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Abstract

The purpose of this paper is to study a boundary control problem
associated with the non stationary motion of an incompressible, vis-
cous, magnetic fluid, describing the liquid-lithium flow inside a Toka-
mak cooling system. The existence, the uniqueness and the regularity
of the unknowns of the state system are obtained by transforming it
into a new system, with homogeneous boundary conditions. Then we
introduce the control problem and we look for an exterior magnetic
field which realises a magnetohydrodynamic flow without recircula-
tion. The existence of an optimal control is proved and the necessary
conditions of optimality are derived.

1 Introduction

Magnetohydrodynamics is concerned with the interactions of magnetic fields
with fluid matter (liquids and gases). It finds practical use in many areas
of engineering and pure science. Some areas of applications are: pumping
and levitation of liquid metals, orientation and confinement of extremely
hot ionized gases or plasmas as in thermonuclear fusion experiments, space
propulsion resulting from the electromagnetic acceleration of ionized gases,
etc. A complete approach to the electromagnetic theory and the continuum
mechanics presented from a unified point of view can be found in [1].

The present paper is concerned with an optimal control problem associ-
ated with a non stationary magnetohydrodynamic viscous flow. This subject
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is motivated by the great number of technological applications of electromag-
netic fluids (see e. g. [1], [2], [3]).

In the last ten years, there was an increasing interest in the study of
optimal control problems associated with viscous flows: [4], [5], [6], [7], [8],
[9], [10], [11] are only a few examples of works dealing with theoretical and
numerical approaches to control of Navier-Stokes equations.

Since many physical phenomena which possess important technological
applications lie at the intersection of continuum mechanics and electromag-
netic theory, we considered interesting to extend this type of problems to the
class of magnetic fluids. We study a non stationary flow of a liquid metal
in the presence of a magnetic field. This motion describes, for instance,
the liquid-lithium flow inside a Tokamak cooling system. The fluid motion
across the magnetic fields drives an electric current in the liquid metal, and
the electric current produces the electromagnetic body force opposing the
motion. Thus, stagnant regions or even recirculation regions may appear.
In [12] a qualitative discussion of the flow in an elbow in the plane of an
uniform magnetic field is presented. The authors conclude that the flow be-
comes concentrated into jets with a large region of stagnant liquid. In [5] it
was proved that, even without a force opposing the flow, for a Navier-Stokes
fluid, there exists a recirculation region near the corner of the flow domain
whose size increases with the Reynolds’ number.

When we formulate an optimal control problem, finding a cost functional
which is relevant to the physics of the flow is a very important step. Since we
are interested in obtaining flows without recirculation regions, we introduce
a suitable optimal control problem associated with the considered magneto-
hydrodynamic motion. We look for an exterior magnetic field which realises
a magnetohydrodynamic flow without recirculation.

The paper is organized as follows: in Section 2 we introduce the coupled,
nonlinear system which describes the non stationary flow of an incompress-
ible, magnetic, viscous fluid, with non homogeneous boundary conditions
and initial data. The existence, the uniqueness and the regularity of the un-
knowns of the problem are obtained by transforming the system into a new
one, with homogeneous boundary conditions. The next section deals with
the optimal control problem. We consider a cost functional given by

(1.1) %/QT(|min(vl, 0)[2-+|min vy, 0) [2)davdt,

where Q C IR? is the bounded domain of motion, Qp = Qx]0,7] and ¥ =



(v1,v9) is the velocity of the magnetic fluid.

This choice is motivated by the fact that a flow without recirculation is
characterized by v; > 0 and vy > 0 (i. e. the fluid is moving upward and to
the right).

From the physical point of view, the most relevant control variable is
the exterior magnetic field; hence, we are dealing with a boundary control
problem: we look for an exterior magnetic field which realises a magnetohy-
drodynamic flow without recirculation. Next, we prove the existence of an
optimal control. In the last section we derive the necessary conditions of
optimality.

