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ON THE STATISTICS OF THE FIRST EXIT TIME IN THE PERIODIC

TWO.DIMENSIONAL LORENTZ GAS

FLORIN P. BOCA, RADU N. GOLOGAN AND ALEXANDRU ZAHARESCU

AssrRA,cr. We consider a billia.rd in the punctured torus obtained by removing a cross-shaped

pocket from '1f2, with the trajectory sta.rting from the center of the puncture. In this case the

phase space is given by the initial velocity u of the particle. Let i"(a), and respectively r"(w),

denote the first exit time (length of the trajectory), and respectively the number of collisions

with the side cushions when 1f2 is identified with [0, 1)2. We prove that the probability measures

associated with the random variables ei" and €r€ are convergent as e \ 0, providing explicit

formulas for the limits.

l-. INrnooucrloN AND MAIN REsuLTs

Various ergodic and statistical properties of the periodic Lorentz gas were studied during the

last decades (see [20], [1], [6], [7], [8], [9], [17], [12], [10], [11], [14], [15]' [13]' [5] for a non-exhaustive

list of references). In the case of uniformly distributed circular obstacles of radius 0 < e < | in

IR2, one considers the region

Zu : {r e IR2 ; dist(r, Z') > u}

and the first exit time (sometimes called free path length)

r r ( r , u ) :  i n f { r  ) 0 ;  r l r u  € 0 2 " } ,  r  e  Y r :  Z u l Z 2 , 0 r  €  1 l '

Equivalently, one can consider the free motion of a point-like particle in the billiard table Y.

obtained by removing pockets of the form of quarters of a circle of radius e. If we identify

'll2 : jR2 lZ2 with [0,1)r, then Yu can be regarded as a punctured two-torus. The reflection in the

side cushions of the table is specular and the trajectory between two such reflections is rectilinear'

Assume that the particle has constant speed, say equal to 1, and leaves the table when it reaches

one of the four pockets. In this setting ru(r,w) coincides with the exit time from the table (or

equivalently the length of the trajectory) in the case where the initial position is r € Y' and the

initial velocity is cu e lf. The average

Dote: August 19,2002.
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of the exit time r, (which is a Borel function, possibly unbounded) over the phase space Ei :

{(,,,) € aY,x,lf ; r^l 'n(r) > 0}, where n(r) is the inward unit norma|at r €. aY, and z, the

Liouville measure on Ej, was evaluated by Chernov in [10] (see also [11], [15])' It was found that

:  L + o(e\.
2e

Q,Q) :  [ [  , , , , * r ( r , ( r ,w ) )  dL t , ( r , u ) :  t - t ' ( { ( * ' ' )  €Y '  xT ;  r ' ( t
J J

Y' xlf

.  r lY) r(L - re2)
t  - _ - L - - - : l -  \  :

" 
- 

laY,l 2ne

t  - - 2
L  

-  
^ C

It is natural to replace the phase space (Ei, ur)by its suspension (% xT,lr,

W"^1, and to study the distribution of r' defined by

, where dp,r(rru) :

As proved by Bourgain, Golse and Wennberg [5], there are constants Cr'Cz

, )  >  , ) ) .

> 0 such that

( 1 . 1 )

as e \ 0. In this paper we shall replace the circular obstacles of radius e by small crosses

c,:f-e,e] x {0} u {0} x l-e,rl, situated at all integer lattice points with the exception of the

origin. Thus the Uiffiara table Tl is obtained from the unit square [0,1]2 by removing pockets

of length e ) 0 from each corner. we shall only consider the case where the trajectory starts at

O: (0,0) with initial velocity r,., e 10, $l and,exit time (length of the trajectory) i,(a), and we

shall average over a'; only. In this situation we will give very precise estimates about the average

FlcunP 1. The bill iard in T'?

over ur of the exit time and of the number of collisions of the particle with the side cushions'

In contrast with the techniques employed to estimate the position-velocity average of the exit "

time, which are of geometric nature, our computations build on results and ideas concerning the

distribution of consecutive Farey fractions (t2],t3]). They ultimately rely on estimates ([16]'[19])

of Weil type ([21]) for Kloosterman sums with non-prime modulus. The related problem of
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evaluating the moments

1r /2

fc , :  
J i u ( u ) ' d w ,  

r ) 0 ,
0

was raised by Ya. G. Sinai in the case of circular obstacles in a seminar at the Moskow University

in 1g81. An answer for the model of cross-shaped obstacles described above was given in [4],

where it was proved that

B

(L.2) 
I 

orrrf d'u) : cr,o,Be-' + O,,6(e-r+f 
-d;, Vr > 0, Vd > 0,

with
D

r2D, 
'[ 

d,u
cr ,a .o :_A_ 

I  . * , ,

and

r  _ i r ! 3  _ r - #  * r - # ' _  1  S ( - 1 ) f r - 1 ( k - 1 ) ( ' ; 1 ) .n,: _;6 
+t) 

