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1 Introduction

In this article we work over an algebraically closed field of characteris-

tic zero (e.g. C : the complex field) (see $4 also). We use the standard

notations from [Ha 1].
By a curue (resp. surface) we mean a C-algebraic integrai scheme of

dimension I (resp. 2).The curves a,nd surfaces used in this paper will be

non-singular.
We begin with some comments. Let C be a (smooth, irreducible) curve.

Because any such curve can be embedded in a projective space using a



morphism associated to some linear systern, we can consider the curve C,
simultaneously, in three hypostases: abstract curve, polarised curve and
embedded curve. In the classification of abstract curves it is considered
the nunrer ical  invariant named genus g = h0(ac):  ht(Oc) (cornming from
the classiflcation of compact Riemannian Surfaces) and, for fixed g, it is
considered the space of continuous invariants ,,11, (called the moduli space)
containing the isomorphism classes of curves of genus g. In this theory there

are considered various problems concerning ,,t40: dimension, quasiprojectiv-
ity, unirationality, singular locus etc. In the theory of polarised curves
there are considered pairs (C,gi), where g| is a linear system (producing
rational applications C -+ P") of degree d and dimension n. In the Brill-
Noether theory it is considered, for instance, the object

WI =Wf (C) = {g'olgicomplete on C, s > n}.

There are studied problems concerning the structurc of Wi (a determi-

nantal variety): irreducibility, dimension, singular locus etc. But the first
problem is: when Wt + 0 1. An answer is given using the Brill-Noether

n u m b e r  p :  p ( 9 , n , d ) -  S  -  @ +  t ) ( g  - d + n ) :  n a m e l y ,  p > - 0 + W i  * 0 .
An embedded curve is a curve C C P". The theory of non-degenerate

curl)es from P" (i.e. not contained in any hyperplane) is related to the the'
ory of polarised curves (the study of Wi) and to the theory of embedded

curves, both of them being two faces of the same problem. If C C P" we

associate to it, as usual, the genus g (comming from Riemannian Surfaces),
the degree d (which is a projective invariant) and the embedding dimen-

sion n (both of them comming from the theory of polarised curves). The

Hilbert schemes Hi,n of smooth,, irred,uci.ble and, non-degenerate curves from

P" (the ciosure in the general Hilbert scheme of the open set corresponding

to smooth, irreducible, non-degenetate curves from P") are usually studied

in the theory of embedded curves. There are studied topics about .Ilf,,r:

reducibility, projectivity, singular locus, tangent spaces, "good" or "bad"
components etc. But, first of all, similar to the Brill-Noether theory, what

is important to know is in which condi,tions we haue Ht,#0.

We call Halphen-Castelnuoao theory the study of eristence, for a

fired triplet of integers (n,d,g), n ) 2, d ) n, g > 0 and a giaen property

P, of non-degenerale curues C c tr' oJ degree d, genus g and' hauing the
property P. Then it is natural to study the (nonempty) families {i;f of

curves as before.

The property P may be, for instance, irreducibility, smoothness, linear

rit



normality, pfojective normality, maximal rank etc. If P = smoothness, then
f;:: = H!,n,for instance' li,l j.

The numbers d = degree, g : genus, n = the embedding dimension
appear naturally from the necessity for the theories of abstract, polarised
and ernbedded curves to be compatible. This allows us to study the connec-
tions between the ertrinsic geometry (represented by properties of projective
enbeddings and of the Hilbert scheme) and the intrinsic geometry (repre-.
sented by abstract properties and the moduli space) of families of algebraic
curves. This comparison is often best represented by the natural maps
r : Hi* + Mn.So, df 's important again to lcnow when H;,0 + 0, so "when
the map r is not the empty map ?". In this context some new properties P
appear: general or particular moduli, expected number of moduli etc.

We recall now the Castelnuouo bound (found in 1893) (for a modern
proof, see lH], ch. 3):

Theorern A (Castelnuovo [C]): f n € Z, n ) 3, and C C P" i.s a
reduced and irreducible (possibly singular) non-degenerate curue of degree d

and geometrical genus g, then d ) n and,0 S S S r6(d,,n). The curues for
which the bound is attained lie on a rational normal surface of d,egree n - I
in P" (i.e. either rational scrolls or the Veronese surface in P5 ) and can be
completely describeil (these curues are called, extremal curues).

This result is a generalization of a previous similar result obtained by

Halphen and Noether in 1882 for n:3 ( [Hl] ,  [N]) .  
:  :  '  1t ' : '

Here, zre(d, n) is the first one from the Harris-Eisenbud numbers ro(d,n)
(see [H], ch. 3: Castelnuovo theory), given (for 0 < p < n - 2) by:

( 1 . 1 )  r p :  r p ( d , , n ) : * ' ( r y -  
r )  

@ * p -  1 )  +  n n p ( € p * p )  *  p p ,
a

u'hete

(1.2) mo : mo(d,, n) : [{d, - t) I (n+ p - 1)].

(we denote, during this article by [r]. the integer part of CI € R,)

(  1 .3 )

(1 .4 )

€p :  €p(d ,n)  :  d  -  I  -  mo(n  +  P -  l )

Fp  :  up(d ,n)  :  max(0 ,1(p  -  n  *  2  *e r )  l2 ) . ) .

We remark that p6 = 0 and r, = d2l(2(n* P - 1)) + O(d).



We recall that, if the property P is irreducibility (or nodality), the com-

plete answer in Halphet',l€astelnuovo theory is given by the following

Theorem B (Tannenbaurn [T1],  [T2]) :  For n ]-  2 and any d,9 € Z,

d,)  n,0 -< g S rs(d,n) there is a non-degenerate curueC C P' of  degree d

and geometric genus g with only nodes.

This theorem generalize a similar result of Severi from 1915 for n : 2

([su]).
If P = smoothness we arrive to the Halphen-Castelnuovo Problem

(related r.vith the intrinsic and extrinsic geometry of curves), denoted HC(n)

f o r n ) 2 , n € Z :

HC(n) :  For  wh ich  pa i rs  o f  in tegers (d ,  g ) ,  d>-  n ,  0  I  g  !  rs (d ' ,n )

do we have Hi,n l0?

This is the Problem which we'll consider in this article. We recall now

what is known on HC(n).
HC(2)is simple: H|,o * 0 a d )  2 and e = (d -  1)(d- 2)12. But,  for

n ) 3, HC(n) becomes trigttty non-trivial. A (correct) solution fot HC{3)

has been proposed by Halphen in 1882 ([Hi]), but his proof was, partially,

incorrect. A complete proof was given by Gruson and Peskine 100 years

later ([GP1], [GP2]). The answer is contained in the following

Theorem C (Halphen-Gruson-Peskine): Let theie be d,g e. Z, d>3

l ; a ' - i l * r ,  d e u e n
a n d 0  < g / - r s ( d , g )  : { ;

[  ; ( r ' -  
1 )  -  d + 7 ,  d .  o d d .

f l  I
a)  I f  l r a@-  3 ) l  + !=n r  (d ,3 )  <  g  z - r s (d ,3 ) , t henanynon-d ,egenera te

L o  I  +

(smooth, irred,ucible) curae c c F of degree d and genus g i,s contai'ned in

a quad,ric surfacel so, inthis case Hl,n * 0 <+' (3)o, b e Z, a,b>0 such that

d  :  a  *b  and ,  g  :  ( a -  1 ) (b  -  1 ) .
b) IjA < g Sr{d',3) for any pair (d,g) there is a (smooth, irreducible)

non-d,egenerate curue C C F ol degree d and genus g; then the necessary

curues can be found on surfaces of degree | (singular: [GPL] or not: [Mo])
1 ^

, f  0 S s S ;@ 
- I)2 and on cubic surfaces rf 

;(d 
- I) '  < I I  rt(d'3).

Definit lon 1.L: A pair o! integers {d', i l ,  d, } n,0 S g 1rs(d',n) is

called, a gap for HC(n) if there is no non-degenerate (smooth, irreducible)

curue C C P" of degree d and genus g'



So, for HC(3) there are two domains in the (d,g)-plane:

D f : 0 3 s S r { d , 3 ) , d > 3 where there is no gap.

Dl :  r1(d, 3) < g <, rs(d,3),  d > 3 where there are gaps.

HC(n) has been solved for n = 4,5 by Rathmann ([Ru]), n : 6 by Cilib-
erto (lCi]) and "almost" solved by Ciliberto if n: Z ([Ci]). The situation
is simi lar to the case n:3 in the sense that there are two domains: Df ,
where there is no gap and Di, where there are gaps.

Let's review that is known for n ) 3 general. The construction of
Gruson-Peskine has two steps: step 1 consists in the construction of curves
on a quartic surface and step 2 consists in the construction of curves on a
smooth cubic surface (see IGP 2] or [Ha 2]).

Step t has been generalised to P" (n ) 3) as follows:

Theorem D (P6sdrescu [P 1]o Ci l iberto-Sernesi [CS]):  I f  d,g e Z,
d 2  n , 6  e  { 2 , 3 , 4 } , n > 2 5 -  1 , 0  (  s  <  ( d - n ) 2 1 2 ( 2 n - 6 ) ,  t h e r e i s  a
(snzooth, irceducible) curue C C P" of degree d, and genus g which is non-
degenerate in F, on a surface of rJegree2n-6 in P" (so H;,0#0 for such
pairs 5,, g)).

For  6:2 see [P 1] ,  for  d  e {3,4}  see [CS] .  The case 6 = 2,  n :  3  is
exactly the Gruson-Peskine construction.

A generalisation of Step 2 was initiated by PXsXrescu and Rathmann
([P1], [Ra]) who applied the Gruson-Peskine construction on Del Pezzo sur-
faces from Pa and P5. Ciliberto ([Ci]) studied a generalisation of these 3
initial cases (the Del Pezzo surfaces from P3, Pn, Pu). He constructed curves
on some rational surfaces with hypereliiptic hyperplane sections Xf C P'
of degree n + k - 7, h : l"l3l. (see $3 section 2.2 for X[).

Precisely let's denote by

.  (  a(d, ,n)  , i f  n  :0 ,  1  (mod 3)
( 1 . 5 )  A ( d . n ) : =  I'  

t  r 1 , ( d , n ) - F r * m a x ( 0 , e ;  - 3 k - 1 )  , i f  n : 2 ( m o d 3 ) .

( see  (1 .1 )  -  (1 .4 ) ) .
Ciliberto proved the following:

T h e o r e m  E  ( [ C i ] ) :  L e t t h e r e b e n €  2 , n 2 6  a n d l x : l n / 3 1 . .  T h e n
tlzere are two functions dg(n) (of degree 312 in n) and p(d,n) (of degree
3/2 in d), giuen erpl icit ly, so that for any d> ds(n), d e Z and,g(d,n) <



g < A(d,n), g e Z there is a (smooth, irreducible) cu.rue C C X[, non-
degenerate in P", of degree d and genus g (hence, in this range Hi,, I A).

If n = 3 and k : 1 one obtains exactly the Gruson-Peskine construction.

Combining Theorems D (d = 4) and E, Ciliberto defined 4 domains for

HC'(n):  A,B,C,D proving that there is no gap in the domain C, the si t -

uation from A,B,D being unknown (tci). In this article we obtain results

in the domains L and B (and C, incidentally). Precisely, we replace the 4

domains of Ciliberto with two domains: Di (without gaps) and Di (con-

taining Saps),  as in the cases n € {3,4,5,6,,7}.  The domains Df and Di

s,il l be defined in $2, where we will also state the Main Theorem. In $3
u,e give the (long) proof of Main Theorem. Our contribution is for "slnall"
degrees, less than D(n) = o quadratic function. The method used in the

proofs is a new one and it isn't o generalization of Gruson-Peskine methods.

it will be briefly explained in section 3.1 of $3. Finally, further develop

ments may concern the construction of curves with some special properties

P (topics belonging to Halphen-Castelnuovo theory) or the construction of

"good" components of Hi*. These aspects will be briefly discussed in $4,
rvhere something concerning the domain Di wilL be said.

We remark that the N{ori construction for smooth cuartic surface ([tvto])

has been generalised to P" by Rathmann, in his thesis, obtaining curves in

the range of Theorem D.
We end this $ by remarking that the case n = 3 of HC(n) has some

intrinsic importance, because any (smooth, irreducible) curves in some Po,

n 2 4, can be projected (so, conserving the degree) isomorphically (so,

concerving the genus) on P3. But, from the more sophisticated reasons,

concerning in the comparison between the extrinsic and intrinsic properties,

the natural problem is the general HC(n), n ) 3.
Convension: Formula (a,b) means that it is formula b from $a and

(a,b,c) n-reans that it is Jormula c from section b, $a; si'milarly for the state-

ments of Lernmas, Propositions and Theorems.
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2 Tlre functions ap(d,n); the domains Di,Di and
Ai; the Main Theorem

At t lre beginning of this $ ' ,ve definefor any p,n e Z, p) 0, n ) 3 the

fol lorving numericai functions ao(d,,n) : 
fu + p _ I) 

+ O(d) given by:

(2.1)  ap:  ep(d. , ,n)  : :  
xo@o -  7)  

@ *  p-  1)  + xo( tu I  p)  *  Fp,

where

( 2 . 2 )  x r =  r o ( d , n ) : = l ( d -  o i ) l ( " + p -  i ) 1 .

(2.3)

( ' )  L \

a p = 4 ' : [ ( r - f l 1 2 ) . * 1

t ,  = tr(d',n) :-- d - I  - rr(n + P - I)

(2.5) pp = pp(d,, n) := l(p - " + i + tr(d, n)) 121".

