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Abstra€L-For theMonge-Ampbre equation uu ="f.,\ (where f e LL()I) and
,\ is the Lebesgue memure oft the,strietly convex'bounded and open set t/ C lRe)

we shall consider the Dirichlet problem ulpt:9 (where I e C(}U)). We shall
define a nonlinear operator Ve on the spaee 'Lt(A) which is associated with the
solutions ofthe above Difichlet problem and moreover we shall define a nonlinear
resolvent which has Ve as its initial operator. Afterwards we shall study the su-
permedian funttions witll respect to t1re above resolvent and we shall prove that

these functions are completely determined by a class of concave real functions on [/.

Prelininaries

We shall make a short review of the knowiedges of the theory of convex

functions (in conformity with'[l], I2l, [6] "t l8]) and also of the theory of

nonlinear qrerators (according to:14, [9] or i1O]) which will be used in this

work. Throughout this text U C Rft is a nonveiicl open bounded and strictly

convex set, V C lR.e is a non voiil convex and. open set and ) is the"Lebesgue
measure on Rk. Also the spaees Lo(A) (p € {1, oo}) are defined with respect
to the measure .\ly.

All functi.ons are defined l a.e. and all inequalities (and so that ali equal-

ities) are acomplished ,\ a.e,

Definition 1.1 (i). For atl;4 c lR& non uo,id, conoer set we shall ase the

following notation: U(A) t: {u e IR'  : u'i,s a conuer Junction } ' Obuiously

u(v) c c(v).
(i i). Sirnilarly, for all 9 e C(7V), U*(V) ,: {u € RY : u eU(V).C(V)

and ulav:  g j .



Proposi t ion 1.2 Letv be a bounded set and H Cu(v)nc(v) such that

there edsts h e C(V\ witbpropertins"hlav: A and, fo+ ell u,u € H,lo-u[ <

h. We shaff haue that H fs unformly equfcontfnuous on V.

Definition 1.3 ([6]). (i). If u e Uff) and, a eV, then

0,(o),-  {p € R& :  
"(")  

-"(o) >< P,x -  a > for  a l l  r  eV} .

is called the subd,ifferential o! u in a. For all A CV, A"(A),: U 0"(o).

(ii). The rnap (K F+ ) (a(lf))) is d,efined on the cornpact sets of v and,
it is a Radon n'Le&Eure on V . This measure is denoted by uu and, i,t is called
the curuatut'e of the conuer function u (on the set V ).

Proposition 1.4 ([6]]. (i). If u,,u e U(V) and, D C V are sueh that D
is a non void, open beundeil set, uln 1ol, and (scipu)lur_> (sczltu)lan,
then it follows that 0"(D) _C A*(D) (where scipu : D -+ IR, scfpu(r) ::

_lim inf u{$, for all e e D).
D)a-+c

(ir). If u,u e U(Vl and a € R+, then we hffise thet: (o) ,u*u ) au I u,.

(b) ,,, - akvu.
(iii). Let (u*)^ aU(V) be such thtt (u*)* eoftuerges locally awtforrnly

sn V tt fhe map u. We shall haae that (ru^)n is aaguely conuergent to the

rrleQ,sure uu.

Proposition i.s ([6]). (r). (Th" mini.rnum prineiple for the €oRvex

functions.) If V is a bound,ed, set, and u,a e U(V) cre such that vu 3 u,
and, (sciyujl6y ) (sciyu)l6y i,f fellows that u ) v.

fti). (T}.e minimum prineiple for the locally eonvex functions.)
LetG C IRh be a non uoii l  apenbounded set andJ,g.i  G + R be locally
conuet. functions on G and continuous functions on G such that us 1 vn and

flac > glac. We haue that f ) g. (Here for all D C G non uoid, eonuee set

Q t ) l o :  v i t D ) .
(iii). (T\rc boundedness of the convex functions.) f V is bound,ed,

u e U(V) and m € lR cre sach that (sciyu)la, > m, then it follous that:

u ) m - (diamV) tl""\' 
) (where u* ::,\ (B(0n, 1))).' V  a k

Theorem,1.6 ([6]), Let 1t be a bound,eil, Rad,on nl,easure on IJ anil g e
C@U). There erists one and, only one conuer and continuous rndp z : 0 -+ R.
such that rlu : ltr and alav - g. (The rn&p u what is defined, in this theorem
will be denoted, by M(p,d'.)



Propositten 1.7 ([6]).' The following assertions: hold,:
(i,). For all gy?z ?'C(EU) ond, Frt ltz'bounileil Railon n"Leasures an U we

haue:
("). M (p, + Fztpr + p2) z M (n,pr) + w (pr,pz).
(b). A h 1 pz oil pr>. 92, then M (n,pt) > M (pr,pr).
(ii). For allp € C@U,, e €'1R.,,- and, p, bounileil Radon rnea,sure onU we

fi,nd that:
(o). M (orP,o.P) : oM (tt,P).

