r'+t 
11 I 2 

llLon- 
k+t 

| | 3/' | | p*- t I I o

+ i Jrlrn k -' 11 / 2 lld k - 1 l[t 2 
11r" 

* * +' I I o I p * -' 11 / 2 ll ek 
- | ll'o/' <

(we use (4.24)2 for the first term and2abZ.- a2 +b2 for the second)

h/I s lnSlrnr -,ik -, llun- k+tl | | pr-, tt, + ff Wr-r I J1 6r- r llo I lr'-ft +, | | o

- elpn-' I l lvn-' l lo l lr '-&+' l lo,

x(rot  \ tk, , i \  *  x(rot  , i r ,gr)  :2x, lot  , i ' ,?r)  (  (*"  ' rse (4. i7))

ff iylekll ld* l io < x( l i ,.t*l l3 * zlvr l,),

(rot d"-r+7 - an-k+r, rot u-14) ( (rve use (a.17))

' / l lrot 6n-k+t - an-k+l ll ldollo S/2{2116"-n*tllo * lon-k+tl)ll.tAllo S
( (we use (4.24), )J1(/tl l6"-o*'l lo + dollr"-r*'l lo)lld*llo

' t  ' ^  4  - n * t l l 3 f 2 4 - 1 1 r " - * * ' l l 3S il l td-l l i  + :l l i" 
u ,,

s *l l, ir l l ' ,  + u|16"-k+'l l3 + l lr"-**' l l3),

4  2d? .
u ' l r e r e  a :  m a x ( l . a ) ,

1 i
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-(rot 6n-k+t - un-k+\,g\ S (we use (4,24)t)
i,b.
" ' ! '  dslrot d"-k+r -rn-k*7l l lgnl lo ( (rve use the same inequaii t ies as above)

lllon ll',+ b( llu-"'-e+' ll3 + llr"-o*' ll3),
2 t t t  

i l u

2d7 dA.
w h e r e  0  :  m a x (  - ,  - ) .

^ / " ' l

Introducing all these inequalities in (4.32), it foliows:

@t'12 -  j r i * - t1z + I ' ie  - r ik- l | ,  + j ( lpk l ,  - lvr- t l ,  + lpn -pk- t lz)

+ At pll'tnk 13 + at^, lloo | | 3 < 2(a * b) At(116"- k*' | | 3 + 11o"-t+1 | | !) +

(4.33) 2JrAtS(h)lzir -,1t'-t ll,il-t'+' lll.do-' llo+z/Zttla,t-t, flan-r llollr-"-e*'llo+

zr/tAtS(h)ld*-5r-t llu"-t+t lllpn-'llo+ j'fiAtl'r;r-t,llUr-t llollr"-n+t llo

+ iJ, Atle&-1 | I lek-1 l lo l lr"-*- '  l lo.

Nlajorating the right-hand side of the inequality (a.33) we obtain:

(4.34)

1

l ,nnl,  _ ldx-t1z + ;pik 
_ r ik-1 1, + i(vr l ,  -  lvr-t l ,  *  lvn _,?k- ' l r)

+ At p,llrnk lll + at111rn | | 3 < 2(a * b) At(l16"- k+' I| 3 + |lr"-**' || 3 )
+/Jr(8l1r.9, (t 11,;"-r+' r + llll.to-' ll3

+ At $ j2 N 52 ( tl)lan- k+t r + ]ll I po -' ll3 + \ att6k - 1 
l2l I d"- o*' 

| | 3
1 I *

, t  . : 2  q ; 2
yl!- a1lrir-' lrl lr"-ft+l l l2 I !!- 41lVr-'1,llr"-**' l l3.

Using in (a.3a) the inequali t ies (4.10), (4.13) and the hypothesis of the theorem, i t

f o l l ows ,  f o r  k  :  1 , . . . , n  :

(4 .35)

l , io l ,  *  l , rJr-r1z +f, tAr - , ik-11'  + j ( lpr l '  -  ler- ' l '  + lvr - ,pr- ' l ' )

*cfplltdk l l,, - At+Ll,;t-r lft + nnll*oll3 - N;l l?o'l l |

3 2(o + b)At( l l#-r+'  l l3 + l l r"-** ' l l3)

*,41a( ldx-t1z * j lpk- ' l ' ) ( l l r --*n'  l l3 + l l r"-n*t  l l3),

,  , 1 6  4 j t  2 j ,  ^ , , .r v l re re  a :  max (1 ,  L ,  - : ; ,  Add ing  the  i neq r ia l i t i es  (a .35 )  {o r ,h :  1 , . , . , q ,  n ' i t h
p u ' l
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Q { n, we get:

ldt lz * *t wr - dk-tf + i(
q

I p r l '  +L , lpn  - ,pl - 1 9 2 i
t )

: r ! ! t , t :  a':i"J - '

(4 36) 
+,ufr il 'toll; + atlr tto-tt3
< 2(o + b)At f i l lr--**' i i8 + l lr"-rn'l i3)

n  
k= '

*Atap{rr*-' I ' + irvn-'r')ot"-r*' i l | + ilr"-r*' l l3), Q : r,...n.

\&'e introduce the notations:

t r = l

(

(437) I  
' , '

I r '
l\/e shall now

(4 .38)

Ata(l l6 ' l l l+ i l roi lS),  i  :  r , . . .n,
2(a + b\  , ,

"  
[ ( r "  + . . . * r , , - i + r )  + . , .  *  r n .  . . . .  r n _ i j - r ] ,  i  :  I , . . . n ,

prove recursively that:

l d ' l ' +  j l p ' | ,  < l ;  i : t , . . . , T 1 .

