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Stochastic differential equations associated with
smooth mappings and non F;adapted solutions

Daniela Ijacu Constantin VA,rsan

Abstract. Stochastic partial differential equations (s.p.d.e.) of Hamilton-Iacobi and para-
bolic type including non fradapted solutions are studied. They are associated with an
orbit solution in a finite dimensional Lie algebra and a special type (Stratonovich type) of
stochastic integral is introduced. Some applications from control theory are added.
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novich type stochastic integral.

Introduction

The analysis is concentrated both on first order stochastic differential equations and of
parabolic type driven by an anticipating drift which is not adapted to the filtration

{{f,}t,t e [0, f]] g F generated by the given Wiener process of the stochastic pertur-

bation. The usual martingale approch is not an appropriate one and we are obliged to
decompose the non F1 adapted solutions into a continuous and ft-adapted process valued
in the space of smooth mappings which are restricted to some solutions associated with the
given anticipating drift. It is accomplished using a finite composition of local flows which
are determined by a finite dimensional Lie Algebra associated with the smooth vector fields

of the corresponding stochastic perturbation. In addition, the Fisk-Stratonovich integral

suitable for the ft-adapted solutions is replaced by a special type stochastical integral "8'/
allowing one to include non fsadapted solutions with a special structure.

We write first order stochastic differential equations (s.p.d.e.) as follows:

rfl

d.u:  gt(r ,u,0,u)dt  + |  g j ( r ,u,O,u) a d,w1ft) ,  t  e [0,  ?]  t
r=r (o)

u(0) : 
"3@), 

r € lRl, u € R:n, 0,u elR", (r, 0,u) e B(0, p) g R'+t

where ui e Cl(W ) and 9f € C;(IK x B(0, p)) are only Fmesurable with respect to a.r e f)

being non F;ad.apted scalar functions and tr(t) I (rr(r),... ,w*(t)) € R- is a standard



rn-dimensional Wiener process on a given filtered probability space {Q,F,P;{Fthe f}'

For simplicity, we shall omite to write the variable r^r € O and the meaning of a solution

for (s.p.i.e.) 
-given 

in (a) is derived using a solution of the associated stochastic system of

characteristics.

:  zo(z)d,t+ t v,(t)z/z) a d,w/t),,  t  € [0, T],, € B(0, p) x K
;  - 1

J _ L

) :  z o ( ) )  A  ( r o ( l ) , 0 1 2 6 ( ) ) , ) )  e  B ( 0 , p r )  x  K  L  D t ,  n e ( 0 , p )

where z : (u,a"u,r) A (r,p,r), and the smooth vector f ields 26(z) € pzn+l, for

z e {0,  1, . , . ,  m},  are def ined in the standard way.

z , (z \  !  (Y9. \ ,  Xo( r ) !  -aogo( r ,u ,p )€  K ,zr i \L) -  
\Xl4)

y(z\ ! (n:@,,u,p) - (p,}pst'(r,"'olJ) € tR'+1-r\-/  
\0"g,;(r, u,p) * p}ug{r,u,p) )

In the case of determinist ic functions us € Cb2(]p), g0 e C7@), D - B(o,p) X K,

we are allowed to work with Fisk-Stratonovich integral "o" and the ft-adapted solutions

associated with (a) and (a1) are obtained. In our case, the use of a special type integral

(Stratonovich type) is based on the Langevin's smooth approximations tuu(t) replacing the

original Wiener process w(t), t  € (0, 7).

A solution of the stochastic system of characteristics (41) is defined provided the Lie algebra

L(7r,. .  .  ,  Z*) determined by {2t,.  . . ,  Z^} g C*(D,p2n+1) is f inite dimensional '  Similar

considerations apply to stochastic differential equations of parabolic type described by the

following equations:

TN

d,{u = [L,u * f 
'  (t, r, u, O,u))dt + ! 9 j (r, u, 0,u) & dw /t)

j= r  

n

z(o) :  u3@),, t  e (0,  T) ,  r€ K,  u € lR,  L,Lr  :Da?"
; - 1

where the initial condition ufl e C!(W), and the continuous scalar function f' e C([0,7];
C|@D, may depend on the parameter c,..' € Q in a non f;-adapted manner being only
f-mesurable.

From now on we shall not mention the dependence on a.r € 0 and write uo(r), f (t,r,u,p).

A local solution for (p) is derived from a continous and non f1-adapted solution 0(t, \ L

(u(t,A),p(r,))) e B(0,p) q IR'.+l fulf i l l ing the following system of parabolic stochastic

{0,,,'o

(ot)



differential equations.

where
bo

(  d,g(r,))  :  [A] i( t , .1) + Yy(t, i ( t ,  ^),0(t ,  A),0$
l m
I  + ) ' .x , ( t )U(t ( t , . \ ) ,  0( t ,^))  & dwi( t ) ,

| 

-^

I i(0, )) : ye()) a (t o(l), Eruo())) e B(0, ps),

(t,  ̂ ))ldt

t  e (0,a]

po e (0, P)

(0')

with a fixed stopping time r(u) : C) -+ [0,7], and t(r, )) : ) * DLtbp{t Ar) assuming

bo !  - logo(r ,u,p) !  XoQ),  I  e { t , . . . ,m},  are constant vectors in IM

Here, the smooth vector f ields Y(r) e lR'+1, z e {t, ...,m}, are the corresponding compo-

nents of Zlz) a p2n+1, defined in (42) and % is obtained from the original / as

Ys(t ,  r ,A,}rU) @)

In both cases, the corresponding stochastic system of characteristics (o1) (or (0t)) al-

Iow one to get a continuous and non f,-adapted process AQ,Q A (u(t,r),p(t,r)):

(u( t ,n) ,0,u(1,n)) , t  € [0,a] ,  valued in the space of  smooth mappings g € C;(R: ' ;B(0,p)) ,

ior  g e Cr 'z( lK;B(0,p)))  for  each f  € (0,o] ,  such that f i ( t ,A) :  u( t , f t ( t ,^)) ,  where

2(t ,  ^)  L @u, A), i ( t , ))) ,  i ( r ,  ))  e ( t(r ,  )) ,p(t ,  ))) .

A local solution for the stochastical differential equation (a) has to be a continuous process

u: u(t,r), t e [0,o], valued in the space of smooth mappings u € Cb2(lR) fulf i l l ing the

corresponding integral equation

fd,u(s, r)]"=e1,,.x1 X,G)gj( t ) (s,  ) ) ,gr(s, , \ ) )  e du1@)I,'

L  (  f ( t , r , u ( t , r ) , p ( t , r ) )  \-  
\  a,  [ / ( t ,  r ,  u( t ,  r ) ,  p( t ,  r ) ) ]  )

:  
Io'  

go(ft(s)),g(r,)))ds .* lr '

the stochastic differential [d,u(s, r)],=eq,,.r; along to r -- f (s, )) is computed obeying

fo'@,u{r, 
r)),=e',^) : 

Io' 
d,,l '(s, \ - 

l:{o(', 
)), d,i(s, )))

As far as the parabolic stochastic equation (0) it concerned a special issue appears when

the Laplacian operator A, u(t,r) is computed along to r :  t(t ,^) using the continuous

p ro ( ' ess  a  :  0 ( t , ) )  
g  ( t ( t ,  ) ) , p ( r ,  ̂ ) ) .

The s implest  form we can get  is  re ly ing on XiQ) !  - \ rgo(r ,u ,p)  :  b ' ;  €  Rl ,  i  €  {L , ' ' ' ,m} ,

are constants.

Assuming that f(t,r,u,0,u) and z6(r) are some deterministic functions then the local

solution issociated with the parabolic equation (a) is constructed using the usual Fisk-

Stratonovich integral as in [1].



The general procedure used here has its roots in [2] and [3] containing stochastic partial

differential equations with diffusion part depending on some unknown vector functions' The

work is divided into three parts following this introduction. In the first section we state the

basic facts related to finite dimensional Lie algebras, gradient systems and orbit solution

as in [4] and their implication in the definition of a Stratonovich type stochastic integral.

In the second section we give some auxiliary and main results with proofs regarding both

stochastic differential equations (a) and (6) In the last section we collect two applications

from the control problems associated with stochastic differential equations and their non

f1-adapted solutions.

$2. Preliminaries

Everywhere in this paper we assume that the smooth scalar deterministic function gi(r,-u,p),are

given such thar g, i  Cf (m" x B(0, p)), i  € {1, . ,  rn},where the ball  B(0, p) g IR"+1is f ixed.

Denote z: (u,p,r) e p2n+r,D: B(0,p) x lR:'and define the smooth vector f ields 21 e

Cf ; (D ;P2n+1) , i  €  {1 , . . ,  m} ,as  i n  (a2 ) ,

n / Y , ( z \  \  - - , , a
1 \  v  |  ̂ \  ^  I  ' J l " '
Lt  lJ j \L)  -  

\  x i  r r )  )  
'x iQ)  ? - }pg i ( r 'z 'p)  e  IR '

'  r  \  A (  g i@,u,p)  -  (p ,0ogi ( r , r ,p) )  )  t r  IRn+rY r l z l :  |  " : '' r \ ' )  -  
\  0 ,g i@,u ,p )  t p }ug i ( r , u ,p )  )

A solution for s.p.d.e (a)(or (0)) is derived usingthe corresponding stochastic system of

r: iraracterist ics defined in (a1)(ot(pt)).In both cases we have to start with a local solution

associated with the reduced stochastic differential system

where the Fisk-Stratonovich integral " o " is used and

u(t) = (*r(t), . . ,w*(t)) € R" is a standard zn-dimensional Wiener process on a given

fiitred probability space {Q, f , P, {F) tg F}

A local solution of (2) is found as a continuous and f1 -adapted process valued in the space

of'srnooth mappings z € Cf (Do;lR2'+1) and it  is done assuming

I11)  The L ie a lgebra L(hr , . . ,  Z*)  9  Cf ; (D;p2n'+1)  determined by the vector  f ie lds {2r , . . ,  Z- }

is f inite dimensional.

The assumption (111) allows us to fixe a system of generators

{2t, . . ,  Zm, Z*+r, . . ,  Zt r} I  L(7r, . . ,  Z^) and to define the corresponding orbit of smooth

rnappings .

|  0 , ,  :  i z iQ)  o  d ,w11) , t  e [0 ,7 ] ,  z  e  DA g (o ,p )  x  R3
2) \ F-t

[  , (0)  :  20 € Do:  B(0,  Po)  x  iR ' ,0  1 Po I  P,



(  . a s
^ r )  

t )  
A e @ ; r o ) q i @ ) :  

Z i 6 @ ; z o ) ) ,  i  e { 1 , . . , M y ,  p €  D ^ a ,  z s
*' 

1 b) the(M x M)matrix Q@) 4 (q,(p), ..,qpt(p)),p e Dpt
I is a nonsingular one

3)  ,S(p,  ,o)  !S, ( r r )  o . .o  Sp1( tu) ( ro) ,p  !  ( t r , . . , t t t )  €  Dut  :  f r ,?o i ,o i ] for  zs  € D0 g
j=L

B(0, po) x IR',where

S1(t,zs),t e [-ai,ai],zs € D6,is the local f low generated by the vector f ield Z1,j e

{ r , - . ,  M }  .

Using the nonsingular algebraic representation of the associated gradient system given in

[a] we are able to recover the original vector fields {21,..,Zy}along to the orbit solution

[3] and some anali t ic vector f ields qj € A (Dr; lR'), i  € {1, . . ,M}are defined such that

€ D o

A local solution for the stochastic differential system (2) is constructed using the mapping
S(p,ri l in (3) provided an Ft -adapted continuous process p: p(t) e Dur,/ € [0,7],is
defined as a solution for the following stochastic system

n'L

5) dtp:  Do(p)qi@) o dw1ft) ,p(0) :0,p € IRM
j=r

Here the smooth scalar function a € C-(RM;[0, 1]) is taken adequately and fulfilling.

a ( p ) : 0  f o r p  €  R " \ B ( 0 , 2 p ) , a ( p ) : 1 f o r  p e  B ( O , p ) ,  w h e r e  p >  0  i s  f i x e d  s u c h  t h a t
B(0 ,2p)  C Dnr .

