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1. Introduction

Let R be a hypersurface ring, that is n: SIU) for a regular local ring (S,rn)
and0l f e ̂ . After Eisenbud [10], any maximal Cohen-Macaulay module has a
minimal free resolution of periodicity 2 which is completely given by a maffix fac-
torization (0, V), Q, y being square matrices over S such that 0V : V0 - f Ir,, fot
a certain positive integer n. So, in order to describe the maximal Cohen-Macaulay
R-modules, it is enough to describe their mafrix factorizations (this we did for
instance in [l] in order to describe the maximal Cohen-Macaulay modules over
singularities of type Xt +Y\. A different approach was used by Cipu, Hetzog
and Popescu in [7] to describe generalized Cohen-Macaulay modules (see also

t5l or t8l). A powerful method seems to be also the lifting theory in the sense of
Auslander-Ding-Solberg [2], which was used in [18] in order to complete Kncjrrer
Periodicity Theorem [15] in char p > 0 (see also [19], [6]).

Let Rn :: KlYt, . . .,Ynl I (f,), where fn : Y? + Y; + . . . + Y: and K is an alge-
braically closed field of characteristic 0. Using the classification of vector bundles
over elliptic curves obtained by Atiyah [1], C. Kahn gives a "geometrically" de-
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scription of the graded maximal Cohen-Macaulay (briefly MCM) lodules 
over R3

and also describe the Auslander-Reiten quivers of MCM over R3 [ 14]' His method

does not give the matrix factorizations of the indecomposable MCM R3-modules'

In a recent paper [7], Laza, Pfister and Popescu use Atiyah classification to de-

scribe the matrix factorizations of the graded, indecomposable, reflexive modules

over R3. They give canonical normal forms for the matrix factorizations of these

modules of rank one and show how one may obtain the modules of rank ) 2 using

SINGULAR. Since over the completion K[lY1,Y2,b]llU) of R3, every reflexive

module is gradable (see [20]), the authors obtain a description of MCM-modules

over K[[h, Yz,Ytjll ffi t.
Now we consider n: 4.In this case we do not have the support of Atiyah clas-

sification used in the previous one, but we may give the matrix factorizations for

the rank one indecomposable MCM modules over R4'
Let M be a MCM module over R4 and let p(M) be the minimal number of genera-

tors of M. By corollary 1.3 of [13], we obtain that p(M) e {2,3\. We shall prove

that there exists a finiie number of indecomposable MCM modules of rank one

overR4. We note that, by [17], there exists infinitely many indecomposable MCM

modules of rank on" oul, R3 . In I I 3], Bruns showed that rf M is a MCM module

over a hypersurface ring, then rank M > (dimR - I) l2.This implies that there are

no rank one MCM modules over Rn, for n ) 5.

2. Rank one MCM modules over R4 with two generators

Forevery a,b e K with a3 : b3 : -l and forevery permutation (i 7 s) of the set

{2,3,4} with i < i we denote:

-(Y,2 t bYiYl * U'V?) \
Y? +aY{,+a2Y! )

(  Y1- aY,

\ v , -uv i

and

Qi1 (a ,b ) :

and

have the following properties:

g{ :  {Coker <p; i(a,b) la,b, i ,  j }

tr{ : {C oker lt 4 @, b)la, b, i, i}

vi1@,b): (" 
--(r:':#'f

TFMOREM 2.1.
(rPii@,b),ty i1@,b)) is amatrixfactorizationfor all a,b € K with a3 : b3 : -l

and i, j €. {2,3,4} with i < i. The sets of graded MCM modules

(Y? + bYiYj +b'zY?) \
Y 1 - a Y 5  )
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(i) Every two generated, non free, graded MCM module is isomorphic with one
of the modules of Mufi{.

(ii) Every two different graded MCM modules from M u N are not isomorphic.

(iii) The modules of M are the syrygies and also the daals of the modules from
N.