We also consider the functions
r  /  1  - - \

I  m a x ( z z + i , ; ( s + ( 4 k - 1 ) \ / 2 4 k - 3 3 ) / , ? : 0 ( m o d 3 )
I

( 2 ' 6 ) d a Q t ) : : l * u * ( z , + ' , # | e + * + W l ) , f u : 1 ( m o d 3 )

I
I  m a x ( 2 n + 1 , 5 k + 3 + ( 2 k + L ) \ / 4 8 f T q  , n = 2 ( m o d 3 )

w h e r e  1 a = l n l 3 ) "  a n d  n  € 2 , n 2 3 .
We'lI need

{  
a1 ,4 (d ,n ) ,  i f  , :  I ,Z  (mo !  a )  

}  . i f  2n  *  I  <  d .  <  d .1 ln )
( 2 . 7 )  B ( d , , n ) : \  a 1 , ( d , n ) ,  i f  n = 0 ( m o d 3 )  I  

' r

I  l . g , , n1  , i f  d>  d1 (n )



with A'  f rom before and A(d, n) f rom (1.5).
We consider the following graphs (contained in the (d, g)-plane), of equa-

tions:
B t t g = r o ( d , n )

( -

B i : s : 1 " : i ( ' , " . ) '  n , 3 d 1 2 n  '  f  / ^ l' : \  
B 1 d , r r ; ,  d , > 2 n * r  t t t ' = L n l r ) +

C t  t  g  =  a o ( d , n ) ,  p  )  n l 3 ,  p , n  e  Z ,  n )  J .

Now we are ready to d,efine the non-lacunar domain Df (bounded by
9 :0 and Bi) and the lacunar domain Di (bounded by Bi and Bff),
contained in the (d,g)-plane:

(2.8)

( 2 . 9 )  D i :  B ( d , n )  <  g  l  r g ( d , , n ) ,  d >  2 r + L

The Main Theorem belonging to Halphen-Castelnuovo theory which we'll
prove in this article is:

MAIN THEOREM: /n the domain Di there is no gap for the problem
HC(n) ,  for  any n23,  n  Q Z.

Remark 2.L: We recalled inSl that the Main Theorem is already proued
forS 1 n 17 due to the contributions of Rathmann ([Ra]), Ciliberto, Sernesi
({Cil, [CS]) and of the author (tPll). Moreoaer, the Main Theorem is true
for d > D(n) (: a quadratic functions in n) (see [Ci], PSl, [P1]). So, our
rnain contri ,bution l ' rere is for 'small '  degrees,2n+1< d < D("). We wil l
suppose, that n >_ 8 (but our argurnents work, in princi,ple, for 5 1 n I 7
also).

During the proof of Main Theorem, the domain D? will be divided in
subdomains Ai, namely:

(2 . i 0 )  A l l _z :0  S  g  <  an -s (d ,n ) ,  d>2n*7  (be tween  9 :0  and  C i_ " )

( 2 . 1 1 )  A i : a 0 , , 1 ( d -  7 , n )  S  g  S a p ( d , n ) ,  d , >  2 n { 1 ,  p 2 n l 3

(containing the domain between Ci*, and Ci for p < n - 1; see section 3.3
from $3).

( 2 . t 2 )  A 7  t * u * r ( d , -  I , n )  <  S  <  B ( d , n ) ,  d >  2 n * 1 ,  1 x = l n l T ) .

(  *  r s
D i : o s g s  1 T l l , d ,  

n 1 d 1 2 n
. .  - , * , n ) ,  d > _ 2 n I l



(conlaining the domain between Ci ln,  and Bf ) .

( 2 . 1 3 ) A i : 0  S S  < r s ( d , n ) ,  t t ! d 1 2 n .

Lemnra 2.2: In the dontain AI the.n i.s no gap for IIC{tt). n. ) 8.
Proof: We use projections of nonsl>ecial curves. For d : 2n and g =

ns(d' ,n) :  ro(2n,2) rve consider t l te extremal curve.

t t +

The fol lorving equal i t .y holds (see Lemnta 3.3.1 b)):

( 2 . 1 1 ) D',i = Alu Al;'_3u ( u A;)u A',;
?5P< '  - '1

\\ 'e just solved the elementary step (cun'es in A[) of HC(tt), n ) $ in the
previous lemna. The curves f lom lJ, . lo<,-nAi rv i l l  appear in sect ion 3.5

($3) -Theorem 3 .5 .11 ,  the  curves  f rom; { i ,  in  sec t ion  3 .6  ($3) -Theor t :m 3 .6 .1

and the cur\ /es from Af-. ,  in sect ion 3.6 ($3)-Theorem 3.6.2, thus proving

the lv{ain Theorem, using (2.14).

We end this $ with a picture

fr
I'

x;

\4

\ot,



The hashureted domain is Di ( the non-lacunar one).

3 The proof of Main Theorem

3.1 Methods

Let's fix some notations. Let there be D c P2 a finite set of (distinct)
points D = {Pr,  Pr,  .  .  . ,  P,} .  We denote by S :  BLD(P?) -+ P2 the blow up

o f  P 2  i n  X .  T h e n  P i c  ( S )  = Z O Z ' + 1  w i t h  ( l ; - r o , - € 1 t . . . . - € , )  a  Z - b a s i s
(liere I is the class of the inverse image in 5 of a line .L C P' and e; are the
classes of the exceptional divisors E; C S corresponding to the points P;,

0 < t < s). We recali that the intersection form on.9 is given by:

( i . r , ; )  : 0 ,  ( e i )  - - 1 ,  i : 0 , s ,  ( q . " )  = 0 ,  ( V ) f  # i ,  ( l ' ) : I .

J

l f  L  =  o f  -Lb ;e ;  €  P i c (S ) ,  we  wr i t e  f ,  :  ( a ;bo ,b t ' , . ' . ,  6 , ) .
l = 0

I f  L : )r(D), D e Diu(S), we denote by [I ]  = l t l  the complete
l inear  system associated to  ,C ( resp.  D) ,  We wr i te  [ (o ;bo,  b t , . . . ,b" ) ]  : :

l a ; b s , b 1 , .  .  . , 6 , ] .
Let's now analyse the Gruson-Peskine type construction given by Cilib-

erto ([Ci]). The surfaces Xf used by Ciliberto, containing the necessary
curves (k : ln/31.) are obtained blowing up 3& - n * 6 points from P2
\n general position (i.e. any 3 noncollinear and not all on a smooth conic)
and embedding the abstract surface obtained using the very ample invert-
ib le  sheaf  (k  + 2;&,  1se*"+r1 (we denoted (a;b,  c .  .  . ,  c )  by (a;  b , " ' ) ) .  Be-

r tirnes
ca,use 3& - n l6 e {4,5,6} there is a well-known criterion giving suff icient
conditions for a linear system for containing (smooth, irreducible) curves.
Prec ise ly ,  t f  L :  (o i ,bo,bt , . . . ,b , l )  €  Pic(Xt) ,  where s i  =  3/c  -  n*  5 and

( 3 . 1 . 1 ) a 2 b o * h I b r ,  b o ) _  b r  ) . . . ,  b 4  2  0 ,  a  >  0

then [ l l ]  
-  

lo;b0,br,  .  .  . ,  b, ]  contains a cutve.
Due to this criterion (depending oniy on coefficients), the construction

of curves on the surfaces Xf has tr,l'o parts: a,n arithmetical part, where the

necessary degrees and arithmetical genera are realised by using the well-

known formulae of genus and degree for L e Pic(Xi) and a geometric part,

rvhere the necessary curves are obtained by applying (3.1.1) to the sheaves

4 used in order to solve the arithmetical part.

10



The main contr ibut ion of this sect ion to HC(n) is t i re construct ion of
invertible sheaves (and then curves) having the degree and genus in the
domairrs .4i, on some surfaces X/. Precisely, let's denote by So - Si :=

B I , , ( P ? ) .  I p  :  D l  :  { P o ,  P r , . . . , P , ; } ,  s i  =  3 p -  n *  5 ,  D i  c o n t a i n i n g

general  points.  Then?l i  :  (p*2;p,1' ; )  6 Pic(Si)  is very ample (see sect ion
3 . 2 ,  P r o p o s i t i o n  3 . 2 . 2 )  a n d  t h e n  X i : : I m  ? W ; l  C  P " ,  d e g X i  -  n * p - 7 .

lf p = k one obtains tlie surfaces Xf from [Ci].
If we try to use an argument similar to the argument from IGP 2]for Xi,

so to divide the proof in two parts, an arithmeticai one and a geometrical
one (the smoothing) 'nve need a criterion similar to (2.1.1) for an arbitrary
number of points in Eo. But this is, anyway, very complicated by itself (see,
for instance, the Hirschowitz conjecture [Hi]) .  On t l ie other hand, such a
general criterion must include the conditions (2.1.1) (normalisation, using
quad ratic transformations) ; but tliese conditions allow us to construct curves
onlir for d > a function of degree 3/2 in n as it can be seen if we try to apply

an a,rgument as in [Ci]. So, in order to produce the necessary curves /or
-rmall degrecs, we need a new technique, which we shali explain here.

The main idea is to consider the arithmeticai and the geornetrical parts of
the construction of curves on Xi entirely linked, i.e. to construct linear sys-

tems containing the necessary curves directly and explicitely enough using

cornbinations between some simple sheaves (so, somehow easy to understand

them) .
Explicitely, we'll proceed as follows (in order to construct the necessary

curves from the domaitts Ai on Xf): we start with a sirnple initial farnily
D" of sheaves

(3 .1 .2 ) D s  =  ( a * 2 ; a , 1 1 , 0 ' ; - t )  e  P i c ( X ) ,  0  (  t  !  t i ,  a  € Z

of arithmetical genus a and some degrees, realising the necessary sheaves in

some ini t ia l  intervals in d ( l ike rr(d,r) :  0,  for instance - see (2.2) -  but

not only). The families (3.1.2) are the only ones which are good for the

initial intervals (we'11 explain this later). After the initial construction we

continue using a number of inductive arguments (after ro(d',n), for instance,

but not only), adding repeatingly to Ds (by tensorisation) somesimple (and

well understood) invertible sheaves, similar to the class of hyperplane section
(see Lemma 3.2.4).  Let 's explain, short ly,  why the induct ive processes works.

Let's suppose that we need to construct curves on the surfaces Xi, of degree

d and genus g :  Tp(d,n) (see (1.1)).  Let 's suppose that we have constructed
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the necessary curves for mr(d,n) :  0 (see (1.2)).  Because

(3 .1 .3 )  t ro ( l * (n*p-1) )  =  rp (d)+(d+p-1) ;  mr (d+(n tp-1) )  :  rnp(d)+r

in order to construct curves with (deg(C),g(C)) :  (d,g),  we proceed as
follorvs: if the curves C have degrees d and genera g : Tp(d, n) in the

donra in  mr (d ,n )  =  n ' , , ,  then  the  curves  C '  : :  C  +  H; ,  U i  e lp*2 ;p , I ' i )
h a i ' e  d e g r e e s  d ' =  d * { n + p -  l )  a n d  g e n e r a  g t  =  l T p ( d t , n )  i n  t h e  n e x t

domain m,r(d' , ,n) = m*1 (use (3.1.3)).  Hence, we obtain invert ible sheaves

for al l  pairs (d, g),9 :  Po = Tp(d,n) as far as we succeed to construct

t,lrese irivertible sheaves in the domain nt'r{d.n) = 0, Moreover, we can test

when the associated linear system appearing contain curves, because the

appearing l inear systems lDo+lHi l ,  i  > 0 are simple (speciai ise the points

fronr Xi on a ra,tional plane curve of degree p * L, having a singular point

Ps rvi th mult ipl ic i ty p, see Proposit ion 3.2.2 and Lemma 3.2.4).

In our case, in order to construct the necessary curves from the domains

Ai it is necessary to change in some way the functions ro so that the initial

verifications (corresponding to mr(d, n) = 0) to be made using sheaves as in

(3.1.2) and a property as (3.1.3) to st i l l  hold (and some others are appearing,

see section 3.3, Lemma 3.3.1). We get in such a way the (unique) functions

ao(d,n) from sect ion 2 (see (2.1)).

Moreover, the method shortly explained here works only if # D; :

3p-n+6 > 12 (#Amea,ns the cardinal of  the f in i te set A) so, i f  p 2 ]+2. So,, - 3

tor ftDi ( 11 we need another method in order to construct curves on Xi.

Beca,use we need such curves for small d,egrees also, the inductive argument

is used again, as possible. But in this secoiid method of construction we

wili be, partia,lly inspired from IGP 2], because in this case a smoothing

criterion of (3.1.1) type rvill be good enough (it is obtained specialising the

points from Xi on a smooth plane cubic curve, see Proposition 3.2.1 and

Proposition 3.2.3). In this case, a suplimentar property of the function ao

will be necessary) namely that these functions must be related in a "good"
way with the genus formula (see sect ion 3,3, Lemma 3.3.2);  and this is

possible exa,ctly because one uses initial families of type (3.1.2) (so these

fanri l ies are obl igatory).
The smoothing criteria used in the methods are collected in section 3.2.

in Proposit ion 3.2.1 and Lemma 3.2.4.

In section 3.4 we'll construct invertible shea'ves ftom Pic(Xi) in A|

using both methods. In section 3.5 we'li apply the two smoothing criteria

to sheaves from section 3.4 in order to get curves. We remark that the

1 0
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domain of appiicability of the only inductive niethod is (R1) and for the

other method (using some of Gruson-Peskine ideas) is (R2) where:

(3 .1 .4 )

(3 .1 .5 )

( n 1 )  : r 2 2 9 ,

( R 2 ) : n ) 8 ,

7 * r 1 n - a ( s o S E i ) i 2 )

? t 0 . 3 * 2 ( s o G  s # D ; <1 1 \
L t ) .

In section 3.6 we finish the proof of Main Theorem by briefly comparing
our resuits from section 3.5 with two previous theorems of Ciliberto and
Ciliberto-Sernesi.

\\'e end this section remarking that it is possible to see that the cotrstruc-
tions from sections 3.4 and 3.5 have no degree of freedom, but they cover
ali the necessary ranges. Let's remark that the method used in (R2) cannot
be used in general because the condition (c5) from Proposition 3'2.3 gives
curves only for d > a quadratic function in z.

And now, let's systematically analyse the domain Df .

3,2 Two smoothing criterial the surfaces Xi

Let  there be X c P ' ,  X = {P0,Pr , . . . ,P, }  u  set  o f  genera l  po ints  and
.9 ::  B/r(P') : ,  P2 the blow up of P2 in x.

The first smoothing crierion is ii) from the next Proposition (reformu-
lated in Proposit ion 3.2.3).