(b). M (p,np) ) in-fs-: (dxendDtftgl

Definition 1,8 ([5]). 
'(i,). 

An i,ncreasing map T : Lt(U) -> Lr(U) (respec-
tiuely T : L*(U) -+ L*(U)) is eailed, operator on LL(U) (respecti,uely on
L*(u)).

(ii). We shall say.thatT : Lr(U) -+ LI(U) i,s a sab-Marlcov operator on
L'(U) i,ff for.all f ,9 € L'(U) and a € R+ sweh that f S g*a it follows that
T f  < T s * a .

(iii). It is obt:ioas that r.f a map T : Lr(U) -+ Lr(U) has the preuious
property, thenT is an operator. Mareooer if T satisfies fhe propertyZf (ii) for
aII function f ,g € L*(,U), thenllTf -Tslifi"" S ll/-gll* for aII f ,g e L*'(A)
(in conforwttty with [5] or J|l].

(ir).$5)). ,We.shall say that'T : Lt(U) -+ LL(U) satisfi,es the weak com-
plete marinrum principle i,ffJor all J,g Q La(U) and a € lR+ such that

f + f 7 < s + T s * a

on the set lf ) g] :: {r eU'l(r) > g(rI}, if follows that

T f  < T s * a -

We remar$ that i;fT satiffi,es the weak complete marimum pri,nci,ple ihen:
(o). T is an 'i,ncreasi,ng map (that i,s T i,s an operator).
(b). I +T : Lr(U) + LL(U) is an one to one map (uihere I is the identi,ty

map of L'(U)).

@.$)) If T,,N : Lr(U) -+ La(U\ are such that

(/ - I'rX/ +T) : I": (I + T)(I - Ar)

then (T,lf) as ca$eil a pa'ir of conjusated maps (on Lr(U)).

Proposition t;9 (sirnilarly tolSl eo I9l) , LetT,N : Lr(U) -+ Ll(U) be sueh
that (TrN) ds a pair of conjugated, operators. The fo;llowing statements are
equiualent:



]\,\&.- IlwJL,r-tetMlrt\; ib;h A6,b;hlv;rlcoo-vperu4of ilitrl{^n;tnz'vperutor'.
(ii). The map T sati*fies the weak eompls[6 mari'mum principils.

(iii). T is an operator such that for a[I f,g e Lt(U) and e € R+ ,/

f  + f  Y  S  g  + T g  *  a  t h e n f  f  < T s  *  a .

Proof. (i)+(ii). Let f ,g e La(U) and a € IR'1 be such that

f  + f  1  <  g*Tg*a  on  the  * . t  { /  >  9 }  and u : : : in f  { /  +Tf  ,g lTS +a} .
Wehavetha t  u  €  L r (U) , l [u  (  T f  ,  Nu <Tg*a  and u :  f  +Tf  on  the  se t

{ f  >  g } .  [ I  j : :  u - N u ,  i h e n  j  e L l ( U ) ,  I  S i  a n d  /  + T f  <  j + T i : u

hence T f  :N( f  +Tf )  {  Nu 1Ts*e .

(ii)+(iii). It is obvious.

( i i i )=+( i ) .  Let  f ,ge Lr(U) and a €R+ besuchthat/  <g+c. Wehave
that f : (7+T)(I-N)/ --(f -Nf)+"(f-N f) 3 (s:Ng)+r(e-ltrs)+a:
( / + " X / - N ) g l a : s + a .

By the hypothesis we shall'find that N I :'T(f -lff) < T(s - Ng)*a :

N g * cr, that is I[ is a stib--lVlaikov operator. I

Definition 1.10 ([5]). (i) The fami,ly of functi'ans-F : (%)re1o,*y where,

for all p € (0, e), W: L1(U) -+ Lr(U) is-calleil resoluent (on Lr(U)) iff, Jor
all p,q € (o, -) it follows that

(r - (p - 47u"\(I + (p- q)v) : I.

(ii). The rvsolvent'l :(Vp)pee,oo; is called the resoiluent associ,ated wilh
the map V : Lr(U) -+ Lt(U) tff, Jor all p € (0, *), we haue that:

V :  VoQ +iV) anl l  Vo:V(I  -  pUr).

(iii). If, foratl p € (0, m), pVo is a sub:Markott operator (on L\(fl)), then
the resoluent'f : (%)pe(0,-) is ealled a sub-Maileou resoluent (on Lr(U)).