L e t r ( c , . , )  : f ) - + [ 0 , " ]  b e a s t o p p i n g t i m e b y  r @ ) | i n f { f  € [ 0 , 7 ] ;  l p ( t ) l > p ] w h e r e t h e
solution

p :  p( t ) , ,  € [0,7]  is  def ined in (5).

It is easily seen that PQ) 2 p(rn)) € B(0, p),t € [0, ?],is obeying to the following stochastic
differential system :

,m

6)  d rp :  Dx , ( t )g i (dodw1( t ) ,p (0)  :0 ,1e  [0 ,7 ]  where  X,  ( t ) :  1  fo r  r  >  t  and X" ( l )  :  Q
j = 1

t o r r ! t , t € [ 0 , T 1

The ft -adapted and continuous process

7) z( t ,  ro)  ? s(p(t) ;  zs), t  e [0,7] ,  zs e Ds :  B(0,p0) x K

will be a local solution for the stochastic system in [2] fulfilling the following system of
integral equations.

r n t

8) z(t, 
"o) 

: zo * L Ix"G)21(z(s; zs) o dwiQ) :
j = t  0



:  , ,  +f, ' f  z,P1rt zs) o d,w1!), t  e [0, Tl, zo € Do.
j - r  0

It shows that the smooth orbit S (p; ,o) e D in (3) allows one to define a local solution of

(2) using a stopping time r which doesn't depend on the initial condition zs taken in an

unbounded set D6.

Now,a loca lso lu t ion fors .p .d .e . in (a) (o r (p ) )canbeconst ruc tedprov idedacont inous ly
di f t 'erent iable process zo: zo(t , ) )  e D6, '  € (0,4] ,0 < alT,rs def ined such that:

s )2 ( t , , i )  IS (p ( t ) ; r o ( t , ) ) )  e  D , t €  ( 0 ,o1 , )e  m .

is a local solution of an extended system of stochastic differential equations defined in

(a1)(or  in  (0 ' ) )

Remark 1.

It is worth to mention that dealing with F1 -adapted drift and initial condition we are

allowed to look for zs(t,)),1e [0,a],) € R",as an ft-adapted continuous process and the

standard rule of stochastic differentiation applyed to the mapping in (9) will lead us to a

differential equation without stochastic perturbation fulfilled by zs(t,)),t e [0,4].

In our case ,the use of non f1-adapted drift and initial condition is not obeiyng to the

lsual Fisk-Stratonovich integral and the corresponding stochastic rule of differentiation.

A stcrchastic rule of differentiation for the non f1 -adapted solutions in (9) is derived

provided the Fisk-Stratonovich integral is replaced by a special type stochastic integral

" I " (Stratonovich type) and using a Langevin's smooth approximation;

t

1 0 )  u ' ( t )  :  I y ' ( s ) d s : w ( t ) - q ( t , e ) , t e  [ 0 , 7 ] , 0 < e  (  1 ,
0

where y ' ( t ) :  l / [u"p - (?) ]a*G), r t ( t ,e)  :  / [exp - ( ] )aw@)
0 0

we get the following integral equation

t.

n) i ( t ,  ̂ )  -  2( t '  ,  ) )  :  /  #tpt ' ) i  zo(s,  ^D#(s,  ) )ds
tl

|fL L

+D Ix,(s)ziQ@,)) I dtr, ' i (s)
j = I  t r

fulf i l led for any t e [t ' , t") c (0,a].where 2(t,)) is defined in (9)an-d zs(t,)), t  € ft ' . t" l ,rs
continuously differentiable.



Here the Stratonovich type integral " I " is computed passing to the limit e \ 0 in an

ordinary rule of derivation applied to the smooth mapping.

1 2 )  z ' ( t , f )  4  S ( p ' ( t ) ; z s ( t , ) ) ) , t  e  l t ' , t " ) c  ( 0 , o ] , 0  < a < 7 ,

where p : p"(t),t e [O,?],is fulfilling the following system of ordinary differential

equations

g + : ix,ft)a(,p)qi@)fftt),, € [0, r],p(o): 0 which coincides with the smooth
u L  i = l

Langevin's approximation associated with the stochasticdifferential equation in[6].

As a consequence we may and do write the following definition;

,  / r ,  I  \
* i  (  l l fQ ,@)z i6@@) ; ro ) ) )  odw i@) l  |  4s ( s . ) ) ds . r  e  { 1 , . . ,m }

, , \ L S  
- 1  \ " ' t - J \ - \ r \ - / ) - v / / /  r " J r o = " o 1 r r ^ 1  

)  

@ ' 5 \ '

where the Fisk-stratonovich stochastic integral " o " is used associated with a continuous

F7 -adapted processes valued in the space of smooth mappings.

Based on the above given formula we may and do define a Stratonovich type integral

associated with a continuous bounded scalar function.

Definition 1

Le t  s  e  C \Q ,R)  and  2 ( t ,A )  3  S (p ( t )  ; 20 ( t , ) ) )  e  D , t  e  [0 ,4 ] , )  e  R ,be  de f i ned  as  i n

[e] .Then

l t t t  n

. f  y , ( t ) ,p(2( r ,  ) ) )  & dw' ( t )  =
t l

t  n  l - i

r+) f y,(o)z/2(o,))) s d,w1@) 3 l i""( ') zlS(e@); ro)) o d,w1@l
tt 

- 
Ll ' J"o=zo1r)\

"'{ (l'i*Q'(')
Fisk-Stratonovich

It" I
I  I  x"@v@(p(t); ,o)) o dw1(t) |  +
Lt' ) zs:zs(tt,\)

e61:2(,);,0))) o aw11s)l \ #U, ̂ ro,
)  zo=zo ( t , \ )  /

where the

Remark 2.

in tegra l  "o"  is  used.

Let zs(t,,1) e Ds,t e [0,o],) e IR" be a continuous and F1 -adapled process being con-

tinuously differentiable for any t€ lt',t"1 C (0,4].Define the continuous and Tt -adapted

process 2Q.^) :  S(p( t ) ; "0( t . ) ) ) , t  e  [0 ,o] , )  €  IRl ,as in  [9 ] .Then the s tochast ic  in tegra l  o f

Strat,onovich type' '  O " along Lo 2 : z(t,)) coincide with the Fisk-Stratonovich integral
" o



Indeed,a direct computation which involves 6 ghange in the order of integration lead us

tothe following
, t

ix,G)zi (,s(p(r), zs(s, )))) o d'w1@) : Ix,G)zi (,9(p(t)' zs(t', )))) o dw1@)

t _ n _
* { , , @ [ z i ( s ( p ( ' ) , z g ( s , ) ) ) ) _ Z 1 S ( p ( s ) , z o ( t , , ) ) ) ) ] " d w 1 $ ) ? T t * T z

Using the continuous derivate ff(s,)), s € [t ' ,t"] we write T2 as

r, : |x,(')li,*eiq@G); zo(o,^D#(o, \aof o dwlQ) -
t ,  Lu

and changing the order of integration in the last integral we get

t l t  ^  , , 1  u . ^ ,
Tz :  [  |  f  * (x,G)zi (s(p( ' )  ;  zo(o,)) ) )  "  dw1@)l  #(o,  A)do

"  1 "  " . u  
_  

|
u L o

In conclusion
1 L

i5) 7, +72: I ,x"G)Zi(2(s, )))  I  d 'w1Q) :  [ ,x,G)Zi(2(s'  )))  o dw1@)

where the stochastic integral " 8 " is defined as in (14) (see definition 1) and the Fisk-

Stratonovich integral" o "is linked with Ito's integral by the following;

t n t

t6) ix,@)z/2(s, \)) o d,wi$) 2 LIx,G)#QG, )))z/2(s,)))ds
tt t'

+'[  v, (s) z 1 Q Q, )))  d,w 1 @)
t l

Remark 3

Accord ing to  the non f6  -adapted so iut ions z :2( t , ) ) , t  e  [0 ,4] , )  €  K,  def ined in  (9)  we

may do and write the following rule of stochastic differentiation .

Let f € Cb1'3([0, Tl x D;R) be given and the solution

2( t ,^ )  4  S(p( t ) ;  zs( t , ) ) ) , ,  €  [0 ,a] ,  is  fu l f i l l ing the in tegra l  equat ions def ined in  [ l l ] .Then
it holds

f  ( t " , 2 ( t " , ) ) )  -  f  ( t ' , 2 ( t ' , ) ) )  4  l i q [ / ( t ' ,  z ' ( t ' ,A ) )  -  f  ( t ' , 2 ' ( t ' ,A ) ) ]
6 \ u

:  r im  19 { ( t . 2 , ( t , ) )  +  ( # ( t , zu ( t ,A ) , # ( t , . i ) ) ]  a r :
. 1 6 L d I U

I l#tt,z(t, ^)) + (Hu,2(t, ^)), #(p(t)t zo(t, ^D#1r,.r1)] ar+



+ riq fl 
' 
I *, Q) o (r' (t)) (H (t, z' (t ; tr)), z 1 Q" (t, ̂D> W (t) :,.."o.rTri,

: Tt * 
]q7z-'*here

n  r n t "

r; ! D" t x, (t) a (p' (t)) (# (t, z' (t, A)), z i Q" (t, tfi ff p1 at
j = l 1 r

and, z : z'(t,f) A Sk'(t); zs(t,))) is the Langevin's smooth approximation defined in (12)

Denore pi(t,p,) 2 a@) (HQ,z),2/z))and by a direct computation including a change

of the order we express

^ rn tll

r; ! f" j x,(t)p i(t, pu (t), z' (t, )))# (i la, :
j = r  t t

: f i r, (t) p i (t, p' (t), s (p' (t) ; zs (t r, ))) fr 1t1 at +
j _ t t l

m t,t ttl

+l I at[[x' (s) (# ( ' ,p' (s), s(p' ( ');  zs(t, ))),
j=l  tr  t t

ffi@" {') ;26 (t, )) ) # r(t, t))ff @ as

Letting 6 \ 0 in the last equation we get

. f  (t" ,  2(t" , ))) - f  (t '  ,  2(t '  ,  ))) :

: " [ , lar f  ( t ,2( t ,  ^))  + (a,51t ,2( t ,  ^)) ,0, ,5(p( t ) ;  zr( t ,  ^)) f f1t ,1t) )  at+

* l t "  I
+t I [x,(t) @,f (t,  s(p(t);zo))) o dw1(t) |  +

F - r l i ,  j
zo=zo(t '  , \ )

, , L "  f t "
+L' t | /r, ( ') fi \a " f 1', z), z /s)) (,s(p('), d) ffi @(s) ;,0) " d'w 1 @) | # {t, t1 at

t = t i ,  l - t  " -  I

where zo : zo(t, A)

$ 3.Main results and proofs of some auxiliary lemmas

The auxiliary lemmas we need to prove are connected with the verification of the integral

equation defined in ($2.11) provided the smooth approximation tu'( l) ,  t  e [0,7],of the given

standard Wiener process is used.