Proposi t ion 3.2.1:  t f  D = (a;bs,br . . . ,6 , )  e  Pic(S)  is  so that  a  )

b , ) b ,

i) each one of co,ndit ions ( i .1), ( i .2), ( i .2) ' ,  ( i .3), 
r( i .3) '  

imnlieshl(D):

0 ,  w h e r e  ( i . t ) :  a - I b ' >  - 1 ;  ( i , 2 ) : 2 1 s 1 7 , a )  I a , t  { i ' . 2 ) ' : 2 u - s ' - 7 ,
l =0

2 2 ,

o - lb r  )  -7 ,  bo)  h ;  ( i .3 )  :  s  )  8 ,  o  2  Ia , ,  3 r - f  b t2  r ;  ( i .3 ) l . s  )  8 ,
l =0  I =0  l =0

2 s

o  -  f  b r )  - r , J a -  I a ,  >  r ,  b s )  b 1 ;

i i) each one of the conditions (ii.1), (ii.Z), (ii.2)" (ii.S), (ii.3)' implies

ho(D) * 0,lDl has no base point and contains a (smooth, irred'ucible) curae,

ahere (i i. l): o > f b1; (i i .2):2 ( s ( 6, a ) Ia,t Ui.2)' : 2 I s 3 7,
l =0  I =0
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2 2 r
\ - 1 r  Ia -  ) J l r  )  - r ,  o e  )  b t l 2 ;  ( i i . S ) :  s  )  7 ,  o  > . t b 1 , 3 a - L b ,  >  Z ,
t =o  r l l o  l =0

2 s

{ t i . 3 ) ' ; . s  )  8 ,  o - r  i l )  - I , 3 a -  r a ,  >  2 , b o }  b t * 2 .' u ' - u
l = 0

Remark: Thls is a Harbourne type result ([Hb 1]).
Proof: A direct proof can be obtained specialising the points from X

on a,srnooth plane cubic fs C P2 (general on ls), using induction on s and
standard exact sequences. Details are left to the reader (or see tP 2])

* * +

P r o p o s i t i o n  3 . 2 . 2 :  L e t  t h e r e  b e D :  ( n + Z ; p , 1 " )  €  P i c ( S ) ,  p  €  Z ,

p > 7. Then: i) if s S 3p+ 3, then ho(D) + 0, lDl has no base pa'int and

contains a (smooth, irreducible) curue; ii) if s ( 3p, tlren D is uerg ample'

Remark: A proof of ii) can be found in [Gi].
Proof: A direct proof can be obtained specialising the points frorn I

(except the last one) on a rational irreducible plarre curve Ao C P2 of

degree p * t having only one ordinary singularity of multiplicity p : Po will

be the singular point,  Pt, .  .  . ,  P.-r  € Ao, P, f  As. Then use standard exact

sequences and sta,ndard techniques in order to separate points and tangent

vectors. Details are left to the reader (or see IP 2])
* * *

Now, we are ready to define the surface" X;. Precisely, let there be

p € Z, k < p < n - 4,, k = lnl3l., n € Z, n )- 5 and Xo - Ei,-

{P l ,Pr , . . . ,P, ; }  C P2 (s ;  : :  3p -n *  5)  be a set  o f  genera l  po ints .  From

Proposit ion 3.2.2l i) fol lows that lLi := (p * 2;p,1' l)  e P;,c(Si) (S; ::

B/r"(P'?)) is very ample on .9i. Then:

Xi := Im (Plalt)

Xi are rational surfaces with hyperelliptic hyperplane sections and we

can easily check (doing computations) tbat Xi c Peand deg(Xi) - n *
p - I. If p: k one obtains the surfaces used in [Ci].

Now we want to reformulate Proposition 3.2.3 (ii) in the Gruson-Peskine
coordinates (d,r;01,...0";) ([GP 2], step 2), (this fs Ttossible). So, for 2 €

P i c ( X i ) = Z @ Z ' i + l ,

D  = O x i @ ) =  ( a ; b g , b 1 , . . . , b , 1 ) ,  a )  b g  ?  b t , t . . . )  b , l  2  0 '

for sonre D e Diu(Xi), we consider the change of coordinates ( in P;'c(Xi)&

11



s):
(3 .2 .1 )  r  : :  a  -  bo ,  0 r ,=  ! ,  -  b r ,  i  =Ts ; .

I f  d,  =degD :-  ' (D'  H;)  (H; € W;l)  and, s = p"(D),using the genus
formula one obtains;

.  ! |  ' i

(3 .2 .2)  o=t+:J+*2a* f r , ,  g= Fa(r ) - i t r :

(4.2.3) F,(,) = Fi'" 0) ,: llor, 
- 1) + (p - r), - tF"] + t

Proposition 3.2.1 ii) can be reformulated now as:

Proposition 3.2.3: Let there be

D = 0x,  ( r )  e Pic(Xi) ,  D :  (a;b1,b, . , . .  . ,  b, t ) .

If the cond,itions (c1), (c2), (cS), (cl), (c5) are simultaneously satisfied by
D in the coord,inates (d,r;0y . . .,0";), then lDl = lDl + 0, has no base point
and contains a (smooth, i,rred,ucible) curue, where:

(" r )  e, :  i ,  (mod 1),  t  =T,s i ;

r  ' l

( " 2 )  d + ; ( e - n * 5 ) - E 0 ; = a ( m o d 2 ) ;

("3) lo,l3 g,

s i l

k a )  - o t * I s '  <  a -  , @ - p * l ) r ;

( " 5 )  d Z ( p - I ) r * Z .

Proof: Left to the reader (similar to the case ?? = 3, see [Ha 2], IGP 2]).
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* * *

We end this section with a technicai lemrna (which represents the second

smoothing criterion), essential in section 3.5.

L e m m a  3 . 2 . 4 :  I J p , n €  Z ,  n )  3  a n d e > : 1 2 ,  l e t ' s c o n s i d , e r t h e

Jollowing inuertible sheaues from Pic(Xi):

' lL  :  Hi  := (p*2;p, f  i ) ,  ' l7z : ' l l i  : :  (p*2;F, I ' i - t ,A),  74L: (H!! | , r ) '  :=

:  (p+  r ;p -1 ,1"1-5 ,  0 ' ,7 ' ,0 ) ,  H 'n - -  1n i l l , r ) '  :=  (p*  r ;p -1 , r '3 -7 , ,02 ,14 ,0) ,

11 's  =  @; i l , r ) ' , :  b  +  t ;  p  -  I ,1 ' l -e ,02 ,  16 ,0) ,

11'6 = @;: l ,n) '  t :  (p + 1;p -  1,  1"1-t t ,02,  18,0).

I f  t t , t z , . . . , t a  €  Z ,  t 1 , . . . , t 6 > .  0 ,  l e t  t h e r e  b e

(3.2.4)  D :=Do *  t tHt  *  tz? lz  + h ' l l ; * tsJ7 '++t5 ' /71* ta '17 'a e Pic(Xi )

u h e r e D s : :  ( a * 2 ; o , , t / 1 , 1 , / 2 , . . . , u , ; ) ,  v j  e  { 0 , 1 } ,  i : T 1  a n d ,  v 3  = I  f o r
u  ua lues  o f  t he  i nde r  j ( 0  1u  1  s i ) .  Le t ' s  deno te  bg  t : :  h  * t z  * . . ' *  f o '
Then, the cond,ition

(3 .2 .5 ) 3 a 2 u * n - 7 - ( t + t ) ( n - a )

implies lDl + a, lD) without base points and contains a (smooth, irreducible)

curue,
Proof:  Wri te D :  t tDr,+t2D",+hD'"*taDr"*tsD,o!t6D'u*R for any

r r , z 2 , . . . , t 6  6  Z ,  w h e r e  D , ,  i :  ( r r + 2 ; r r , 1 ' l ) ,  D ' "  i =  ( a r + 2 ; o 2 ,  f  i - 1 , 0 )  ,
D  

" ,  
i :  ( *  

"  
+  2 ;  rs ,  I s i  -  5 ,  0 ' ,  7 ' , ,  0 ) ,  D ,  n  t=  ( ,  n  *  2 ;  r  + ,1"X-7 ,  0 ' ,  Ln ,  A) ,  D  r ,  :=

( * ,  +  2 ; c 5 ,  1 ' l - e ,  0 t ,  1 u ,  0 ) ,  2 " .  : :  ( t u  *  2 ;  r a , 1 s | - 1 1 ,  O ' r t t ,  0 ) ,  n  : =  ( b  *

2 ; b , , u 1 , r / 2 r . . . , 2 , . )  w h e r e  b  : =  a  + t ( p  - 1 )  +  ( t r  *  t z )  - E t r r r .

Take then rtt . . ., ra ) 0 minimalso that Proposition-i.Z.Z i) applies for

Dr , , .  .  . ,Dru .  We deduce tha t

(3 .2.6)

(:3.2.7)

(3 .2 .8 )

3 p - n + 2 < 3 r 1 1 3 p - n + 4

3 p - n + 1 S 3 r 2 1 3 p - n * 3

3 p - n  -  1 <  3 r ; / - 3 p - n *  1 ,  t - g F .
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In order to obtain the conclusion from the lemma for [2], it follows that

it's enough to have the same for [7?] so, by Proposition 3.2.2i) we need

6

( 3 . 2 . 9 )  u  < 3 b + 3 ,  b  -  a * t ( p - t )  *  ( t '  *  t 2 )  - l t ; r ;
l = 1

6

Replac ing b,  (3 .2,9)  becomes u < 3a*3t (p-1)+3( t1* tz) - f  l r (ee1)+3,
i = 1

or  I  t ; (Sr ; )  <  ga+3t(p*1)+3(r1 t t2) -u*3.  Using (3.2.6) ,  (3 .2.7) ,  (3 .2.8) ,
j - 1

we can see that this last inequal i ty is impl ied by t(Tp- nl1)+3t1 ' f2tz 1

3 a + 3 t ( p -  1 )  +  3 ( r '  *  t 2 )  -  u , * 3  + +  3 a )  u *  n  -  7  -  ( t +  1 ) ( n  -  4 )  -  t r .
Because b 2 A, this last inequality follows from (3'2.5)'

* * *

Corollary 3.2.5: In the sarne hypotheses as in Lemma 3.2./, the sarne

conclusion holds for tDl ,f

(3 .2 .10)  3a  >  3p  -  ( t  +  1 ) ( "  -  4 )  -  2 .

Proof i  Give to z the biggest value u= sf,  -3p- n* 5 in (3.2'5)

3.3 Numerical  propert ies of the funct ions oo(d, n)

we recall that the functions Qp = ap(d' n) were defined in section 2

( (2 .1 ) - (2 .5 ) ) .  Le t  i t  be  now

( 3 . 3 . 1 )  u ' r ( d , n )  : :  e p - t ( d +  t , n  *  1 ) .

\'1'e prove now the following key lemma:

Lemma 3 .3 .L :
a) Let 's denote by d, '  := d* (n+ p -  I ) .  Then:

,o (d ' ,n )  :  rp (d ,n )  *  1 ;  to (d , ' ,n )  =  tp (d ,n ) ;  uo(d ' ' ,n )  :  up(d , ,n ) ;

a o ( d ' , n )  :  a p ( d , n )  +  ( d + p  -  t ) ( < +  * o ( d -  ( n * P  -  1 ) ,  r )  =  a r ( d , n )  -  d 4 n ) ;

the sarne for a'0.

b) ap+{d -  1,  n) 3 ao(d,,n),  (V)d > a} + 7, d '  e Z;

\ . -  ap+t {d ,n )  1  ao(d ,n) ,  (V)d  >  a i  *  n  *  p ,  d '  e  Z .
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c ) r r + r ( d , n ) = r o { d , * 1 , n *  1 ) i  f p + r ( d , n ) : t p ( d + 1 , n *  1 )  -  1 ;

a r ( d  +  7 , n *  I )  =  a | + t @ , n )  e  { o r * t ( d , n )  -  1 ,  a o a l ( d , n ) } '

Proof; b) We will show first that

(3 .3 .2 ) ap+r(d -  1 ,  n)  (  oo* ,  (d ,n) , ,  (V)d > e i+,  *  L ,  d  e Z.

\4/e' l l  use induct ion or rp11(d- 7,n),  using a).  Let 's remark that

(3 .3 .3 )

rp+ t (d -  1 ,n )  =  0  =+  ap+Jd-  1 ,n )  :  l ( d -  n *p )121 .

r,+,(d- 1, rz) : 0 =) ap11(d,,,) : 
{ 

'r'ri; 
_ i1**rrl)'o'.'., oo=r"I)i'r:--rl

So' ro*,  @ - 7,n) :  0 :+'  opl t  {d -  l ,n) 1 ap(d'  z) (doing some compu-

tat ions for d :  ai+, i  (n + d).
Suppose now that we have proved (3.3.2) for roar(d- 7,n) :  t .  Let

d'  be so that zo-pr (d '  -  1,n) = r  *  1.  Put d '  i :  d '  -  (n + d. Using a)

w e  d e d u c e  t h a t  c o - , ' 1 ( d -  1 , n ) :  , .  T h e n  a o 1 1 ( d ' , n )  -  d p + r ( d ' -  I , n ) :

a p + r ( d * ( n * p ) , n ) - a p + r ( d - 1 +  ( n * p ) , n )  =  ( u s e  a )  a g a i n )  ( a r * 1 { d , n ) -

a:,,,"r(d,- 1, r)) + 1 > 1 > 0 (we used the induction hypothesis). Now (3.3.2)

is proved.
We'Il now prove the first inequality from b) using induction on ,r(d -

1. n).  We have

( l(d - n -r il121., a * oi* (z * P - r)
(3 .3 .4 )  no(d-L , ,n )  :0  +  a r (d , , " )  :  

t  t (3d_ an t l )121. ,  d .=  a i *  ( , r+  p_1) .

It can be seen that

( 3 . 3 . 5 )  r o ( d - 1 , n )  -  0  = +  [ ( d  - n * p ) 1 2 ] .  S  a p ( d , " )  S  [ ( d  - n * P * 1 ) 1 2 J . '

Because rr(d -  1,  n) -  0 + ro*r @,- 1,n) = 0, f rom (3.3.3) we now deduce

the first inequality from b) if nr(d - 1, n) = g.

