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Qusiregularity in mctric spaces

ITVIIHAI CRISTE.\

Abstract: W'e show that if f : X - Y is a conti^uous, open and discrete map
of finite multiplicity N(/) between trvo pregular metric spaces, then / satisfies the
modular inequality IUI.Q) S I(.N(/) . il./p(/(f)) for every path family I from X if
and only lf H(r, f) < H for every r € X.

AMS 1991 Subject Classification: 30C65.
Keywords: quasiregular maps i,n metric spaces.

Introduction.

If XrY are metric spaces and / : X --- Y is continuous, open, discrete, r e X
and r ) 0, we let

L(r,  f  , r )  :  sup d(/(s),  / (r)) ,  t (r .  f  . r )  :  inf  r l ( f  (y),  f  (r))
v€s( i , r )  v€S(c , r )

a.nd we put .F/(r, .f ) : Iim sup ,-o ftffi, the linear dilatation of f at a.

We also put for c )  1,  ho(r, f ) :  l iminf.*0supr(r(ar 
Wj{,h@,f)  :

h r ( r , f )  and i f  A  C X,  we le t  N( f ,A) :  supy€y .Card .  f -L (y )nA.  We le t
N ( / )  :  N  ( f  , x ) .

If f : X ---+ Y is a map, we say that / is opeu if / carries open sets into open
sets, and we say that / is discrete if f-'(y) is an isolated set for every y €y.

If D C IRn is open, n ) 2, a map f : D * ft" is quasiregular if / e
W, ! ! (n ,R^)nC1b,n"y  r "o  l f , ( " ) i l "  <  r i . J1( r )  a .e .  fo r  some K >  ! ,
and this it is knorvn as the analytic dr:fiuition of the quasiregularity. If / is
continuous, open, discrete, with N (/) < oc, then / is quasiregular if and only
if there exists 11 ) 1 such that I/ (*, f) < ff for every r € D (see [MRV] Th.4.b
and Th.4.13). For this reason, at least for mappings of finite muttiplicity, we can
say that a continuous, open and discrete map ,f : X * Y betu.ecn trvo metric
spaces is quasiregular (considering the metric definition) if there exists .F/ ) 1
such that H (*, f ) ( 11 for every r € X. Horneomorphisnrs betrveen nretric
spaces are called quasiconfcrrmal if there exists H > | such that H (r, f) < H
for e,very r e X (the metric definition of the quasiconformality) and such maps
are recently considered in [HK 1,2], [TJ, [BIi], [H].

If (X, pr) is a metric measrue space and I is a family of nonconstant paths
io: X, we let ,F(f) : {p; X --+ [0,oo]Borel maps I I,ndt ) 1 for every 7 € |
locally rectifiable ), and if p > 0, we let thc prnodulus of I by lvIo(t) :
ff ."1"; I* f @)aP-



If. D,Dt *" d66ains rn W,K > | and "f : D '-+ D' is a homeomorphism,
we say that / is K-quasiconformal rt + . IuI"(t) < M"(/ (f)) I K'Mn(f) for
every path family I from D (the geometric definition of the quasiconformality).

We also say that / is K-quasiconformal, considering the_analytic definition of
the quasiconformality, if / e WII @,1?') and ll/'(")ll' 3 K ' Jt (r) a.e. It

is known that for D,D' domans in lR' and / : D - D' a homeomorphism,
this three definitions of the quasiconformality are equivalent (see [Va], Th. 34.1
and Th.34.6). Recently it is shown in [HKST] thab this definitions of the quasi-

conformality are also equivalent on arbitrary metric spaces satisfying just a few
conditions of regularity.

If D C Itr is open, n )- 2, f : D -. lR' is continuous, open, discrete with
N(/) < oo, then / is quasiregular with Ko(f) < K if and only if / satisfies the
so calied KoU) inequality, i.e. if /t1' (f) < /i 'N (f ,D)'M-(f (f)) for every
path family f from D (see [Ri], Th.6.7, page -14). Here KoU) is the smallest
K > L such that ll/ '(r)ll" < K-Jt@) a.e. We shall say that a continuous,
open a,nd discrete map ,f : X -- Y between two metric measure spaces with
N (/) < oo is K-quasiregular, (considering the geometric definition) if there
exists p ) 0 such that Mo(f) < 1('N(/) 'Itr(f (f)) for every path family f
from D.