_t' + G;ry 
_ 

;? +t /_________Ar
In particular this formula shows that the mean of the first exit time is

" f  - ,  6 l n 2 I n ( 2 + r t ) ,  ̂ , - - 9 - r ,  ̂  . 0 . 7 4 2 7 9 2
l r , ( r ) 4 r : - - - - j ; - ' r u 5 \ e  

6  " ) =  
,  

.
"0

Sirrce all the probability measures Lt,a,1',e defined by

a
r I

t la ,p ,e\J  )  :  a  ^ .  I  fGi , (a) )  d ,w,  f  e  c" ( [0 , - ) ) ,
, - " t o

have the support included into a common compact (cf. Lemma 2.7), the equality (1.2) implies

that the measures Fa,B,e converge weakly to a probability measure Pa,A with compact support on

[0, -) as e \ 0. Atthough the moments of Fa,B are recovered by

a

?

L ,
|  

, '  dp",B(u) :  c, ,o,p, r  )  0,

L

it is not obvious how to compute explicitly the density of Lto,l3. In this paper we give a direct

proof for this convergence. Besides, the method employed here leads to the computation of the

probability measure Fa,B in closed form. To state the main result, we consider the repartition
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function

We also consider the function

(1 .3 )

and prove

Theorem l- .1.

Moreouer,

Fo,p(t)  :
T2-=,-;---- \ '

7 T ' \ p  -  a )

Fq,B,, of Fa,B,e defined bY
p

F,,p,,(t) :  Fo,o,,( l0,t l)  :  *, [  ,ro,O@i,(w)) d'u :
"  p - d J

l {u  e [a ,0 ] ;  e+" (a)  S t ] l
B - a

1 1 2

if t e [1ft;,2;h],

- a) ds it t e 1fu, -""1-],

, t , G ) : = ( t + h * )  ,

For eueryO (  c  < P <[  and,eueryt )0, the l i 'mi ' tF ' ,8( t )  :J tS Fo,B ' ( t )  er i 's ts '

t cos( ]
f T ^ r r

@ - a)tcosp + / {ut..ot i  
-  

")ds: 
t(sinp - sina) i f  t  e l0' r.o..,----- l- i '

J

@ - a)tcosB * 
| 

6r""o" i - o) ds + 
I'l'G)(arccos i - a) d's

t c o s B
r l2

tcos B

tcos  A

, c o s a

r12
t cosc{

:  ts inA - g +jarccos *- +/m= + lr t , t t ) t" 'ccos f  -  a)d's

t cos0

/ f \ /

t 0  -o ) (+*  l g@)ds )  +  l * f { (a rccos  | -a )d ,s  i f  t  e  [ i ; , - f r ] ,
\ "  J  /  J

I l2 tc.os B
1

/ .  r  \  r  1
$ - r , ) ( i *  l $ G ) d s )  i r t e  [ . " $ ' o o ) .

\ -  J  /
1  l U
L l  L

According to Lemma 2.1 we have sup fr(r) S t/rlij < + Hence all functions fi,B,,, and

thrrs their limit,Fi,6. are constant on the interval lt/2,a), and this constant is equal to 1. As a

result we gather
1
f - 2  1

l r ! ( t ) O ' : i - i
J,,

With the change of variable d; : r we get the following amusing

/ ,  1  \  f

@ - a)( + * I {.t(s) d,s) * l '4'OXarccos f
l ' / J

Ll2 tcos B
tcos B 1



Corollary 1.2.

oo

I l n r , T 2I  - o ' : n : -  - l n 2 '
I  r ( r  *  r )z 

**  
L2

I

The continuous function Fo,B represents the repartition function of an absolutely continuous

probability measure Fo,B supported on lo, -lrl, with density f o,B. That is:, F.,,B(t) : [ !o,B@)ds.

From Theorem 1.1 we infer by a direct computation

Corollary 
-L,3. The probabili,ty n'reasures Ha,B,6 conuerge weakly to a probabi,li,ty measure pa,p, as

€ \ 0. Moreouer, Fa,p has compact support and i,s absolutely cont'inuous, with density

L2
. f  " ,8 f t )  

:  
7 t2(0 _ a) '

sinP - sina 
,.L1,1,i1,,#l'

s inB-  #  *  [  f1cosr )cosrd , r  i r t  e  l l f ; , r *L7 ] ,
J

u o
f

| ,1,(t ro" r) cos r d.r ,t t e 1fu, .ok] ,
I

o p

I

| ,Pttcosr) cosr d,r if I e [j;, *h],
arccos I f t

0  i f  t e  [ * $ , m )

1

0 . 8

0 . 6

0 . 4

0 . 2

0 .

0 .

0 .

0 .