2 Nonlinear Resolveftt Assoeiated with the
Solutions of tltdDiriChlet Problem for the
Monge- Ampbre Equation.

If g e C(AU) then we shall define a sub-lVlarkov resolvent associated
with the solutlons of the Dirichlet probiem uu : f . ) and ulau -- cp, where

f e Lr(U) and we shall present its important properties.
Throughout this sectlon I e C(AU).



E{E6finitibrl 2/:X 1T1.^Fl,Irktf {VrL!\A'f,\'uJ ;trtffiIlf 'k'-Ql.*r'!urtt'c-

ular V f ,- -M(f+'), 0) is the operator what is ilefined, i'n [9] or [10]. (Here

f* ,: sup{/, Ai,}). ObuiouslyVef :V'(f+).
(i i). For att f e Lr(U),Vrf ,7 + R. is a continuous conc&ue function

such that (V'f)lu, : g and, u-veJ: "f+ 
' ).

(iii). ve : Lr(U\ -+ -ffi-e(U)'e LL(U).

Propositi'on 2.2 (Afue-braie and order properfies). Let fr, fz e Lt(U).
The following assertions hold:

(i). If V'fr:V*Jz, then Jt' : lj (obui'ousls \ a.e.).
(ii). Let fi 3 fz. It:follows that Vv h 1V* fr, so that Vv is an operator

on  Lr (U) .
(iii) . The f ollowing: inequalittes hd'l,d :
(o). Vr(f, + il 1V'ft *V fr.
(b). lv* fi - v* fzl sv(f, - Ir).
(i"). If g D 0, thenTe 'ts a sriba,dili,tiue map.

Proof. (i). Since /| ' ) : fi '), it i*obvious that /f : $.

(ii). Whereas (Vefi) lav : (Vv Iz)')aa and u-v*1, ! u-v,J", the assertion

holds by the minimum pnnciple for the convex functions (Proposition 1.51(i)).

(iii). (a) $ince (V*'(Jr+'fzI):lau : (V*ft+Vfz) lau and u-ve1vvJ2 2
(/i + f{) " } } u-y,t1sr*J:), we apply again the minimum principle for the

convex functions.
(b). The inequalities fi s fi+ ("ft - fr)*, i,i : 1,2,, i 1 j and'the point

(a) involve the assertion.
(iv). We use again the rninirnum piinciple for the convex functions. I

Theorem 2.3 (Topologieal properties.) wehaue the fotlowi,ng ela,i'ms:

(i,). For at! f e L'{{l), Vv{ <sups-f {diamU)tlff
(ii). Vv ' (.!"(UJ,ll 'll') -+(rl(U),ll " ll') is an f,-Hiild,er map.
1tit1. tet f C f,t(a)'be suCh that either (a) there ed,sts h e L!(U) so as

to,  for  a l l  f  e F, l f l  1k,  or  f t )  F is boundeid '  in (LL(U), l l  ' l l t ) ,  and F is

increasi,ng (i.e. for alt f ,g e 
'F there existsh e F suclh that sudy', gt sh).

We haue thatVe(F) is relatiaelg eompaat in the spacs (C(U)'il ' ll"") o"d

accordingly,it ts relatiuiTy compact in (Ll(U)' il ' llt).

Proof. (t). lile apply the Fropo5ifion 1.5,(1ii). and we find the assertjon

since u-yvr(U) : f f* aS < Il-fll'.



(ii). The previous point and the Proposition 2.(iii). involve that, for all

h, fz € L'TA)'

i l " ,
lV, f, - Vefrl3V (h -J) 3 (diamU) 7l11tr:-.tzttt and so that

V o ' , k

f , '
llv, f, - v*Je!]rs ,\(yxdiam[/);/ll/' :./rll'.' V  u k

(Moreover we trave t'hat l{Vefi - Ve.f",Il*< {diam{/) l@l
(iii). In afiy case let e € 1R..,. be suih that, Tor all f e F,llfll1 < c. If

follows that, for aII f e F:

inf elV*f <supp+(diam[/) i lT,
Yg^:^x

hence V*(F) is bormded in the'space (C(Q,,ll 'lJ-).

(a). For atl f ,  e € F,IV*f -Vesl SV (f - s) :V((f - s)+) <V(2h),
hence by fhd?roposition 1.21t follows tbatYP(T)-is uniformly equicontin-

uous on U.
(b). Since .F is inereasing anel boundeil (i" ]l ' ]lt)' tn" set F+ ::

{f+ , f € T} has the same properties. Aeeordingly we shall find that there

exists h e Er (U) such that, for all f e f , J+ < h. It follows, sirnilariy to

the case (a), that V'(f) is uniformly equicontinuous on 0.
In any case by the Ascoli theorern we have lhat Ve(f) is relatively corn-

pact in (C\CI), l l  l l ."). r

Corollary 2:4 Ve : (I1(U), ff '  i lr) -+ (f t(U),l l  ' l l-) ," a continuoas ffLap.