Suppose now that theinequal i ty holds for no(d-1,n) -  c and let  d 'be

s o  t h a t  r o ( d . ' - I , n )  =  z * 1 .  P u t  d : :  d , ' - ( n * p -  1 ) .  T h e n  r o ( d - 1 , n )  =  a

a n d  w e  h a v e :  a o  ( d ' , r )  -  a p + t ( d ' , n ) :  a p ( d *  ( n  * p -  1 )  , n )  -  a p + t ( d -  1 +

( r *p) ,n )  :  (use  a) )  oo(d ,  n )  -  apat (d -  t ,n )  >  0  ( induc t ion  hvpotheses) '

So ao(d' ,  n) 2 aoJi (d ' , r) .  Using now (3.3.2) we get the f i rst  inequal i ty b) '
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The second equality b) comes from the first one, as before. 
* d. *

Lemma 3.3.2 (for Fi '"U) see (3.2.3):
u) F'oit *r-,;(t + 2) = Fi'" t) + 1a + p - 1);

b)  i )  a,  (d, ,n)  =1r5"1r1r,1d,  n)+ 1) ,  1 l
L  '  t ) - r ) . ;

i i )  aoal  (d -  I ,n)  = lF! ' "+t  (z@rrr(d -  I ,n)  + 1))1. .

Proof:  b) Use a),  Lemma 3.3.1 a) and induct ion on rr(d,n) (and
rp+r(d -  7,  n),  respect ively).

Remark 3.3.3: The previous lemma shows us that the function, -ri i  ir l
are reiated in a "good" u.ay to the genus formula (see (3.2.2)) and this will
be very important in sect ions 3.4 and 3,6.

3.4 Invertible sheaves from Pic(Xi) in the domains

A i @ 2 r , p > 3 )

we recail that the domains Ai, p ) nf 3, p € z from (d, g)-plane were
defined in $2, (2.11). Here weconsider, forp ) nf\,  p eZ the domains l i :

( 3 . 4 . 1 )  A ; : o o a 1 ( d - I , n )  S g  S a p ( d , n ) ,  d )  a i + L ,  d , , s  € Z

(for the definition of a! see (2.3)). Obviously

( 3 . 4 . 2 )  A ;  )  A ; ,  ( V ) p )  n l 3 ,  ( v )  n ) 3 ,  n € 2 .

In this section we'll prove the following

P r o p o s i t i o n  3 . 4 . 1 " :  L e t t h , e r e b e n )  5 , n e  Z  a n d ( d , S ) e  A ; , n > n l T .
Then there is D e Pic(Xi) such that (degD, p,(D)) : (d,9).

We recall  that deg D :: (D .11,"), where Tli  :  @+Zip,I ' ;)  € pic(X;).
Proof: This is long and rvill be divided in 4 steps:
S tep  1 :  Le t  t l i e re  be  d , ,g  e  Z ,  d2a i+ r *  1so  tha t

a 'oar(d-  1 ,  n)  1  g !  \o+r(d,n)  -  rp1- t (d ,n) ,

wirere

g p ( d . , n ) : { ' o ( , 0 . ' n ) '  
d #  a i ( n i o d  ( n + r -  1 ) )  

( f o r a i  s e e  ( 3 . 3 . 1 ) ) .
I  o o ( d , n ) , d : a ] ( n r o d ( n + f - t ) )  r
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Then,  fhere is  D e Pic(Xi )  so that  (degD, p"(D))  = (c l ,g) .
S tep  2 :  Le t  t he re  be  d ,g  e  Z ,  c l  > , ' 4 * t  so  tha t  a ' r (d ,n+  f  ) -  r r ( c l , n {

r )  S  g  1a r (d ,n *  1 ) .  Then  the re  i s  D  e  P i c (X i )  so  t i r a t  (deg2 ,  p , (D ) ) :
(r l ,  s) .

Step 3: Let there be d,g € Z, d ) an*r - 1 - af,*, so that ai*, kl,n) -

rp+r(d,n)  S g 1 o 'o*r \ ,n) .  Then there is  D e Pic(Xi )  so that  (deg2,
p " ( D ) ) :  ( d , g ) .

Step 4: The statement of Proposit ion 3.4.1.
Proof  o f  Step L:  \41e use induct ion on no41(d- I ,n) .  I f  rp+r(d- I ,n)  :

0, we have:

f (d  -  n  *  p  -  1)  l2 l .  :  * 'o*rGI  -  1 ,n)  3  i3p+t(d, r )  -  t r l t (d ,  n)  =

(3 .4 .3 )  *  I  Uo-  n*  p )12) " ,  c t l  a i r r+  (n+p)
-  

t  l t ,3a -  4n *  r )12). ,  d :  o i*r+ (n+a).

\,Ve consider the following invertil i ie sheaves D0 e Pic(X;):

( 3 . 4 . 4 )  D o :  ( 9  * 2 ; g , 1 " , 0 ' ; - ' ) ,  0  <  t t / -  s i  -  3 p -  n +  5 .

Then g :  p^(Do) and, i f  d : :  deg Ds :  (Ts '17;)  \ t  resuit  that g :

(d -  2p * u -  {  /2. 'Taking now

(3 .4 .5 ) u  :  3 p  -  n  *  4 ,  3 p  -  n * 3 ,  3 p  -  n + 2  >  0

and using (3.4.3),  one obtains invert ible sl teaves Do e Pic(Xi l  haui 'ng the

Iost componerrt zero and degree and arithmetical genus in the range from

Step 1, for ro11(d -  7,  n) :  0.  Because

(  * ' r * t ( d -  1  *  ( n *  p ) , n )  =  a ' r n r ( c L -  1 , n )  +  ( d +  p  -  I )
( 3 . 4 . 6 )  {  

'  ' -

| .  ( f o * t  -  x p + t ) ( d +  ( n  +  p ) , n )  =  ( \ p + t -  t p + t )  ( d , n )  *  ( d +  p  -  r )

(see Lemma 3.3.1 a)) r , , 'e obtain from (3.4.3) by induct ion on rr+r(d -  1,rz)

the inequal i ty a 'r*r(d -  I ,n) S \p_+t(r l ,n) -  : rea1(d,n),  (V)d 2 ai*,  *  1.

L e t  t h e r e  b e l l ; :  ( p + 2 ; p , f  i - r . a )  e  P i c ( X i ) .  I t  i s e a s y  t o c h e c k  t h a t ,

if D € Pic(X!) lms the last conrponent zero, then

! d e g ( o t 1 1 ; ) : d +  
( n + P )  ,  d = d e g D

I  p " @ + u ; ) : s +  ( d + p - 1 ) ,  s = p " ( D )
(3 .4.7)
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Now, using (3.4.6) and (3.4.7) it foliows that we cover the range from Step
1, adding to the sheaves 26, used for ro11 (d - I,n) = 0, succesively, the
sheaf 'l7i (at each addition, ro+r(d - 7,n) increase by 1, see Lemma 3.3.1
a ) ) .

Remark 3.4.2: The inuertible sheaues used in order to couer the domain

from Step 1 are of the form: D : DL * tzllz (see Lentnra 3.2.j), where
7 7 2  : ' | 4 ;  :  ( n + Z ; p , I ' | - ' , 0 ) , t ,  e  Z ,  t 2  >  0 ,  D L :  ( o  *  2 ; a , I " , 0 " 1 - " ) ,
u e {3p- nl2, 3p-n!3, 3p*n*4}, o e {(dto-n+n-2) 12, (d'o- n+p-r) 12,
( d o -  

" + i l 1 2 \ n Z ,  
d L :  ( D L . X ; )  >  a i + , , * 1 , d ' o  S  a i + r * ( n * p )  ( s e e

(3.4.4), G.4.5) and the construction.)

Proof of Step 2: This step is the most difficult. We'll give two con-
stluctions, necessary in a complementary way in section 3.5.

Construct ion A (works tor  l iDi  )  12,  hence n>!+21,
1) \4le'll prove here the existence of D e Pi,c(Xi+l) of degree d and

alithmetrical genus g for g : ar(d, n * 1) and any d )_ a"*t. We recall that

4 * t  c  P "+1 .

Let there bell"+1 = {p*2;p,1,1*') € Pic(Xi+l). Because deg(Xi+l) =
n * p, it can be seen that, for any D e Pic(Xi+r)

(3.4.8) I 
aeg@ + 11;+r) - d + (n * il, d: dee(D)

I  p" (D + '11:+ ' )  :  s  +  (d*  p  -  1) ,  s  :  p" (D) .

Using (3.4.8) and Lemma 3.3.1 a), it follows that we can use the same
argument as in the proof of Step 1, using induction on xr(d,nf 1). So, we
check tlre existence for ro(d.,n * 1) : 0 and rve add succesively the class
of hyperplane section of Xi+\, namely '17;*t. I f  rr(d,n * 1) = 0, then
ar(d,n + 1) : l(d- "+ 

p - t)121". So, we cover this init ial range with
sheaves Do €. Pic(Xl*t) of the form

D o =  ( 9  * 2 ; g , 1 ' , 6 ' l + ' - " ;  ,  g  = [ @ -  
" + p -  

7 ) 1 2 ) . ,(3.1.e)

with

( 3 . 4 . 1 0 )  u : 3 p - n * 2 :  s i + t  - 2  o r  u : 3 p - n * 3 : s i + t  - 1 .

Lel's remarft that the sheaves used here are of the form

(3 .4 .11 )  ( t+Z l ; t , l ' i + ' - 2 , / -1o r  t , t - \ ,  where  I  =  rp (d ,n+1)+1  e  Z ,  I  >  I .

21



Then

(3.4.r2)

2) Now we consider 17t = n;J|,,  = (p*1; p-7,73n-n,0', 1t) € Pic(X:+l).
,j;:r.,i

p.(uii l ,r) = p - I, des(fl; j i1) : n * p.

In the beginning we'll prove

(  r f  g  =  a r ( d , n +  1 )  -  ( * r ( , I , n *  1 )  -  r ) ' ,  r o ( d , n + i )  >  r ,  r  e  Z ,  x  2 a( 3 . 4 . 1 3 )  i  
-

I  then ( ] )D € Pic(Xi+l)  so that  (degD, p"(D)) :  (d,g).

We'l l  use induct ion on rr(d, n * 1) )  r .  In the induct ion process we' l l
need the folloiving e (2):

(3 .4 .14 ) f  I f  D  :  ( a ; b o , b t , . . . , b t p - n + s )  e  P i c ( X i + L ) ,

|  ,n"n e(D) := a -  bo -  bsp-n+r -  bzp-n+2.

(the indices 3p - n* 1 and 3p - nf 2 correspond to the two consecutive
zeros in ?ls1so thal e('|fi) = 2).

l f  r o (d ,n *  1 )  :  o ,  (3 .4 .13 )  i s  j us t  1 ) .  r f  r r (d ,n+ r ) :  * , l e t ' s  deno te  by
D, an invert ible sheaf satisfying (3,a.13). Then €(D,) - 0 (: 2(ro(d,,n*
1) - r)), by (3.a.11). Actually, we'l l  prove by induction on rr(d,,n+ 1) > r
the fol lowing statement (stronger than (3.4.13)):

(  r f  g  =  a r (d , ,n+  1 )  -  ( *o (d ,n )  -  * ) ' ,  r o (d ' , n *  1 )  )  o ,
I

(3 .4.15)  {  r  e  Z,  r2  0,  then ( l )D e Pi ,c(Xi+I )  so that
I
t  (deg D,  p" (D) )  =  (d ,  g )  and e(D)  :  2 (np(d ,n  *  1 )  -  r ) .

\4Ie have just ver i f ied (3.4.15) for ro(d,n*1):  r .  In order to f in ish the
inductive process, let's suppose that we have constructed invertible sheaves
D,4 having (deg(2,ar)., pn(D,+t)) = (d,9) in the situation (t e Z, t > 0):

(  r o ( d , n * I ) : r * t
I

( 3 ' 4 . i 6 )  \  g  =  a o ( d , n + 1 )  -  t 2  :  a p ( d , n *  1 )  -  ( r o ( d , n * 7 )  -  r ) z
I
(  so  tha t  € {D,+r )  :2 t  =  2 ( ro@' ,n  *  1 )  -  r ) .

We need Dx*trr € Pic(X!+l) to do the same job for the next range in
d(rr(d' ,n * 1) :  r  *  t  + 1).  Or,  using t l ie induct ion hypothesis and Lemma
3.3.1 a) we can see that the sheaves .Dx*t* l  i :Dx+t+ H;: : , t  are the good

ones. Indeed: 
\

d e g ( 2 " 1 1 1 1 )  =  d +  ( n + ? ) : =  d ' ;  r p ( d ' , n + I )  =  r  * t I 1 .
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P " ( D , + t + ) : ? " ( D ' r , )  +  ( p -  r ) +  ( D , + t ' n t l i r ) . -  1 -  P o ( D ' + , )  +  ( p -  t ) +

*deg(D,*r) - e(D.+r) '_ 1- (use the induction,. i typothesis)

a r ( d , n +  1 )  -  ( r o ( d , n *  1 )  -  r ) ' +  ( p -  l )  + d - 2 ( r r ( d , n *  1 )  -  z )  -  1 =

:  o p ( d , n * r )  -  ( * r ( d , n *  i )  -  r ) ' - 2 ( r r ( d , n *  1 )  -  u )  +  d + p - 2 .

We replace now d with d'- (n* p) and we use Lenma 3.3.1 a). We
obtain

p o ( D , * r n r 1 = s p ( d '  -  ( " +  p ) , n * l ) - @ o @ ' - ( n * p ) , n *  1 )  - " ) ' -

- 2 ( x o ( d . ' -  ( n *  p ) , n *  t )  -  
" )  

+  d ' -  ( " + p )  * p - 2 :  a p ( d ' , n  *  1 ) -

- d '  +  n  * r  -  ( r r ( d ' , n *  1 )  -  1  -  r ) '  - 2 ( r r ( d ' , n * 1 )  -  1  -  r )  +  d '  -  n  -  2  -

:  a p ( d ' , n *  1 )  -  ( * r ( d ' , n *  1 )  -  r ) ' + 2 ( r r ( d ' , n *  1 )  -  o )  -  1 *

- 2 ( r o ( d ' , n +  1 )  -  
" )  

+ 2  -  l - :  a p ( d ' , n *  7 )  -  ( r o ( d ' , n *  1 )  -  r ) ' .

N, Ioreover ,  €(D,+t+t )  = e(D,+r)  *  2  = 2(r r (d ' ,n  *  1)  -  1) .  Now, the
inductive process is f inished. So (3.a.15) (hence (3,4.13) also) is proved.