1

8

6

4

FrcuRp 2. The repartition function Fs,; and the density function fe,i

The average of the number of collisions rr(u) of the particle with the side cushions was also

estirnated in [4], where it was proved that

3

I r , (w)du :  cn,g€ 
-t  - f  O5@- 6-o] i ,  Vd > 0,

/  " '

0 . 2 5  0 . 5  0 . 7 5  r  L . 2 5  1 - . 5  1 " . 1 5



1 .

1

0 . 8

0 . 6

0 . 4

0 . 2

t_

0 . 8

0 . 6

0 . 4

0 . 2

FIcunn 4' The repartition function F",-t

a s e \ 0 , w h e r e

6 (B -a * l n f f i )  t " z

As in the case of the length

defined by

1

0 . 8

0 . 6

0 . 4

0 .

0 . 2 5  0 . 5  0 . 7 5  L 1  1 R  1  q o . z s  o . s  0 . 7 5  !  L . 2 5  1 . 5

FIcuRp 3. The repartition function F6,r and the density function /6,2

o . 2 5  0 . 5  0 . 7 5  r  1 . 2 5  1 . 5

and the density function /r,i

function, we shall consider the probability measures ua,p,€ on [0, oo)

't u,
u*,p,,U) : ; I J(er..(u))du,

p - u J

with repartition function

Go,p,u(t) :  uo,a,r([O' t11 =

ln this case we prove

l{w e la,0l; er,(u) 3t}l
P - a  

1 t  e [0, oo).
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Theorem L.4. For euery 0 I q I p < i  and eaery t ) 0, the l i 'mi,t  G",B(t): 
JsGo,p,r(t)

erists. Moreouer,

12
G " , p ( t ) :  n z l B _ a )

t  ( o  ^  , , - s i n p + c o s B )  : r u [  # n  i f  t €  1 0 ,  l r r y n ) ,
; I P - 0 + rn;fir4-cosa/ : L.l r+tanr- \ 0

-'+(t-t) arc]an(2t-D+n + $ h(t.t" O * cos B) ,tW)
t

1+ tan  q

f  r 1 , + ^ - ^ .  l t + ^ n 4 1

+ |  * t ' )  (a rc tan( ]  -  t )  -  a )ds  i f  t  e  f l r t f ry . ' * ' ; ' ) .
J

r /2
t t

l+ tan  6  l * tano l+ tano

^ r f f
4 + B l rt'ttld's - a l rlt!)at + l rt'Oarctan(i - 1)ds

. , 1  J J
r12 1 / ,

'  r + l a n  p

i f  l e  [ 1  * t a n a , I * t a n P ] ,
t

l+ tan  0  r  1

^ f f f
4 + B l',t '(.r)d,s - a l rl 'G)a' + l rl 'G)arctan(f - t)ds

. J J J
1 / '

I + h n  A

i f  t  e  [1  *  tana,1 *  tanB] ,

i f t e [ 1  * t a n 0 , x ) .

I
r \
| ,!@ at l

J /
r l2
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corollary 1.5. The probabiti,ty nleasures I'/a,o,€ conuerge weakly to a probability measure ua'p as

6 \ 0. Moreouer, uo,B has compact support and i,s absolutely continuous, with densi'ty gi'aen by

if t e frt$ry,aYP),

9a,P$) : , t t e p f O , 1 + t a n a ] ,

i f t e [ 1  * t a n a , 1 * t a n B ) ,

i f r e [ 1  * t a n B , o o ) .

1

0 . 8

0 . 6

0 . 4

0 - 2

Ftcunp 5' The repartition function G9," and the density function 96,r

It is easy to see that the use of small diamonds lr - ml + lA - "l 
( s centered at lattice

poirrts (-,n) does not change anything significant in Theorems 1.1 and 1'4, or in their corollaries.

However, the problem becomes more complicated in the case where the disks (* - ^)' + fu - n)2 <

€2 are the obstacles.

It would also be interesting to study whether the probability measures pu considered in [5] have

a weak limit as 6 \ 0, sharpening (1.1). If this is the case, then the limit cannot have compact

s'pport, as it happens in the case when the initial position is O and one only averages over the

initial velocity. Another interesting problem is the study of the distribution of the average over or

<>f r(as,cu) when 16 is a particular point in [0, t)'. The latter seems to be related to (seemingly

non-trivial) inhomogeneous Diophantine approximation topics'

12
7@ -6
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2. FONUUIAS FOR SECTORS ENDING ,q'T FERPY POINTS

For each integer Q > I, let fg denote the set of Farey fractions of order Q, i.". irreducible

rational numbers in the interval (0,1] with denominator < Q.It is well known that if ft < { ate

consecutive elements in fq, then

a t q - a q t : 1  a n d  q + q ' > Q '

C o n v e r s e l y ,  i f  q , q ' €  { 1 , . . . , Q } ,  q * q ' )  Q  a n d  a ' q - a q ' :  l  f o r s o m e o  €  { 1 , " ' , Q -  1 }  a n d

a, e {1,.. . ,Q,- 1}, then ? a # are consecutive elements-in Fq (see for instance [18]). We keep

throughout the paper 0 ( a < P < t, t>0 and 0 < e < i fixed, and set

O: fll : the intege' Part of 1 '- L e l €

A key remark whose proof relies on the basic properties of Farey fractions is that every line of

slope between 0 and 1 which pass through O will necessarily intersect the set

c ,  :  cu + {@,a) ;  a lq  e Fq}  ,

which consists in
g JO2

Ne:  # fq  :  Lv@) :7  +  o (QtnQ)

obstacles identical to cr, distributed at the points (q, a), with * e Fe. More precisely, we prove

Lemma 2.L. For eny u € (0, +] we haue

{)c.r; .\ > 0} n C, + A.