(iv) The modules of M U A{ are all of rank one.
Proof. (l) Obviously (gii@,b),1r4(a,b)) is a matrix factorization. Now let

(q,V) be a reduced 2x2-matix factorization of /a over KlY1,Y2,\,Ya) with
homogeneous entries. Then detgdetV : f? and, since /a is ineducible, we have
det<p : detty : f4, after multiplication of a row of g and ql with some elements
from K*. The matrix ty is the adjoint of tp, so it suffices to find I such that
detg : fa. After elementary transformations we may suppose that the entries of
the first column of g are linear forms which must be linear independent since /a
is irreducible. So, applying some elementary transformations on the matrix 9, we
may suppose that the entries of the first column of <p are of the form:

9 t : Y t - a i t Y i r - a i 2 Y i 2

and

Q z t : Y i * b r r Y i r - b i r Y i ,

for some ai,a;r,bi,b;, € K, {t,i1,i2} : {2,3,4} and that the second column of <p
has the entries homogeneous forms of degree 2. Since detq - /a we have that

f  (onYu * airYi ,birYr,  *  birYi ,Y4,Yir)  :0.

This implies that ai,aiz,bit, b;, satisfy the following identities:

al,+uf,+ t  -  o,
a l ,+ t l ,+ t  -0 ,
o?'o"+b?'bi' - o'
airalr+ b;,b!, - 0.

If birb;, f 0, then aipi2 # 0 and, from the last two equations, it results

and

SO

rair tz biz
t - l' b i ,  

a i2

ra iz  t2  b i r
t - t  : - -\ 

biz air

(? f  :  - r ,
oi l

Viviana-Dorin (2) .  tex;
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which contradicts the first identity. Thas birb;r: 0 and airaiz = 0' We may suppose

bt,  :0. I t  results:
a? ,  :  - l '  a iz  :0 '  U l r :  - t '

We have obtained that
9 n : Y t - a Y '

a n d  
Q z t : Y i - b Y 1 '

where  a ,b€K,a3:b3  - -1 ,  and( i  j s )  i sapermuta t ionof  theset  {2 ,3 ,4 } . I t i s
clear that we may transform the matrix such that i < i ' Let

. ^  (  Y ' - ' a  / \q :  
\  

y 1 _ b \  6 ,  )

where y',6'are homogeneous forms of degree 2. Then we obtain that I and

e1@,b) define the same MCM module as in ([16], Prop' 1'1).

(ii) It is clear that no module of M is isomorphic with one of N.The first

Fitting ideal of Qi1@,b) is Fittl (Qi1@,b)) : (Yt - aY,,Y; - bYi,Y:,Yl)' Suppose

that <p;1(a,b) and Qu,(a' ,b') define the same MCM module of M . Then

Fittl (<Ps1 (a, b)) : Fittr (Quu (u', b'))

which implies
Qi1@,b) 

* Qu,(a' ,b ') ,

as we can easy check. Since the modules of { are the syzygies of those of 9l'l

it results that any two different modules of A{ are not isomorphic. (3) and (4)

follows as in (F71, Theorem 3.1).

REMARK 2.2. We note that every matrix factorization of a two generated, non

free, graded MCM module over R4 is the tensor product of the matrix factotiza-

tions of vl +v] and Y,3 + rf (see 121J).

3. Rank one MCM modules over R4 with three generators

Let M be a rank one MCM module over R4 with three generators and let (q, V) be

a matrix factorization of M .We may suppose det<p : /a (if necessary teplacing M

by its first syzygy).Thus the entries of <p are linear forms.

LEMMA 3.1. Let a",$,y,6 be independent linear forms in K[Y1,Y2,Y3,Ya] such

that fa e (cx, F) n (y,6). Then there exists some linear forms m)n)w.t such that

/ o  "  B \
a e t f  V  m  n  l : 7 0 .

\ 5  w  r  /

V i v i a n a - D o r i n ( 2 ) . t e x ;  2 / O L / 2 O 0 3 ;  1 9 :  1 1 ;  p . 4



RANK ONE MAXIMAL COIIEN-MACATJLAY MODT]LES 5

Proof, Since /4 e (o, 0) there exist non unique 2-forms n 1. Tl2 such that

f+: a\r + 0rlz. (1)

4r,Tlz can be expressed as:

4 r  :  I r r c r * r l r z0 *4 t rY* I r+6  (2 )

\z :q2t0"* \zz!* \z ty  * Iz+6,  (3)

where \ii are linear forms, since o,0,Y,6 are independent and so generate the
linear form space. By hypothesis /4 e (y,6) so

0Tlr *pnz =0 (mod (y,6)),

which implies crlr = 0 (mod (0,y,6)). But cr is not contained in the prime ideal
(0,y,6). It results that

I r = 0  ( m o d ( p , y , 6 ) ) ,

thus we may take I r r : 0. Replacing the expressions of q 1 and r12 in the equality
(1) we get

(4 rz * nzr )cr0 + nzz02 e (Y,6)

Since p d (f,6) we deduce that

( I rz+nzr)cr+\zz1 e (Y,6)  (4)

This implies that
\zz}= 0 (mod (o,y ,6)) .