2 Analysis of the state system

We consider an incompressible, viscous fluid with electromagnetic properties
occupying an open, bounded, connected set 2 C IR?. Let T be a positive
given constant. The non stationary motion of the fluid in the presence of an
exterior magnetic field, with non homogeneous boundary conditions and non
homogeneous initial data is described by the following coupled system, ob-
tained by using the assumptions of the magnetohydrodynamic approximation
(see e. g. [1], p. 507):

div 7 = 0 in Qp,
(2.1) div h = 0 in Qr,
U =4 on 002x]0, T,

h = ¢ on 80x]0, T,
¥(z,0) = Ti(x) in Q,
| 7(z,0) = hy(2) in Q,

where Qr = Qx]0,T[, u, r, @, v are positive given constants associated with

the properties of the material, f is an exterior given field, @ is the velocity
of the fluid on the boundary of the flow domain, ¢ is the exterior magnetic
field, v, FLZ are the initial velocity and the initial magnetic field, respectively
and v, E, p are the unknowns of the system: the velocity, the magnetic field

and the pressure of the fluid, respectively.



In the sequel we introduce the hypotheses of regularity for the data, which
will allow us to obtain the existence, the uniqueness and the regularity of the
unknowns by replacing the system (2.1) with another system with homoge-
neous boundary conditions.

(2.2) The boundary of (2 is at least Lipschitz continuous;

(2.3) fe  POT(H@))

(2.4) i, @' € L*(0,T; (H'?(09))?),

(2.5) / U(z,t)-fds; = 0 a.e. in ]0,T],

(2.6) e L*(0,T; (HY*(60))?),

(2.7) /an G(z,t)-fyds, =0 a.e. in 0, T,

(2.8) ; € (L*(Q))?, div 4; = 0 in Q, @7 = (0)-7 on O,
(2.9) hi € (LA())?, div 7 = 0 in Q, 77 = §(0)-7 on 9,

In the sequel we shall need the following spaces and notation:

V = {7 € (Hy(Q))*/div 7 = 0},

H={ve (L*N)?*/divi=0,477=0on 00},
W(0,T; X, X")={ueL*(0,T; X)/u'€ L*(0,T; X')}, with X a Hilbert space,

Y2 = {5 e (HY2(0Q))? / / fids = 0},

b(d, 7, W) = /Q(u V)bdz, B(T,h) = (5-V)h,

Y is the trace operator,

(-,-)v' v is the duality pairing between a space V and its dual,
((,'))o, |Illo are the scalar product and the norm in (Hy(2))?,
(,+), |- are the scalar product and the norm in (L*(£2))2.

The properties of the spaces V, H and of the function b can be found in
[13]. In order to obtain the system with homogeneous boundary conditions
we use the following result:



Theorem 2.1. If Q C IR? is an open, bounded, connected set satisfying
(2.2) and @ verifies the hypotheses (2.4)-(2.5), then for any 6§ > 0 there exists
an unique function Us € L2(0,T; (HY())2) with U} € L*(0,T; (H())?)
such that:

div Us = 0 in O,
(2.10) voUs = @ on 90x]0, T1,
|b(h, Us(t), )| < 8||hllol|Tllo ¥ b, T € V, a. e. in ]0,T].

Proof. For functions not depending on ¢, the proof of this theorem can be
found for Lipschitz continuous domains in [14] and for domains of class C? in
[13]. Since we need to apply it for domains with corners, we use the result

of [14]. It is known that for any ¢ > 0 there exists a linear and continuous
operator A; : H'/? s (H'(Q))? with the properties:

div ./\5’(7: = 0,
(2.11) YoAsii = @,

b(h, Asit, #)| < S|Allol|Tllo ¥ b, ¥, € V, Vi € HY2.
Since from (2.4)-(2.5) it follows that @(t), @'(t) € H/?, we put:

{ U:};(t) = Ag(@(t)) a. e. in 10, T,
Vs(t) = Ag(@'(t)) a. e. in ]0,T].

Using Proposition 2, p. 566, [15] and Lemma 1.1., p. 169, [13] we obtain
Vs = Ua and the desired regularity for the functlon Us and the proof is

achieved.
Corrolary 2.2. If 2 is as in Theorem 2.1. and g verifies the hy-

potheses (2.6)-(2.7), then for any 6 > 0 there exists an unique function
W5 € L2(0,T; (HY())?) with o} € L*(0,T; (H'(2))?) such that:

div s = 0 in Qp,
(2.13) Yotbs = g on 9]0, T,

1b(h, D3(£), B)| < S||RllollFlle ¥ K, 7 €V, a. e. in ]0,T].