I" [HH] are considered quasiregular maps f : U '-' G using the analytic
definition of the quasiregularity where G is a Carnot group andU C Q is open.
Their methods seems to be enough difficult to be transported on arbitrary metric
spaces, where the metric and the geometric definition of the quasiregularity are
very natural, at least for mappings of finite multiplicity.

However, a theory of quasiregular maps on arbitrary metric spaces is nec-
essary, since there are plenty of such mappings defined on sets which are not
Riemannian manifolds. Indeed, if D,D'are domains in IRn, f t D -, D'
is quasiregular and surjective with N (f ,D) ( G), H(r,f) ( f/ for every
n € . D ,  A c D ,  B  C D '  a r e s u c h t h a t , 4 :  f - r  ( B ) ,  t h e n  f l A : A - r B  i s , o p e n ,
discrete, wibh. l f  ( f lA,A) (  oo,I /  (r , f lA) 1H (n,f)  3I{  for every r  € Aand
the sets / and B can be taken enough complicated. Probably this is the easyest
way to produce quasiregular maps defi.ned on some sets which are not manifolds.

In [BK] are constructed examples of quasiconformal mappings in metric
spaces by taking sets A C B C JR', spaces X : BtJeB and mappings
f t X --- X, f : Id,x. We can use this technique of gluing spaces and map
pings to obtain some oiher examples of quasiregrrlar rnappings. First, if X,Y
are metric spaces, A is a closed subset of X and Y, we let X Un Y the disjoint
union of X and Y, with points in the two copies of ,4. identified. Then X UeY
is a metric space, where d(r,U) is the distance from X if. r,A € X,d(r, y) is the
distance fron: Y if. x,y € Y and d(r,y) : 

lt\d(r,a) 
+ d(a,g) 1f r,gr are in two

different parts of the union X UeY.
Let D,D'be domains in.@n,-4 closedin D and inDt,f : D -* IRn,g: D' -,

lR be quasiregular and nonconstant such that f lA : glA, f (A) = 9 (A) is a
c losed subset  o f  / (D)  and s (D ' ) ,A :  f - ' ( f  (A) ) :  s - rb (4)  and le t  X :
D\)aD',Y : f (D)U1619 (D/).Then D and Dt are the two parts of X,f (D )



andg(D')  arethetwopartsof Yandwedefine F: X - '  Yby FID: f ,FlD'  :

9. (We ca- take for instance D : D' - R2,4 : {(r, y) e IR2lu:0}, f (") :

sQ): z2 for z e N). We can easy see that F is discrete a,ndwe show
tlrat F is open. Let x € D\,4. Then, for snrall r,Bs(x,r) = Bo(n,r),
where Bx (r,r) is the ball of center c and radius r from X and Bp (r,r) is
the ball of center r and radius r from D. Let d > 0 be small enough such
that Bv (f (") ,5) : Bypl (/ (") , d) and Bro $ (") ,6) c f (Bn (r, r)). Then
F (Bx (*,r)) : f (Bo @,r)) : B1py U @) ,6) : Bv (/ (") 6), hence F is open
at r, and in the same vray we show that F is open at n if. r € ,/\r4,. If r e ,4, then
Bx (r,r) : Bo (r,r)uaBp, (r,r) for r ) 0 and if 6 > 0 is taken small enough
such that Bt@) (/ (") 6) c f (Bo (r,r)) , Bnp,1(9 (") , d) C g (Bp,(r, r)), then
F(Bx ( r , r ) )  :  F (Bo ( " , " ) )  n4Bp,  ( * , r ) :  f  (Bo( r , r ) )uy1ey  9(Bp,  (x , r ) )
) Br@) U @) ,d) Uyqal Bnp,y(o (") , d) : Bv'(F (r) ,6) hence I'is also open in
r. We proved that F is an open map on X, and rve see that f is continuous on X,
that N (F) < max iN (/) ,lr(g)) and that H (r, F) ( max {H (r, f) , H(r, g)}
for every r € X. It results that if N(/) < rc,If(g) ( oo, then there exists
Ht,Hz) l such that I/(r,f) < ff1 for a € D and H(r,g) 1 H2 for r € Dt,
hence I/(",.F') < max{Ii,H2}for every.iD € X and N(.F) ( oo, hence F
is quasiregular considering the metric definition. We see that F is not a local
homeomorphism if f aild S are not local homeomorphisms, that X is not a man-
ifold and it is a Loewner space (see [HK2], 6.1.1, page 42), and this construction
is also valid for our main theorems, Theorem 1 and Theorem 2-

This procedure allows us to construct a lot of quasiregular maps on rather
general metric spaces, using in a canonical way' two a.rbitrary quasiregular maps
defined on some open subsets from lR".