Moreover, we have \zz =0 (mod (4, y,6)). It follows that there exists i,1 ,A,2,4'3 €
K such that

\zz: )vP-*),zY*1.:6.

By the relation (4) we have that

\ n * \ z r  + l r 0 : 0  ( m o d  ( Y , 6 ) )

SO

Tlzr = -r t rz - t r rF (mod (y,6)) .

Therefore we may write q2 in the following form:

r1z: -\na+nLty+nL$.

Denote n1 : I r - lrz0 and r1l.- : \2 +\tza. Then

f+:cLr l t *F\L

Viv iana-Dor in (2)  .  tex ;  2 /OL/2003;  19 :  11  ;  p .5
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and
n i ,q l=0  (mod(Y '6 ) ) .

- .
Thus we may find some linear forms with the required property'

F o r 1 ( i 1 4 , | e t t a b e t h e s e t o f t h e l i n e a r f o r m s Y i _ a Y i 1 w h e r e a € K , a 3 :
- l  a n d  j  €  { 1 , 2 , 3 , 4 } ,  i  >  i .

PROPOSITION 3.2. Let M be a three generated, rank one, graded MCM mo'

dule over Ra. Then there exist some independent linearforms o, F,Y,6 with 0"'\ €

Lt, F € L1 and' 6 e h for some i, j ) 2 and there exist nhn)w1 linear forms such

tha t  
/o  a  91
I I

A :  I  I  *  n  I
\ 6  w  r /

and its adjoint matrix, r{, form a matrix factorization of M '

frooj. As rank M : I,every matrix factorization (q,V) of M has det<p: 7o'

Since /a e (Yr * Yz,h * Y+), we obtain that I has a genetalized zero (see [9])' By

elementary transformations I can be arranged in the form

As in the two generated case we obtain

a. : Yt - oYjr,$ : Yi - bYj,Y - \ - cY;,,6 : Yi - dY;r,

where (j, jt, jz) and (1, i1,i2) arepermutations of the set {2,3,4} such that i < j2

and i l i2,that is a,y e Lt, F € Li and.6 e h. We shall prove that since detg: /a

we must have 0,, p,y,6 linear independent. We have the following possibilities to

choose <o :

-:(iI\

/  O  Y r -aY3  Y2-a f+  \
( i i i ) B : l Y r - c Y z  *  *  I

\ Y 3 - d Y 4  *  *  /

/  o  \ - a Y a  Y 2 - r r s  \
( i ) a : l V 1 - c V 2  *  *  |

\ \ - a v a  *  *  /

(ii) A'

(iv) B'

V i v i a n a - D o r i n ( 2 ) . t e x ;  2 / 0 L / 2 0 0 3 ;  1 9 : 1 1 ;  p ' 6
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/  o  \ - a Y a , Y z - b Y t \
( v ) C : l Y 1 - c f t  *  *  |

\ Y 2 - d Y a  *  *  /

(vi) C,

/  0  Y r - a Y 2 f t - f Y + \
(vi i) D: I Y1- cY2 * * |

\ Y 3 - d Y 4  *  *  /

(  o  Y t -aY3  Y2-6 ro  \
( v i i i ) E : l Y 1 - c Y 3  *  *  I

\ Y 2 - d Y a  *  *  /

I  o  Y r - a Y + Y z - 6 r r \
( i x ) F : ; Y 1 - c Y a  *  *  

I
\ Y 2 - d Y 3  *  *  /

We shall give the proof only for the first case. The others are similar.

/  o h -aYa Y2-aYr \
L e t g - | l : - r Y l  m  n  

l . S i n c e d e t < p - l a w e o b t a i n :
\ Y 3 - d Y a  w  t  /

- (Y1 - aYa) ((Y1 - cY2)t - (Yt - dYa) n) + (Yz - bh)( (rr - cY2)w - (\ - dYa) m) :

(Yr - aY+) (Y? * aYtY+ + a2v|1 * (Yz - bh)(Y: i bY2\ + bzYl).