Lemmal. Let the smooth scalar functions 9i € Cf (lL x B(0, p)),

/ € {1, ..,m},be given such that nthe corresponding vector f ields 21 eCf;(D,lR"*t), i e

it, , rn) ,definedin ($2.f ) fulfils the hypothesis (//1).Define a smooth mapping z : S(p, zo) e

b,p,  Drv,r ,zo € D6,&s in ($2.3).Let p -  p( t ) , t  € [0,?]  be the unique solut ion as-

sociated with stochastic differential equations in ($2.6)^ and consider a continuous pro-

c € s S 2 6  :  z o ( t , ) ) , t  e  [ 0 , o ] , 0  < a  (  ? . D e n o t e 2 ( t , ) )  g  S ( p ( t ) ; z n ( t , ) ) ) , t e  [ 0 , o ] . T h e n
z -- 2(t,)), f e [t ' ,t"] e (0, o],fulf i l ls the following integral equation:

2(t, ^) - 2(t' , \ : i n(p!); zs(s) )ff(s, ))ds
t l

fTL V

+D Ix,G)z1Q@, ))) s dwiQ)

provided z,(t,A),t e lt',f"],is continuously differentiable and the stochastic integral " 8"is
defined as in ($2.14).

Proof

For e € (0, 1] f ixed,let p - p'(t),t € [0,?],be the smooth solution associated with the

ordinary differential equation defined in ($2'13) and denote

I )  z ' ( t , ) )  :  S(P" ( t ) ,  zs ( t ,  ) ) ) ,  t  e  [0 ,  a ] '

By hypothesis the continuous process z'(t,)),t € [0,o],is continuously differentiable for

t e lt',t") c [0,a] and using the standard rule of derivation we get

l l  t €  n q

DT : 
#@'(t);  zr(t ,  ^D# (t) + #@"(t);  zo(r, )))f f( t ,  t) , t  € l t ' , t").

Using the system (1) and the algebraic equations

a s ,  \  ,  \  f
Atotz iq t (d :  

Z i (S(p,zo)) , i  €  {1 , . . ,M}  (see $2,4)  we rewr i te  (2)  in  in tegra l  form as

foilows

3) z ' ( t ,  ) ) -  , ' ( r ' ,  ) )  :  I  #(p ' (s)  ;  zo(s, l ) f f (s , l )as
tt 

-

r n L

+D i x, G) a(p' (s)) 2 1 (r ' (r,  ̂D# @ ds

Bv definition ,the smooth approximation p'(l), t e [0,7] is an F1-adapted process fulfilling
the conditions of approximation theorem in[a] and as a consequence we obtain

4) 
Jt$p'( t )  

:  p( t ) , in L2(f) ,  P) ,uni formly in f  e [0,  a] .

10



5) l imz'( t ,  ) )  -  2( t ,^)  g S(p(r) ; ro( t , ) ) )  in Lr(Q,P) uni formly in t  € [0,4]

on the other hand,the left hand side in (3) is rewritten as

6) z ' ,  ( t ,  ) ) -  z '  ( t " ) )  :  s(p ' ( t ) ;  zs(t , ) ) )  -  s (p '  ( t ) ;  zs(t ' ' ,  \ ) )

+ S (P' (t); zo!' , ̂ )) - S (P' (t'); zs(tt , \)) :

t

:  [  #(f(t); zs(s, ))# (t '  ))ds+
t'

*  | L ^  
/ . q ) r v t ' n ' ( , s ) )  z , ( S ( p "  " d - i ' ' ' - l  4  T t t T z.E I I,x"G)o(p' (s)) z 1g (p' (s); zs))fr ls)ds 

) "o:"o(t,,s)

Using (6) in (3) we get by a direct computation

rn t"

r) L"lx,(s)a(p'(s)) z1Q'@, tn#AVs -- Tt *Tz-
j = l t '

t r n- 
{#tn'tl;'o(',)))#(t, 

))ds : : 
ngi 

+ rl)

where

t  / r  t  d , , , 9  I  \  r -  ,
B)rl : t  I  l*t*,@)a(p'(o))2,(s(p'(o);,0)#t"l I  I  #(' ,44'-  

1 ,  \ L - - " s  J z s = z s ( s , \ ) , /

'  I t t r
rl : l"ix,G)a(p'(s))21(s(p"('); zo11ff1s1asl ,i e {1, ",m}

Li, J zo:zo(tt,\)

As far as o(p(t) :  r, t  e [0,7] (see $2'6) the fol lowing

t / r  t  1  \ ,
s) r l :  I iqf i  :  I  I  l * [ r , f , lz1$@@); zs) o dw1@)l )  #( ' ,  ) )ds

e\0  '  
i ,  \1 " " " "s  

)2s=zs(s ) ) /

I t
r/ :  I1q rl  :  l Ix,(42i6@('); zo)) o dw/s)l

€ \u  LU J  zo=zo( t r , \ )

are obtained using the approximation theorem given in appendix of (a) for the correspond-

ing Fisk-Stratonovich integral.

According to (7) and (9) we may and do define the "8" type stochastic integral (Stratonovich

type ) as folows
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t

r0)  i1, (s)  z1Q@,))ad,w/s)  -  l iq  g l  +r i l  =f1 +f4, i  € { r , . . , rn} ,and i t  a l lows one
t ,  

-  € \u

to wiite rhe limit point in L2(fl, P) of the left hand side in (7) as

m t l r . r r l

r r ) linl i i x,G) o(p' (t)) z i (r' (r, ̂DY ( s\ dt : i( fl + fl)
6 \ u ; - r , ,  

' t  '  
"  J \  \  /  / /  & s  \  '  - i : i

where fl and, flare given in(9) using the Fisk-Stratonovich integral " o ".Finally,using 
':

(4),(5) and (10) in (3) we rewrite the corresponding integral equation as

t

rz) 2(t, ^)- 2(t', ^) : I n(p!); zs(s,))ff(s,.\)ds
tt

* i i  x , t t )z iQ@,1))  e d,w1@),t  € l t t  , t ' t l ,
j : r  t '

and the proof is complete.

A stochastical rule of derivation associated with the integral equation given in Lemma 1 is

expressed in ($2,Remark3). Here we shall rewrite the mentioned rule using the stochastic

integral " 8 "

Lem,ma 2 Let f e C|(D;R) be given and the non F1 -adapted solution 2(t, ̂ ) :

S(pQ);20(t,))),t  e [0,a] is fulf i l l ing the integral equation in Lemmal.Then

t " , \

f ' ( r ( t , , , ) ) )  -  f  ( 2 ( t r , ) ) )  :  IG ( i ( t , ) ) ,  H@@;zo ( t ,A )# ( t , \ ) a t
t t ,

* tt'

+l  [ ,x ,Q) (HQ(t ,  ̂) ,  z i (2( t , r ) ) )  e dw1(t)
. ' _ , L

t "  t "  f , ^ . .x

where [ ,x , ( t )h(2( t ,  ) ) )  a , iG):  ] '$ /x"{ t )h(z( t ,^)T(t )

obe1,s to the definit ion ($2 1) for any h e Co2(D;R).

The verification of Lemma 2 is based on a direct computation already used in the proof

of Lemma L.

Now we are in position to state the main results regarding the stochastic partial differential

equations (s.p.d.e) given in (o) and (p) of the introductron.

In both cases ,the meaning of a stochastic differential along to a fixed family of trajectories

r : 'i(t,)) has to be introduced relying on the smooth approximations used in the above
given lemmas.Recall ing the smooth mapping S(p;ro),p € Dv,zs € Ds,defined in ($2.3)
and using the properties stated in ($2.a,5) we rewrite
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12) S(p;ro):  
"o+ft i iZi@p;S(hp;zs)d,0,p 

e B(0,p) e Du where the smooth vector
j = t  0

fields 2i@; z) are obtained as follows

B)  21@; r )  :  Z iQ)Q- '  @) ,2  €  D1  B(0 ,  p ) ,  R  c  R2n t r ,p  e  B (0 ,  p ) , j  e  {1 ,  " ,M}

Denote

ra)  2/p;s(p;rot)  !  (  tL@;" i  )  .  o .-  
\ & @ ; ' o )  ) "

ar:cordingly

(  M  I ^ "

| ,@, ro)ao) : Uo * Dti [Vi(7p; zs)dg,ys € B(0,p0) g R"+r

1 5 ) {  ' r ' l "

I l(o,uotro) : ro * Dtt[xt@p; zs)d?,ro € ]Rn
t  '= t  o

for p e B(0,p) e Dpr and z6 e Do4 B(0,pi l  x IRlg p2n+1,where

A G  A J ,  \
f f i tn.roiuo) 

aa 
f^@,ao,ro) 

are nonsingular matr ices for  any (p,Uoiro) e B(0,p) x

B(0, p6) x IR"

provided p > 0 is sufficently small'

in addition, we are Iooking for a continuous process.

zo : 2o(t,)) g (ig(r, .\), i6(t, ))) e B(0, po) x IR such that

16) z(t,,t) 3 S(p(t);20ft,))), t e [0, o], ) e R" is a local solution of the associated stochas-

ticsvstem of characteristics given in ($1.a1) relying on the integral equations defined in

Lern,m,o. l.

It implies to look lor zs : 2o(t,)), i e [0,a],0 < a < 7, as the unique solution of the

fbllowing system of ordinary differential equations

As a consequence,the cont inuous process

2(t ,^)  2 (gQ,^), f t ( t , ) ) )  , l  € [0,o] , )  e R3, is a loca lsolut ion of  the corresponding system

of'characteristics (see $1.a1) and using (15) we write the equations fulf i l led by r: i(t,^)

as follows

1B)  t ( r ,  X)  2  t@( t ) ,go( t , ) ) ;16(1 ,  ) ) )  :  i0 ( r ,  ) )+

U,..,MI and the equations in (12) are written

(  . .  r ^ ^  t - '

17) J #Q, t) :  l#toa); z6(t,  ))) l  zs (s(p(t);  '0(t '  ^)))
/  

I  , o ( 0 ,  \ ) : r o ( ) )  g  ( s o ( ) ) , ) )  e  B ( 0 , p r )  x R , 0 . - r n . -  p o

where the smooth vector f ieId. 26 e C](D;p2n+1)is defined in ($1'a2)'
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M  1 ^  n
+Dti(t) [  xi@0@;20(t,  ^))d0,r l?) 2 (t ' ( t) ,  . . , tv(t))

j = t  0

Here,the continuously differentiable process

ro:  f ro( t , ) )  ,go :  go( t ) )  and zs:2s( t , . \ ) , t  e  [0 ,a] , )  €  lR ' ,are obta ined f rom (17)

with the following integral form

7s)  i l f t ) )  :  )  * | * r fOfO,2o(r , ) )d ,s , t€  [0 ,o ] , ' \  e  R - -
0

20) glft, )) : yo * infpi),20(s, ))d,s,t € [0, a], ) e R" where
0

/  : , ,  \  \  n  f ^ ^  1 - Ivt [ ^o\Pi zo) \ e 1ffifu; a)J 
- 
zs(s(p,zs))- ^ '  

\  Y o @ ; r o )  /

are smooth and bounded vector fields for p e B(0, fi e D1a and

zo € DoA f(0,Po) x Ig" e IR2'+t

using 19) inlS) we see easily that the following algebraic equation

22) i(t, A) : ,

has a unique solut ion A: ( t ( t , r ) , t  e l0,a] , r  € K, ver i fy ing

n)n( t , tb ( t , r11  :  r ,  Ib ( t , i ( t , ) ) )  :  ) , ,  €  [0 ,a ] ,  r , )  €  lR : ' ,

Denobe

2 a ) ' y ( t . r 1  2  y 1 t , r b ( t , r ) )  !  ( r ( t , r ) , p ( t , r )  -

and by definit ion (see r/(f , i(t, ))) : f;

25)  u ( t , t ( r ,  ) ) )  :  0 , ( t ,  ) ) ,p ( t , t ( t ,  ) ) )  :  P( t ,  ̂)