Now, le t  abe arb i t rary ,  a  €2,a2 0 and put  t r  i :  a2 -a 2 0.  Weobta in
by (3.a.13) elements from Pic(Xi+t) of degree d, and arithmetical genus
po:  ap(d,n*1)-  ( *o(d,n1l ) -a2*a)2 for  anydsothatro(d,n*1)  2 a2-a.
Take now d so that ro(d,n+ 1) : at(2r: &2 - a). One obtains invert ible
s l reaves of  degree d and po:  ap(d,n *  1)  -  a2 for  r r (d ,n+ 1)  :42.  Now,
adding succesively 71i+t and using Lemma 3.3.1 a), we obtain invertible
shea','es of degree d and arithmetical genus g in the domain (d, g) defined by

(o) 9  :  a p ( d , n *  1 )  -  a 2 ,  x o ( r , n  +  1 )  >  o t .

3) Now, start again with the invertible sheaves covering thedomain (a),
fronr 2).  Using the invert ible sheaf ?la :  ni i l , r :  (p*1; p-1,L3p-n-2,02, 14) €

€ Pic(Xi+1) (instead of Hi:l,t) and using (3.4.11), we obtain, as before,
invertible sheaves covering by deglees and arithmetical genera the doniain
from the (d,g)-plane defined by

9  =  a p ( d , n * r )  -  a , '  -  ( r r { d , n  *  1 )  -  a ) 2 ,  r r ( d , n +  t )  )  y
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for any y )  a2, g e Z.
Take now b e Z,b) 0 arbi traryand put g *,p2 +bz-b (>_ or).  I t  fo l lows

that we obtained inveltible sheaves from Pic(Xi+1) covering by degrees and
ari thmetical  genera the domain

I  g :  a o ( d , n +  1 )  -  a 2  -  ( r o ( d , n  *  i )  *  0 , 2  - b 2  + b ) 2
1
l r o ( d , n * 1 ) ) a r + b 2 - b

T a k e  n o w d s u c h  t h a t r r ( d , n  * 1 )  =  a 2 * b ,  ( >  U  =  a 2 + b 2 - b ) .
we obtain invertible sheaves of degree d and arithrnetical genus g for g -

ar(d,n + 1) -  (o '+b') .Adding succesively l l i+r we get invert ible sheaves
covering by degrees and arithmetical geuera the domain

( 6 )  s :  a p ( d , n *  1 )  -  ( o ' + b " ) ,  r r ( d , n , +  1 )  >  a 2  + b 2 .

4),5) Cont inuing for another two t imes as for (a) and (b),  using (3.4.11)
(and.si+1 ) 10, because p > 

f  
+Z; una t l ie invert ible sheaves ' l ls:  

i { ; : lp:

( a +  t ;  p - I , 1 3 P - n - 4 , 0 2 , 1 6 )  a n d  f l o  :  a i j l , n :  @ + I ; p - 1 , 1 3 P - n - 6 , 0 r , 1 t ) ,'J l r , 'J le 
e Pic(X;+1),  one obtains sheaves f tom Pic(Xf+1) covering by de-

grees and arithmetical genera the domain (d, g) given by

k )  s = a o ( d , n + 1 )  -  ( o ' + b ' + c 2 + e 2 ) ,  r r ( d , n + 1 )  >  a , 2 + b 2 + c 2 + e z

f o r  a , b r c , e e  Z ,  o , r b r c r e )  0  a r b i t r a r y .
6) The domain (e) is exactly the domain from Step 2, because any posi-

tive integer can be written as asurr of 4 squaresof positive integers. Indeed,
le t  there  be  g  €  Z  so  tha t  ao(d ,n+ 1)  -  r r (d ,n+  i )  <  g  1  ao(d , ,n*  1 ) .
W r i t e  f  =  a 2 + b 2 + c 2  * € 2 ,  a , b , , c , e  E  Z ,  a , b , c , e )  Q  f o r  /  : =  a r ( d , n f r ) - g ,
0  <  f  1 r " ( d . n *  1 ) .  H e n c e

t  n : a o { d , n + 1 )  -  ( o ' + b ' + c 2 + " ' ) ( : a r ( d , n + 1 )  - / )

t  "o (d ,n*  
1 )  )  a2  +  b2 .y  c2  4  e2

Because the domain (e) is covered b1' degrees and arithmetical genera corre-
sponding to invert ible sheaves ftom Pic(xi+l) for ana a)b, c, e € z, a,b, c, e )
0, we deduce the existence of D e Pic(Xi+t) so that (deg D, p,(D)) : (d, g).

Construction B (rvorks for gDi ) 6, hence O >;), because

( 3 . . + . 1 7 )  a o @ . , n t r ) : l p ' " * ' ( 2 ( x r ( d . , n *  1 ) +  1 )  -  * l  ( L e m m a  8 . g . 2  b ) i )
L  z ) -
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we ca ,n  use  the  Gruson-Pesk ine  coord ina tes  (d ,  r101,02 , . . . ,d , "+ , )  where  r :
1

a - b 0 , 0 ; =  
) r  

- b ; , i  =  l " r ; t {  f o r D  =  ( o ; b r , . . . , b " , + , )  €  p i c ( X i + l )  ( s e e
(3.2'1)). step 2 will be proved as far as for any (d,g) from the domain of
Step 2 we'll prove the existence of a sheaf D e Pic(Xi+1) with degD : d,
such that ,  in  the coord inates (d, r ;01, . . .1d,^+r) ,  2  sat is f ies the condi t ions
(c1) and (c2) from Proposition 3.2.3 and

- n + 1
1  " e

Feo, "+ t  ( r )  -  i  T .o? :  s ./  
, L J  

'

: "F

(3 .4 .18 )

Indeed, the lef t  member of (3.a.18) is just p,(D) (see (3.2.2)),  hence
(deg2, p"(D)) = (d,g). Moreover, it is necessa,ry, performing the transfor-
n ra t ion  o f  coord ina tes  o f  ?  f rom (d , r ;01 ,  .  .  . ,0 , .+ , )  to  (a ;b1 , .  .  . ,  b , "+ , )  tha t
these last ones be integers. But (c1) means bi  € 'Z (see (3.2.2)); then bo € Z,
because r € Z,

l{ow, we'll prove the existence of such 2 covering the domain from step
2 by degree and arithmetical genus. Using (3.4.17), take

(3 .4 .1e) r  := 2(rp{d,  n + 1) + 1).

Let there be b e Z so that

(3.4.20) 1  <  b  <  r  =  2 ( x ^ ( d . z +  1 )  +  1 ) ,

(3.4.21)

4
r \ - rWrite b :  )  .c i ,  c i  €2, c1>- c2 )  ce )  cs )  0.  Then take

i =1

| r i * r - j + r : =  c i ,  i  :  l j ,  A i  =  A ,  i : T r s . " + t  -  4 .

(recall  that s"*1 ) 4, because p/ nl3).
Given r as in (3.4.19) and d; as in (3.4.21), D is determined by these

numbers and d, performing the inverse transformation (3.2.1), rvith d:
d e g D '  

s n * l

\ve have p"(D) - FI'^r'(') - 
; Ert: 

- F!,^+t O) - 
IUt, 

(from (3.2.2)

and (3.4.21)).  Because 6 moves in the range (3.4.20),  i t  fo l lows from (3..4.1?)
tha,t u'e get the uecessary invertibie sheaves for Step 2 as far as we check
(c1) and (c2).  Now, (c1) is c lear,  because r € 2Z a*d 0; € Z. As for (c2),

t
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,  t ; + t  
" ; + t

s:  p" (D)  e  Z and p. (D) :  FX' "* ' ( i - ;Dt?tso2F! ' "+1( ' )  -  t  0?:  O
r = I  t = 1

(mod 2). Because f '= f (nrod 2) i f  f  e Z and because r €2Zt we can see
that tlie left member of the a,bove congruence is congruent (mod 2) with the
left member of (c2).

Remark 3.4.3: The Con.struction B is, obuiously, shorter than Con-
.struction A, but i,n section 2.5 we'll need both of them.

Proof of Step 3: The existence of invertible sheaves in the domain of
Step 3 is a consequence of the construction from Step 2, using Lemma 3.3.1
c ) .

Recall that Xf : VW;l6i) C P', where ?Witis the embedding defined
by the very ampie sheaf 77i: (p+ 2;p,t'i) e Pi,c(Sfl and Si = Btr;(P')
(X; C P2 a set of si * 1 general points). The classes from Step 2 were
constructed by using the sulfaces X;+r C P"+1. If we consider them on
the abstract surface Si+t, these inveltible sheaves can be considered also on
Sf,, obtained from .9i+1 blowing up a new general point P,; (considered in
P2). Put Di: Ei+' u {P"l}. Tire sheaves from Pic(Si+l) used in Step 2,
considered now in Pic(Si) have the last component equal with zero. Using
Lemma 3.3.1. c), we obtain invertible sheaves D e Pic(Xi) of degree d and
po:  g in  the domain

do*r(d - r,  n) - xp+t(d - t ,  n) !  g 3 alu+r@, - 7, n), d 2 of,*t = 4+,, * 1.

Now, putting 1 (instead of 0) on the last component of the previous
sheaves, the arithmetical genus doens't change and the degree is translated
by 1. We get exactly the necessary domain for the proof of Step 3.

Remark 3.4.4: The inuertible sheaues D e Pic(Xi) used in order to
couer the domain from Step 3, comming from Construction A in Step 2, are
of the following f orm : D : D'J * t z']lz * ts?lL * t +'l{'s i t s'llL * t a77'a, where
'Jlz, 'JIL, '11'4, 'JIL, 77'u are o,s in the Lemma 3.2.4, t2 . . . ,ta € Z, t2,. . ., to ) 0,
D ' l  =  ( a  * 2 ; a , 1 ' , 9 ' l + ' - ' ,  1 ) ,  u  €  { 3 p  -  n + 2 ,  3 p  -  n * 3 } ,  a  €  { ( d (  -  n +
p -  r )12, ,  (d 'J  -  r+  d l2 jn  z ,  d l  :  (D 'J '11; )  >  o f , * r :  l ( " -  p  -  L)121. '
d u 3 4 + r * n * p - 1 .

This fol lows frorn (3,4.9),  (3.4.10),  (3.4.11),  the induct ive processes, used

in proving (o), (b), (e) and the transformation from Step 3 (1 instead of a 0

on tlre last component, giving 1 on the last component of D'l and translating

ds by 1, giv ing a as in Remark).
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Proof of Step 4: Let's remark for the beginning that, by putting to-
gether the Steps 1 and 3 and using Lemrna 3.3.i c), it follows that we covered
with invertible sheaves from Pi,c(Xi), by degrees and arithmetical genera
the domain

(3.4.22) * ' r * r ( d - I , n )  S  g  S a ' o r r ( d , n ) ,  g >  a i * r * 7 .

We need sheaves frorn Pic(Xj') that cover by degrees and arithmetical
genefa the domain

a p + t ( d - 7 , n )  S  g  S a o @ , , n ) ,  9 )  a i * I .

W e ' l l  d o  t h i s  b y  i n d u c t i o n  o n  r r ( d - I , n )  u s i n g  ( 3 . 4 . 2 2 ) . I f  r r ( d - t , n )  =

0 ,  t h e n  r p + t ( d -  1 , n ) :  0 .  H e n c e  a u + t ( d -  l , n ) :  l ( d -  n *  p ) 1 2 1 . .  U s i n g
(3.3.5), it follows that we need invertible sheaves ri'hich cover by degrees a,nd
ar i t l r ine t ica , l  genera  the  domain  l (d -  "+ i l121 .3  S Sf (d -  

" *p*1) l2 l - ,a i  -11  <d  <  a i *@*p-  1 ) .  Bu t  then the  necessary  degrees  and genera
^ - ^  - ^ ^ l : ^ . , 1  L , ,4 rs  rE4r rDgu uJ

Do = (g *  2 l  g ,1" ,  0 ' ; -u)  e  Pic(Xi )

u  =  3 p  -  n * 3 ,  3 p -  n l  4  o r  3 p  -  n +  5 .

Then, if we succeeded to construct invertible sheaves in the domain
ao+r (d  -  I ,n )  S  g  <  ao(d , ,n ) ,  np(d  -  1 ,n )  -  x  )  0 ,  add ing  to  them
the hi'perplane class 'l l i : (n + Z;p,l';) we obtain, as many times be-
fore, using Lemma 3.3.1 a), invertible sheaves from Pic(Xi) covering by
degrees and arithmetical genera the domain ao-p1(d,n) S g 1 ao(d,n) for
,o (d- I ,n )  =  z*1 .  F i l l i ng  on  the  le f t  f rom (3 .4 .22)  (us ing  Lemma 3 .3 .1c) ,
last part) rve finish the inductive process. Now Proposition 3.4.1 is proved.

{ . * +

Before ending this section, some remarks. The next Remark 3.4.5 is a
consequence of Remarks 3.4.2, 3.4.4 and of the construction given in Step 4.

Remark 3.4.5: The inuertible sheaues D € Pi,c(Xi) used i,n order to
couer by degrees and arithm,etical genera the domain from Proposi,tion 3.4.1,
using Construction A in Step 2 are of one of the following form,s:

a) D = D's * tJt  *  tz?72, where ' l { t , 'J7, as in Lemma 3.2.1, t t , t .4Q Z,
t t , t z >  0 ,  D L  :  @ * 2 ; a ,  1 " , 0 ' l - " ) ,  s f ,  :  3 p  -  n *  5 ,  u e  { 3 p  -  n * 2 ,  3 p  -

n * 3 , 3 p - n + 4 , 3 p - n *  5 ] ,  a  €  { ( d 6 -  n * p - 2 ) 1 2 ,  ( d o - n * p -

. t i

{3.4.23)

with

(3.4.24)
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1 ) / 2 ,  ( d L -  n + p ) / 2 ,  ( d L -  n +  p + 1 ) / 2 I n  z ,  d L  =  ( D | . 1 1 ; )  >  4 + r * 1 ,
d o l a ' i * n * p ;  : , : .

b) D : D',{ * t ft t * t z}72 * t sHL * t tT7',q + t ;'llL * t a77L, with'J{t, . . ., ?7| as
i t z  Lem,ma 3 .2 .4 ,  t r , . .  . , t 6  € .  Z ,  t r ,  .  .  . , 16  >  0 ,  D 'o  =  (o  f  2 ;a ,7u ,0 "1 - " ,  1 ) ,
u  e  { 3 p -  n t 2 , 3 p -  n *  3 } ,  a  I  { ( d ' ;  -  n * p  -  1 ) 1 2 ,  ( d J  -  

" t p ) 1 2 } n  
Z ,

d'J : Q'J . X;) > af,*, arzd d[ S ai+r* n * p - l.