In order to study the existence, the uniqueness and the regularity of the
unknowns of the system (2.1), we define the new functions:

(2.12)

—

P o= p+2h h,
(2.14) V=47-1U,
ﬁ:h__‘éa



where [75 and 1;5 are the functions introduced in Theorem 2.1. and in Cor-

rolary 2.2., respectively. The system (2.1), written for the new functions

is:

( V'+B(V,V) + B(U;, V) + B(V,Uj /
—rB(H, H) — rB(ys, H H) - rB(H, b,

H + aB(V H) +aB(U5,H) aB(V, ;) — aB(H,V)

(2.15) —aB(s,V) — aB(H,Us) —v A H = G in Oy,

dlvV—OanT,dlvH—OanT,

V =0 on d0x]0,T[, H =0 on 8Q><]O 17,

V(z,0) = Vi(z) in Q, H(z,0) = H;(z) in Q,

—

where the functions ﬁ é, 17 H; are defined as follows:

¢ — B(Us, 5) + 7B (s, 9s) + 1 A U,

(216) (XB(’Q%,U(s) +VA’(,D(5,

Remark 2.3. For obtaining the regularity of the unknowns we need at
least F', G € L2(0,T;V"). This regulamty is a consequence of hypothesis
(2.3), of the regularities for Us, s and of the properties of B, which can be
found in [13]. Moreover, the initial conditions Vi, I—ﬁ must be elements of the
space H. This regularity follows from the hypotheses (2.8)-(2.9) and from the
properties of the U(;, 1/75.

As usual, by taking test functions from V|, we obtain the next variational
formulation of the system (2.15):

((V,H) e (W(O,T;V, V")),
<‘7'(t)f>v'v+ﬂ(( (8), )0 + (BT (0, (1)), vy
+H(B(Us(1), V (1), vy + (BV (), Us(t)), 2)vr.v
(B (), BW)), Dy — r(BESO, HO), Dy

(2.17)0 T{BUEHE)Y 55(1)), Dy = (F(t), 2)vy VZEV, a e in]0,T],

), D + (0, 3o + (B (), H®), )y
+a(B(T(0), A®), Dy + alBD, 55(0), By
—aBUE(®), V2)), Dhvny — alBEH0, V(0), By
:oz(B f{(t), Ug(i)),@')vf v =(G@), W) vV €V, a. e in]0,T],

L V(0)=V;in Q, H(0) = H; in Q,



The main result of this section is the next theorem, in which we establish
existence, regularity and uniqueness properties and some a priori estimates.

Theorem 2.4. a) There exists at least a pair (V,H) satisfying the
variational problem (2.17); the pair (7, k), obtained from (V/, H) with (2.14)
is unique. Moreover, there exists a distribution P € D'(Q27), unique up to
the addition of a distribution of ¢, which satisfies, together with (7, ), the
system (2.1).

b) There exists a positive constant &y such that for any 6 < &, the follow-
ing estimate holds:

(2.18)  max{||[Vllr2zvy, IV lzwomimy, || 20wy, 15|l 0,7,m} < C,

where C' is a constant depending on the data and on Ug,w(s and it will be

defined in the proof. B B
Proof. a) The existence of the functions V and H is obtained using the

Galerkin’s method, as in [13], hence we shall skip the proof. The regularity
of the functlons defined as the Galerkin’s approximation gives the regularity
of V and H, stated in (2.17);.

Let (v}, hj, P ) j=1, 2 be two solutions of the problem (2.1) and (7, h, P)=
(04, hl, Py)— (1, hg, P,). Subtracting the two systems, corresponding to j = 1
and j = 2, respectively, taking as test function the pair (7(¢), £(t)) and using
the regularity of these functions, obtained from (2.17),, and the properties
of B (see Lemma 3.4, p. 198, [13]) the uniqueness of the velocity and of the
magnetic field follows in a classical way. Next, the assertion for the pressure
is obtained as in [13].

b) We take as test function in (2.17) (Z, @) = (V(t), H(t)) and we compute
(2.17)1+£(2.17)Q. It follows:

(
Using (2.11)3 and (2.13)3 and choosing
1%
4(1+7) 8

(2.20) Jo = max {
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it follows that for any J§ < §, the corresponding pair (V, H ) satisfies:
1 b A /,[, — vr —
2.21) (V@ P+=|H®) >+ el 2 < 0P
2.21)  S(VOF+-HOP) +ZIVOllo+ IH @l < ¢
where C is a constant defined by:
g 8.7 2 8 2 7 2 6 2 7 2
G* = ;Hf(t)”w o} ;|U5(t)’ +8IVUs () + —[4s(6)]” + 6] Vb5 (¢)]

8 1~ - 120, - -
+;(HU5(t>H?L4(Q))2 + rllds Oliteaay2)* + —=I1Ts Ity s (O Eracaye-

Hence, the proof is complete.

Remark 2.5. The functions 17, H are not unique, since for different
0 > 0 we obtain different functions. However, for a fixed value of §, their
uniqueness holds. In the sequel, the functions ‘7, H will be those correspond-
ing to § = dy, with &y defined in the previous theorem.

3 The optimization problem: boundary con-
trol with constraints

We begin by giving a precise statement of the optimal control problem we
consider. We introduce the space

(3.1) W ={ge L*0,T;H?)/g" € L*(0,T; H'?)}.

Let § € W be the boundary control (the exterior magnetic field which acts on
the fluid) and (¥, h, P) the state variable. The state and control variables are
constrained to satisfy the system (2.1). The cost functional is J : W — IR,

(32)  J(G) = % / (min(os, 0+ min(os, 0)])dod

Since we have proved the uniqueness of the pair (7, E), the correspondence
g — ¥ is univalued; hence the cost functional is well defined.

We denote by U a bounded, closed, convex subset of the space W and we
consider the following optimization problem:

(3.3) Find §* € U such that
' J(g*) = min {J(5) /g € U}.
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Our choice of the cost functional and of the optimization problem is moti-
vated by the following physical consideration: when a viscous fluid moves
in a magnetic field, recirculation regions may appear, from different reasons
(the intensity of the exterior magnetic field, the viscosity of the fluid, the
structure of the flow domain, etc). The purpose of the considered control
problem is to find a magnetic field (in a set of admissible functions from the
physical viewpoint) so that, without changing the other characteristics of the
problem, recirculation regions do not appear.

Theorem 3.1. There exists an optimal solution to the control problem
(3.3).

Proof. Let (§,)n be a sequence in U such that Jim J(gn) =inf {J(q) /g €
U}. U being a bounded set, on a subsequence, denoted also by (g, ), we have
Gn — §* weakly in W; as U is convex and closed, it is closed in the weak
topology, thus §* € U. _

The positive constant § being fixed at the value dy, we denote by 1/7n
the function given by Corrolary 2.2. which corresponds to ¢,. Since the
operator A is bounded, we get the boundedness of the sequences (¢, )n, (1 )n
in L2(0,T; (H*())?) and (2.18) yields:

(3-4)max{||Vall 205y, 1Vallzwoozsmy, 1Halli2rvys | Hallzooorsm} < CU),

where C'(U) is the constant introduced in the proof of Theorem 2.4., which
corresponds to the bounded set /. We establish next the boundedness of the
sequences (V. )n, (H)n in L2(0,T3V"). (2.17)3 and (2.17)3 corresponding to
Jn can be written as follows:

V! = A Vo~ B(Va, V) = B(U, Vi) - B(V,, )

(3.5) J:T'B(ﬁn,ﬁ )+ rB(i/z Iz ) +TB(I;Q@,@? ) +Fi _’Lﬂ(‘O,T; V'),
H'=vAH,—-aB(V,,H,) —aBU,H,) - aB( s ¥n)
+aB(H,,V,) + aB(¢, V,) + aB(H,,U) + G, in L2(0,T; V"),

where U is the function given by Theorem 2.1., corresponding to dy and
F,, G, are the functions defined in (2.16) written for Un. We establish next
the boundedness in L?(0,T; V') of the right hand sides of (3.5). The bound-
edness of the first term is obvious since A is a bounded operator from
L*(0,T;V) to L*(0,T;V"). The estimates for the terms with B in the case
when its two arguments belong to L2(0,T; V) N L*°(0,T; H) are obtained as
a consequence of Lemma 3.4, p. 198, [13]. For the other terms, we proceed