Proof. It is obvious. I

Remark 2.6 Let (f")* c Lt(U) and, f e Ll(U\.
(i,) A U"\* conaerges to'f tn Lt(U), iken (Vef")n conuerges toVeJ

uniformly on U.
(ii). If (fn)* ,onuerges Fnonotonely to f $ o.r.), then (Ve l")n conuerges

uniforrnly and monotonety toYe f (so thaf, in parti,ciilar, Ve is increasingty
continuous on LL(U)).

(iii). By the proof of Theorem 7'(ti,). i,t fo:llows that

Vel,*p1t1r-(U),l l t l l*) -+ (r*(/), l l  " l l*)

is also f;-nalder and so that continuous rn&p.



Theorem 2 .6  Le tue-U(U) ,u )0  and f ,g  €  L t (U)  be  suchtha t

V' f  <Vvgtw onfhe set ' { f  > g}.

It followslhat Ve f lTvg ! u.

Proof.  I f  D : :  {Vrf  >Vrgtu} and u:  D -+ IR is the map u : :  scsoz
(where scsD{, - -serp(-u)} it follows that , c {/ 1g}, D is anopen set
and u is a hocally.corcavefirncbion on D.

For all r e @D) O U, byrthe eontinuity of t'he above functions' we have
that

V* f (*) : V* s(x) f u{r} - Yv s{r) + a(u).

If r e (Aq n (0U) if follows that:

v{r) S v@}t- (seipu)(r} : seio (V* E +u) (r)

Therefore u is continuous',otl (AO n (EU) and

(v' f) la " 
-- (V' s + E) lan'

On the other hand we have that

(r-vo) lo :  ( l*1") -)  S (g*lo) -) :  (r-rn)| ,

By the minimum piincipl'e for thC locaT}y convex functions (Proposition
1.5.(ii).) we shall have that Vv f S,V*g * u at D what is contrary to t-he
definition of D if D is non void. It follows that D : fl, so that Ve f l Veg*u
(everywhere on U). r

Remark tri (i). It is obtjicas,thdl/v sttisfies fhe weak complete ma,r'imum
principle and hence I +Ve :Lr(U) + Lt(U\ ts an one to one nxap.

(ii). For all p € (0, *) pVv has fhe yreperty of the preu'i'ous theorem end
so that pVe also satisfi,es the weak compl,ete marimum principle.

Theorem 2.8: For all p e (0; *) there enists one and only one m,a4)

Vf : L*(U) -+ L*(U) suiih thet

(r - pvd) ff + pv*) -- | - (r + NeJ {r - pvd) .



Proof. For all f e L*(U) we shall define L7 : L*(U) + L*(U), where
Lt@) :- V*(f - pg), for all g e L*(U) and p e (0, m) a fixed number. By
the Theoreni 3.(ii). it follows that, for aII h,g e L*(U),

llLrh - Ltsll*l (diamu)t@' V  e k

and so that ([9]), there exists r ) 0 such that for all g € 
-L*(U), 

iI llgfl* < r
then llLygft- ( ".Since Ls': (L*(U),$ -Jl*) -+ (L*(U),JI -ll*)-is a compact map (the
proof is siriflar to that of the Theorem 3.(iii),), we caR apply the Schauclei's
fixed point theorem: there exists ul € Lq(U) such that Lyul : uJ, that is
Vr(f - Wi 

- uy. But f * fle is an one to one map and accordin$iy ul is
the uniquemap u e L*(A) with property Lfu:u.

Let us define Vf : L*(U) -+ I-(U), Vf f ::u1\ it foilows that

(I + nve) (r - pu;) : .I and I - pvd : (/ +'pvv)-t . t'

Remark 2.9 Since for aH f e L*V) vehuae that

Vdf  :v ' ( f  -eu; f )  a :ndVef  :Vd( f  +v*11,

the following assertions hold,:
(i). Vf I :0 -+ IR. zs a concaue and conti,nuous function onl such that

(uf t) luu: e and,u-vf r :  ( /  -pvff j ' .x.  f f  f  e L*(U) is sucft  that
Vd@fl 1 f then it fotlous that u-y;1oil: p U -V{(p/)) . }.

(ii). For all p € (0, *), (V{)-' : Ve{I +pVe)-' 1th" equalits halds
on the space L*(U)) and, Jor ull p,q e (0,oo), Vf : Vd Q +fu-p)V{),
t.e. (V;)oe(o,oo1 is a resoluent on L*(U) and, this resoluent is associated with

VelT*py.

Corollary Z.tO The mapVf, (uh,tCh i.s d,efined, above for all p € (0, a)) has
the followdng properti,es :

(i) Vf : (L*(y),ll -11"") -+ (I""(U),11 -ll*) is a sub Markou operatw,
accordingly it is a continuous rnap.