From Remark 3.4.5 we deduce the following remark, which we'il use in
tlie next section.

Remark 3.4.6:  I f  n29 and,? t  o  l -n-4,  n ,p€ Z,  thenthe inuer t ib le

sheaues D C Pic(Xi) userl in ord,er to couer by degrees and, ari,thmeti,cal gen-
era the dom.ain from Propo.sition 3./.1 (u.sing Construction A in Step 2) are
of the fol lowirzg fornz: D : Do*trHr*tz' l lz+h' l lL+t4'17'a*ts'17'5lt6Htu uith
' |7r , ' l l r ,11L,?1 'n, '11L,17L as in  Lemma 3.2.4 arzdDs:  (a{2;4,1" ,0"1-" -1, t ) ,
€  €  { 0 , i } ,  0  <  u  3  s i -  1  -  3 p -  n * 4 ,  d )  ( d o  -  n * p - I ) 1 2 ,  a  e  Z ,
do e lai+t, ai * n+ pl n Z (ai :  f(n - p) l2l.  + t).

Put ds - d'0 1 it D is of category a) in Remark 3.4.5 and do = d'd tf D
is category b).

Remark  3 .4 .7 :  Le t  t he re  be  D  :  (a ;b1 ,b2 , . . . , b , ; )  e  P i c (X i )  one  o f
the classes used. in the proof of Proposition 3./.1. Let there be d= degD -

(D .?1; )  and r  : :  a  -  bo.  Then r  < 2(r r (d ,n)  + t ) .
Indeed,  le t 's  denote by r ( i , ,n) :=2(ro(d,n)*L) .  I tD has been used in

S tep  1 ,  t hen  r  =2 ( ro+ t (d -7 ,n )+  t )  S r (d ,n ) . I f  2  has  been  used  i n  S tep
3 (with any construction in Step 2), then r : 2(ro+r(d, rz) + 1) 1 r (d, n). If
2 has been used in Step 4, then r = 2(np(d - 7,r) + t) S r(d,n) or D is
obta ined f rom some D1:  (a | ;b | , .  .  . ,61f  )  €  Pi ,c(Xi )  adding a number,  le t 's

say r ,  o f  Hi  = (p+2;p,7 ' I )  e  Pic(Xi ) ;  then 11 := a\  -  b [  < r (d1,  n) ,  where
dr = deg21i rlow, adding f times'll,n,rr increases with at most 2f in order
to become r and r(d1,n) increases with exactly 2tin order to become r(d,n)
(due to the form of the three previous r); so the inequali ty 11 S r(d1,4) is
transfered to r ( r(d,n).

3.5 Curves on the surfaces XI irt the domains Ai (n 2 B,
n
; S P S n - a ).)

We recall that the domains Ai were defined in $2 (2.11). In this section
we'll prove Theorem 3.5.11 (stated to the end of section). This theorem
foliows from:
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Proposit ion 3.5.1: Let t lwe be (d,g) € A:, uh,ere n,p € Z, n ) 8,
n,f3 < p < n - 4 and 16 : lnl3).. Then:

,
i) i f  d > i(Sp *n*9) there is a (anooth, irred,ucible) curueC c X;,

J
non-degerzerate in P",  so that (deg(C),SQ)):  (d,g);

t
i i) if d <';(Sp* n * 9) there is a (anooth, irredu'cible) curue C C P",

3 ' ^
non-degenerate in F, so that (deg(C),g(C)) : {d,,5); if n : 0 (mod' 3)
then C can be found on Xi and, if fr: 1,2 (ntod 3) then C can be found on'

X i * r .
Proof: The proof is a, consequence of the analysis which we'll do on the

linear systems associated to the invertible streaves appearing in the proof

of Proposition 3.4.1. Precisely, rve'll test wlten these linear systems are

nonempty and contain (sraooth, irreducible) curves, using the smoothing

cri ter ia from sect ion 3.2. Namely, for the si tua,t ion (R1) (see (3.1.4)) we' l l

apply essentially the criterion given by Corollary 3.2.5 (considering Con-

-<truction,,t in Step 2 of the proof of Proposition 3.4.1) and for the situation
(R2) (see (3.1.5)) we'li apply the criterion given by Proposition 3.2.3 con-

sidering Const'ruction B \n Step 2 of the proof of Proposition (3'4.1). The

situations (R1) and (R2) are complementary and their union cover the hy-

pothesis.
The proof of Proposition 3.5.1 will be the consequence of a sequence of

lemmas.
I) For the situation (R1):
Lemrna 3.5.2: I f  (p,")  is i ,n the si tuat ion (R1),  (d,g) € A3 andD €

Pic(Xi) is one of the inuertible sheaues used in the proof of Propositi,on 3./' 1

(considering Con-ctruction A in Step 2) so that (degD, p,(D)): (d,g), then

w e  k n o w  t h a t D  :  D o * t { l L * t r ' I l t u * h } l L + t a ' } { ' a * t s 7 7 ' 5 + t 6 ' 1 7 ! u  a s  i n

Remark 3./t.6; Iet's denote by t :: l)tt and suppose that t ) 3' Then
t = r

Wl + A and, contain a (sm'ooth, irreducible) curue C, non-d,egenerate i'n P
(he re  degO =  (D .U ; l l .

Proof: We use Corollary 3"2.5,i.e. we check that (3.2.10) is verified for
t > 3. Indeed this becomes

(3 .5 .1 ) 3 a ) _ 3 p - 4 n * 1 4 .

Because a 2 @o - n * p - I)12,, ds ) (n - p)12 (see Rernark 3.4'6)'
minolating o (and do) m before, i t  fol lows that (3'5.1) holds i f

(3 .5.2) 13n  2  9p*62 .
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However ,  th is  is  t rue in  (Rt)  (p  3n-  4,  n  )  9) .
Because deg'll2 n*p-7, (V)11 e {'J7r,'14r,17L,17!;#{.'u,,77'6} and degDs )

0 (with degree as in the statement of lemma), the curve C whic.h rve just ob-
ta ined l ras deg C 2 3(n{p-1)  > n+p-1 :  degXi .  So C is  non-degenerate
in P" .

* + +

Lemrna 3.5.3: I l  (p,n),(d,g),D,t  are a,s in the preaiaus lemm.a, at ' rd

t :2, then the same conclusion holds for lDl.
Proof: We apply again Corollary 3.2.5 for f = 2 and we use tha.t a e Z.

Doing computat ions, i t  fo l lorvs that the only case when (3.2.10) doesn't

apply is for p * n - 4 and a: - 1. We'll consider separately this case.
Horvever, it 's easy to see that the sheaves D from the lemma are of the

f o r n r  D : ( b + 6 ; b , \ * T 2 , , . . . , \ , ; ) , \ r .  €  { 0 , 1 , 2 , 3 } , b  €  { o + 2 p * 2 ,  a * 2 p -

I, a{2p}, a € Z as in Remark 3.4.6. Let E be one of the exceptiotal divisors

lying on Xi and corresponding to a P; € Di. From the exact sequence

O -+ D -+ D(E) -+ D(E)lu -+ O

we deduce that the conclusion of lemma liolds for lDlitr it holds foL [D(E)],
as far as b; : (D . 9t;(.B)) > 1. Moreover, it's easy to see that all 17; : 3

only if b : a * 2p. So, to conclude the lemma it's enough to prove the

c o n c l u s i o n  f o r D  e  { D ' , D " }  w h e r e  D ' :  ( a + 2 p * 4 ;  a + 2 p - 2 , 3 ' l - i , 2 ) ,

D "  = ( a * 2 p + 6 ;  a + 2 p , 3 ' ; ) ,  o f  c o u r s e f o r p -  n - 4 a n d  o :  - 1 .  W e ' l l

study the case D : D' , the other one being similar.

S o ,  D '  =  ( 2 p  *  3 ; 2 p  -  3 , 3 ' 0 , 2 ) ,  p  =  n  -  4  2  5 .
We specialize the points from Di on a smooth cubic curve lo C P2; we

denote this special izat ion !V 
f ;  :  {P0, Pt, . . . ,Prr+t} ;  we suppose, more-

over that the points from Di are general on fe (see the sketch of proof of

Proposition 3.2.1), in particular, every 3 of them are noncollinear. Let there

Ue 5; -  Btt i ( f2).  Then (p*2;p,I"+t)  is very ample 
"n 

S; (actual ly,  i f

s  1  2 q * 3 ,  g )  1 ,  s  )  0 ,  s ,  q  e  Z a n d  X  :  { E o , € r , . . . , , E " }  C  f s  g e n e r a l

on  ls ,  S : :  B I r (P ' ; ,  then  @+z;g ,1 ' ) j s  very  ample  on  S-see lHb2] ;  fo r  a

direct proof see [P2]). Let's denote bV XJ t: pfu12;p,12,*'1(Si) C P'. Using

Propos i t ion  3 .2 .1  ( i3 ) 'and ( i i3 ) ' i t  resu l ts  tha t ,  i f  D1 : :  Qp;2p-3 ,22p,1) ,
then

(3 .5.3 )
ht(frt) = 0 and lbt l*.0, without base points and

containing a (smooth, irreducible) cutve.

{

t
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By semicontinuity (see^[CS], Remark 1, p. 324) we deduce that (3.5.3)
holds again if we replace Ps with another point (denoted Pj) from a small
neighbourhood of P6, non-belonging to fs and non-collinear with any other

4 and Pi. Thun, the proper tra,nsformation of f6 in Xi is f e [3;0,1"+t1.
Now, we denote by 6;i the quadratic transformation based on {P,j, Pr, Pi}

Performing the succesive quadratic transformations 612, drn, . . ' ,620-y,2r, the
curve fe becornes a curve Ao C P2 of degree p + 3 having 2p * 1 sin-
gular points (rvith dist inct tangents) with mult ipl ici t ies F,1,.. . ,2 respec-
t ively; -f ;  becomes X; = gu)+D;p,tzp-r)(S;) C P', where.g'= BIF(P'),

>; = 1Po, Pr,. .  . ,  Pro, Pro*r), Po, n,. .  . ,  Pro b"ing the singularit ies of As
with rnult ipl ici t ies p,2, .  . . ,  2 respectively and Pzp+t €_As a' snooth point so
tha,tevery 3 pointsin Di arenon-coll i t tea,r; of course X; = X; (= Si :  Si);

moreover, D, b".o*us, in the new coot'ditiates, Dt : (p;p - 3, 12r+3) €
Pic(X;). If rve considel D1 and fr, on S; = S; , then D1 - br. Considering
(3.5.3) i t  results that

(3.5.4) f nt@r): 0 and lDr) * 0, without base points and

I containing a (smooth, irreducible) curve.

Let's denote by A €lp+3ip,2'0,1] the proper tra,nsformation of As in
X;. fVe can see_thatDl - D'(-L), where 2'is our initial invertible sheaf
(considered on Xi). We obtain then the exact sequence of sheaves on Xi

0 - + D 1  - + D ' - + D ' f  6 - + 0 .

Since (D' .Ox;(A))  -  7  > zg(L)  -  2(= zg( f ) ) ,  us ing (3.5.4)  i t  resul ts

that [D'] I 0, wiihout base points and containing a (smooth, irreducible)
curve, if the points of Xi are specialized in l;. So, the same fact rentains
true on Xi, by semicontinuity.

* * *

in the Lernma 3.5.2 and d, :

tD) + A, without base points

non-degenerate in F.

Lemma 3.5.4:  I f  (p ,n) , {d ,g) ,D are as
/  2  . \

d e g D  )  m a x l 2 n *  1 , ; ( g p : _ n * 9 ) 1 ,  t h e n
\ J /

and contains a (smooth, irreducible) curue C,

Proof: Apply Corolary 3.2.5 for t = I.

Prel iminary Conclusion 3.5.5: I f  (d,g) e Ai with (p,n) in situation
/  2  . \

(R1) and d ) max (Zn + t, 
i(3r 

* n * 9) 
), 

then there is a. (smooth, irre-

d,ucible) curue C C X:, non-degenerate' in P, with (deg(C), s(C): (d,g)'
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.  \ l r l r

* * *
2) For the situation (R2):
Lemma 3.5.6: I f  (p,n) i ,s in the situation (R2), (d,g) e Ai andD €

eic$i) is one of the inuertible sheaues used in the proof of Proposit,ion
3./. 1 (cansidering Cortstruction B in Step 2) so that (deg 2, p"(D)) = (d, 9),
then D satisf,es condition (cS) from Proposition 3.2.3 in tlte coordinates
( d , r ; 0 1 , 0 2 , . . . , 0 , " )  ( h e r e  d e g D  t :  ( D ' 1 1 ; ) ) .

Proof: The sheaves used in Step l satisfy (c3). The invertible shea,r'es
used in Step 3 come from the sheaves used in Step 2, putting 1 (instead 0)
in the last component. So, it's enough to verify that the sheaves 2 used in
Step 2 apply to

l/.,l S o,

The inequali t ies ldt l  3 0t
d  )  2 t t  * 2  w e d e d u c e  t i i a t ^ r  : 2 ( r p ( d , n * 1 )  + 1 )  >  a  ( c f .  ( 3 . 4 , 1 9 ) ) .

r ^ r "
Then, cr ) ;  =+ b > r? > ; (see (3.4.21)); but b I r (see (3'4.20)) and

^ L

r z r f -
,  S  

T , tha t  
i s "a  cont rad ic l ion  !  So ,  c ;  (  

1 ,  
hence 0 ;  S  i ,  

i  :  l , s l+ t .