P r o o f . L e t t p d e n o t e t h e s l o p e o f t h e l i n e O P ' W e u s e t h e i n e q u a l i t i e s q + q ' t Q + l t : >
() > max(q, q') to inf'er

to :  o {  ts,  -  + 1t1{ :  \ i  t to,  :  ! ,' ^  q -  -  q '  q  q '

w h e r e w e s e t  A :  ( q , a ) ,  A '  :  ( Q ' , a ' ) , N :  ( q ,  a t e ) ,  N '  :  ( q ' , a ' + e ) ,  S :  ( q , o - e ) ,  S '  :  ( t l ' , o ' - ' ) ,

w : (q - €,a,), w, : (q, - €,a,). This clearly shows that any line of slope r,., that passes through

O will necessarily intersect Cr. Thus every trajectory will end near a point (q,a) with t , fq'

Moreover. this point is uniquely determined by ar. !

Remark. We have actually shown that the intervals 1., : lT,Tl,', : 
t € fq, cover

the interval [0,1], and that .I" and 11, are disjoint if and only if 7 and I are consecutive in fq.

Moreover, in this case we have

L,nL, , : l+ ,#t l ; ,# l
F o r e a c h c u e  ( 0 , f ] , r " p u t l r , u : ( q , a )  i f  t h e h a l f - l i n e l R a o f i r s t i n t e r s e c t s C r * ( q , a )  a m o n g

the components of Cr. We need a few more things about consecutive Farey fractions. Suppose
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FtcuRp 6. The case q < q'

FtcuRp 7. The case g > q' andtS' { tvv, respectively q) q' andts' } [v7

t h a t f r a t a f r u r " t h r e e c o n s e c u t i v e f r a c t i o n s i n F g . T h e n t h e r e l a t i o n a q ' - a ' q : l g i v e s
q, : i, (rnod q), where o denotes the multiplicative inverse of a (mod q). Since q' e (Q - q,Ql,

then q, - a, isthe unique mult iple of q in the interval (Q - Q_ d,Q - -r,1. Hence q' - (r:  qlq;1,

and therefore

(2.1) q'  :  ql41 *,' L  q  J

t rmploying a"q- aq" : I  andq" € @- Q,Q),we arr ive in a simi lar way at

(2.2) q" : qlL:ol -,
L q )

Taking into account (2.1) ard (2.2), we see that

q ' ) q  # +  a { Q - q



and

q , , > q e a > 2 q - Q ,

whence

L e m m a  2 , 2 .  m i n ( q ' , q " ) ) q  e  Q - q > a > 2 q - Q '

r  
q ' l q l q t t  e  a l m a x ( 2 q - Q , Q  - q + 1 ) .

q "  < q I q t  e  a < m i n ( 2 q - A - \ Q - d .

q )  max(qt,qt t)  e 2q - Q > a > Q - q '

We denote by uq,a the angle determined by the trajectories which end near the lattice point

(q,o,) ,  that is

uq,a : l{c.,, e (0, r f 4) ; lr,, : (q' ,)} l.

We also consider

So3( t ,e )  :  t  dq ,o .

4oe r4|12;f6?" el

The proof of Lemma 2.I and the triangle inequality show that

( 2 . 3 )  S . , B Q -  e t - 2 e , e )  1 ( 0  - r i ) F ' , p , , ( ' )  <  S . ' p ( t * e t * 2 e ' e ) '

To evaluate the sum So.B(t,e) we first need to estimate uq,s,in each of the four situations from

Lemma 2.2. First we analyze the cases I-IV making use of the formulas

arctan(r + h) -arctan, :  
]p 

+ O@2)

+ O ( h 2 ) ,  r € [ 0 , 1 ]  a n d  h  >  0  s m a l l ,
L + @ + n ) '

1  ^ / 1 \  |  ^ , t ,' : o * " \ e ) : o * u \ € - ) '
and of the inequalities (q + q')e 2 @ +1)e > 1 and (q * qtt)e > I'

Case I: min(q/, q") > q'

In this case ? . + and' F < f' thus
2 e  /  ^ 2 \

q l : - a r c t a n o - ' :
e q , a : a r c t a n - n  q  l . W - " \ q r )

: sffi . "(;) 
: ;?a + o('q @ -aY.';)

2eq /  '2 \  2a /  '2 \: f f i .ol f l :  a@?A.'(7')



(q'j a"- e)
,

(q,  a+e1.. '

(q, a- r)

t 2

FlcuRp 8. Cases I and II respectively

C a s e I I :  q ' < q < q " .