(i,i). For alt f ,e €L*(U\ we haue thatVf (f +s) < Vf f +Vs.

Proof. (i). 
.Since 

pV" satisfies the weak complete maximum prindiple and
(nVe,pvf) is a pair of coniugated maps on L*(U), we can apply the Propo.
sition 1.9 and the Definrtion 1.8.(iii).



(ii). It is similar to the proof oT the Tbeorem 6. Tf

n,: {v{U +d >u;f *voir}

then D e U is an open set, (V;{f +.q)) luo - {Uf f +Vg)luo and since
Vg >_ 0 on the set D we have the inequalities

u_vdu+s) : {f + s -pvf (f+ s))+ .}

S $ - pu; t)+ ',\ + s+ ') I ,-vdr-vn.

By the minimum principle for the locally convex functions if follows that
D :0 an4 accordingly Ud$ + s\ SUf J *Vs. t

Remark 9,Lt (i), By the preuious coiollary it follows that for all
f  ,g e L*(U),lVf t -udsl <V(f - g) and; so that

I u  r  t t  l r r ,

llvf f -v{sll*< (diarnu,ilX=4L < (diamt},dff iM-4L ono

Tr
llu; r - rffg1l,s )(u)(d,iama1rt{{ 

- gll' .' Y  Q k

(ii). Let f € Lr(U) and, Jor a[ln € N, /" :: sup{-n,inf{t',r2}}.

(o). h is obuious th#for a71n €S[, l/"] S l;Jl and f" e L*1U).'Moreouer
(f)n 

"or*"rges 
) a.e. @a) fu the nbap f and (f")* also canaerges in

(1,(u),ll . j l,) r, /.
(b). According to (Q it fotlous fhat, for all m,n €Nl

Since (f")" it a Cauchy sequence in (Lt{U),ll .llt), we shall have that
(Vr".f"),.w ts a Cauchy sequence in (C(O),ll.il-), and, so thet (Vf l")_ it
uniformly corzaergent on U -

Hnition 2.L2 (i). For allp € (0,oo) and, f e Lr(U) we shall def,ne

{t - /- ll,

Vf f :: lircYf, f",- n')q



where fn :: sup{-n, inf{/, 
"}}, fer all n € N.

(ii). By tbe def,nition, far eU f e Lt(U), ttfeiWows that:

(e). Vf I t0 -+ lR. fs a conct,ue and, continuous function on0 such that

\v{ fJ lau : e.
(b). ,-uf r: J* v-vdt. -,lg U* - pV{i.)+.) : (/ - pV{i)+ .).

(i,ii,). Simtlarly to the Wool of the Coroillary 10. (ii). we haue that for a1l

f  ,s € L'(U),  Vdu +s) < vdl+vg and so that lu{r  -vf  gl3v(f  -  g).

Theorem 2.t3 The fanction fo*ilgV{rg):- (Vo*)*p.-, is a (nonlinear)

sub-Markov resoluent rthielt ts aseorltated with V* (* L'(U)).

Proof. Lut J e Lr(U) uod (-f")," be the sequence of the Remark 11(ii). By
fhe Theorerrr- 8 it follows that, Vf, f" : Ve $, - nVd l,) , fot all n € 

'N, 
and

by the Definition 12 and the Corollary 4. we have that

vd f : l:nu;n: j5g ve (i" -,pv{i") : Ve (f - ev{J)

and
(I + rve) (t - pvd) - I.

It is obvious that (fV',fV{} is a pair of coqiugated maps and by the
Proposition 1.9 and the Rernark 7, it follows that pVov is a sub-Markov op-
erator on thespace L'(A).

Since V{ : V* G * pVv\-', for all p € (0, *), V(p) is a resoivent on
L t ( U \ .  t

Proposition 2.t4 We haue the following claims:

( i , ) .  For  a t tp€ (0 ;* ) ,  Vov: (LL(U) , l l  . l l ' )  -+  (C(O), l l  . l l * )  is  a  cont in-
uous operator.

(ii). For a,tl set T C Lr(A) saeh that T satisfies the property (a)
the Theerem S.(iii). it foilows that Vf (F) i,s a rdlatiuely compaet set
(c(0),l l  .11"") ffor aft p € (0, m)/.

Proof. (i). By the Definitlon i2.(iii). it foliows that Yf, is continuous.