A local solution for s.p.d.e (a) is asimilated with the continiuous process in(2! provided

we are able to show

2 6 )  = ( t , r )  :  p ( t , r ) , r  e  [ 0 ,  a ] ,  r  € R  a n d'  d r '
t "  t t '

27) f  ldp(t,  r)) ,=n1t,x1 :  f  dir( t ,  ̂ )  -  (p(t ,  ̂) ,  dft( t ,  ̂) )
tt t'

for any [t' ,t"] g [0, a]

Here the left side in (27) is defined as

t , ,  t , ,

28) [ la,,u(t, r)),=t1,,x1: l iq/ i#a'(t,  r)], : , ,a,s)dt
l ,  .  \ " t /
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where  t f  ( t , r )  2  u ' ( t , rh ' ( t , r ) )  w i th  ru ( f ,  t 'U , r ) ) :  r , i l u ( t , ru ( t ,  ) ) )  :  1

The smooth aproximat ion ze(t , ) )  g (  a ' ( t ,  ̂ ) , f  ( t , ) ) )  g S@'(t) ;  zo(t , \ ) ) - t  € [0,  a] ,  )  e R"

is constructed as rnLemmaL (see (1) or $2.13) according to the differential equations

f f  (t,  t) :  n@" G); roft ,  ̂ ))# (t,  ̂)+
+ f x,ft)a(o'(t)) Z /z'(t,  ̂D# U)

t q \
j = l

T ftl : i r' Q)a(o' (t)) q1 (o" (t))fr , t e 70, o1
j = t

zu(0,  ) )  :  zo())  a ("0(r) ,O, lzs()) ,  ) ) ,  o ' (0)  :  0

Relying on the proof of. Lemma 1 we get

30)  l imz ' ( t , ) ;  :  2 ( t , ^ )  2  Qf t ,A) , i ( t , ) ) )  in  Lz(Q,P)  fo r  each ( t , ) )  e  [0 ,4 ]  x  lR3 '
'  

e \ 0

where z : 2(t,)) is a local solution of the integral equations given in LemmaL

Lemma 3. Under the same condition as tn Lemma I d,efine 2(t,,r) I s(p(t);2s(t, \))

where 20(t,^)),, € [0,a],) e R", is the unique solution of the differential equation in(17).

Then z:2(t , ) ) , t  e [0,a] , )  € lR", is a local  solut ion of  the associated stochast ic system of

characteristics (41) i.e.
t  m t

* )  z ( t , ) )  :  ,o (A)  +  f  Zo(2(s , ) ) )  ds  + l , l x ,G)Z i  (2 (s , ) ) )  8dw1(s)  assoc ia ted  w i th
O  j = 1 0

s .p .d .e . (a )  .

In addi t ion , Iet  u( t , r )  2 u(t , ' , !  ( t , r ) ) ,p ( t ,n)  :  p( t , r l ,  ( t , , r ) )  where

y( t , ) )  L  @(r ,^ ) ,p ( t ) ) )  and ) :  l ) ( t , r ) ,  i s  the  un ique so lu t ion  o f  the  a lgebra ic  equa-

t ions(22).  Then (26) and (27) hold t rue, i .e.

* * )  
H ( t , n )  :  p ( t , r ) , ,  €  [ o '  o ] ,  r  €  I R ,

t" t" t"
,k*x) 

/  [dp(t ,  r ) ]*=nra,x)  :  I  d. i l ( t ,^)  + /  (p( t ,  ̂) ,  1o7sQ(t , ) ) ) )  dr+
t '  t '  t l

m t "

+f Ix,(t)  (P(t,A),1rsiQ(r,))))  8d,w1(t) for anv [ t ' , t"1e [0,a],where
j = l  t '

the left hand side in (***) is defined in (28).

Proof
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By hypothesis the continuous process 2(t,^) I s(p(t);20(r,))),t e [0,o] is fulf i l l ing the

integral equations given tn Lemma 1 and taking zo 2 2o(t,)),t e [0,4] as the unique

solution of the differential equations in (17) we get easily the conclusion (*) fulfilled.As

far as the smooth approximation z: z'(t,)) given in (29) is used we may and do define

zs : 2s(t,)) , t € [0, o],as the unique solution of the following ordinary differential equations

(  . ^  T ^ ^  . . , 1 - l

31 ) J ffU, s) : l f f i@'(t);ro(,, ))) l  
'  
zs (s(o'(t); 2s(t,)))) t € [0' a]

" ' l  

[  , o ( 0 ,  ) )  2  , o ( ) )  3  ( " 0  ( ) )  , } s u o ( ) )  , ) )

Using (31)in (29) we get easilY

-^,[ #(r, ); :  zs(2"(t) )) + fx,ft)"(o'(t))z/z'(r, )))#Al 
which can be assimilated32) < j=l

[  , ' ( 0 , ) )  :  z o ( ) ) , 1 €  [ 0 ,  a ] , z u ( t , r )  4  ( g ' ( ' , ) )  ,  r ' ( t , \ ) )
with the characteristic system associated with the scalar equation

( A,a '  1t ,  r )  :  go(r , t f  ( t ,  r ) ,  O,( tu ( t ,  r ) )+

33) I + i  g, (r, i l , '  ( t ,  r), O,i l '  ( t ,  r), v" (t) a(o" (t))# Al
I  j = r

[ , '(0, r) : uo@), r € ]R'

A direct computation used in the deterministic case and applied here allow one to see that

34)  u ' ( t , r )  2u , ( t , rb , ( t , r ) )  w i th  ru ( t , r l t ' ( t , r ) ) :  r ,$ ' ( t , r ' ( t , \ ) ) :  )  i s  ob ta in ing  to

35)  A , tL ' ( t , r )  :  F ' ( t , r )  2  p ' ( t ,$ ' ( t , r ) ) ,1  e  [0 ,  o ] ,  r  €  R: ' '

Rewrite (35) along to tr: r '(t,)) for uu defined in (34) and obtain

36)  e#c K (0 , r ' ( t , ) ) ) :  p ' ( t ) ) ,1€ [0 ,a ] , )  €  R ' .wher" f f i ( t ,n ' ( t , ) ) ) :  lK( t '  r ) ] - '

It shows that

sr) ff(t, \) 
-- pu (t,  ̂ )K (t, )) , (t, ,1) e [0, a] x R

and usingl$r ' ( r ,  ) ) :  2( t , , r )  4 (o(t , ) )  , t ( r , ) ) )  rn L2(Q,P) uni formly wi th respect to

t e [0, a],we get

38) r imff ( , ,  ) )  a r iq (9f  ( i ,  ) ) ,  K( t , ) ) )  :  (HQ,^) ,K,( t , ) ) ) in Lr(Q,P), for  each (1,  ) )  e
t \ 0  " ^  6 \ 0  ' " "

[0 ,  a ]  x  R" .

Bv letting e -+ 0 in37) and using (38) one sees easily that it holds

39) #,(t,  );  :  p(t,  ̂ ) f f i  { t ,  s), (1, )) e [0, a] x IR' which shows the identity between 0,u(t, r)

and p( t ,  r )  =  p ( t , rh  ( t , r ) )a long to  r  :  f t ( t ,  ) )  , i .e .

40)  O,u( t , f r ( t ,  ̂) )  :  p( t , ) ) ,  ( r ,  ) )  e  [0 ,  a ]  x  IR

16



Take ) : ,!(t,r) in 40)

p(t, r) 2 p ft,rb (t, r)) .

The last conclusion (*t*)

t"

and we get the conclusion (**) whereu(t,r): tr,(t,t l t(t,r)) and

is obtained by the following direct computation

ttt tt l

4r) [ [a&'(t, r)f ,=,,1r,x1dt - I #(t, ))dt - [ (p'(t, s), #(t, ))) dt :
tt tt t l

t"
: uf (t" , )) - uu (t '  , )) + 

{ 
(p'(t, \),1ogsQ'(t, )))) d,

*f ir, ft) a (o'(t) (p" (t, )), LrsiQ" (t,, yy 9f 6at
j = r t '

Lett ing E -+ 0 in(a1) we get (*xx) and the proof is complete.

The following theorem is a direct consequence of the results stated in Lemma 3.

Theorem 1

Let96(r ,u ,p) ,2  e {1,  . . ,n1})  begivensuchthat thehypothesis  ( . I { )  is fu l f i l led.Let2( t , \  !

( t ( t ,^ ) , t ( r ,^ ) )  , ( r , ) )  €  [0 ,a]  x  R"  be the local  so lut ion associated wi th  the system

of  character is t ics  def ined in  Lemma 3.  Let  u( t , r )  2  A( t , rb( t , r ) ) ,p( t , r )  !  p( t , rb( t , r ) )

where 'aQ,^)  4  ( t t ( t ,^ ) ,p( t , ) ) )  and  ̂ :  l , ( t , r )  is  the so lut ion in(22) .Then 0*u( t ,n) :
p( t . : r ) , ( t , t )  €  [0 ,a]  x  IR"  and u :  u( t , r )  is  a  local  so lut ion of  the s .p.d.e. (a)  a long
to  :L  :  z ( f , ) ) ,  i . e .  u (O , r )  :  uo ( r ) , r  €  R"  and  [dp ( t , r ) f x=e ( t , ^ )  :  g6 (2 ( t , ^ ) )d t  +

.ITL

Dx, ( t )  g iQ(t , ) ) )  e dw1(t)  for  t  e [0,  a]  where
j = L

l i l  t t l

I  la,u(t ,  r) ] ,=oa,tt  :  t t ( t"  ,  ̂ )  -  t l ( t '  , ))  + /  (p(r,  )) ,  \r lsQ(t,))))  dr+
tt t'

m L "

+D I x, (t) (p(t, )),}reiG(t,  ̂ ))) e dw1(t) for any lt ' ,t"] c [0, a]
j = t  1 t

As f'ar as the s.p.d.e.(p) is concerned, relying on the local solution associated with the
parabolic stochastic differential equation defined i" (0r) ,we may and do define a local

solution fulf i l l ing (B) along to r: t(t . ,^) 3 ) + lb;w;(t A r) assuming in adit ion that

bo 2 - \ rg t ( r ,u ,d 2 X,Q),2 € { I , . . , * }  are some constant  vectors in  R'  .The g iven

smooth functions gi e Cf; ( lR * B(0,p)), j  € {1,.. ,nx} are obeying to some hypothesis
used in Theorem 1 and the general results proved in Lemma 1 and Lemma 2 are still

val id where the continuous and non f1 -adapted process z: 2o1t,, l ;  4 @o(t,)),)), t  e

[0,a], ) € IR',has to be defined according to the parabolic stochastic differential equation
given in(pt). In this case )a substitute for the conclusion given in Lemma 3 is the following
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Lemma 4. Let f e C ([0, f] ;Ci (n" x B (0, p))) and

gi e cf; (R x B (0, p)) , j  e {I, ..,m} be given such that the hypothesis(I/1) is fulf i l led.