I n t h i s c a s e  ?  . r y . 1 . F . f '  w i t h  h : + - + : t # ! ) '  w e g a t h e r

tiq,a:arcran + 
-arctan +: ffi- 

o ( ('-':r,, o,r',

- q ( t -  u ( q - - { ) ) * o (  4 \ - q ( 1 - 9 ( q - - g ' ) )  
^ ( q  e a  6 2 \

:  
f \n, + @ + e)z) \q', ) 

- 
q'(q2 + o') '  * '(7 

@TAP 
* 

{" )

Since q > q/ and q* q, ) Q, we have q > $. ttence the error in the formula for wq,a above is

< fu * fr u i * # ,, #, and we find

aq. : N# . "(#) : m . " (+,# . fr)
:ffiffi."(;)

Sin<;e g' : r. l (mocl q) and

eq,o:  
A;@T;f  

_ "  \q,  ) .

C a s e I I I :  q ' > q > q " .

In this case q" - q - a. Moreover, we have f

rake h : # 
- 

T : \#{,gathering
. + . t. V . f . A. a result, we may

a*E) . ,



(q,a+e)

(q,a) - -

(q, a+e)

(q ' a'+ t)
- . 4

(q,'h"- e) (q,"a"- a)

(q', a'+s)

F tcuRp 9. Cases III and IV respectively

Case IV: q ) max(qt,qtt).

In this case T . + . t . + . ff, andwe gather

a " - €  a ' + e
aq,o : arctan -r- - arctan 

it 
: 

"t:) 
+ "f,),

with

(9, a;

(9'a- 6)

. ; ) )

, t : ) :arcran +-arctan ; :  &*o (  (+#) ' ) :

, [ r ) :arcran !  -arctan+: 
&*,  (  (+#) ' ) :

Since in this case q" : q - a and Q' :0,, we arrive at

aqo: qff i?_i l .  ##k*, ("(;
q2(Q *  q ):  

a@+a-aGa+o(* (u . ; ' ) )

ffi?6."(i)'
ffi*,."G)

3. TsB EXTsTENCE AND coMpurATroN oF THE REPARTITION FUNCTIONs F",B aNo Go,p

To estimate the sum So.o(t,e) we uti l ize
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L e m m a S . L . L e t q 2 L b e a n i n t e g e r a n d , l e t l , J c R b e i , n t e r u a l s o f l e n g t h l e s s e r t h a n q ' L e t

f  : T . x . / - + R  b e a C r  f u n c t i o n ,  a n d l e t T > 1 '  a n d 6 > 0 '  T h e n

L _ r@,a:ry II  ,o,f id'rdv
a€X,b€J  

-  
I xJ

ab-1 (mod q)

+ od(rrqi+dl l /11". + rq3+6lDl l l -  + lzl  l ' l l  l lp l l l -  )  .r  / '

where ll ' l l* : l l ' l l*,r"t.

Proof. By [3, Lemma 1.7]) we have

( 3 . 1 )

where Nq(I,"7) denotes the number of pairs of integers (*,il e T x J for which rll -- | (mod q)'

We partition the intervals I and J respectively into ? intervals It,"',T7 ald Jt'"' 'Jr' of

eqrral length S and respectively 4. Wu wish to approximate f (r,A)by a constant whenever

( r , a ) e  I t x J i .  F o r , w e c h o o s e f o r e a c h p a i r o f  i n d i c e s  ( i , j ) t w o p o i n t s  r i , , i € 1 6 a n d y i , i € J i f o t

which

(3 .2)

We have

f@.a) :  f (rr , j ,at ,)  + o (+ l lDl l l - )

whenever (*,A) e Tt x Jj, which gives in turn

4
f

s-
I \ a ,o )  :  ) -

a€T,b€J
/ e  e \  o b * l ( m o d  g )
\.r. . ,  i

Sirrr;c lZ;1, lJil < q, the estimate (3.1) applies to the intervals Ii and.[' providing

Nr(r, A : ry 
. VllJl + o6@L+01,

I  I  f  @,v) dr dv :  W,l lJ i l f  @ti,ar, i ) '
I I

I i x J i

f  ( r ,v )
i , j :7 (r,y)€I,i.xJi

ra=r(mod q)

T , T
: i  Nq(Tr, J)f @i.j,yi, i + o(+ D

i,j =t ' i '-?: l

No(rt, t)lln f ll*)

(3 .4) Nr(rr, Ji) : ry lr, l lJi l + o6@i+6).