(i i) Since VfV\ : {V, (t -evf J): f ef}, we have that the set

{f - pVf f : f e F) satisfies the condition (a) of the Theorem 3.(iii). and
so that Vf (F) is a relatively compact set in (C(0),ll . 11""). t

,f
tn

10



3 Thd Supermefian tr\rnetions

We shall define and we shall study the Xtp)- supermedian functions and

afterwardq we shall compare ttese supermedian Tuncfions to the concave

functions.
Throughout this section V(d : (Vo*)oqu,*, is the resolvent what was

defined in the previous seetion. Also we shal1 eonsider the resolvent y(0) :

(%)o.(0,_)-i.e. the resolvent what is defined for the map g : 0. We shall

define the extension of the operators (Voe)**,*, (where Vd : 1/v) to the

following qet oT functions:
F(g) -- {f e RU : J is ,\ measurable and J > Ve\}. Obviouslv

f(0) :: {t e Ru : / in ) measurable and / > 0}.

Definition&,l Let I e F(d.
@ For dI p e (0, m), V,f f ,= 

;t$'%*(inT{/, 
n}) and sineeVf, is an

increas'insr*ap if fellows that Vf f = 
)j5v;finf{f' 

rz}}.

(ii). If f + LL(U), fhen it is obuious thatVf,f (the rnap defi,nedhere) is
the function what is defineil in preaious section.

Remark 8.2 (i). By the miriimum princip,le for the conuet funetians it

follows that for atl p €'[0, -) Uf (Ve\) ) V'0, henceUf : F(9) -+ F(V).

(ii) Since, for altp.G [0, A),Vf : Lr(U) -+ Lr(U) is an inereas|ryjlv

cont'inuous operator we shriJl haae that for all f e F(d and, p € [[ oo)

Vf f :ttp{%'g : s e L*(U\ and s S f}

and if (o)* c L*(U\ is sueh that (E*)* is inereasing to f , then

vd f : #$v;'n" 
-- 

llg-uf s"-

(iii). It is obuious thatv-f, , F(p) -+ f@) is an increasing map (that

is Vf is an operator on F(g):) and, moreouer Vf is increasingly eontinuous
(t.e. tf (f") c F(d is sueh that (f")* i,s i,nereasing then

/ \yo'(r lR"f,  
)  :  t t tR Vf f*:mV{f",  for al l  p € [0,m).)'  

\ rz€N / n€N

(i.u). For all f e F(d andp € [0,oo), Vf f :_t/ -+ (-oo,fJ a2dVdf is

& concaue a-nd lower scmteonfinwows-fanc*ton,'onO'sadt thet (Vf f).luo : rp.

1 1



Moreouer ei ther {v, f  f  
-oo} -  6 or{V{f  -oo} : IJ,  hence i f  Vf  f  <oo

it follows that (Vd (inf{/, 
"})),' 

conuerges to V{ I uniformly on the cornpact

set of u and v-vdt: #g (int11,"]) - pVf (inf{f,"})- ' ).

Definition s.3 (i). The function u € F(e) is ealleilv(g)- supermeilianiff

for all p e (0;oo) toe haae thatUf (yu) S ".
(ii). We ahall use the notati'sn:

5(9) :: {u e F(fi: a isT(9)-supermeilaan} .

Lemma &.4 If f,g e T(d and p € (0,m) zl fofiows thatVf(f + g) <
vf f +v,ps.

Proof. For all f ,g € Lt(U\ the inequabty Uf (f + 9) 5= Vf f + Vog ean be
proved similarly to the Corollary 2.10.

Let f ,g e f(p);sinceJ'*e: ffifinf{t,n}*inf {s,"}): srlnGnf{ f ,n}+

inf{g, 
"}) 

by the Remark 2 (in) it Tollows that:

vdU + d : ;!gv/(inf{/, ra} +'inT{g,"})

Corollary 3.5 The follow i'ng ass eftl,on ltolds :

{u *Ve\ r u e 5(0)} : :  5(0) +W0 c 5(P)'

Prsof. For all u € 5(0) and p € (0, oo), we have that:

vd @" + fvr\) su{ (iv*q +%@") :ve\ *vo(pu) 1u +vev. t

Theorem e.6 If u e -11(tJ) i's such that g ! (sciryu)]NI, then u e S(cp).

Preef. Let p € (0,oo), u € -A(a) suCh that 9 ( $ciyu))6y, D ::

{V.f (p") > u}. It follows that D c u , D is an open set and (Vf (p")) lao (

(scspu)lar accordingly u-,(O) S r-uf (o4(D) (Proposition 1.4.(i).). More-

over u e L*(U) and v-y31o*l(D) : 0, so t'hat (v-,)lo : (, _vgtp,l) lp.
Since Vf (p") and scspu are continuous functions on D,, we apply the

minimum principle for the locally convex functions a.nd we shall find that

(V{(p")Jlo Suln, therefore f l  =f i 'ardVp\pu) { afar al l  p € (0;oc).-r-

T2



Remark 3.7 (i). By the defi,nition the map Vl : U * R, Vl is a continuous
and concaue function such that (Vl)lau :0 and,Il-vr : ).. Moreouer for all
r e U we haue that (VI)(r) > 0.