Assume us e Cl (R') with ("0 (r) ,0,u0 (")) e B (0, po) c R'+1 for any r € lR'',

Then there exist continuous process

go(t , ) )  :  [0,o]xR + B (0,  pr)-c IR.+t ,0 < po t  h < p,and p(t)  :  [0,  a]  -+ B (0,d g n* I

such that

Cr) ' ! to € C; ' '  ( l t ' , t "1x R";B (0,  pt))  for  anv [ t ' , t " ]  c [0,  o]

C 2 )  2 ( t , ) )  :  S ( p ( t ) ; 2 0 ( t , ) ) )  e  ( 0 ( t , ^ ) , f ( t , ) ) ) a n d y : | f t , ^ ) , t  e  [ 0 , o ] , )  e  l R , i s  a  l o c a l

solut ion of  s.p.d.e.(p1) where zo(t ,  ̂)  = (Ao(t ,  ) ) '  ) )

Proof

By hypotheses, the conclusion in Lemma 1 are fulfilled for the smooth mapping 2(t,\ 
g

S(p(t); zs(t, ))) where zo(t, A),t e lt' ,t"] c (0, a] is continuously differentiable. On the other

hand using (12) and (15) we express 2(t ,^) :  S(p(t) ;zo(t , ) )  3 ( i ( , ,  ̂ ) , f r ( t , ) ) ) ,where

42)  i ( t , ) )  :  G(p( t ) , ) ; ys ( t , ) ) , ,  €  [0 ,a ] , )  €  R,and the  smooth  mapp ing  a :
G(p,) ,a i ,p e B(0,  d e Dm,) e ]R , ls € B(0,pr)  c R+ris def ined such that

$) ff i(p, ),ao) is a nonsingular matrix'

According to the integral equation rn Lemma 1 and using the continuously differentiable
process

20(t ,A) --  (go(t , ) ) , ) )  € B(0,pr)  x R", ,  € (0,a] ,we get the fo l lowingstochast ic di f ferent ia l

equations.
( ^

I d,a(t, ^) : ff i(p(t), ^,so(t, ))) #(t,  ̂ )dt * Dx, (t)Yi(z(t, ))) s dw1(t),
44) < i:l

l n

I  i ( 0 , ) )  : s o ( ) )  g ( r o ( ^ )  
, 0 > , u o ( r ) )  e  B ( 0 , p 0 ) C R n t r , 0  ' - p o < p ,

where rhe smooth vector fr,elds Z1A) ": ( !t ' l  ) , i  e {t, ..,m} are defined in ($ 2.1)- \ x , ( r )  
) 1 r '

We are looking for the unknown y:  go(t , ) ) , t  e [0,r ]  , )  e R" such that the s.p.d.e.(B1)
in $ 1 coincides with the stochastic differential equation @\ and it implies

45) #(p(t) ,  ) ,00(t ,  ^D#(r,  ) ;  :  A) i(r ,  ))

+y\( t , i ( t ,  ^) ,0(t ,  A),a>,g(t)))  l%Pl- '  , ,  € [0,  o] ,  )  e lR

where the vector f ield Ys(f, r,U,\rA)is defined in ($l.Bi) and
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46) 0Q, \) : y(t,t(r,.\)), 0,a(t,t(1, ))) : Lxg(t)) lry]-'u" 
used' Here the continuous

process

t ( t ,^ ) :  J(p( t ) ,go( t ,A) ; ) ) , t  €  [0 ,a] , )  €  IP. is  expressed us ing the smooth mapping

J(p,ao,16) defi. ted in (15) and obeying to

n  f  ^ ,  A r  t ^ t  ,  
'

47) #,(r, ,r; 3 l# OAl,0o(r, ));  ̂ ) + ffi (p(t),go(t,)); ^) a^vl(t, ^)l

is a nonsingular matrix for any t e [0,4],) e R"'

It allows one to find a unique smooth solution ̂  -- Ib(t,z) fulfilling the following algebraic

equations.

48) f t ( t , rbQ,r))  :  r ,$( t , f r  ( t ,  ̂ ) )  :  ) ,  r , '  € [0,  a] ,  )  e lM'

Bv definition i(1, )) is second order continuously differentiable with respect to ,\ € ]M

provided ao e i ; , t ' ( [ t , , t , ,1x R' ;B(0,p1)) for  any [ t " t ' ]  c  [0,4]  and using(48) we obtain

a second order continuously differentiable mapping ̂  : {(t,z) with respect to r € IR3

provided t e lt',f"l,define a smooth mapping of r € lR"'

49) y( t ,11 2 y1t , r ! ( t , r ) ) , t  €[ t t , t " ]  c [0,a]  obeying to(a6).  Using (a2)and (47) we rewri te

(45) as a parabolic equation for the unknown fio(t, ))

-^\  [  Ar1o(t , ) )  :  A,r0o(t , . r )  + to\ ,  \ ,go(t ,  ) ) ,?xgo(t , ) ) ) ,  t  e [0,4]

"' '  I yo (0, )) : vo ()) A (ro ()) ,01u6 (r)) e B (0, po) g K+'

where the Lipschitz continuous vector fietd f6(t, \,Ao,}xgo)with respect to f6, 0$o € B (0, p1) , 0 <

po I h, is comPuted such that

51)  A^go( r ,  ) )  +  Yr ( t ,A ,go( t ,  \ ) ,0x00( t , ^ ) )  :

:  lgtot ) ,  ) ,ao(t,))) ]  (o^o{r,  ))  + v0( ' ,  f t ( t ,  ^),0Q, ^),xxg4,^)) l%P]')

Using (2) and a direct computation we getYs(t,r,go,}tgo) as a continuous and bounded

funct ]on of  (1 , ) )  e  [0 ,a]  x  IR ' ,  go, , tgo € B(0,  p)  I  R '+1,  i  e  { t , " ,n} ,be ing L ipschi tz

continuous with respect to ys,0rgo € B(0, pr), i '  e {1, ",n} '

The parabolic equation in(50) obeyes to the usual condition for writting its solution in

integral form

1 9



0o(t,  ))  :  I  ys(r)P(t,  A,r)dr+
R t u t

<or ,l o nnu" ) \ oxgo\,^) : / 0,ys(n)P(t, ),, r)drt
Rn

+ [ d,s I VoG, r, go(s, r), O,Qs(s, r) P (t - s, \, t) dr

+ j as I vo!, r, go(s, r), O,ys(s, r))0f (t - s, ),, t)dr
0 R n

for I € [0, a], ) € lR,where 0 < a ( ? is found independently of ar € _{^}, ) € lK,and
p(r,\,r\,r '> 0, ),2 € IP is the fundamental solution solving the parabolic equation

53) 0,P(r , ) ,2)  :  L,sP(r , ) , r )  obeing to; [P(r ,  A,r)dt : l

for any r ) 0, .\ e R".

It has the form

b4) P(r , ) , r )  g 
@rr) ' t  exp-ry,r  )  0,r , )  € K,and induces a unique solut ion

00ft,)),6^Ao(t,)) solving the integial equation 52) as continuous process of I e [0,o] and

satisfying

55) yo € C;' '  ( lt ' , t ') x lR; B (0, pr)),00 (0, )) -- ao()) ,00 (t, ))obeves to (50) for anv f €

I t '  , t " )  c [0,  a j

As  aconsequence,  0 ( t , ^ )  2C@ft ) , \ ;go( t , ) ) ) , t  e  [0 ,o ] , )  €  lR  is  aso lu t ionof  s .p .d .e  (p1)

and the proof is complete .

Remark

The conclusion in the above given Lemma 4 are obtained using the main hypothesis (Ir'1)

fulfilled by the smooth function gj,i e {1,..,rn}.A solution for s.p.d.e (0) it found using

the cont inuous process g(t , ) ) , /  e [0,a] , )  e R and the smooth mapping 1,9 tp( t , r1

satistying the algebraic equation (aB)

The computation of the Laplacian lL"A (t,n)),=t1t,t1along to the continuous proc€ssf :

i ( t ,  ̂ )  is  not  a s imple one for A(t , r )  
"  

0( t , r l t ( t , r ) . )

The simpliest form of the laplacian is available provided ,we assume,in adition Ihat 0og1@,u,P) :

b;  € lR, i  e {7, . . ,m} are some constant vectors and we get lL"y(t , r ) ) r=o1r, , ry :  Argr( t , ) )

by a direct computation.

A solution for s.p.d.e.(0) is constructed as in the following

Theorem 2

Let f e C ([0, f];C? (R , B(0, p)))u6 e C3(lM,lR) be given such that yo()) : (, lro()),a;zs()))
B(0 ,pr )  g  R"+1 and l iyg(A)  €  B(0 ,  p i l  e  IR"+ l ,  i ,  e  { I , . . ,n } , )  e  R .Le tg i , i  e  { I , . . , ,m}be i :
g iven fuf i l l ing the hypothesis( I /1)  and 0og1(r ,u,p) :  b j  e R", i  € { I , . . ,m}.Def ine f  (1,  ) )  :
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l - iU,r , ( tn. l ) ,  t ( t ,x) :  n* iUpl tn\)  and af t , r )  !  g( t , ' ,h\ , r ) )  4 (u( , , , ) ,p( t , r ) ) , t  e
j = !  j = l

[0,a] , r  € IR,where A(t , ) )  :  ( t  ( t , r ) ,p( t , r ) )  is  the solut ion of  the equat ion (p1) given in

Lemma 4.

Then u:u(t , r ) , t  e l0,a] , r  e IR" is a local  solut ion of  s.p.d.e (p) along to r :  z( t , ) ) , i .e.

[a,u(t , r ) ] ,=e(r , .1)  :0Q,,)) ,  [A"z ( t , r ) ) ,=r1r, , r ;  :  Alu ( t ,  ) )  ,  u(0,r) :  uo(r)  and

*) 
[d;u(t ,  r ) ) , :ea,>, t :  [a^a ( t ,  ) )  + f  ( t ,  2( t ,  ̂ ) )  dt

+ix"  f t )  s i / f t , ) ) )e dwlQ), t  e [0,  a]  where 2( t ,  ̂)  :  (0( t , ) ) ,  t ( t ,  ) ) )
. - l

and

t"
**)  

/  ldru(t , r )1c=e(t , ) )  
- -  i l ( t " , ) )  -  z( t ' ,  ) )+

t l

m ttt

*2{,*, (t) (P(t, )),b) I dw1(t)

Proof

By hypotheses the conclusion in Lemma 4 hold true and let i'(r,,\) : [0, o] x R" -f
M

B(0,pr)  c R+l ,p( t ) :  [0,a]  -+ B(0,p) C Du: !  [ -ar ,a; ]  be the cont inuous process ful-

f i i l i ng  (c1)and, (c2) ,o f  Lemma4wi th  2 ( t , ^ ) :  (y ( t ' ^ ) ' f r ( t ' ) ) )  :  s (p ( t ) ;20( t t ^ ) ) , ,20( t , ) )  g

(io(r, )), )).using the stochastic differential equation (p1) fulf i l led by y :0(t,^) along to

r: . t ( t , ,1;  4,1 - f  U,r , ( tn))we rewri te the corresponding s.p.d.e for  the scalar compo-
j = r

:  t t ( t ,  ) )  ot  y( t ,  11 2 6(r ,  ) )  ,  p (1,  ) ) )as fo l lows

rn

dp( t , ) )  +  t  x ,  ( t )  (p( r ,  ) )  ,b i )  & dw1( t )  :
; - 1

TTL

[A^t(r, )) + /(t,  2(t,  ̂))]  dt + Dx, U) s1 Q(t, ))) s dw1(t)

t  e  [ 0 ,  a ] , u ( O , ) )  :  u o ( ) ) , )  €  R 3 .

used the smooth vector f ields zi(z) 2 ( n(i) 
) , i  e {1,..,rn},as defined

\  
- o i  

/

the corresponding vector f ield Ys(/, n,U,O,U) along to n : t(t ,^) " ) -

re ly ing on the hypothesis  \oge(r ,u ,p) :  b1 e R", i ,  e  {7 , . . ,m} 'Accord ing to

(Cr) in Lemma 4 we write the s.p.d.e fulf i l led by p(t,)), ,  € [0, o], ) € IRas

nent u

I
5o)  {

t
for any

Here we have

in (a2) and
TN

\ -  A  . r r ,  1 *  n  \ \
1 r " . 1  * J \ " ' . . ' /
; - i

the conclusion
follows
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th( t ,  r )

d,t |( t ,))  :  {A)P(r,  ))  + 1xlf  ( t , i ( t ,^), t l ( t ,^),P(t,  ))) l }  dt+
l7"r

+!x, U) O^lsj( i(r, )), i l( t ,^),p(t, ))) l  a dwi(t),t  e l0,al
j : r

p ( 0 , ) )  : p o ( ) ) , ) e R n

a (t, r) 2 a (t, rl, (t, r)) : (tl(t, $ (t, r), p(t, r, (t,r) ) and
. n n

:n* fb1wi ( tn ) ) , te [0 ,a ] , r€ lR" , i s fu l f i l l i ng the fo l low inga lgebra icequat ions
J = L

58 )  t ( t ,  r ! ( t , r ) ) : r , $ ( t , t ( t , ) ) )  - ) ,K ( t , l ) : f f ( t , r ) :  I n f o ranv ' €  [ 0 ,  a7 , r , )  e  R " '

The conclusion in Theorem 2 is proved provided the continuous proces s u(t, r) 2 A(t,rh(t, r))

and p(f ,  11 " :p1t ,d(t , r ) ) , ,  € [0,  a] , r  e IR. are obeying to the fo l lowingequat ions

b9) l l ,u( t , r ) ) ,=4t,x1:  p( t , ) ) ,  t  e [0,  a] ,  )  e lR"

60) [A"u(t  ,  r ) ) ,=n1t, t1 :  L,xt t ( t ,  n) , t  e [0,  a] ,  )  e R

As far as(59) is concerned using (58) ,we rewrite it as follows

6t )  0^ t r ( t , r )  :  p ( t , ) ) , t  e  [0 , r ] ,  )  e  R

where g(t ,^)  4 (A(t ,^) ,P(t , ) ) ) is  a solut ion of  s.p 'd.e.(56)and (57).