IMoreover, c, = 
if) 

r = 4. Then we replace (if necessary) (cr' c2,c3,c4):

( 2 , 0 , 0 , 0 )  w i t h  ( " r , " r , c a . c 4 ) :  ( 1 , 1 , 1 , i )  a n d  w e  g e t  0 , . + ,  1 f , .  N o w ,  t h e

genera,l invertible sheaves (from Step 4) satisfy (c3), because-71; satisfles

this condit ion.
x * *

Lemma 3.5.7: I f  (p,n),(d,g) and,D are as in the preuious lemma,

then D satisfies the condition (cil from. Proposition 3.2.3 in the coordinates

( d , r ; 0 y 0 " , .  .  . , 0 , i ) .
Proof:  (c4) means bo ) 6,  i f  D = (a;byb1,, '  .  . ,b, ;) ,  in usual coordinates

on Pic(Xi). W" will check this (to i)) for the sheaves used in Step l from

the proof 
'of 

Proposition 3.4.1 obta,inecl by adding a (finite) numbers of 1fi

to tlre initial Ds,lor the sheaves used in Step 4 obtained by adding a (finite)

number of ')li to the corresponding initial Ds and for sheaves used in Step

4 obtained by adding a (finite) number of ' l{i to the sheaves used in Step

1 (the invertible sheaves D from Remark 3.4.5 a) cout,ains all these three

categories of sheaves). We wili check also (c4) for the sheaves used in Step

2, Construction B (to ii)). It 's clear that from these two verifications, i) and

i i ) .  we obtain the conciusion of the lemma.

(3 .5 .5 )
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(3.4.2r)) S 2

i) We consider slieaves D = Do * tJL * tz?lz, 7L = ?l?, ?72 = '|7i, *
in  Remark 3.a.5 a) .  Put  f  : :  h* tz .  l f  t  =  1,  because d = deg,Q.)  2n{ I ,
i t  f o l l o r v s  t h a t  d s  : :  d e g D s )  n -  p + 1 .  B u t ,  t h e n  D :  ( a i p + 4 ; a *
p ,2 ,L " ; -u - t , s ) ,6  €  {0 ,1 } .  We  need  a+p  >  2 .  I r , { i no la t i ng  a  as  i n  Remark
3.4.5 a) and ds from before, it results that we need p ) 3, which is true in
(R2) .  I f  t )  2 ,  then bs )  61 ( i .e .  (c4))  becomes a*  tp)  t  f  1 .  Because the
function (in t) a+tp - t - 1 is incleasing, we can suppose that f : 2. Then
we need a*2p ) 3. Minorating o and d6 from Remark 3.4.5 a), i t  results
that we need p 2 (n+ 14)19, which is sarisfled in (R2).

ii) We are going to study now the sheaves used in tire proof of Step 2
(Construct ion B) .  Thei r  degree is  d  )  2n{2,so r r (d , , rz+ 1)  > 1.

r ; + t  r ; + t  4

I )  I f  x r (d ,n+ 1)  > 3.  We have:  - i l *Ef t  t  I  lgc l  :  
Ic ;  

(see

) - c ? < z J u < z
u j -

we prove that

( 3 . 5 . 6 )  r r ( d , n * I )  >  3  +  d , - ( n - p { 2 ) ( r r ( d , n * 1 ) *  L )  >  2 @ r ( d ,  n + 1 ) + 1 )

s  
n * l

- p

we obtain (because Z(xu(d,n*  1)  +  1)  < r r (d ,n+ 1)+ 1)  -0 '  +  I  P,  <
,  

i = 2
,  r ,

d - ;(,  - p + 2) . 2(rr(d,n * 1) * 1) which is exactly (c4), because r =
L

2(zr(d,n*7)  *  1)  (see (3.4. i9) ) .  So,  i t  remains to  prove (3.5.6) .  But

(3.5.7) r r (d,n+ 1) > 3 + d >_ (7n + 5p + 2) /2.

a )  I f  p  )  4 ,  we have d  -  (n -  p+2) ( ru@,n*1)  +  1 )  -  2 ( ro (d ,  n+  t )+  1 )  2
d . -  n ( r r ( d , r +  1 )  +  1 )  > d - . 1 ,  ^ Q a * n * g p - 2 ) .  T h i s  l a s t  n u m b e r' z l n  *  p ) '
i s ) 0 i f f

(3 .5.8) d , )  n ( n * 3 p - z ) l Q d .

But in (R2), (3.5.8) fol lows from (3.5.7). We get then (3.5.6),
b )  I f  p :3 ,  t hen  z  e  {8 ,9 } .  i f  n  =  8 ,  (3 .5 .6 )  becomes  d>  9 (xs (d ,9 )+1 ) ,

true for d > 27. But from (3.5.7) it results that' d ) 37, so we are ready.
lf  n :9, (3.5.6) becomes d >- 10(4@, 10) + 1), t lue for d ) 30. But from
(3.5.7) it results that d ) 40 so we are ready again.

2(ro{d,n*  1)  *  1)  (see 3.4.2a)) .  Now, i f
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2) If  ro@,, n * 1) = 2. Thel
:-t: I r::

( 3 . 5 . e )  t  
d l  ( 5 n + J p + 2 ) 1 2 .

In this case (c4) becomes

(3 .5 .10 )

( 3 . 5 . 1 1 )

a,nd

b -

'becomes

(3 .5 .13)

t ls ing (3.5.9) ,  rve obta in d-J(n*  p+2)  )  (9p -  n- I0) /2  )  4  (because
n  n . + 1

P 2  i ,  
r z )  $  a l d p >  

3  
: 3 i f  n : 8 .  T ' h e n , i n  o r d e r t o o b t a i n  ( 3 . 5 . 1 0 )

r  E * r

- o t * L f . , < d , - 3 ( n - p + 2 ) .

Er (d ,n )  /  0 .

34

, ; * '
i t 's  enougl r  to  choose 0t , . . . ,  d , . * ,  such that  -91 + l  e ,  3  +.

and (3.+.2i) i t  results that i t 's enough to expresso#.n a e
4 4

r  f -  ,  . r  \ -0 = L c, '  so that Lq < 4, wlr ich is,  obviously,  possible.

3)  I f  r r (d ,n *  1 ) :  1 ,  ( c4 )  becomes

'3 2+1

- o t *  I o '  <  d - 2 ( n - p + 2 ) .
; - t

B u t p 2  3  a n d  d 2 Z n f  2 , s o  d - 2 ( n - p + 2 )  )  4 .  U s i n g  n o w  ( 3 . 4 . 2 0 )
(3.4.21) i f  results that i t 's enough to express each b €. {I,2,8,4} as
4 4

f cot so that c; € {0,1} for all i (hence I., < 4), which is possible.

Lemma 3.5.8:  I f  (p ,n) , (d ,S) ,D are as in  Lemma 5.5.6 andd:  d"J; ->
/ ? , \

max ( 2n { I,;(er + n + 9) ), th"n D satisfies the condition (c5) in the co-
\  . J  

' /

ardinates (d, r ;  0y 02, .  .  . , ,  0 
" ;) .

Proof: From Remark 3.4.7 it follows that it is enough to check (c5) for
r  :2 ( r r (d ,n )+  1) .  Th is  becornes :

(3 .5 .12) d 2 r(,  -  1)(ro@, n) + t)  + z.

I f  q , e  d e n o t e b y  E u ( d , n ) : - -  d - 2 ( p - I ) ( r o @ , n )  +  1 )  -  2 ,  t h e n  ( 3 . 5 . 1 2 )

From (3.4.20)

{ 1 , 2 , . . . , 6 }  a s



We can see that, i f  (3.5.13) is true for integers d so that rr(d,n) = r,
the;l . t i t  is true for any integer d'so that nr(d',n) = y, (V)y ) r.  Indeed, i f
Eo(d,n) ) 0 for al l  d so that Eo(d,n) : y, let d' be so that ro(d',n) = y | 7
and d : :  d , ' - (n*n-L) .  Then Er(d ' ,n)  :  Ep(d, ,n)+(n-p* l )  2  Eo(d,  n)  > 0
(use Lemma 3.3.1 a)). The previous statement fol lows then by induction on
r o ( d , n ) .

Now, i f  xr(d,n): 2, the relation (3.5.12) becomes

(3 .5 .14 ) d 2 6 p - a .

Because ro(d,n)  = 2 we have d 2 (5"+3p-3)12.  But  th is  impl ies
(3.5.14) in the situation (R2) (use 3p ! n + 5).

So,  (3 .5.12)  is  t rue for  any d such that  xo(d,n)  >2.
It rr(d,n) : 1, (3.5.12) becomes d2 4p - 2' But this results from the

suplementary condi t ion d )  
i (e t+ 

z  *9)  in  (R2)  (use 3p S n*  5) .
* * +

Because the conditions (c1) and (c2) were verified during the Construc-
t ion B in the proof Step 2 of Proposit ion 3.4.1 and (c3),  (c4),  (c5) were
veri f ied in Lemmas 3.5.6, 3.5.7, 3.5.8, f rom Proposit ion 3.2.3 we deduce the

following
Prel iminary Conclusion 3.5.9: I f  (d,g) e A; with (p,n) in si tuat ion

(R2) and,d ) max (2"+t,2r{sn*n*il), tn", there is a (smooth, irre-

ducible) curue C C *: , non-degenerate in'F , with (deg(C), g(C)) = (d, g).

Lemma 3.5.10: If n 2 8 and, 
!

* * *

S  p  S  a -  4 ,  n , p  €  Z ,  ( d , g )  €  A ;
n

and2n+ i < d <:Qp+r*9) then it  erists a (smooth, irreducible) curae
3

C C Xt if n =A @od 3) and C c Xi*t i'f n = L,2 (mod 3), non-degenerate
in P", with (deg(C),g(C)): {d,9) (here k: inlTl. as usual).

Proof: We use the criterion given by Proposition 3.2'3'
We need curves in the range

a p + t ( d  -  t , n )  1 g  {  a r ( d , , n ) ,  2 n * 7  <  d  < ? O o * n *  9 ) .
J '

Then ar11(d-1,  n)  = [ (3d-  4n-2)12] . ,  ar (d,n)  :  l (3d-4n*1)12) . 'Because
the interval l*o*r (d - t ,n),ar(d,n)lnZ does not depend on p we construct
the necessary curves on Xi if n :3k and on Xf*r if n = 3k + 1, 3k * 2. We
remark that F! '" (4) : (3d - 4n*2)/2 (see (3.2.3)).
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To be nrore precise, we consider linear systems associated to invertible
slreaves L € Pic(X;),  p, ,$,${k,f t+ 1},  1x: ln lS). ,  which in the Gruson-

Pesk ine  coord ina tes  are  (d , ,4 ;0 ' i - t , i ' )  rv i th  2n*  1  <  d ,  <  ?QO*n *  9 ) ,
3 "

,  €  { 1 , 2 , 3 , 4 , 5 }  ( s e e  ( 3 . 2 . 1 )  a n d  ( 3 . 2 . 2 ) ) .  H e n c e  r  =  4 , 9 r  =  0 ,  i :  I , s F  1 ,
? s ; - i + r  €  { 0 , 1 } ,  i  = f i , 6 " i  1 ,  s i  €  i 5 , 6 , 7 } .  W e  c a n  s e e  i m m e d i a t e l y
that the condit ions (ct)-(c5) are sat isf ied (use d )  2n* l  and (3.2.2)).

* * *

Tbe proof of Proposition 3.5.1 results immediately from the Preliminary

Conc lus ions  3 .5 .5 ,  3 .5 .9  and Lemma 3 .5 .10 .
* * *

Now, frorn Proposit ion 3.5.1, using Lenima 3.3. i  b) rve obtain the fol-

lorving
Theorem 3.5.11: I f  n,p € Z, n )  8 and (d, S) e U Ai then there

iSP<n-q
is a (.smooth, irreducible) non-degenerate curueC C P" wi'th (deg(C), g(C)) :

(d ,  s ) .

3.6 The absence of gaps in Di

in this section we finish proving the Main Theorem. For this, we need
two more theorems, namely:

Theorem 3.6.L: If n e Z, n ) 8 and (d,d e Ai 1t"" (2.12)) then
there i-c a (smooth, irred,ucible) curue C C Xt, non-d,egenerate in P" so that
(deg (C) ,  s (C) ) :  (d ,g ) .

Theorem 3.6.2: I f  n e Z, n ) 8 and (d'S) e Ali-" f tee (2 10))
then there is a (smooth, irreduci,ble) non-degenerate curae C C F , so that
(deg (C) ,  s (C) ) :  (d ,g ) .

The Theorem 3.6.1 is, essentially, covered by Theorem 1.1 from [Ci].
But, because our statement, which is necessary here, differs from Ciliberto
statement, it is necessary to prove it. Here we'll give only a sketch of proof
(for details see [P3]). The proof consists in acomparison between the upper
bound of genus frorn our Theorem 3.5.11 and the lower bound of genus from
Ciliberto's Theorem. This comparison is possible due to the Lemma 3.3'2.
It  wil l  be divided in 3 parts, according to n:0 (mod 3), n : 1 (mod 3),
n : 2  ( m o d  3 ) .