9



as follows:

- - LA -
1B, Vol < | 190y 1V (8) sy

T o -
< VE [ 15Ol Vo170 lodt

< V2UWVall oz | Vall 2oz 1l faor@yzy < CU)-

We obtained (on subsequences):

( V, — V* weakly in W(0,T;V,V")

V, = V* weakly-* in L*(0,T; H)

(3.6) H, — H* weakly in W(0,T;V, V")

H, — H* weakly-* in L*(0,T; H)

| — 9 weakly in W (0, T; (H'((2)) (H'((2))?)

ke
l

The above convergences are sufficient for passing to the limit for all the
terms except those of the type B(z/)n, /), etc. For them, we need a strong
convergence. Since (Vn)n, (Hn)r,L are bounded in W(0,7T;V, V") it follows,
from Theorem 2.1, p. 184, [1 3] that on a subsequence, also denoted by
(Vn)n, (ﬁn)n we have V, — V*H, — H* strongly in L%(0,T; H). More-
over, v, — ¥* strongly in L*(0,T; (L*())?). Using the technique of [13],
we can now pass to the limit in (2.17), written for g, and we obtain that
vV H*, 1/7* satisfy (2.17). Hence we proved the (V*, ﬁ*) is the unique
solution corresponding to 1/7*. Now we have to answer to the following ques-
tion: is QE* the only weak limit point corresponding to §*? The answer is
yes, and we shall explain it. We denote 70(1/7*) by go. We have to prove
that the subsequence (gy),, converging to g*, has gy as weak limit point
in L?(0,T; H'?). Using Theorem 7.9, p. 119, [16] we obtain the compact-
ness of the embedding H'(Q2) C H1/2+€(Q) for € €]0,1/2[. From Theorem
9.1, p. 184, [13] it follows that 9, — ¥* strongly in L?(0, T; (H'/**¢(2))?).
Slnce the operator o : L2(0,T; (HY?+¢(Q))?) + L*(0,T; (Hf(aQ)) ) is lin-
ear and continuous (see e.g. Theorem 8.7, p. 126, [16]), it follows that
Yo(Wn) = Yo(*) = Gy strongly in L?(0,T; (L?(652))?). The last step of the
proof is to show that J(g*) < liT{r_l)(i)ng(g*n), i.e. that J is a lower semi-
continuous functional with respect to the weak topology. In fact, we shall
prove a stronger result. The convergence ¢, — ¢ strongly in L%(Q) yields
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/ Imin(0, ¢, ) |2dz — / Imin(0, ¢)|?dz; hence the functional .J is weakly con-
0 Q

tinuous. Using a Weierstrass theorem, the proof is achieved.

4 The first order necessary conditions of op-
timality

The first result we obtain, in order to derive the optimality conditions, is:
Theorem 4.1. J is G-differentiable on W and for any g, go € W

(4.1)({DJ(go), §—o) :/S)T((v*—vo)lmin(o, (v0)1)+(v*—vg)omin(0, (vg)2))dxdt,

where (7, Fis P,) is the unique solution of the system (2.1) corresponding to
Go and (vU*, h*, P*) is the unique solution of the following auxiliary system:

(% + B(@*, ) + B(di, ") — p A §* + VP*
—r(B(R*, ko) + B(ho, h*)) = f + B(vo,vo) — rB(ho, ho) in Qo
R* + a(B(T*, ho) + B(7 h* )~ B(h*, %) — B(ho, T*))

—v A h* = a(B(T, ho) — B(he, @) in O,

div 7* = 0 in Qr,

div h* = 0 in Qr,

7* = i on 80x]0,T[, h* = g on dQx]0, T],

7*(z,0) = ¥(z) in Q, h*(z,0) = hi(z) in Q,

(4.2)

\

Proof. For any ¢ €]0,1[, we denote by (ﬁfg,ﬁgg,Peg) the solution of (2.1)
corresponding to the boundary condition h., = Go + €(§ — go) on 92x]0, T7.
We introduce the new functions:

Ug =0 o 7 _hg—ho 7
. +To, he = —L——Fhq.