In this way we can also produce a lot of open, discrete mappings with uni-
formly bounded linear dilatation without having finite multiplicity, so our paper
may be a sta.rting point for some further researches of this kind of mappings.

A metric space X endowed with a Borel measure trc is called an Ahlfors Q -
regula.r space if there edsts a constant C > L such that C-L.rQ S p@,) 3 C.ra
for every ball B," of radius r from X.

If (X,p) is a metric mea^sure space and E,F,G are subsets from X, we
let A(,O, F,G) : {l , lo,bl --, Gl1 is a path and 7(a) € E,1@) € F} and
if. G : X, we put A(.8, F) : L(E, F, X). We say that (X, p) is a Loewner
space if it is a connected pregular space with p ) 1 and there exists a function
O: (0,oo) * (0,*) such that O(r) < Me(L(E,.F)) for every nondegenerate

continua.E and .F in X with
d(8, F) < t .

min{d(E), d(F)l
A metric space X is called linearly locally connected of constant c ) 1

(c- LLC) if there exists c ) 1 such that any tw'opoints in B(x,r) can be joined
by a path in B(r, cr), and any two points in X \ B(x,r) can be joined by a path
in X \ B(",i), for every ball B(e-, r) in X.

We shall f,rove in our main results (Theorem l and'"lheorem 2) that the met-
ric and geometric definition of the quasiregularity are equivalent for continuous,
open and discrete maps of finite multiplicity betrn'een pregular spaces.

Theorem 1. Let X,Y be locally compact metric spaces, c ) \, Y a



c- LLC space' /'' a Borel measure on_,y ,r a Borer measure on y such thatthere exisr constanrs.co ,c, ioi i ,^] *:n:n* 6;.; p S tt(a,) 1 co.rpand c, I ' rp 1 u(a',) !' c, ' ri {o; overv balr B, oirad.ius r in x and everyball "Bl of radius r nyi. i"t y , x-_._ r 1," -"riruolrl, oo"u, discrere suchthat N(/) ( oo, and the.u er.irt,
r e X- Then there exists a cpnstant /f dlgcldin' or Co, Ct,c,p,r/ such thalMoF) < K .N(f).-M,l{(\i;;;;;*y 

parh family I from x.Theorem 2' 
!* i t" r r.""riy compact ploewner space, y a c - LLCpregular space such rhat there 

"tr" 
C1-sucir ,i^i ifita,r)) < C1 .rn foreverv ball B(u,r) from y and tet /, x _ , o" 

"#rfiirii, oo"., and discrere.Suppose that D 9 X is op.o, .nf1i,'D) < *urra tfrur" JJsts l( 2 1 such thatMoF) S K .N(f ,pl y,tft)11il 
"*., parh family I from D.

r #t#":lT:T:" ""*t*t?-: irtri,i, iijJ/i','c",,i1 ,u"n that H(x, r) !
,,;FXjH'#,lifi;i:,*ri [R] a'd p,caraman fcal says that irz )i'qu*i""oro.*lffi#t#r"rt";.iyl j;ln*T"ilT'g",ffi 

Jmodulus inro parh fam'ies i"^ b,.i'r"n-r" -"^ffi;;; a generarization ofthis result for onen discrete *ror * *i*n b,.LI. il# [cr 2,3]. we give
fr 3llTH:*ii;;"d#il '?'R""g*:ri '"a c*"i* ror open, discrete

Theorem 3. L3t X be a tocally."Tl:::.fl"ewner 
!R3ce, 

y a c_ LLC p
fi:Ytr"::t?,lJj sft;"{ ;I:;^;;*inuous, open and discrete and suppose
wtth_M,(D):;. d;;#:#jtf)] i 6 t. everv path ra.rnily r r'.-i
x e X. 

r'Eu urrere exlsts fl ) 1 such that H(x,f) S n f*;;;;
As a corollary we obtain that an open,.d.iscrete map "f : X __r I, betweenmetric spaces which sarisfies rh; ;;drl*,,l"gy"jri;-;;r(r; < K.Mr(f(r))for everv path fam'v 

I from i"'.rJtr thar the rinear')iiatation //(r,/) isuniformly bounded on X. W" 
"..,rroiLri*ur" ,rr"1"*rJ;; > 1 such thatH.(', f) ( ff for every r e x in turm. of K and the spatial consfants of x and