This equality is equivalent with

(Y1 - aYa)((Y? + aYIa+ a2Yl1+ (v' - cY2)t - (4 - aYa)n) :

(y2 - bh)((Y1 * cY2)w - (h - dYa)m - (v] + ovzh + b2Yl)).

It results that there exists a linear form 1 such that

(vl + av1Y4 + azY?)+ (rr - cY2)t - (ft - dYa)n : r1(Y2 - uYt).

Put 
Yt : bcd.,Yz: bd,,Yt : dand Y4 : 1

in the above equality. It follows

(bcd)z 'f abcd + a2 :0,

which gives a I bcd. This condition means exactly that g,B,y,$ are linearly

independent. Thus bcd : ta,wheree is in K, E3 : I and e t' I. Anexample of

such A is given by:

/  O  Y 1 - a Y a  Y 2 - b \  \
e: I Yr - cYz -bzYt - abcze2Ya b2c2Y3 - abce2Ya I

\ r, - dY+ c2Yzl bc2Y3 * acYa -Yr - cY2- aYa f

V i v i a n a - D o r i n ( 2 ) . t e x ;  2 / 0 L / 2 0 0 3  1 9 : 1 1 ;  p . 7
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Then A and its adjoint, A*, form a matrix factorization of fa (by the following

lemma we see that always A can be supposed of the above form after some ele-

mentary transformation s).
Theconditionof linearindependenceof cx,,9,Y,6, inthecase(iii)is adf bc,that

is ad: ebc.Then

/  o  \  - a Y t  Y z - b h  \
s : I Y1 - cY2 azc\ * (abcz + a2cd)Ya a2Yt - a2deYa I

\  y t - a v o  c 2 Y z + a c Y 3 + b c z Y a  - Y 1 - c Y 2 - a \  f

and its adjoint matrix, B*, form a matrix factorization of fa.
The condition of linear independence of 6t, 0,Y,6, in the case (v) is a& f cd, that

is ab: ecd.Then

/  o  \ - a Y t  Y 2 - b \  \
c = I Y1 - cY3 -Y2 - b\ - d.Ya -b2c2Y3 + bc2dezYd I

\ y, - dY+ b2c2Yt - bc2de2Y+ -\ - cY3 - aYa /

and its adjoint matrix, C*, form a matrix factorization of fa.
For the last three cases we obtain that 6t,B,y,6 are linear independent if and

only i f  a f  c and b + d.Then the pairs (D,D*),  (E,E*) and (F F*) are matr ix

factorizations, where

/  o  \ - a Y z  Y t - b Y t  \
n : l y 1 - c Y 2 - \ - ( b + d ) Y 4  0  l ,

\ h - a v +  o  - Y t - ( a + c ) Y 2 f

/  O  Y 1 - a Y 3  Y z - b Y a ,  \
E :  I  

y 1 - c y j  - y 2 - @ + d ) Y 4  
I

\ Y 2 - a Y o  o  - Y r - ( a + c ) \  /
and

The next Lemma will show that every three generated, rank one, non-free

graded MCM module over R4 is isomorphic with a module given by one of the

above matrix factorizations.

LEMMA 3.3. f cx, F, Y,6 are independent linear forms as in the above Proposi-
t i o n a n d  

/ o * p \  ,  / o  o  o \
q : l I  * n l , Q ' : l ! * ' , i l ,  1

\ 6 w r /  \ 6 w ' / f
then Coker <p ? Coker q' .

/  0  Y r - a Y +  Y 2 - b \  \
r : l Y y - c Y a - Y 2 - ( b + d ) h  0  |

\ v r - a 4  o  - Y t - @ + c ) Y a  f

V i v i a n a - D o r i n ( 2 ) . t e x ;  2 / 0 L / 2 0 0 3 ;  1 9 : 1 1 ;  p . 8
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Proof, Let q and v be two homogeneous forms of degree 2 such that f4 :

cq + Bv. It results that

sn6 + $yw -6F, - cyt = cx,n + Pv,

that is
a(n6-yt  -n)  :  F(v  -yw*6m).