As a result of (3.a) and (3.2), the expression in (3'3) becomes

T

L *n(to, J)f @ti,au) + 06(12qi+o ll/l l-)
i , i= l

-o,(+F=,(V tr;tr,l
I

: D Nq(rr,J)f (ro,,i,yt,) + 06(12qi+t l l /11"")
i , j = l

* ou( (p@)Ena + rqB*a) rDllr_)
\ \  r q  /  /

T

: 49 t | | t4,fi d,rd,y + o5(r2qL+'l lr l l-)
q '  . - .  JJ-  N rJ= r  T ; xJ j

* r,(  (gP +roi*a)l lDl l l -)

: 
Y !| r@'a)d'rd'Y * oo(r'ot*11/ll- + (g#

T v J

* ni*r) l lD/l l*)

+ ro t *u) lD l l - )

!

f i@,i l :  f t(Q,Q,r,a): #ybr, 
where

F s @ ) : * : F z ( q - a ) ,  u € I t ,
t l -  ! /

Q - q + a
Fr(a) :2,  u e Iz,  Fz(a) : ,  A e I s ,

Since ff;:, + < ], the analysis of cases I-IV and Lemma 2'2 provide

so,p(t, e) : sr,,B(t, e) + s!,u(t, e) + s!lp(t, e) + s[l,B(t' e) + o(e)'

u

F t ( u \ : q Q - q )  y e I z .
alq -  a)

If we prrt I : lqtana. qtanplnlO,Jtz@- q21, then

We also set

I1

Iz

I3

:  [ r , q  -

: lr,q -

: lL,q -

lq tan a, q tan Bl if q e [1' tQ cos Bl,

lqtana, JFe -A ] ir q e [tQcos B,tQcosa],

A it q e ltQ cos a' oo)'

1l  n  (  -  oo,min(Q -  Q *  L ,2q -  Q)) ,

1 l  n  I m i n ( Q  
-  Q t  I , 2 q  -  Q ) , m a x ( Q  -  Q , 2 Q -  Q  -  1 ) ] '

1 l  n  (max (Q -  Q ,2Q -  A  -1 ) ,oo )  :  Q  -  I t ,
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where we set

Sr''1ft'e) =

a I I  r '  ^ t  -
D o , p \ t ' t t  I  -

srlrult,el:

I<q<Qnin(2 l3 , tcoso)  .a€ ! ,b€ Iz ,
a0=L lmoo q)

l ( o (O  m in ( l , f  cos  o )  n ' 61  , b€13
a0= r  (moo  q /

f z@,b) ,

t fs(o'b)'
1 . t  cos  o )  ae  I  , b€ I t'  '  

ab: l  (mod q)

s-- 2q
L ^. Qh2 + a2)

alq€Fq)ltan o,tan lJl
q32Qls

q2 +o2 <t2 Q2
a€.Iz

\-
L

alqefqnltan a,tan Bl
nz tr(r2 <t2 e2-a€Is

L ^. e@2 + a2)(q - a)
alq€fq)ftan a,tan Bl 

- '

nz tra2 <* e2
ae I r

t

f {a,b),

q ( Q - q + a )

a@r6

q@ - a,)

L<q<Q
t

min(

s { B ( t , e ) : \-
l-/

q  m l n (1, t  cos  a)  ae  I  ,be  Iz
a$:1 (mod q)

. f  t@,b)

a I qef qr'ltan a,tan Bl
q>2Q/3

q, +2r-1t, e,
a e t 2

Lemma 3 .2 .  For  euery  j  e  { I ,2 ,3 ,4 }  u te  haue

( i )  l l , i / l l - K . , ." q q

( i i )  l t D  / i  l l -r J , , , e  q 2 ( Q _ q + r ) .

Proof. (i) In case I it is clear that F2(y) :2'

In case I I  we have a > Q- q, thus 0 a A=P :  Fz(a) <2'

In case III we have y < 2q - Q' Hence Q - y < 2q -2y and'O < lt(y) : 
# 

( 2' so

l l . ft l l* u &
In c;ase IV we get 2q - Q > A > Q - q.

1/ > g,then o {  Fsfu) :  f f i$ < t  <2.
H e n c e l l / i l l -  S # : & .

(ii) In case II we have'lFl(a)l : T . 8+ < d#ry < o+n
In case III we have q -y > Q - q+land flj(v) : ffi < d#ry 

: d4since q -a > Q - q'

In  case IV we get  l r l (y ) l  :  l -V+f f i |  .  ## s ince e > Q-q+I  andq-v 2 Q-q+I '
Summarizing, we collect

l# l :d#w vi@)t*#

q 2 ( Q - d  _
Qk2 + a2)a(q - a) 2etr<q<

H e n c e  q - y > Q - q ,  a n d s o  Q - q  ( m i n ( y , S - A ) .  I f

I f  u < $, thun 0 S F+(i l  . '+9 ( 2, so | l .Fal l-  < z.

and

l a f  t
l -

l o u
: f f ;q 1ri@t<

Q q Q - q + 1 )  
.
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Hence

l lDh l l *u  en r+6 ;1q - *g< q 2 ( e _ q + 1 )  
'