(ii). By the Corollary 5; fw all n € N, ruVl +VeO e S(p) whereas nVl -r

Ve\ is a conc&ue continuous function on 0 such that
(nVl * V*A)lr, - g. end' we epply the preuious theorem.

(iii). Let as denote for all n € N[, en i: nVI t Ve$ and let as remarlc
that (e*)* is an increasing sequence o! concaue continuous functions on 0
such that fer all r € U -lim .e,{:e):#R"."{*): tn..

(iu) . For all f e F(p), f : sup(rnf lf ,, 
""1) 

anil so. that

vd f : J5gr6'G"tIf , ""1) 
: 

;:R 
lf,(inf{y', e"}).

We shall use the follouing notation: for all n € N and, f e F(d, 7@) '-

inf {f  ,e"}.

Proposition 3.8 The following assertions hold:
(i). If u e F(p) then the follewing sentences are equiualent:
(a). The m,&p u ts}(9\-supermed,ian.
(b). For all n € N, the Juncti,on u@) isV(cp)-supermedian (u\") is the

function whtt is d,efined in the preuioas remark).
( i i ,) .  Let (o,).* c.t(p).
(a). The fanction iE{"" e S(p).

(b). If (u*)^ is inereasilns, then:r1$t" e 5(p).

(iii). We Eaae thut S(0)+5(e) c 5(e).
( i r) .  For al lu e S(sj the map (p*V;(nu)):  (0;m) -+ F(p) is an

increasing map.

Proof. (4. (u)+(b). BV the previous remaik we have that for all n € N
e" e E(V) so that for a]l p e (0, oo).

vf @u{")7 : v.f (pint{u,,en}) ( inf {udfuq,,uf (p"")}

(b)+(a). TVe have that (Ior aII p e (0, oo)):

vd@4: tlp ve@u(45 s ::R 
u@) - u accordingrv u € s(e)'

(ii). (a). It is immetliate since inf u" e F(p) and., Ior ail n € N,

/ \
vf lpjtt"" I <v{(p"^) S u*

' 
\ ?zer\ /
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(b). It is similar to t-he claim (b)+(a) fronr [).
(iii). It is a consequence oT the Lemma 4.
(iv). For allp,q € (0,m) such that q<p anclTor all n € N itfollows:

Vf @u{d1 : V,{ \put") + {q - p)V{(p"(d))

: Vf @u@ + fu - u\ {ut"t - V{@u{")17

and, vf,(pui : Jgg v{ furi^)) > JIg V{fuut"\ : v{{qu).t

Propositlen 3.9 For aII f {T(d the following sentences are equtualent:
(t). vv7 e -u(u).
(ii). For all p € (0;€), Uf I e Ag).

Moreouer:if one $ tlre preutows bJaimshold,ethen J e Ll""(U)' u-vqt :

/+ . ,l antt^yy1 : $ -,nv.{f)' ')"Jor nll p e (0;*)-

Proof. Let eo 1: f@\: inf{-f, nVl *VeA}.
(i)+(ii). For all r*.€rlS wdhave that

Vdu^ -- rle (t- -pvf,e,) 3V* U -pV;(V'0)) < V' (f - pv'p})

and accorEling to-?roposifion 2.2.GH). it fejllows that

Vdf --ffi'%*t" <V'f +V'(-'PYvo) < -'

(ii)+(i). Sniilarly tothe previous proof wdhave that for all n €Tl

v'en 
: Tr::.#;;'"i:f;,{:i,pvrr) < o

whereas Vf f is a concave real function on [/.
For the zuplemental sentenees w€ tr€mark that (V*u*)* eonverges to Ve f

uniformly on the compact sets of[I, hence

u-vsr: m(u*. 
- )) S "f* -.1

and moreover lim (e; . i) : {*o t;) i : /+ ' }.
,?_+ao \r€N /

We have €hat v-yr1 : f+' ,\ and sinee a-vvJ is a Radon measure it

foilows that /+ is .\-loealty integrable and / i$ also )-locally integrable.
By the Lebesgue convergence theorem we have that:

u-ud: : ffir-rn", 
: j$ G* - pVf,e*)+' )

: (f - pv,f .J)- .,t- r

t4



Corollary 3.lO For ell f e T(d th:e following sentenees a,re equiualent:
(i). f e L'(u).
(iil. V* f e -U-etU\ and ll rlvf i's'a beunded, measure on U.
(iii) For aH p € Q;a\,Yf-I e 4-r(U) and' u-vf,t is a bounded, measure

on U.

Proof. It is obvious. I

Definition-&.LL Let u e'S(p).
(i). We shall define & :: tr,, z: 

"j63rt'(p") 

: 
rl!3 

Vd(w\ and, the

map tt wil|Se: called l,(g)-exeessiae rCgwlam'zatt'+n of' u.
(ii). k is obuious'thqt:
(o). tt : 0 -+ (--, oo] fs & concl,I)e function such that &lau : 9.
(b). t < u.