Therefore we obtain the following equalities:

n 6 - y t  - I : 0 9

6 m - y w + v : 0 u ,

(s)

(6)

for some linear form 0. In the same way we obtain that there exists a linear form
0/ such that

n '6 -y t ' -n  :0 'F

and
6m'-yw'  +v:O'c l t ,

Subtracting the identities (5) and (7) we obtain:

(n - n')6 - (t - t')y : (0- e')P.

Since p d (y,S) it follows that there exist a,b € K such that 0- 0t : a6*hY.
Replacing in the equation (9) we get:

(n - r '  - aB)6 : ( t - /  +n f i y .

Thus there exists c e K such that

t t : t * D B - c 6

n ' : n - a F - c Y .

and

and

and

(7)

(8)

(e)

(10)

( 1 1 )

Starting with the equations (6) and (8) we obtain analogously that there exists

c t € K s u c h t h a t
mt :  m- aa.-  c 'y

w ' : w l b a - c ' 6 .

The last four equalities show that 9/ is obtained from rp after some elementary

transformations and so prove our Lemma.

From now on, the most difficult task is to decide which of the modules given

by the matrix factorizations defined in the proof of Proposition 3.2 are isomorphic.

(r2)

(  l 3 )

Viv iana-Dor in (2) . tex ;  2 /o t /20a3;  19 :11 ;  p .9
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We recall that two matrices, g and 9/, define the same module over R4 (i.e. Coker

g - Coker g'), if and only if they are equivalent, that is there exist U and V two

square *ut i.", with entries in I{[f1 ,...,Yn1such that 9' :UrQV and det(U) :

det(lz) : I (see t10l). In this case we denote Q - 9'.
The pioof of the main theorem of this section will be done with the help of the

computer algebra system SINGIILAR [12].
For i,b, c, d re €K such that a3 : b3 : c3 : d3 : - I' t3 : I,E * | and bcd : Ea,

we set

and
$ ( b , c , d , e )  :  a ( b , c , d , E ) t  ,

that is the transpose of u(a,b,c,d). We know from the proof of the Proposition

3 .2  tha t  (u (b ,c ,d ,e ) ,u (b ,c ,d ,e ) r )  and (p (b ,  c ,d ,E) ,$ (b ,c ,d ,e ) * )  a re  mat r ix  fac -

torizations of /a,
For a,b,c € K, distinct roots of - 1, and t as above, we set

/  o  Y t * Y z  Y 3 - a Y a  \
\ ( a , b , c , € )  : l r ' * e Y z - Y t * c Y +  0 ^  I '

\ Y z - u Y +  o  - \ - e " Y z  /

/  0 Yr *Yt Y2- aYa \
t ( a , b , . ) : l Y 1 - a 2 b Y 3 - Y z * c Y +  0  l .

\  Yz-bY+ o -Yr+ab24 f
These matrices are of the type D and, E. Thus, every matrix forms with its adjoint

a matrix factorization of /a.

TFIEOREM 3.4. Let

gv f  :  {Coker  u (b ,c ,d ,e ) ,  Coker  $ (b ,c ,d ,e )  |  b ,c ,d , t  €  K ,

b3  :  c3  :  d .3  :  -1 ,  bcd  :  Ea ,  E3 :  l ,e  #  l \

and
9, { :  {Coker t l (a ,b ,c ,e ) ,  CokerS(a ,b ,c ) ,  I  e3  :  1 ,  e*  |

and (a,b,c) is a permutation of the roots of - I\.

Then the sets M ,A{ of rank one, three generated, MCM graded Ra-modules have

the following properties :

(i) every three generated, rank one, non-free, graded MCM Rq-module is iso-

morphic with one module from M u N

u(b,c,d,e) : ( y,! ,, " r{1.- i{i,"'r, b',':; -iii*y-)
\  y,  -  dYq czYz+bc24*acYa -Y1 - cY2- aYa ,

V i v i a n a - D o r i n ( 2 ) . t e x ;  2 / 0 L / 2 0 0 3  1 9 : 1 1 ;  p ' 1 0
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(ii') if M = Col<er u(b,c,d,e) (or M : Coker B(b,c,d,e)) belongs to M and
N e ftvt, then N = M if and only if N = Coker u(be,ce,de,e2) (or N =
p(be,ce,de,e2)).

(iii) any two dffirent modules from A{are not isomorphic.