U

We shall next apply Lemma 3.1 to the functions "ft, fz, fs, f q, to I : I and J one of the

intervals It,Iz,13, an{ to T : gi. tt is clear that lI'l andlJl are no greater than q' we first

employ Lemma 3'2 to estimate the error term, and note that

a  r 2 Q  ^  r .  1

"2  
t  s ;+d l l . f , l l -  u ;Dq- i *u  uyzg- i+6 :  Q- t+6,*  
L 1  

t t ' -  
w .

a  A  ^?+s  ^ - *+a
r i o | *u l lD f i l l *<7D, : : : - : r  5 -  Q '  + r

q = t  q = r v r w - q + 1 )  s ? < e p Q - q + r  a

<Tg-*+a +re-++6 he  <  e- t *6hQ,

+*#f i *+  InQ(  Q-*+t

So, if we set

( ,t - " 
if q e ll,tQ cos Bl,

L(q) :L(q,D : 
I F+"0. 

: 
larccos h 

- 
" 

if q e ltQcos g'tQcosal'

t  
[o i t  q e l tQ cos a, oo),

Hlq) :2llzl:, 
I or, Hz@) : 

I 
91! or,

_ l r J

\ -  
q  2 ' "

L  8 - q + - l
l2<qSQ 

-  '

Iz Is

f  n - 1 t  f  d . t t

Hilq\ : l '- o dry: Hz(q), H+(q) : s(Q - q) | -r:-
J  q _ a  

-  t r . 2 \ 1  ) t  r r 4 \ Y . / _ Y \ e ,  
" , / a ( q _ y )

1 1  t 2

: 2 ( A - r \  [ 9 ,- ' J  v
l 2

then

s[,uQ,e) :

Sr],uQ,e):

sl)u{ t ,u) :

S[uu1t, e1 :

1
( )
"  t<q<Q
1
I

d ,rnro
1-^
( )
"  t < q < Q

1

O- 2Ql3<q

t  ry  L@)Hrk)+ote-**d) ,
L/

min(2l3,tcosct) 
-

t  ry L@)Hz(q)+o5(Q-tr+6),
m l n (  I , t  c o s  a /

. ^ /  ̂\
t  

g+ L@)Hz@) + o6(e-i+5),
0 '

min(1 , t  cos  a)

t  ry  L@)Hq(q)+o6(e- t+6) .
u q '

<Q min(1 , t  cos  a)

I f  q 3 f f , t h u n  I t :  I s : 0  s o  H z @ ) :  H z @ ) : 0 ,  a n d  t r 2 : l l , q  -  1 ]  t h u s  H  ( d : 2 ( q  - 2 ) '



( r - 7  i r r < q S m i n ( i Q ' o '  o , + ) '

, ,  |  =t + ff tnf l- rt !  < q .-- i" (rQcosa,'9#),
(3 .5 )  w(q) :w(q , t ) :  

1n)  + f f . r r ; { -  i r , s#  <  q ' -emin( l , rcosa) ,
l q  

(

[ o  
i f q > Q m i n ( l , f c o s a ) '

To estimate So.A(t,e ) we shall employ [2, Lemma2'3], which requires estimates for the supremum

and for the var iat ionof V on 11,8].  I t  is easy to see that l l r l l -  (  l  and l lWl l*  (  1,  thus

(3 .6)  l lY l l -  <  t '

To estimate the variation of V, we first write

a a a

i lr '  ,ntt d,q << 
| wow'tq)l dq + 

| w'otw (q)l dq
'  t o  

a  
t  

o
i f f .

< 
. l  lw ' td ldq + 

J l r ' ' td ldq << r  + 
J lw' (q) ldq '

1 1 1

1 8

r f  r y  <  q  < ? Q { , t h e n  1 1  : f r , z q - Q )  t n u s  H z ( q )  -  2 q - Q - L + ( Q -  q ) h f f i '  a n d

t r : 1Zq  -  Q ,Q -  q l  t hus  H{q )  : 2 (2Q -  3q ) '

$ +  S ;  < - Q ,  t h e n  1 1  :  l r , Q - q * t 1  , r , , , ,  H z @ ) :  Q  - q + ( Q  - q ) l n f f i a '  a n d

Is: (2q- A -r,q- tlttrus 1/+(q) :2(Q - q)lnffi i summarizing' we find for all d > 0