Taking the smooth approximation

z'( t ,  ) )  1 S (o '  ( t )  ;  , ,  ( t ,  ) ) )  :  (a ' (1,  ) )  ,  r '  ( t ,  ) ) ) ,where

(  up:  f ry"  ( t )a(o ' ( t ) )q i@'U))y#f t ) , te [o,a]64 1 
dt -f- , '

I  o ' (0)  :  g

and z$(t,A): (yEQ,)),))  , t  € [0,a] we get the fol lowingsystem of parabol ic equation

(  #U,) )  :  A. ryu(r ,  ) )  +  Ys( t , ru( t ,  \ ) ,u ' ( t , , \ ) ,  E1g ' ( t ,  ) ) )+

03) { * ix,  Q) a (p'  ( t))Y1@" Q, )),  a'  ( t ,  )) ,  }sy'  ( t ,  AD!+(|,
I  , ,=t
I  t e  [ 0 , a ] , y u ( 0 , ) )  : y 6 ( ) )  : ( 2 6 ( ) ) , 8 1 u 6 ( ) ) )

, n {

where

and

^,\  f  +(r,  ) ;  :  - i r ,  f t )  a(o'( t))uiY#
6 4 )  {  

d t \ "  
, = ,

| .  , ' (0 ,  ) )  :  )

, t  e  [ 0 , o ]

The solution of (63) is represented in integral form as follows

65) y',(t, )) : / ys(r)P(t, ), r)dr*
[ta
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where

(  F ( t ,  r '  (s,  r ) ,  Au (s,  r ) ,  O, 'Au (s,  r ) )  :  Yn (s,  n '  (s,  n) ,  U'  (s,  r ) ,  } ry '  (s,r)  )  +

66) l  + ix ,  G)  o  (p ' ( r ) )y i  (s , r ' (s ,  r ) ,u ' (s , r ) ,O,vu(s ,d)yP,
' l  i : l

I r (r,),r) -- @trr)-t exp - ry,r ) o,),r € lK

67)01y' (t,)) 3 / (O,ys(r)) P (t, ), r)dr+

t

+[ds  I  p ( t , r ' ( s , r ) , y ' ( s , r ) ,0 ,a ' ( s , r ) )P ( t  -  s ,  A , r )d r
O IRD

lRn

t

+ [ ds I  p G, r '  (s, n),  au (s, r) ,  0,a'  (s, r))  0 1P (t  -  s, \ ,  r)  dt
0 IRn

The integral equation (65) and (67) have a unique continuous solution

(a'G,r),0,yu(s,r)),t e [0, o], ) € R and making the transformation

the first integral in(65), n - ),: l4(t - s)z for the second integral in

expressed as follows

68) a'(t, )) : { [ aoQ+ t/az)exp - | z l2)dz+
Rn

+ [ at I Fo(r, ^ + vE6:Az) exp - | z l2)dz] (")-+
0 R n

where  Fo(s ,  z )  3  F( t ,  r " (s , r ) ,U ' (s , r ) ,1 ry ' (s , r ) )

Using the special form of the vector fields Ys, Yi and

ur@) !  @o@),0,us(r))  we get a ' ( t ,  ̂ )  !  @' ( t ,  ) ) ,  p ' ( t ,  ̂ ) )  in (68) wi th the propertv

69) 'p ' ( t ,  ) )  :  7su'( t ,  ̂) , t€ [0,a] ,  )  € IR", for  each s > 0

On the oder hand,letting e -+ 0 , we get

70)  A( t , ,11  I  1a( r , ) )  ,  P( t , ^ ) ) :  i ' $  
( r ' ( t , ) ) ,0suu( t , ) ) )  in  L r (Q,P)  un i fo rmlv  w i th  re -

spect to t e [0, a] and ) is bounded set of IR,

It shows that 01u(|)),t e [0,o],) € IRn exists as a continuous process and

7l  a^u(t , ) )  :  p( t , ) ) , t  e [0,a] , )  € R"where i l ( t ,^)  and p(t , ) )  are fu l f i l l ing the s.p.d.e

.(56) and correspondinglY (57)

Recall ing rhe definit ion u(1, 11 2 u1t,rbft, r)) where ̂ : {(t,r) obeyes to (58) we see easily

that the equations (60) also hold true and the conclusion (*) of Theorem 1 coincides with

s.p.d.e(56) provided the equations (**) are proved'

r - ):  , /4tz for
(65) we get y'(t, ))
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In this respect, we use again the smooth version u: lt"(t,r) I u'(t,rb"(t,r)) and the

definition (see (28))

t't ttt

72) [ | dp ( t , f ) ] ' =e r , . , l t : l i q [ [ a iL , ( t , r ) ) ,= t ( , , l ) d t
t '  

\"" ' t  t \0 l

As far as uu(t,r '( t ,  ))) :  u'(t ,r) and using (69) we rewrite

rc) [Afi 'Q,n)),-,"(t, \):  Ltu' (t,  )) - (p' (t,A) ,# (t, ' l ;) :  
- '  

-

: 0 t u ' , ( t , r ) + i x , Q ) a ( o , ( t ) ) ( p , ( t , \ ) , b j ) # Q ) , / € [ 0 , a ]
l = t

where o:  o ' ( t ) , t  e [0,o] , is  def ined as in (62) '

According to 73) and lim a'(t,^):g(t,)) in L2(fl,P) we rewrite (72) as follows

t" rn t"

T4)  I  fdp( t , r ) ) ,= t1 t ,s ] : i l ( t " ,^ )  
-  u( t ' , ) )  +  E [ ,x , ( t )  (p( t , ) ) '  b1)  adwl( t )

t t  
J - L L

for any lt' ,t"f c (0, a] and the proof is complete.

$4.Aplications. Control problems associated with non -Ft-adapted solutions

Here are included two applications regarding Pontryagin's principle associated with stochas-

tic differential equations and non Fs-adapted solutions subjected to some vector valued cost

functions.

$4.1 Usualy a stochastic optimal control problem is described by a stochastic differential

system with a control function.

( r n

* '  J  dar :  f  ( t , r ,u)dt  +  Ix ,  ( t )  g i ( t , r )  e  dw1( t )
l  i  j = l

I  r ( 0 )  -  r s . ( t , r , u )  €  [ 0 , 7 ]  x  X  x U

where X g R,[/ e lR-are some fixed closed sets and t l(t) :  (wt(t),",  wa(t)),

, € [0,7], is a standard Wiener process over a complete filtered probability space {Q, F, P, {fr} I f}

Here r (r,,') : fl -+ [0,1y] is a stopping time used for getting a bounded solution r(t,w) e

B(ro, d g X .The control function u(') € ,* ([0,7] x f l ;  t /) is taken in a class "4 of

piecewise continuous trajectories u(t,a),t e [0,7] for each w € Q .

For  each u( ' )  e  Awe def ine the coresponding so lut ion r :  r ( t ,a iu) , ( t ,a)  e  [O, f ]  x  0 ,  o f

(*) and associate the following pathwise functional'

T
* * )  J ' ( * ;u )  :  F ( r (T ,a ;u ) )  +  [  fo \ , r ( t ,w ;u) ,u ( t ,w)d t fo r  each o  €  f )

Assume that (rtft,u);tt(t,a)) € X x(J, (t,w) e [0, ?] x 0, is minimizing the functional (**)
fbr each u € Q and as far as the nacessary conditions are concerned it is meaningfull to solve

24



an associated Hamilton -Iacobi system of stochastic differential equations (see(C1) - (Cr))
provided the given f , gi € IR and F, fo € lR are continuously differentiable with respect to

z  e  B ( rs ,  p ) .

Noticing that the control function u(.) € ,4 is not an F;adapted one (see u(t,') is non

fr-mesurable),we are forced to use some special type of stochastic integral "8" appearing

in (*) and the associated Hamilton-Iacobi system as well. The stochastic integral " 8 "

coincides with the standard Fisk-stratonovich integral provided the both control function

u(.) and the solution of(*) are F;adapted processes.The meaning of a stochastic integral

" 6 " associated with a nonfl-adapted solution is clarified working with Langevin's ap-

proximarionw"(t),, € [0,"] of the original Wiener process tr,'(t) e lRd and representing a

solution of (x) as

r ( t , a ;u )  - -  G(p ( t , u ) ;aQ,a ;u ) ) , ,  €  [ 0 ,  T ] ,w  e  0  fo r  each  u ( ' )  e  "4

Here the smooth mapping G(p,)): D1a x B(ro,po) -+ X q R" is generated as an orbit

solution associated with a finite dimensional Lie algebra determined by the smooth (C-)
M

difusion vector f ie lds {gr( t , ' ) , . . ,gy(t , ' ) }  for  each t  € [0,7]  where DM: i l l -oo,a1] and

B(*r,po) e X is a fixed ball .

In adition p(t,u): [0,7] x 0 -+ Dpy is a continuous and f;-adapted process,while y(t,a;u),

is a picewise continuously differentiable and non f1-adapted process of f € [0,7] for each

2(.) €, .The above given clues allow us to convert the stochastic control problem into a

detrnrinistic one with respect to the new state variable y € B(rs, po) I X fulfilling the
fbllowing control system.