The main part of the domain A'i-, is covered by our Theorem 1 from

[P1] and by Cilibelto-Sernesi Main Theorem from [CS]. Again, beca'use the
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statement of Theorem 3.6.2, which is necessarl' hete, difi"ers from the previ-

ous two statements, it is necessary to prove the Theolem. we'll give only

a sketch of proof (for details see [P3]). The proof consists in a comparison

betneen the lower bound of genus from our Theorenl 3.5.1i and the upper

boundof genus from ciliberto Sernesi's Theorem (for d = 4) and a fii l ing of

the distance between them when i t  exists '

Proof of Theorem 3.6.1 (sketch):  we' l l  consider here only the case

n = l ( m o d  3 )  ( s o n = 3 k + 1 ,  k € Z , k  >  3 )  t l i e o t h e r s b e i n g  ( m o r e o r l e s s )

Z, there is a (sn"tooth, irceducible) curue C c Xi'

oj d,rgrrc d' and' genus g, in the damain frotn the

F ' ! ' " + t  ( 2 ( r s 1 1 ( d - 1 , n )  + 1 ) )  <  s s r l ' " ( 2 ( * r + r ( d - L , n )  * 1 ) ) '  d ) - 2 n * r

(for F! '"(r) see (3'2.3); for tp,,1(d',n) s,ee (2 2)) '

Proof: Let r := 2(rr 'rr(a - ' i , 'n ) + r) '  rr iow we express m = 2(F!'" (") -

g )  €  Z , n t , 2 A  a s  a s u m  o f  4  s q u a r e s m = 2 t 7 ' 0 ;  € Z '  0  (  g r  S 0 z  3

g" S gn.Then, lve can check that (d',r;01,9,,0",da) satisfy the condit ions

tirtt.+l of proposition 3.2.3 ((c5) being automatically satisfied). so, we

;^; n"i D e pic(Xi) such tf,ri tbl contains (smooth, irreducible) curves

C r,r ' i t l r  (deg(C) ,g(C)) = (d,g) in the domain of the Claim'

2) ci.ii', i a,i'e i, tL"r" i,s a (smooth, i,rred,ucible) curuec c xf ,

non-d,egenerate in i" , oi rlegree d' and genus g ' in' the dom'ain from the

(ct,  g)- 'p lane giuen bY:

F ! ' " 1 z 1 r n n r ( d - 1 , n ) +  r ) )  <  g  <  B ( d ' , n ) = r p ( d ' ' n ) '  d > d t ( n ) '

proof: we recall that in [ci], section 1.g a positive integer ro : ro(d,n)

has been defined, namely rs(i ,n): min{r € Zlr /  s(d' n)} '  where s(d' 'n) =

:ifi{i ti i zffi (see [ci], L:T'u. 1.11)' In order
to irolr" the Claim it's'enough to show that (see (2.6) for d1(n)):

s imi lar.
1) Claim: If d, g €

non-elegen,erate in P" ,
(d.  g)-plane giuen bY:

(3 .6 .1 ) d.> t t {n ' )  =+ r ! ' " ( ro( ,1 , , ' )  -  \  <  F: ' " (2( rv(d 'n)+ i ) ) '

Indeed, then the clairn fol lorvs from [ci]  - Theorem l. l  ( take p(d,n):

r:, i(rr@,ln). 1)), iCi]-Lemma 1.11.and ." i t iot ' t  1.d, [Ci] -Lemma 1.18 (use

inut ' [ rnur{  r : " f t l t i  € 'z \ ) .  = ,nax{ [4 ' " ( " ) ] .1"  €  Z] ) 'u t tn-e the fact  that

rve constructed curves of deglee d'22n+ r ana g"nu' g =lpl '"(2(r1'a{d-

' f t



1, rz) * 1))]- in the Claim from 1). We rema,rk that dt(") 2 ds(n) (for ds(n)

s"u ici1, section 1,g), bot[1i6f them being functions of degree 312 in n'

I n  o rde r  t o  p rove  (3 '6 . i )  w r i t e  d  - k -2=  xk+ r@' - t , n )+e '  0  <  e  (  4k '

Doing contputations we call  see that

(3.6.2)  2(*n+r(d-1,  n)+1)  3 pn(d ' ,n)  a  max(0,  @k2-k+r-d) lUk))  < e S 4k

(3 .6 .s )  2 ( rpp@, -1 ,n )+1 )  >  p * (d ,n )  +  0  Se  3  @k 'z -k -d ) l $k )  ( t f  d<8k2 -k )

where pa(d,,n) = 2(d+k - t l l {n+ e - i)  is the point where the function

PI" e) achieves its maximum.-"  
u)  i f  max(0,  (8k,  _  k+r  _ d) l@k))  3e 3 4k,by (3.6.2)  i t 's  enough to

have 2(r1. .  r (d-  1 ,n)  + t )  +  i  >  s(d,n) ,  impl ied by

(3.6.4) (2d + 2k -  r )  l$k + 1) > s(d ' ,n)

(indeed, e 3 4k * 211,11 (./ - 1, 
") 

+ I ? Qa + 2k - .r) I 
(nf *^tl l '

'  
b) If o i, < (8kt--; - d)l$k) (if -d < Sk'? - lc), bv (3'6'3) it 's enough

ro have l2(io@,n) - rt,,{d - 1,n) - 1)]- + 1 > s(d,n)' But, it can be seen

(computing this integer part) that's enough to have

(3 .6.5)

if 0 < e s $k2 - 2k - d) l$k) (when the previous integer pa,rt is 2x1,a1(d -

1, n)) and

(4k + l )d+ 4k2 -  3k

2k(4k + r)

i f  max(0, (4k2-2k+t-d)lekD S e { (8k2-k-d)l$k) (when the previous

integer part is 2rea1(d, - 1' n) * 1)'

Doing computatifns' w'e'.un 'u" that (3'6'4), (3'6'5) and (3'6'6) hold

exactly for d 2 dt(n).This proves (3'6'1) '

3) The Theorem 3.6.r (for n: ik* 1) follows immediately from 1) and

2), using Lemma 3.3'2 b) i i) '  
* ,< *

Proof of Theorem 3.6.2 (sketch): We d,efine the following numerical

functions (fo.r d, r € Z, 6 e {2,3,4}):

/  r - 1  \
G6o i ,n )  '=  r  (a  

-  n r  |  - ;U  
)

(3 .6.6)

(3 .6 . i )

2  s (d ,n )
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(3  .6 .8  )

where

(3  .6 .  e)

Lemma 3 ,6 '3 :

oi l , -  o+rU, n) := G6o{Y6(d, t r))  ,

yt (d,  n)  ' :  [ (d  *  n  -  6)  I  Qn -  5) ] . .

:  : .  .
: '

a)  G |a+ rzn -a , ( r  *  1 )  :  G6o ! )+  (d  + '  -  6 ) ;

b )  y , ( J  +  (2n  -  6 ) ,  t )  :  Yo (d ,n )  *  1 ; .  -
, i  ; ; i -o*rd + Q"- d-), ' )  = a' |-54t@,n) * (d + n - 6) '

Proof: easY.
* * *

\\'e'li use the foliowing
Theorem 3 .6 .4 :  Le t the rebe  6  e  I2 ,3 ,4 j , n€  Z '  n )  26  -7 '  d ' g  € '  Z '

(  a ' i - o * r ( d , n ) ,  5  : 2

d " )  2 n * 1 a n c t 0 1 g .  
t  ; ; _ , . , - : i ; , ; )  _ r ,  o e  { g , + } .  

r h e n t h e r e i s  a

(-rn'tootlt, irred.ucible) non-degine'ot" 'u"' C C P" of degree d and genus g '

Proof: This is, actualli' the boun'd resulting by the arguments from

tpr i  Sr ( i f  d:2) and from iCSl ( i f  6 € {3,4}) '  See [CS]'  Remark t 'o;tJl

Remark  3 .6 .5 :  a ' l - r (d , ,n )  3  an-s ( ' l , ' ) -1 '  e  d  * ' t t (2n-4) '

r  €  { 0 ,  r , 2 , 3 , 4 } , t  €  7 ' '
Theorem 3.6.2 follows from Theorem 3.6.4 (d - 4) and the following

Lemma 3 .6 .6 :  Le t  t he re  be  d ,g  e '  Z ,  n€  Z '  n>7 '  d22n* I '  so  tha t

ai-r(d,n) 3 s s an-t(d, n) - 1" Then:'-i) 
or i > gn _ s lnrr" is a (smooth, irreducible) curue c c xi-t, non'

dege'ne'rate iD Pn , wi,th (deg(C),g(C)) -- (d'g);*' 
iii) if 2n t l S d, S3rr --d there is a (sntt'ooth, r,rred'u-cible) curue C C Xi

1e=l ( in-  5) /31. ) ,  no ' -d ' "g"n"rate in  F '  w i ' th  (deg(C) 's (C)) :  (d 's) '

Proof: i) since a.-dd + (2" - 4)' n) = an-s(d' n) + (d' + n - 4) (Lernma

3 .3 .1  a )  ,  p :  t u -  3 t ; ; ; '  o i , i - ' r ( d+  (2n -4 ) ,n ) :  a ' | , . - t ( d ' n )+ (d *n - .a )

ir,"rnr. i .o.a .;  ,6'= 4) we can use an- argument similar to the construction

of curves given in .".tion' 3'4 and 3'5' Hence' for t^4(d"n) -- 0 take

sheaves Ds e Pic(xx,-r) of the form Ds = (a*2;a,Lu,02n-4-u), then add

succesively H?,-". So' *u cover the range of i) by degree and arithmetical

geilus with sheav 
"" 

O , Pic(Xi-r) of lhe form 2 : Do * tHy-u" > 0'

Then use the criterion (3.2.5) froni 'Lu**aJ.2.4in order to prove that [2]

conta ins (smooth,  i r reducib le)  cufves '
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i i )  B e c a , u s e  2 n * 1 <  d  < 3 n - 6 '  w e  h a v e  o ' l - u ( d ' n )  =  d  - n  a n d

; . - : ,  a , r4 : (d.n)  = l (3d -  4n*7)12) . 'So,  u 'e  t ieed to  cover  the domain

( 3 . 6 . 1 0 )  d - n 1 s <  [ ( 3 d  - 4 n - r ) 1 2 ) . ,  2 n * t < d S  3 n - 6 '

Let there be (d,s)  in the domain (3 '6 ' i0) '  Put? t -D?I11; e. f jcTi)

(?l i= b; ; '0,  A) i '  * r tere Ds := (so*2ig0' '7u '0 ' ; -")  and do 
"= 

d-(n*P-

1),  9s := s-( lo*p-:)  = g*d*n,1)-  
"= 

zso-ao+zpl4 = 29*3d+3p+3n+3'

T h e n  0  1 u  1 s ;  = i p  - " n * 5 , . d e g  O o =  1 O o ' 1 1 i )  =  d o ' p " ( D o )  -  g o '  S o '

p.(D) : g, deg(Dl = tO U;) : a Applying'now- the criterion (3'2'5)

f ronr Lemnfd3.2.4for D(t  = 1),  $,e conclude that [2]  conta' , ins a (smooth'

irLeducible) curt'e C, non-degenelate by degree reasons'
+ + *
* * *

Now, '"t'e are' finally, ready to prove the h'{ain Theorem' This proof is

an imnediat".on."qu"ntt  of  t t lual i ty (2 ' la) '  of  Lemma 2'2ald of Theorem

3 . 5 . 1 1 ,  3 . 6 . 1  a n d  3 ' 6 ' 2 '
x i < t <

4 Comrnents and further developments

1) It is easy to see that our Main Theorern remains true over an al-

gebra ica l l yc losed l ie ldo farb i t ra rycharac ter is t i c .Th is fo l lowsrep lac ing
the Bertini tt.or"- l*hich we used several times during our proof) - true

in characteristic zero - by the Hartshorne's Bertini-tvpe theorem ([Ha2]'

t l r6orbnre5.1) - t rue inurb i t ,u ,ycharac ter is t i c .Thever i f i ca t ionsares imi ia r
to Rathmann'. uurifilutions for curves in Pa and Pb ([Ra])'

2) We .un .o,','id"r other topics from Halphen-Castelnuovo theory (see

$ 1 ) a l s o ' F o r i n s t u n c e ' w e c a n c o n s i d e r t h e p r o p e r t y P = l i n e a r n o r m a l i t y
of (smooth, irr"au.ili") curv^es ftT 

l"' 
We recall that a non-degenerate

(snrooth, i, 'r"du.ibl"l *'u" C c P.".is called linearly normal if it is not a

projectiol from a f igg"' P- containing the given P"- Using the Dolcetti-

pareschi 1a""" (tneii[ij, *. can add to ttre.uru"r c from our Proprosition

3.5.1 i) on" hyp"rpiaile section .Hi .ot 
Xi in or'der to 

:!.tuin 
(smoothing

C + H; using Berti|itt.'"o'"'o; linelrly no'i*ul curves on Xi in P"' Putting

together al l  these curves for 
" ' lz 

S p S n - 4 (and using [cS]'  S4' 2)) we can

obtain a big range of existence of linearly no"rrul curves in P"' n 2 8 (see

[P4])
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n , , , , .  ! a s 1 , ( d . n ) ,  
i f  n =  1 . 2  ( m o d  3 )  

<  g  <  A ( d , , n ) , 2 n * r <  d .  < d 1 @ )
'  

I  o o ( d ,  r i ) ,  \ f  n : 0  ( m o d  3 )

3) N{oreoi,er, concerning the study of families of non-degetrerate (smooth,

irreducible) curves in P", *u.un consider the Hilbert scheme Hf,, (see $1)'

As Kleppe remarked ([Kl],  $6) our results from Proposit ion 3'5.1 i) can be

used in orcler to stanJ out "good" components of Hi,n in a big range on

(d,g) (here "good" neans generical ly smootir) '' 
ly 

'Einully, 
few *,ords about th,e lacunar doma,in D\ ftom (d,g)-plane

1""" iZ.O;;. If tt 2 7 and 1x 2: fnfS). (we recall that 11C(n) is completely

solo'ed for 3 ( tt 5 6) we consider the subdomains of Di given by:

D i :  A ( d , , n )  <  g  < o o ( d , n ) ,  d > 2 n * 7

( for .4(d,n) see (1.5),  fc ' r  ao(d' ,n) see (2'1),  for d1(n) see (2'6) '  for r ' (d ' 'n)

s e e  ( 1 . 1 ) ) .
Then Di : D'i l) D'; . If (d,9) e D';, inspired from Harris-Eisenbud

conjecture ilH] ,;r,; f- d, > 2"+t) and using the Horrowitz results from

[Ho], $1, \Ve can see that a (smooth, irreducible) non-degenerate curve C C

P'o f  degree d  and genus g  l ies  on  a  sur face  X; ,7 / -p  (  
5  

o r  on  ascro l l

(possibly singular). This implies the existence of a relation'between d and

g, generat ing gaps (see also [Ci] ,  sect ion 2'  g) '  i f  (d '9) e D' l '  inspired
"uguin 

t o* fr"rir-Bir"nbud conjecture and using Horrowitz results' we can

see that a curve of degree d and genus g lies on a scroll or on the surface

if  fO n :  3k) or Xi i ,  ( i f  n = g/c +.r ,  3k +2) ' In this ca^qe there are also

g o p t o n X f ( o r X t + r ) u n d t h u t u c a n ! l i n p r i n c i p l e ' c l a s s i f i e d t r y i n g t o u s e
a similar argument L in ttr" proof of rh6orbme 2.5 from [GP2]. However,

lve do not insist here on Di'
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