43) 7=

We define now

— — -

‘_/'6:775’“[]) He:heﬁ'(/_;

and we write the variational problem satisfied by (KZ, ﬁc) Following the same
steps as those from Theorem 3.1., we obtain convergences of the type (3.6)

11



for the sequences (f/;)E and (ﬁe)e. If we denote by V* and H* their limits, we
define

v
4.4 = ~
wy {727

and we introduce the pressure P* in a usual way, it follows that (v*, fz*, P

satisfies the system (4.2).
For obtaining the expression (4.1) of the G-differential of J, we define:

1

=5 [ (min(0, ve)* = [min(0, vy + (v — v0))[?)ddt,
€ JQp
1

Jo= o= [ (imin(0, v + (v — )| — [min(0, vp)[?)dndt
26 Qr

For computing lin& Ji1 we use the inequality |min(0,a) — min(0,0)| < |a —
E—+

1
b| Va, b € IR. Tt follows J; < §I|vE — V|| 2(0p) Ge, With (ae)e a bounded se-

quence in IR which obviously yields (taking into account the convergences
previously established) li_r}r& J1 = 0. For computing the limit of J, as ¢ — 0
€

we denote w = v* — vy and we write Jo = I1 + Iy + I3, where

1
L= 2 _ y2)dzdt,
! 216 QTﬂ{w<O}ﬂ{vo<0}((UO T ew)” - v)da
I=— Imin(0, vo + ew)[*dzdt,
2€ Jarn{w<0}n{vy>0}
Iy = — (Jmin(0, vo + ew)|* — vg)dzdt.

2€ Jarn{w>0}n{vy<0}

Let compute now the limit of each integral, as ¢ — 0.

lim/l, =

/ vowdzdt = / wmin(0, vo)dxdt.
=0 Qrn{w<0}N{vo<0} Qrn{w<0}

The second integral satisfies the inequality I, < a.b. with

1
/ min(0, vo/€ +w)|*dzdt)"/? and b, = 5(/0 Imin(0, vy + ew)|*dadt)'/?.
Q

Tn{w<0}n{vo>0} N{w<0}N{vg>0}

Since lir% be = 0, if we prove that (a.). is a bounded sequence, we shall obtain
e

Iin% I, = 0. The boundedness of (a.). is a consequence of the fact that this
E—¥

12



sequence is monotone increasing and, hence, for any e €]0, 1[, it follows that
0 < a¢ < a;. Finally, for the last integral we have:

1 5 i3 1 2
Iy = (2evqw + €“w*)dzdt vy dxdt.
2¢ QrN{w>0}N{vo<0}N{vg+ew<0} 2€ QTﬁ{wZ8}ﬂ{vo<O}ﬂ{vo+ew20}

Since the limit of the second term vanishes as € — 0 it follows that

lim I5 :/ vowd:cdt:/ wmin(0, vg)dxdt.
=0 Qpn{w>0}N{ve<0} JQrn{w>0}

Adding the above limits, the expression (4.1) is obtained.
As a consequence of the expression (4.1) we get
Corrolary 4.2. If gy is an optimal control, then

(4.5) /QT((U*—UO)lmin(O, (v0)1)+(v"—vg)2min(0, (vg)2))dzdt > 0.

The constrained inequality (4.5) will be replaced by an unconstrained one,
by introducing the optimality system.

Theorem 4.3. Let gy be a solution to the control problem (3.3) and
1;0 the corresponding function given by Corrolary 2.2. Then there exist the
unique pairs (%,ﬁo), (WO,XO) € (W(0,T;V,V")? satisfying the following
optimality system:

—system (2.17) written for §; and corresponding to Do,

(4.6) —(K§ (), @y + (Ko (t), @))o — rb(d, Ho(t)




Proof. The first step is to explain the assertion concerning the pair (WO, [?0).
We obtain it with the same techniques as those used in Theorem 2.4., but
with easier computations since the system (4.6) is linear. We prove next the
unconstrained inequality (4.7). We write the variational problem satisfied by
(Vo—V*, Hy— H*) and we take as test function (2, @) = (W (t), Ko(t)). Then
we take as test function (Z,@) = (Vy — V*, Hy — H*) in (4.6). Subtracting
these two systems and applying the Green’s formula, we get as the expression
of (DJ(go), §— go) the left hand side of (4.7); the inequality is now an obvious
consequence of (4.5).
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