Theorem 4. L,:: 
{ 

U,e. a f1c_a]ff cornpact ploewner space, y a c _ LLCjrregurar space a'd let./ : x -- v i" 
"J*i,rrrou, , open ani' discrete such thatthere exisrs K > t '""r' tr19 dtfi"* I!.uE)i;";^"; parh famiiv rfrom X. Then rhere exists lI > i.;"h t ur_!(*,f) <n for every s e X.For open, discrete 

{apgings .f : X + y between metric s*",-T:i:11',ilf;-ry'"jy*,il:,fi ",*Igil j;trH";#'ffi ;';?:f,ll;:
"",ffi,Fi"';""X"1,f, iii:i:* ;i:':cr rl1ewn* .o,i;, y a c - LLC
ever), bail B@,;l t;"^F and let / : , _, 9T:,lj*1r!"(u,r)) < cr.i r-

il,ltffi"'lHiY:""i'l'?"!"".,In'"'Tl"iii'lV:;;;i'$ii""L';
Then, for every ̂  , 1, there exists at most n = 1_ffii,*!] points



nLt...tr,, from X such that /(c7.) : f(rr) and h(o;, f) > &^ for every k :
Lr . . . r f r .

Here Q(p,C1) is the constant from lHli2l Lemma 3.14 and O is the function
frorn thc definition of X as a Loewner space.

2 Notations €rnd preliminaries.

If (X,p) is a metric measure space and lr,lz are path farnilies such that
fr C fz and p ) 1, then Mp(tr) S IVteQ2) and if 1,. are path farnilies in X,
tben Mo(l)i, f,) ( DL, Mo(l^).We say that the paths from 12 are longer
than the paths from f1 (and we write fz > fr) if for every path 7 € f2, there
exists a subpath ?* € fr. If f2 > f1 and p ) l, then Mr(12) S MoQr).
We say that the path families fI,...,f,,... fr,m X are separate if there exists
disjoint Borel sets EL,...,En,... in X such that if gn: XcEn,n € N, it results
that jl gnd.s : 0 for every ^y € ln and n e N. As in the classical case, we
prove that if f1,...,Frr,... are separate in X,f,, ) f for n € N and p ) 1, then
Mr(f) ) DL, IvIe(l*). As is underlined in [T], the following resuit of Ziemer
[Z] holds on metric spaces: rtlet li C f2 C ... C I, C ... be path families in X
and p ) 1. Then Mr(U}rl,) : lim,,*oo Me(l*):'

The following f -covering theorem will be used in our paper:
Theorem A. (Basic covering theorem) Let X be a metric space and .F

a family of balls of uniforrnly bounded diameter. Then f contains a disjoint
subfamily 9 such thatl)"rrB cUBesSB. If. X is locally compact, we can
take I countable.

If X is a metric space, J: I:[a,b]-- X is a path, Bi are sets from X, we
say tha t  (hBt ) re t  i saparamet r izedcovero f  1 i f  J  CN, . I , ;  C l ,Urc tL : I
andlQ;) C Bt for every i, e J. If. B is a base coveringof X,g: B --+ l},al
is a map and d ) 0, we let d- psj): inf fn.rQ(A), where the infimum
is taken over all parametrized coverirrgs (It, A;)rcr of 7 with elements Ai € B
such that d(A;) < d forz e .I. Then themap 6 ---+ d- ps1) is decreasing
and we put pB(y) : limd.-g 6 - ps\). This definition was inspired by the
definition given by J. Tyson in [T], 93.14. We can take the collection B as
an union B : BLI),...,UUk of collections and the ruap g : (gr,..., 96) with
gt,  BI *  [0,m],  l :  I , . . . ,k.  We can also see rhat rp6(7) is invariant to a
increasing reparametrization of 7. The following proposition follows closely the
idcas from [T]:

Proposition 1. Let X be a locally compact metric spacc, f a path family
in X,h: X -'+ R.u a map such that id,erh(") > 0 for every K c X compact,
p e .F(f) lower semicontinuous and let B : BrlJ,...,UBk be a base covering of
X. Let e ) 0 and gt : BI - [0,*], p{A) : irff"6a(p(a) + eh(a)) - d(A) for
A e  Bt , I  :  L , . . . , k ,g  :  (g r , . . . ,96) .  Then pn0)  )  1  fo r  every  "y  €  f .