(iv) any module of A{ is not isomorphic with some module of M.
Proof. For the beginning we shall prove that any module of the type B,Bt,C

and Ct of the proof of Proposition 3.2 is isomorphic with one of type A or At. This
can be done using SINGIILAR. For instance, to establish that the modules of type
B are isomorphic with modules of type AI , we use the following procedure (see

[ l7] ,  Lemma 5.1):

LfB"natr ix.  I ib" ;
opt ion(redSB);
proc isonorf(matr ix X, natr ix Y)

{
natr ix U t3l  t3l  =u(1 .  .  9) ;
na t r i x  V t3 l  t3 l=v(1 .  .9 )  ;
natrix g=g*1-l*V;

ideal l=f lat ten(C);
ideal f1=transpose(coeffs ( I ,y(1) )  )  i2 l  ;
idea l  l2= t ranspose(coef fs  ( I , y (2 )  ) )  t2 l  ;
ideal I3=trarspose (coeffs ( I  ,  y(3) ))  t2J ;
idea l  I4= t ranspose(coef fs ( I ,y (4 ) ) )  t2 l  ;
idea l  J= I1+I2+13+I4+ idea l (de t (U) -1 ,de t (V) -1)  ;
idea l  L=s td(J ) ;
T .

)

We apply this procedure for the matrices At and B :

r i n g  R = 0 ,  ( u ( 1 .  . 9 ) , v ( 1 .  . 9 ) , y ( 1  .  . 4 ) , x , a , b , c , d , m , n , p , q , y ) , l p ;
idea l  F=a3+1,  b3+1,  c3+1,  d3+1,  x*a-b l  c *d ,x2+x+! ,m3+1,  n3+1,  p3+1,  q3+1,
m*q-yrn+p ,y2+y+1;
qr ing  Q=std(F) ;
mat r ix  A  t3 l  t3 l  =0 ,  y  (  1 )  -a+y  (4 ) ,  y  (2 )  -b*y  (3 ) ,  y  (  1 )  -c , *y  (2 ) ,  -62*y  (3 )
- a*b* c2*x2*y @), b2* c2*y (3 )  -ai .b* c * x2*y (4),  y (  3 )  -d*y (  4),  c2*y (2)
+b*c2*y(3)+a*c*y (4) ,  -y (1 )  -c*y  (2 ) -a*y (4)  ;
natr ix B t3l  t3l  =0, y (  1 )  -m,t  y (3),  y (2) -n*y (4),  y (  1) -p*y (2),  m2'tp, ty (3)

1p*n*p2*y(4)+n2,rp*q*y(4),m2*y(3)-m2*,q,ry, ty(4),y(3)-q*y(4) ,p2*y(2)
+p, rp*y (3)+n*p2*y(4) ,  -y (1 ) -p*y (2) -e*y (3)  ;
// Nor,t we test the equivalence between the natrices transpose(A)

Vlviana-Dorin (2) .  tex ;
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// atd B
isonorf (transpose (A) , B) ;

We obtain that At and B are equivalent if and only if

d . 2 - d w - d q * q z y : g

c - dpqzy - d7qz :0

b - d n q : Q

a+ dnpq2 *npy *np - g

(14)

(15 )

(16)

(r7)

and
abzczdz *dqzy- I  :0.  (18)

lf m,n,p,q andy are fixed such that m3 : n3 : p3 : q3 : -I, y2 +y * I :0

and mq: np!, then we may obtain a,b,c,d and x such that the above equations

are sat isf ied anda3 :  b3 :  c3 :  d3 -  -1,  f  +x+l:0,  bcd: ax.

For instance, we maY take

a : -flpt b = ynQ2, c - p and d -- qy.

In this case, if l. € K verifies the equation 9)"3 : 8^p2, one finds the matrices

/ o -Ip)" 1p2l'\ / o 4*')' o \
u : ( l r * ' x  ! "  ?  | a n o v : {  , + *  o  - * ! ' ^ l '

\ -o -*p,) ,  ^  /  \  jp ' r  o ) .  /

such that UAt : BV.
With the same procedure, we obtain that every matrix of type C wich depends on

ffi,n,p,Q and y is equivalent with the transpose of a matrix of type A depending

on a,b,c,d and-r, where

a : -n2 pqY2, b : rr, c : 12 P, d - n2qand x : Y'

Now we study the equivalence of the matrices of type D,E,F.Let (a,b,c) and

(p, q , ,) be two permutations of the third roots of - I and

/  0  Y r - a Y z  Y y - P Y +  \
D( (a ,b ,c ) , (p ,q , r ) ) :  I  Y1-  cY2 -Y t * rY+ 0  |  .