Theorem3;,lz For aH u e5(g) i,t follews that&,: a (obuiously ), a.e.) on

U .

Proof. If TA : oo] : U, tlrenr &, -- u': oo.
Let {0 

- oo} be the vdd set. For all PC'(0, s€} werhave that:

u-vd@u) : p{u-- Vf,{vu)) - ), 1!-rf r*, : u-&rf (*)

a n d r r l

fr infe{ _6vd(w)a *4,
accordingly jll* hVff*) 

: 0 uniformly on the eompact sets of U. It

/ ,  \
follows tha* 

\lu-y; {od)l orro,*) 
€cnv€rg€s {vaguely) to the zero mea,su,r€ w.hen

p converges to oo and by i;he-Beppo-Levi theorem we have that for all / e

C"(U)

r f
l f@-€#r :  {-mr / f  ("-vd{eu1)as

J  
" '  P - + e J  '

U U

:  l i - I  f  fuo-rr , ,*) :o,p_+a p J
U

h e n c e  u : f i , o n U .  s

Coro l lary  3:13 We have that  E(cgj  - -  
{a  € ( -* , * ]u ' )u : (J  -+ lR.  con-

caue functton'such that (sii11a)::lau ) ? md t :' 't) (\ a:.e.) on Uj.

15



Proof. It follows by the Theorem 6 and the Theorem 12. t

Corollary 3.L4 The followi,ng assertions holil:

(t). s(d* + s(e) c s(e).
(it). S(Q+ + $(r)+ c S(r)+ (where 5(p)* ,: {o e 5(p) : tt} 0}).

Proof. (i). Iet u e E(9)+ anil u e S(e). Since u -- At () a.e.) om U anil il

is concaveTttnction o*T/,-it follows that & e5(0) (Theorem 6).
By the Proposition 8,@,;. wefrave that &*o e'5(p), hence u*u e 5(g).
(ii). It is obvious. r,

Definitio*r 3.15 Let u e S(gj
(l) If u : &, eueryuihere onA and M 1 @, then u is ealledV(9)-ereesdiue.
(i,i,). We shall use thefotlowiing notatton:

t(9) :: {u e S(9) : u ts:V(9)-ercessive}

(iii). obuiously if u is:l(gl-ereessiue fhen u is u real concftve function
onIJ such that (sciua]iurr > g,"hence wehaae the; following lemma,

Lemma e.I6 t(fi : {u Q 4(U) : (seiya\lav > p.}

Proof. It is obvious by the Definition 15 and the Theorems 6. and 12. t

C o ro I I ary 3.47 Th e f oil o w-i,n g a s s erti o n s-h o7 d, :
(t). t(vY + t(s) ct(d.
(ii). t(fl* + S(p\+ c t(pY ftokere t(d* ,:{o e t(v): u > 0}/.

Proof. It is obvious. r

References

[1] Bertin,E.M.J., Faneti,ons eonvenes et fh6oir'e d'u pbtential, Preprint nr.

89, sept. 1978, Univ. Utrecht., Dep. of Math.

[2] Bertin;E.M.J., Conaen Fotential Thewy, Prepiint nr. 489, elec. 1987,

Univ. Utrecht., Dep. of Math.

[3] Boboc,N., Bucur, Sr., eornea, A. Oriler *nil Cenueritg in Potenti'al
Theory: H-Cones, Lect. Notes in Math. 853, Berlin, 1981.

[ ] Deimling,K., Norilinear Funetto'nal Analysis, Spiinger, Berlin, 1985.

[5] Dellacherie,C., Une aeriion non'Iindaiie ilu thAorirne d,e Hunt, Proe. of
I.C.P.T., Japan, 1990, Walter de Gruyter, Berlin,1992.

16



t8l

tel

[6] Gool, Frans van., Topies in Nonlinear Fotential Theory, ph.D, thesis,
Utrecht, 1992.

[7] Meyer,F.A., Proba:Mlity anir petenttals, Blalsdell publishing companS
1966.

Rockafdlar rT., Contsen andlysis, Prineeton Univ. press, 19?0.

udrea,e., Nonlittear Resoluents,, Rev. Roum. de:Math. pures et Appl.,
7-8, 1995.

[10] Udrea,C., Superrnelif,mnFunetians withRespect to a Nonlinear Resoluent,
Math. Rep., Ed. Acad. de Roumanie 4g, IggT.

[11] udrea,€ ., Nonlinear operators: Boand,edness. and Maximum priniiples,
Rev. Roum. de Math. Pures et Appll., vol. XLVI, 2001.

1 7