Proof: Let BI : (Bu)rcr,,l : I,...,k and let 7 € 1,1 : I --+ X be such
that 7 is not locally rectifiable and let Is C I be compact such that 71.16 is
not rectifi.able and let K C X be compact such that f(/o) c Int K and let
m: irrf,"ex h(*) > 0 and d6 : d(l?o),C Int K) > 0.



' r l

Let t  )  0  and A:  (a : . f0  (  t1 , . . . ,1 tp :  b )  be  a  par t i t ion  o f  - Is  such

that 76(76) : t::i d(t\n+),1(tn)) > f. By removing terms if necessarv, we

may assume that 
'"1(t) 

+ l(tq+r),( : 0, l, ...,P - 1. I€t 61 be the minimum

of t l re quant i t ies d( lQ), ' f ( to+r)) ,  Q :  0,7,. . ' ,P- 1. Let 0 < d < min{de,d1}
md (/u, 86,)rct,,1 :1,..., k be a parametrized covering of 7 with d(Bu) ( d for

i  e  J1 ,L  : ! , . . . ,4 .  Le t  f i  =  { i  € .  J l lB7nf ( /o )  +  01 ,1 :  1 , . . . , k -
Then 1s c Uf:rUur4lu and Br; c Intf{ for z e J't,I - 1,"..,k. .Also,

we see that every interval /ti contains at most one point tq,Q= 0, 1,.'.,p. We

have f[, lias,et(B,,) > Df=, DretiplBu) > €'nxDf=rDrctid(Bt) >
e.m(V6(1d -@+ 1)d), hence 5*ps0) > e'm(t- (e+ 1)d). Letting 6 tends
to zero, we see that 96(l ) emt, and letting t tends to infinite, we see that
pn\) - oo ) 1. We proved that p6(l > 1 if I € I is not locally rectifiable.

Let now 7 € f be locally rectifiable. We prove that f pds 1 pr(f).We
suppose first that p is continuous and we can also presume that 7 is parametrized
by its a.rc length. Let .Is C 1 be compact and 7e = lllo : Is --+ /.

T h e n ,  i f  A :  ( 0 : t s  (  t 1  (  . . .  l t n :  r ( ? 0 ) )  i s a p a r t i t i o n o f  [ 0 , ] ( 7 s ) ]
and c ;  e  l t i , t ;a1 l , i :0 ,1 , . . . , f l -  1 ,  we see tha t  | ropdr :  f ( ro )  p }o( t ) )d t :

l iml 1a1 1*o ! l ;  p jkd)) '  d,(1Q), 1(t ; ' , ) ) .
LetU C X be open such that (/ is compact, Imls C U,nt._: id,e6 h(r) > 0,

a.nd let a ) 0 be such that lp(r) - p(y)l < T if. r,y € [/ and d(r,y) < a.
We take 4 > 0 and let A : (0 : to I h 1 ... 1 tn - /('ys)) be a partition of

[0, I(ro)] such that llAll < ? *d I.,o pd'- ? < D;:J p\(t)).d(t(to),r(rq+r)).
By removing terms if necessa.ry, we can suppose that 7(tn) * l(to+r) for q -

0, 1, ..., n-1 and let dr ) 0 be the infimum of the quantities d(7(to) ,"y(tq+t)),e:
0 ,  1 , . . . , n  -  I .

Let 6s : d(l?o),CU) > 0 and let d < min{ds, sa,6r}.

Let (16, Bu)rct,,l : 1,..., & be a parametrized cover of 7 such that d(86) <
5, i  € f i ,1 :  I r . . . , , t ,  and M : suprrg p(r) .

Then every interval {; contains at most one point tq,e : 0, 1,..., n - \.
We take  J1 ,  :  { i ,  e  J t l l r i  C  ( tq , tq+ t ) ) , l  :  1 , . . . , k ,e :  0 ,1 , . . . , f l - \ .  Then
J 4 O J 1 6 a 1 1  : ( , 1 , 1  : 1 , . . . , f r ,  Q : 0 , I , . . . , ' I L  -  1 , U l ' = o t  J 1 q  C  J 1 , I :  L , . . . , 4 ' a n d

IL, Do.r,  ,  d(Btr)  > d(t( t ) , - t ( tq+)) -  26 for Q :  0, I , . . . ,n -  I .