.  i oso,B(t, d : 62ry' v @) + o6(Q-I+6)'

w h e r e  V ( q ) : V ( q , t ) : 2 L ( q ) W ( g )  a n d  w e  s e t

But we see that

@ + 1 ) 1 2
r  / O + 1 r

J  l w ' ( q ) l d q : r \ T ) - w ( 1 )  <  1 '
I

arrd by a direct computation

sup lW'(q) l  <
o2@+r112

Thus

(3.7)

l nQ

a

a
I  rv 'h) l  dq K
J '
1

L f l n Q < < l n Q ,
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and we may apply [2, Lemma2.3], employing (3.5)' (3.6) and (3.7)' to gather

o a .
f P(q) 'v@) : + [  v@) dq + o(tn2 Q).
7-  q  " "1

This leads immediately to

o ?
(s.8) so,p(t,r l :  h J 

urn d,q+o6@t-61.
1

Using now the inequalities

q ^  /  1 . .  Q  a

o . iT \h - "# )on : IT  ' ( ' . # )  onu , [  hu ,
ep Ql2 Q/2

j  i f o < q < Q m i n ( | , t c o s a ) ,

( 3 . 1 0 )  w J d : \ T + f f , r n f f i  i t g < q < Q m i n ( l , r c o s a ) ,

[ o  i f q > Q m i n ( l , f c o s a ) .

The change of variable Q: Qs, together with (3.9) and (3'10) lead to

I

(3 .11 )  so ,p ( t ,a :#  
|  

r , 6Wr (s )ds*o61e* -d ; '
0

where

o a
o.  i  T \na-mf f i )on*  I  &dqKL,

Q/2 Ql2

(3.S),(3.5) ana ff t:tnQ, we arrive at

( U - "  i f s e [ o , t c o s B ) ,

( 3 . 1 2 )  . L 1 ( s )  :  L { s , t ) :  j a r c c o s f  - a  i f  s e  [ t c o s p , t c o s a ] ,

[o i f  s e [ lcosa,oo) '

a
1) .  r

so,6(t, rl : #d J 
tfrwr(q) d,q + o6@t-61,

and

together with

(3.e)

where we set
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and

(3 .13 ) w z ? ) : w z ( s , t ) :
[0,  min ( t  cos a, ] ) ] ,

[ ] ,  min(1, t  cos a)]  ,

[min(1, f  cos a),  m),

prove Theorem 1.1.

f r  
i r s  €

{ d(") i f  s €

[o  i f  s  €

3.13) and (2.3) To estimate G",B(t) ';
wi thT/  as  in  (1 .3 ) .  Then (3 '11) '  (3 '12) '  (

we follow literally the proof of Theorem 1'L, replacing only So,B(t ,e) by

Q q , o ,Ro,B(t,  e) :

af q€f q"'ltan a,tan Bl

and approximating (g - a)G*,p,,(t) by R(',p(t,e) as in (2.3). The interval 1is being replaced in

this instanc e by J : [q tan a, q tanB] n [0' tQ - q]' We clearly have

,I : lqtan a. q tan Bl n [0, ,Q - q) :

and arrive

(3 .14 )

where

(3 .15 ) L 2 f t ) :  L 2 @ , t )

Wz(4 :  Ws(s, t )

i f  q e  [ 1 ,  & ] , q t a n a , t Q - q  ) q t a n a , t Q - e

i rqe l&,#*1,
i f  qe f f f i ,m],

using similar arguments

l lnr""a,qtan 
Pl

l,
at

a
G, B,@ : + [ tr4)wr(s)d,t + o5@t-61,

1T'CJ J
0

and

: {lt* '*

: {r''' ii:

if s e 10, -i" (i+,kr, l)1,
t )  -  

"  
i f  s  e  [ ] ,  min (1,  TT*"r ) ] ,

/ "
if s > min (t, 1;foa),

e [0, min (m", ' to, 1)],

e l| ,  min (1, T+#a)1,
) min (t,  m*"")

(3 .16 )



By (3.13),  (3.14),  (3.15) and (3.16) '  we f ind that

t
l+ tan  o

' ,
!(!,:!)^ + / (arctan(j
I+tan p 

J 
\

t
TTlmg

r l2

!,P:-gI + I (arctan(!
I + tanA  '  J  

\ - ^ - - " - - \ s
t

1* tan  6

t
TTran B-

t2
G " , B ( t ) :  

? t 2 ( p _ a )

rr*;o. / ,  r , . , , \(0 - " ) ( t *  
/  

,1 ,@d' )
r12

1

@-o)(+*  [ rao ' . ).t /
r /2

- 1) - a) ds if r € [0, aryt],

t
1+ tan  a

I
- 1) - a) d,s + | ,lttl (arctan(f - I) - a) ds

J
L/2

: r + , ;  f  l * t a n o  l + t a n B l
rL c L 2-, 

---T- 
J,

l+ tan  o

I  /  . +  - \  \  '
+ | , / !) (arctan(i - t t  - a) ds

t
1+ tmF

f f t € l l t f Y . 1 + t a n a l ,
I
I

+ I ,ptr) (arctan(f - r) - a) ds
.l
t

TTTNE

i f  f  e  [1  t  tan a,L *  tan B) ,

i f t e [ 1  * t a n 0 , * ) .

@ - o)(+. l ' l ( , )d,)
r12

,lheorern 1.4 fbllows now from the previous equality and some straightforward computations'
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