Using the notat ion (a.37)1,  i t  fo l lows from (4.36),  for  g :  I , . . . , ,n:

(4.3s) ldnl, + j lvnl, < 
2J!j 9 

f *^_n*r* irt,;*- ,1, + j lpr-rlr)rn_r*,.a ;a t=1

Taking ? = 1 in (4.39) and using ?i0 - 0-, g0 :0 we obtain:

(4 .40)  l r i r l ,  +  j lp '1 ,  S2(o  
+  b)  

* - .l ,  I  
A  

* n )

i 'e '  ( '4-38)  for  i :  1 .  we suppose that  the inequal i ty  (4 .3g)  hords for  i :  r , . . .Q_
and we introduce it  in (a.39). This yields:

ln.nrl io' l '  
+ i lpoy t 

2(al b)t*t '"-n*, 
* r,$n-t* f(", * rn-t) + rnrn-rl*,-,

+ . . .  +  [ ( r "  +  . . .  *  r n _ q * r )  *  . . , *  r , .  . . . . r n _ q + z ] r n _ q + t ] ,

rvhich is (a.3S) for i  :  I .

Now, from (4.JT) i t  is obvious that )r ( )z < .. .  < ),, .

1 0



The next comprrtatiol rvil l  gii 'e, togetl ier with (4,36), the assertjon of the theorem.
,  2 ( a  +  6 ) ..A, ,  :  - : - - - - - - - : [ (""  + . . .  *  , r )  + . . .  + tn.  . . . .  , r ]  =

." 2(a + b\ -a
_  t t t  4  * r ) .  . . .  . ( 1  a  r , )  _  1 l  :

2 ( a * b ) ,

: ; l ( "xp( ( ln (1  
*c r )  (1  +r , ) )  -  i )  <  (we use ln (1  f  r )  S  r ,v r  >  0 )

L#*xp(cr + ... + ,*) - r7 :?kl:-9-(exp(adr rrttr-tta + ll,*ii;)) - r) s
(we use (4,10) and (4.13) f#t"xp(zaC(r)) - 1):
\&'e define the functions:

[  @' )o, t t )  = (d^) f , ,  v t  €[(k -  tAt , ,kat [ ,I
( J . + 2 \  )  @ ^ ) n " ( t ) :  ( p ^ ) f , , ,  V t  €  [ ( k  -  D A t , k a t [ ,  k  : 7 , . . . , f t ,\ - ' ^ - ' l  

|  @ * ) n , t t ) :  ( d ^ ) , , ( T  - t ) ,
I
I Q^)n"(t) : (edo,(T - t).

The stability and convergence resutlts follow, with the same techniques as for
c)  The d iscret izat ion of  (OS)f* t .

We define

(4 43)

\ f h e m a t t '

sn"(t) : sf;, vt e [(k - r)At, kAt[,

rvhere gL is given by the definition (4.7).

We first prove that if gn e. I{6,then gln € B,.Indeecl:

llgn,llL,@,) : t {:' . bf,,l, at :
k = 7 r \ f r - r ) 4 t

S s k a t f l t k a t
L 1, ,  . , .  (  l^( ;  1, ,  . . .  sr ,dt)2dr)ds <
f t = 1  r t k - r ) z \ t  J Q  A t  J ( h - t ) A t "

f  /o" t  (L '  l '  fkat  e  '
(;i I 6-11 ^,\E( J n L rr-,,o,sidtdr)ds 

:

f. [*"' (+ {n"' lshr2d,t)ds <
f1 '_ ,J1r - r1 , t t '  A t  r (k - i )  - l t ,

f [^' *l^,0,: *
f ; iJ t t - t1st  ) t ' ,

\fu'e consider the foliorving scheme:

Scheme!+\ .  When (go) , " . , . . . , (g^)n,  are known,  le t  us f ind (g^+r)nn g iaen by:

( { . 14 )  (gn , * r )n^ ( t )  -  pB , ( (g - )n , ( t )  -  ( 5 - )n ,  -  
i p l )1n ( r ) - - y .

I l \P^)n"l lr  lor) 
"

/ v



n'i th (p-)7,n gi 'en l :y (4.42), (6-)n,defineci in thesequel a'd (g6)i," the approximation
of a given go € 8,. We define

/

I 
u* it l lp-l lup; > o,

(4 '45)  (d^)0"  :  
|  

0  i f  l lp , , l l " ,p , l  :0 , l lk i lnn l l r ,@,)  :  0 ,

f  a^ir ts ' ( t  )  i f  ! lp^l l , , " tn, t-  0,  l l  (p*)0,111,1e,1 > 0.
The last resuit of this section is a convergence theorern for schem"T+r.

Theorem l'6 trvlren h -+ 0 and n i oo, satisfying *re hgpothesis of Theorem r.i,
(9,,+t)n. -+ gn+t ,strongly in Lr@r).

Proof. We shalj prove

strongly in L2(Q7) when

\4/e suppose that (g*)n,

i )  I f  l lp^l lpp4 > 0

fto ) 0, no € N* so that

this convergence recursively. The convergenc e (go)n 1 go
h -+ 0 and n -+ oo is given by k'own results of the literature.

i  9^ strongly in L2({)7).

it follows, from the convergence of. Schernel : there exrsts

ll(g**t)0, 
,* 97,,..1!vp,l S ll(g*)nn - 9*llyp,1

+d-il G*)n' P^ rr r':
llT;;;E\r,) 

- 
WW;lb' @,)v h < ho, n ) rz6-

LTsing again the convergence theorem for schemei, theproof is coinplete in this
case.

i i )  I f  l lp," l luprs: 0 we get:

l l&,"*r) nn - g _+rl l  u p,y S l l (g _) n, _ 9 *1ft ,  p,) * (6*) n,,

and, hence. the assertion of the theorem folroivs from the definition of (5^)6,.
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