\ Y t - q Y +  o  - \ + b Y 2  
/

One can apply elementary transformations on the columns and on the rows of

D((a, b, c), (p, q, r)) to obtain

D ((a, b,  c),  (p,  q,  r))  -  D((c,  a,  b),  (q,  r ,  p))  -  D ((b, c,  a),  (r ,  p,  q))  .

V i v i a n a - D o r i n ( 2 ) . t e x ;  2 / o I / 2 0 0 3 ;  ! 9 : L l ;  p . t 2
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We deduce similar equivalences for the matrices of type E and F. This means that
we may restrict our study to the matrices

\(P, q,r ,  s) :  D((-  1,  -8,  -82),  (P, q, ' ) ) ,

E((-  l ,  -8,  -E2),  (p,  q,  r)) ,  r((-  1,  -e,  -e2),  (p,  q,  r)) ,

where e is a root I L of I in K.
Using the procedure isomorf (matrix X, matrix Y), we get that any two dif-
fe ren t  mat r ices  D( ( -  l , -x , -xz ) , (a ,b ,c ) )  and D( ( -  l , -y , -y2) , (p ,q , r ) )  a re  no t

equivalent.
Now, let us consider the matrices D ((- L, - x, - x2), (a, b, c)) and E ( ( - I, -!, -y2),

(p,q,r)). Applying our procedure, it results that they are equivalent if and only if

Y * Pqz : 0, b - Q : 0,, a* P * Q : o and *2 - Pq2* I : o'

Since - l ,pQz,p2Q are the solut ions of the equat ion x3 +1:0, we get x2:
- l  + pq2 :  -p2q. Thus, i f  t :  -pQ2, then E((-  l , -y,-yz),(p,q,r))  is equiva-

lent with D((- l ,pq2,p2q),(-p -  Q,4,d) I t  y:  -p2q (the only lef t  case!) then

E((-t , -y,-y2),(p,q,r))  isO(p, q,r) . tJnt i lnowwehaveobtainedthatthematr i -

ces which define the modules of the set Af are pairwise non-equivalent. Finally, we

find that the matrices of the form F ((- L, *y, -y2), (p, q, r)),where y - - pq2, are

equivalent with some matrices of type D, and those F((- L,-1,-!2),(p,q,r)),
where l: -p2Q, are equivalent with some matrices of the type &(a,b,c), with

b - q a n d a * P * Q : 0 '
So we have proved the parts (i) and (iii) of the theorem. For the rest, one can

use the procedure isomorf (matrix X , matrix Y) , as in the previous part. For

instance, to prove (iv).

r i n g  R = 0 ,  ( u ( 1 .  . 9 ) , v ( 1 .  . 9 ) , y ( 1  .  . 4 ) , x , a , b , c , d , w , P , q ) , I p ;
idea l  p=2J+1,  b3+1,  c3+1,  d3+1,  x*a-b*c*d ,  x2+x+1,  p3+1,  q3+1,ur2-u+t  ;
q r ing  Q=std(F) ;
roa t r i x  A  t3 l  t3 l  =0 ,  y  (1 )  -a*y  (4 ) ,  y  (2 )  -b , ty  (3 ) ,  y  (  1 )  -c*y  (2 ) ,  -U2 ' ry  (3 )
-a*b*c2*x2*y (4) ,b2*c2*y (3) -a*b*c*x2*y (4) ,  y (3) -d*y (  4) ,  c2*y (2)

+b*c2*y  ( t )  +a+c  *y  (  4 ) ,  -y  ( t )  -  c *y  (2 )  -a* 'y  (4 )  i
mat r i x  D t3 l  t3 l  =0 ,  y  (1 )  +y  (2 ) ,  y  (3 )  -p*y  (4 ) ,  y  (  1 )  -w*y  (2 ) ,  -y  (3 )  -p*y  (4 )
-q+y (4) ,0 ,  y (3) -q* 'y (4) ,0 ,  -Y 111-sZ*y (2) i
/ / Nov $re test the equivalence betlreen the matrices A and D

i s o n o r f ( A , D ) ;
/ /  Now we test the equivalence between the matr ices transPose(A)