Let, ,y : ,A,(t,,u),t e [0,?], be the picewise continuously differentible solution associated

with z(.) € A for each u.r e 0 and define the corresponding functional

T

n! )  1 " (s ;  u ) :  F" (a ' (T ; " ) )  +  I  f t ( t ,a " ( t ;u ) ,u ( t ,a ) )d t

where  F ' ( i l  :  F (G(p ( t t , u ) ; i l )  and  f f  ( t ,A ,u )  :  f o ( t ,G  (p ( t , , ) ;A )  , u )  
-

Denote A'(t) :  A'(t,u),,  € [0, T],u e f),  and we get that (y'(t), i l ,( t ,w)) is an optimal pair

for the optimal control problem determined by the dynamic given in (n) and the functional

I,(A;u) defined as in (!tr) .Write the corresponding necessary optimaly conditions and

we get the associated Hamilton-Iacobi system

nt [  # :  l f l@u,u) ;a) ] - ' f  ( t ,G(p( t ,a) ; i l ,u1 !  | ' ( t ,v ,u)* ' I  
v ( o )  : r o € X

. , {

%. ttl : ffi (t, r' (t), tr"(t, w), th' (t)), il' (0) : r o
4#, Al : - W U, g' (t), u(t, u), r1," (t)), rb" g) : 0y F' (y" (T))

Wt 
H' (r, g" (i), u, 4)' (t)), rlt ' (t)) : H' (t, i l '  (t), tt" (t, w), rb' (t)), rh' (t))



for t € [0, T], where the augmented Lagrangean

H'( t ,A,u,1b) :  $ f ' ( t ,A,u)  + f { ( t ,y ,u) is  used and t l t  €  ,R"  is  a  row vector '

The explicit form of the Hamilton-Iacobi equation (C) lead us to the corresponding stochas-

tic differential equation associated with the original control problem (*) and(**) via an

associated stochastic differential form
d

H(t, a,u,, l , t ;d,t ,dw(t)))  :  bl , f  ( t ,r ,u) + fo(t ,r ,u) ldt + Dx"U)rbgif t ,r)  e dwlQ)

Recall that r(t,u) : G(p(t,u);!'(t)) and define

',1'Q, r)  :  ,b '  Q) lY@(t, a);  v" ( t) l - '  , t  e [0, 7],  a € Q

Then the following stochastic Hamilton-Iacobi system stands for the corresponding Pon-

tryagin principle

c)

v z )

f  ( t , i , i l , ( t ,  u)dt*
d

Dx"(t)gi(t, fr) I dw1(t)
j = r

t ( 0 )  : r 6 , t e [ 0 , 1 " ] , u e Q

dt{ : - # (t, i(t, a), i l"(t, w), rlt); at, dw (t)) :
:  -  

l r l { , k , i ( t ,a ) , i l " ( t ,a^ ) )  +  # ( t , r t ( t ,u ) , i l ( t ,u ) )  d t -

-  Dx,( t ) r l t \ ( t ,n( t ,u))  e dwj( t )
j = r

, l 'Qr,4 :  f f@(tr ,  e)) , t  € [0,  7] ,  u e Q

#,# € fi" are row vectors and

min l lo( / ,  i ( t ,  u) ,  u,  A(t ,  a))  :  H,U, i ( t ,  u) ,  t t ( t ,  u1,$1t,  u)1
a.e t e. [0,7], fbr each c,.r € f), where
Hs(t, r, u, th) : ' , l t f (t, r, u) + f6(t, r, u)

The conclusion ((C1) - (C3))are a direct consequence of the deterministic Pontryagin's
principle (C) provided we notice that the (nxn) matrices lW1t,r): ff i@(t,w);! '(t)) and

-  -  - 1- t - l

N(t,w): lhI(t,u)l  are fulf i l l ing the fol lowing l inear stochastic differential equations
I

d ^

D x, (t)ffi 1t, n1t, ")) M e d,w 1 ft)
d  _ ^

Dx,(t) N # (t, i(t,c,r)) I dw, (t)
j= r

dart : ffi tt, tttt, w), rlt" (t); dt, dw (t)) :

+

dtM :  f f1 t , t1 t ,a) , t r \ t ,a) )Mdt  +

d tN  :  -NH( t , r ( t , u ) ,u ( t , a ) )d t  -

: t/(o) : 1,,

where

(

Cr) {
l.

,^rI
t

M (0)

26



Applying a stochastic rule of derivation associated with the stochastic differential equations
(Cr) , (Ca) and (C) we get the conclusions (Cz) and (C3) fulfilled

In adition,the equation appearing in (Ca) are obtained from the original system (*,) by a
straight derivation with respect to the initial value rs e X.

$4.2 Dynamical game theory associated with Nash-equilibrum and stochastic
--perturbation

A differential game with stochastic perturbation is determined by a dynamic of the state

variable r € X ! IR defined by a system of stochastic differential equations

( d

, ,  J  d 1 t :  f  ( t , r , u r j . . , u N )  d t  +  D g j ( t , r )  &  d w i ( t )
r l \  j : L

| .  , ( o )  : r 0 , ( t , r , u 1 , . . , u r v )  €  [ 0 , r / ]  x  X  x u t x ' . x u N

where U, q R-' is a fixed set and is a standard d-dimensional Wiener process over a filtered

complete probanility space{fl, f , P, {Ft} t f}

The control function , (.) g (", (.) , . . ,uN (.)) i t  taken in the class ,4 of admissible controls

which are defined by bounded and measurable functions

u(.) :  Q -+ ( l  :  f iUowith piecewise continuous trajectories u(t,w),t € [0,t1i,  over the
i =  I

product measurable space {[0, t l ]  x Q,B & f ,dt S P]

For  each admiss ib le  contro l  u( . )  €  A we def ine r  :  r ( t ,u ,u) , ( t ,u)  e  [0 , ty ]  x  f t  as

the corresponding solution fulfilling the stochastic differential equation given in (1) and

associate the following functionals -:

2 )  J 6 @ , u )  :  F ' ( ,  ( t r , u ; u ) ) +  [  f 3 ( t , r  ( t , a t u )  , u ( t , w ) )  d t , i  €  { I , 2 , . . , 1 / } , f o r  e a c h  a r  e  0 .

Denote At the corresponding class of admisible controls uo('), i ,  e {1, ' . , .4/} and write

A:  I IA I
i - 1

The following object

3) f1r (u, ' )  3  { [0 ,  t r ] ,X -  R ' ,  [J r ,Ar , f  , : ro ,J t ( r , ' ) ]o : r , r , . . ,nr ,@ € 0 is  ca l led a s tochast ic

differential game with N -players and open loop strategies

To be sure that a solution r(t,u;u), (t ,r, . ' )  e [0,ty] x 0 satisfying (1) exists and the function-

als./,  (r, .), i  e {I, . . ,4r} are well defined we need and do assume the fol lowinghypothesis

x0)  g j ( t , r )  2  Ai ( t ) r  +  by( f ) ,where the (n x  n)  matr ix  A1( t )  and b i ( t )  €  Rn, i  e  { I , . . ,d}
arc continuous function;

' i r )  f  ( t , r ,u)  e  IR,F i ( r )  e  R, fAU,r ,u)  €  IR,? € {1, ' . , l / }are cont inuous funct ion on

[O , t y ]  x  iR "  x  U  and .  I  f ( t , r , u )  l <  kp (1+  l ,  l ) ,  f o r  any  r  €  IM , l  e  [ 0 ,  t y l  and  u  e

:
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N

B(0, R) g RR-' : lRrn where kn > 0 is a constant'
; -  I

i ,z)  l  f ( t ,n" ,u) -  f ( t , r ' ,u)  l :  LpR l  r"  -  r '  l , for  any t  e [0, t1] ,  u e B(} ' f t )  g lR- '

r ' , : r , "  e B(ro,  p)  e R,whete Lpo > 0 is a constant '

An admissible solution r(t,u;u) for (1) is represented as follows

4)  r ( t ,w ;u) :  G( t ,u ) (y ( t ,u ;u ) )  + r l ( t ,u ) , t  e  [0 , t f ] , c , . '  €  f )  where  the  nons ingu la r  (nxn)  4

matrix G

and 4 € IRn are defined as continuous and f;-adapted process fulfilling the following

stochastic differential equation

d

5) dG :  DAif t )G o dw1(t) ,G(0,  a. ' )  :  In, t  € [0,  ' / ] ,
j = r

d t

n(t ,u) :  LIb i f t ) ,dw1@),t  € l } , t f l ,
. r - 10

where ,,o,, means Fisk-Stratonovich integral and stands for the standard Ito's integral.

The vector value function y(t,u;u) e R:' is defined as a differentiable and non ft-adapted

process fulfilling the following system of differentiable equation

(  a ,  t / ^ t l r  . r l - I  r  / +  / 1  l +  ,  , \  / " , \ \  L  -  (  ( t  , . , \  o ,  ( +

|  f r  : 1 . ,1 , ,  o ) ] -1  f  ( t ,  G( t , " )  @) )  +  r t  ( ( t , u )  , u  ( t , r ) )  =

6 ) {  !  f  @ , t , ? J , u ( t , r ) ) , t e  [ 0 , t y ]
I

I s(O) : ro € IRn

Remark 1

The (n x n) matrixG(t,u..,) is invert ible and its inverse K(t,u) !!C1t,r)]-t  obeyes to the

following linear equations

d

7)  d tK  :  -D  KAj ( t )  o  dwl ( t ) ,  K(0)  :  In , t  €  [0 , r / ]
t = r

Definition 1 (w(') e "42 is the best replay)

Let f1*.@),, € O, be a N-players differential game defined as in (3).Denote u(-r)( ')  :

(ur  ( ' )  , . . ,1 ; i - r  ( . )  , r r * r ( ' )  ,  . . ,  r "  ( ' ) )  e  lTAi  for  each.  z  e { t ,  . . , .4 / }  We say that  i l ' ; ( ' )  €  A ' i
J * L

is the best replay against u1-,y( ') i f

J i@;(u64,u))  3  J i (w;(u; ,1 ,  u ; ) )  for  an!  u i  €  Ar ,a € St

Denote Ru ("ei as the set consisting of all best replays against

' uer) O e IlAi .
i+i ';
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Definition 2 (Nash-equilibrum). 
n

Let f1,,(u..r) ,u e (1, be a N-players differential game defined as in (3). We say that u(') 3

(" t  ( . )  , . . ,uN ( . ) )  e 
i lAr is 

aNash eqi l ibrumif  q( ' )  e Ri(u; , i )  foreach i  e {r , . . , I / }  and

c,,' € f).

Remark 2

A Nash equil ibrum solution (r.(t,u),u.(t,u)),(t,a,') e [0,t7] x f l of the differential game

f n , ( u l ) , c u € 0 . d e f i n e d i n ( 3 ) l e e d u s t o a N a s h e q u i l i b r u m s o l u t i o n ( y - ( t , u ) , u - ( t , u ) )
assclciated with anN-players differential game defined as follows

" ( r )  
:  

{ [o , r r ] ,  
Y  :  Rn, [J r ,Ar ,  f  ( r , ' ) ro ,J i , (u , ' ) ]0 .1 r , . . , "1  , ,  €  f , ) ,where  i (u , t , y ,u )  

g

K( t ,u ) f  ( t ,G( t ,u ) (a )  +  r t ( t , c , . ' ) ,  u )  and

D j t@;d  :  F i (u ,a ( t r ,u ;u ) )  *  i  i t . l . , t , v ( t ,a iu ) ,u ( t ,u ) )d t  wr th
0

F' ( r , i l  2  Po@,G(t1,w)( i l  +  r t l r ,au))  and

f i ( r , t , a ;q  2  i i 1 t , c1 t , " ) ( y )  +  q ( t ,a ) ,u ) , i  €  {1 , . . ,  N }

The corresponding deterministic dynamic system is described the evolution of the new
state variable E € Y : lR" as follows

, r l  #  :  i @ , t , a , u ) ' i  €  [ 0 ,  t v ] , u  € Q
" l  v ( o )  : t o

As is known, the corresponding necessary conditions with the deterministic differential

game ir(") has the fol lowing content .

Theorem 1

Let (y- (.) ,r* O) b. a Nesh equilibrum solution associated with the deterministic differ-

ential game l"(r) for each u €Q .