// and D
isomorf ( t ranspose (A),  D) ;

In both cases we obtain:

Viv iana-Dor in (2)  . tex ;  2 /OL/2003;  19 :  11 ;  p .  13
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L  [ 1 ]  = 1

This proves that there is no module of type D which is isomorphic with a module

of the set M. Analogously we may check that there is no module of type E which

is isomorphic with a module of the set M. fhis shows (iv)'

Finally, for the part (ii), we apply the procedure isomorf (natrix x , matrix
y) foithe matriies a(b,c,d,x) andu(n,p,q,y).We obtain that these two matrices

are equivalent if and only if the following equations are satisfied:

d ' - d q y - d . q * q z y : Q

c l d P q 2 : g

b + d n q z : g

a * d n p y * n p q : 0

a b 2 c 2 d 2 + d q z y - l : 0 .

Fromtheequat ion  (19)  weobta in :  0  #  
-yor  0n  # :y2 ' In  

thecase ( i ) '  i t

follows d: Q and, from the above equations, we obtain c : p, b: n and a:

f npq - my3 : m.Theequation (23) is obviously verified. Thus in the first case

*"g"t  thatu(b,c,d,x):a(n,p,q,y), Inthesecondone,usingtheequat ions(19)-
(23), we obtain

d : qy, c : p!, b : n! and x : l'.

To finish the proof of (ii) we apply the procedure isonorf (matrix X, matrix

Y) for the matr ices $(b,c,d,x) and cr(n, P,Q,!)  :

r i n g  R = 0 ,  ( u ( 1 .  . 9 )  , v ( 1 .  . 9 ) , y  Q .  . 4 ) , x , a , b , c , d , m , n , p , q , y ) , f P ;

i d e a l  p = a J + 1 , b 3 + 1 ,  c 3 + 1 , d 3 + 1 , x * a - b t c * d , x 2 + x + 1 , m 3 + 1 , n 3 + 1 , p 3 + 1 ,
q3+ 1 , y*,n-1*p'rq, y2+y+1 ;
q r ing  Q=std(F) ;
o t " t t i *  A  i3 l  t3 l  =0 ,  y  (  1  )  -a*y  (4 ) ,  f  (2 )  -b* 'y  (3 ) ,  y  (  1  )  -  c *y  (2 ) ,  -b2*y  (3 )

-  a*b*  c2*x2r ,y  (4  ) ,b2*  c2*y  (  3 )  -axb*  c*  x2+y  (4 ) ,  y  (  3  )  -d*y  (  41 ,  e*y  (2 )

+b* c2*y (3) +a,r,  c*y (4),  -y (  1 )  -  s*y (2) -a*y (4) i
na t r i x  AA t3 l  [g ]  =0 ,  y  (  1  )  -n*y  (  4 ) ,y  (2 ) -n*y  (3 ) ,  I  (  1  )  -p*y  (2 ) ,  -n2*y  (3 )

-m*(n,r ,p2*y2*,y (4) ,n2*p2*y (3) -m,r,n*p*y2' ty (4) ,  y (3) -q*y (  4) ,p2*y (2)

+n*p2x .y (3)+m, tp*y (4) ,  -y (1 )  -p*y (2)  -p*y (4)  ;
i-sonorf (transpose (A) , AA) ;

We obtain:

L  t 1 l  = 1

This shows that no matrix of type A is equivalent with one of type A' .

( le)
(20)

(2r)
(22)
(23)

Viviana-Dorin (2) .  tex ;
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The three generated, rank one, MCM modules over R4 are linear MCM or

Ulrich modules (see [3], [4]). Thus, from the above theorem we obtain:

COROLLARY 3.5. There are 72 isomorphism classes of Ulrich modules of rank

one over the ring Ra.
Proof. The modules of the set M depends on b, c,d and e, thus there are 3 ' 3 '

3 .2.2: 108 elements in this set. Since these modules are isomorphic in couples,

we obtain 54 isomorphism classes which have the representatives in the set M.

The modules Coker \(a,b,c,e) depends on t and on the permutation (a b c) of

the cubic roots of -1 and the modules Cokert(a,b,c) are determined by the

permutation (a b c) of the roots of -1, thus we get 6'2 +6 : 18 isomorphism

classes which have the representatives in the set {.
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