Assume that  the g iven funct ions f  ( t , r ,z)  e  R: ' ,Fo(r ) , f | ( t , ' ,u)  e  lR,? € {1, " ,N}  are

iulf i l l ing the hypothesis (21)and (ir) and in addit ion f (t , ' ,u) e Ct (R, R) for each (t,u) e

[0,  11]  x  u, i  e  {1 ,  . . ,  / / }  .Then wi th

H'(r, t ,u,u,rb,) 2 ,hT f @,t,a' ,u) + i t@,t,y,u) the fol lowing equations hold

e ;  f f  ( t ,  r)  :  
W (u, t ,  y* ( t ,  u),  u. ( t ,  r) ,  rbo(t,  r)) ,  t  e [0, t1]

e r )  * ( t ,w1  :  -#@, t ,a * ( t , a ) ,u * ( t , r ) , 00 ( t ,a ) ) , t  €  [0 , r / ]
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ei , ltr!f ,w) : YoFi(u,Y*(ty,r,. ')), a.' e Q.

e n1 tt i 1u, t, U* (t, w), u* (t, r), rtri l t,o)) :

: min fr o (r, t, a* (t, w), (ui-,)(t, r), u), $uft , w))

for each continuity point t e [0, t l of ui( ',u) and any a e Q,i ' e {L, ", N}

The proof of this theorem is a rewritting of the Pontrjagine principle associated with 
J

the ctrresponding optimal control problem for each i € {1,..,N},, € CI relying on

the propeity that 
"i1.; 

ir an optimal conrol with respect to the functional Jt(w,un):
-  /  /  \ \

io ( " ,  ( " i - , , , r ' ) ) ,and un( ' )  e  At  for  each i  €  {1, " ,1r }  and c ' ' r  €  0 'As expected, the

cor).spbnding necessary condition associated with the original Nash-equilibrum solution

(r- (.) , u- (.)) are a direct consequence of the above given conclusiont (et) - (er)

Theorem 2

Let (r. (.),u" (.)) b. a Nash-equil ibrum solution associated with the stochastic differ-

entiai garne lr, ,(r) defined in (3).Assume that the given function 7i(t,r), f(t ,r,u) €

R,  F i6) ,  f t ( t , r , r )  e  R,  i  e  { I ,  . ,d , }  ,e  e {1,  . , ,N}  are fu l f i l l ingthe hypothesis  ( ro) ,  ( r t ) ,  (22) . In

adi r ion,supiosu / ( ' ,  . ,u)  e  Ct(R, ' ,R)  and Fo( . ) , f t \ , . ,u)  e  CL( ]w, IR)  for  any ( t ,u)  e

[0, 17] x IJ and, Z e {t, .., N}.Then with a stochastic differential form

Hi( t , r ,u ,$ , ; :d , t ,dr )  - -  
l r l rT  f  ( t , r ,u)  +  f | ( t , * ,u) l  d t+

+DrbT gi(t,r) & dw'(t) the

following equation hold

C r)  d,  r .  ( t ,  u)  :  0/# U, r*  ( t ,  a) ,  u* ( t ,  a) ,  rho(t ,  r )  ;  dt ,  dw)

c 2) d{r i ( t ,  u)  :  -  
# ( t ,  r .  ( t ,  w),  u* ( t ,  u) ,  r \ l t '  w) ;  ;  dt ,  dw)

Ci  | ; J t f  ,a )  - -  V*F ' ( r . ( t y ,a ) )
t y

C n) I  Hu ( t ,  x* ( t ,  w),  u* ( t ,  r ) ,  rb i  ( t ,  a)  ;  dt ,  dr)  <
0

= 
t 
j  i l  e, r-  ( t ,  u),  (ui  - ,y4, u),  ur ( t ,  r) ,  r1, o(t ,  r)  ;  d,t ,  d,w)
0

fbr  any ur  O € Ar ,u e Q, ' i  e  {1 ,  . . ,  l f  }

Remark 3

We notice that the conclusion (Cn) is equivalent to

e;  n61t , r . ( t ,a) ,u*( t ,w) , r l t r ( t ,u) :  
f#H6U,r* ( t ,w) , ( " (_ i ( t , r ) ,u) , th( t , r , . . ' ) )  

for  each

c o n t i n u i t y p o i n t t e  [ 0 , t l o f  u i ( . , u )  a n d a n y c u € f ) , i e  { 1 , . . , , 4 / } , w h e r e  H | ( t , r , u , d t ) :  ;
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,bTf (t,r,u) + f|(t,r,z) is the drift part of the stochastic differential form I1'.

In addition, the stochastic Hamilton-Iacobi equations appearing in (Ct) and (C2) can be

converted into a deterministic form using the same drift part Hi(t,r,,u,th) provided we

represent

r .  ( t ,  u)  :  G ( t ,  u)  (a.  ( t ,o))  + q(t ,  u)

, l ,T ( t , r )  :  , !T \ ,w)K( t ,a ) , t  e  [0 , t r ] ,  i  e  { t , : ,N} ,where  the  (nxn ' )  mat r i ces  G and

k ur" the continuous and solutions associated with linear stochastic differential equa-

tions(5)and (7) correspondingly.

Here (y* (.),r* (.)) is the induced Nash equilibrum solution associated with the determin-

istic differential game i"(") whose necessary ncondition are described in Theoreml. The

corresponding Hamilton -Iacobi equations (see(c1), (cz) and (cs)) can be rewritten using

Hfi(t,r,u,rb) as follows :

-  (  t n -  ( t  , , t \  -  K  ( t , u ) # ( t , r * ( t , u ) , 4 ) i ( t , a ) ) , t  e l 0 , t y l
C ' ) {  d t  \ " ) * - /^ '  

I  u .  (o ,w) :  r s

e , )  * -  ( t ,  u)  :  -W(t , r *  ( t ,  u) ,  u*  ( t ,  u) , | ' ' t ( t ,  u) )G( t ,  u) , t  €  [0 ,  t / ]

er) ,pT(t,cu) :  (y,Fo(r.( t t ,aD)rG (t t ,r)

Proof of Theorem 2

The arguments of the proof are contained in the above given remark provided we represent

the equilibrum soution as

r . ( t ,u) :  G( t ,a) (y . ( t ,ur ) )  +  q( t ,u)  where G and 4 are g iven in  (5) ,and (o-  ( j ,u . . ( ' ) )  isa '

Nash equilibrum solution associated with the deterministic differential game Ino(r),cu € Q

,defined as in rheorem 1.The conclusiont (et) - (e) of theoreml are true and rewrite

them as in the remark 3 using the drift part' H$ of the stochastic differential form f/'.Define

,,lrT (t,u1 2 $f1t,u)K(t,w),t e l},ti,J € {1, ..,1/} , and using a stochastic rule of differen-

tiaiion associated wid 1S;,(Z),and"(C,) *. get the conclusions (Ct) ,(Cr) and (Cs) t?lhr'

theorem.The conclusion (Ca) is a direct consequece of the pointwise form given in (AJ

and the proof is comPlete.

Final conclusion (again about the conclusions (c1) - (cD in the Theorem 2 )

Thtr admissible class ,r( ')  e At, ' i  e {1,.. ,1{} accepted for the control variable is too

restricted (see u; (.) is a bounded function )when dealing with linear problems.(differential

games) and cuadratique cost functionals.
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If it is the case,the control set U, : lR-i is an unbounded one and from the conctusion (Cn)

in  Remark3 we ge t  # f t , r * ( t ,w) ,u* ( t ,a ) , rh r f t ,w) ) :0  fo r  a ry  a  €  O, '  e  [0 , t ! ] ,wh ich
allows to express u; (li'as a function of rh, (.) in the following form

e n)  u i  ( t , r ) :  @f t l  +  RT ( t ) ) - '  BT ( t ) rb , i ( t ,u ) ,  z  e  {1 , . ' ,  N}

provided f (t,,",u1 2 .,o1t,d +fnr(t)ui andthe functional J6(r,u) is defined by
i = l

t t

J t ( r ,u )  :  F i  ( ,  ( t r , u ;u ) )  +  i  t n@( t ,w ;u ) )  +  (RoQ)u i ( t , a ) ,uo ( t ,u ) ) l
0

where Rt&) is a continuous and nonsingular (mi x rn;) matrix.

Here Q;( t ,a1 :  K'( t , r ) rbn(t ,w),( t ,ar)  e [0, t1]  x f )  and by the def in i t ion of  K ( t ,u1 2

G-, (t,a.r) fuifitting the linar stochastic differential equations given in (7) we notice that is

not a bounded on

It is useful,when is necessary,to work with a bounded covector function ,h(t,w) and it

will be accomplished using a stopping time r (or) : fl -+ [0, t1] with respect to the matrix

solution G (t,w) and the continuous process rl(t,u) defined in (5) .In this respect we fixe

a ball B(I*,R) q M,in the l inear space of (n x n) matrices and let B(0,4) E R be a

ball with the radius R and centered at the origin in iK .Define

r (a )  :  in f  { l  e  [0 , r / ]  : (G( t ,w) ,q ( t , r . , ) )  €  B( I t ,R)  x  B(0 ,R) ]  and we ge t  tha t  the  cor -

responding characteristic functio n X, (t) : { I :'-i is an fs-adapted measurable
I  u  r <

process.

Wri te G1t,r1 2 C(tA),o) , r t ( t ,w) 2 q(tA),r , , ' )  ,and they are bounded local  solut ions

associated with the stochastic differential equations in (5),i'e.

d

d,G1t,,a) :  !  x,  ( t)  Ai ( t)  G1t,"1 o dwiQ),G10,11 : I ,
; - t

J - L

d

d,, i  U,o) : D X, (t) fu (t) dw1(t), i  (0, o) : 0, t e fO,tyl
.  i = r

Associate the corresponding stochastic differential form

o,  ( r , r ,u , i , ,d t ,aw)  :  
f " i ,T  f  ( t , r ,u)  +  f tU, r , r ) f  o t  *  f ,x ,U)rbTgi ( t , r )  a  d ,w1( t ) , i

{1, . . ,1/} and the stochastic dunamical system

1 d

i r  J dar :  f  ( t ,r ,u) dt + T,x, ( t)  gj  ( t ,r)  a du,;( t) , t  e [0,t7]
' /  )  i = r

I  r ( 0 )  : 7 0
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With the same functionals Jt(a,u),i, e {1,.., lf} defined in (2) we may and do write the
corresponding necessary condition for a Nash equilibrum solution (t- (') , u- (')) associated
with the corresponding stochastic differential game l" (r) defined bythe dynamic (1) and
the functionals

t1
j o ( r ,u )  :  F i  ( f r  ( t t , u ;u ) )+ l  f 3 ( t , f r  ( t y ,a iu )  ,u ( t , a ) )  d t , i  e  {1 ,  . . , I / }  where  f r  ( t , u ;u )  , t  e

[0,t1]standsforasolut ionofthestochasticdif ferentialsystemin(i)correspondingtothe
admisible control u(.) € .4 .Under the same hypotheses as in theorem 2 we gewt the

following necessary conditions

A  t  '  ^ * "  '  u $ ( t , i * ( t , u ) , u . ( t , u ) , r h o ( t , a ) ; d , t , d , w ) ,
U 1 )  0 ' 1 I  \ [ , 4 )  :  

A r p n  ,

c 2) d NiQ, a) :  w U, i*  ( t ,  a),  u* (t ,  r) ,  rh,Q, r)  ;  ;  d,t ,  d,w)

0)  , l tn( t r ,a) :  y ,F i  ( i . ( t r ,u) )

a  i  4( t ,  r t *  ( t ,  a) ,  u .  ( t ,  u) ,  io  ( t ,u) )  :

:  min H61t, i .  1t,  w), (ui  - , t( t ,  r) ,  ua), $01t, " !)1

fbr each continuity point, € [0, ty] of ui(,u) and any c,.r € f) where

4t( t , r , ,u , ,0)  
:07 f  ( t , r ,u)+ f3( t , r ,u)  is  the dr i f t  par t  o f  the s tochast ic  d i f ferent ia l  form

H ' ,
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