If t e [to,tqar],i e lJ::; J4,1Q) € Bu and b e Bu, then d(b, "yft)) <
d(b, l? \+d(19) , "y( t ) )  S d(Bu,)+d( t , t )  <  6  + l la l l  <  f t+7:  g  for
q :0,L, . . . , fr - 1, and this implies that lp(1(t) - p(a)l < ,f  ,8 : 0, r, . . . ,n - r.
Then we have that p(t(tq)).d(Bu,) ( infoEs,, (p(") + e.h(a)).d(Bu) : p{Bu)
for every I :  L,., . ,k,e : 0,1,.. . , f l  -  I , i  e U;;] JU. We obtain that

f t l v,@'o)> It I n(r(t'))' d(Bu) :
q=0 I= l  i€J tq

o

I I  p t@r)2D I  p t (Bt i ) : I t  l ,v , (B,n) :
l : r  i€Jt

n- l  k

t= l ;eU;B; ,n

n-l lt

L=L q-0 i€Jh

q:O I : r  i€Jh



?1-L k n - l

f n(r(t,)) t f d(Bu.) 21000,))(.1(z(to), t\q+)) -26):
q:O l:l ieJn q=0

' ,-L n-I

loQQ)) '  d(1$u), tTq+i)  -  26'DpOQ,))  2 |  pds -  r t  -2M5n.
g:o s:0 r7o

It results that d-gs('i > L" pds-r7-2luIrzd. We fix 4 > 0 and A € ?)([0, ](70)])

as before and we let d tends to zero. We find that p6(7) > fro pdt-n and letting

now ? tends to zero, we find that pB\) 2 froOds- Since f pds: sup/oc/,/o

compact [ttn pds, we obtain that 96Q) 2 [., pds.

We proved that if 7 is locally rectifiable and p is continuous, then ps\) 2

!, Odt. Since p is lower semicontinuous, we cln use a theorem of Baire to find

continuous maps p," : X ---+ Ra such that pn I p, md we see that [-,pds:
supl p'ds,where the supremum is taken over all continuous fimctions 01 p' I

p. W; therefore proved that if p is lower semicontinuous, then psh) > [, pd,s if

? € f is locally rectifiable, hence, if p e F(f), we see that gs\) ) 1 for every
.y € | locally rectifiable. We proved that if p € .F(f) is lower semicontinuous,
then rp6(7) ) 1 for every 7 € f.

Lemrna 1. Let.ObeaHausdorffspace, U c E open, Q C Econnected
such tha t  QnU +0,QnCU #  0 .  Then QnAU +0.

Proof: Suppose that Qn\u: 0. Then QaCA * A, andsince Qntl I A,Q
i s c o n n e c t e d  , Q n U  a n d Q f i C A  a r e o p e n  i u Q  a n d  Q : ( Q n U ) u  ( Q n C U ) ,
we obtained a contradiction. It results that Q nAU *0.

Lemma 2. Let E,F be Hausdorff spaces, D c E open such that D is
compact and let f : E --+ f' be continuous and open. Then d/(D) c f @n).

Proof: We see that /(t) :76. Let y € 0f (D) cM: /(D). Then
thereexists n e D suchthat y:  f (r) .  I f  r  € D, weusethefact that /
is an open map to see that /(D) is open, nonempty and f (x) e /(D), hence

f (r) e Intf (D), which contradicts the fact that y e Af @). It results that
r e 0D, hence y : f(r) e f@D) and since g was arbitrary chosen in d/(D), it
results that 0f (D) c f (0D).

Lernma 3. Let E,F be locally compact metric spaces, F c- LLC,f :
E -- F be continuous, open, discrete and let r e E. Then there exists r, > 0
such that E(r,r,) c D,B(r,r,) n /-1(/(r)) : {c},and B(f(r),reJdl .
f  (B(x,r))  cE(f  ( r ) ,c.  L(r , / ,  

" ) )  
fo:r  0 1r 1 r , .

Proof: Let r ) 0 be such that B(r,r) c D. We show that B(f (r),
MPI c f (B(r,r)). Indeed., if this thing is not true, we ca'rr find a point

b e B(f(r),le*d) \/(B(r,r)). Since F is c- LLC, we can find Q c
B(f("),l(r,f,r)) connected such that /(r) e Q,b e Q. Then /(B(r,r)) is
open, Q n f(B(r,r)) # 0,Q n C f(B(r,r)) * {4 and from Lemma 1 we see that

Q n0f (B(x,r)) * 0. Using now Lemma 2, wc see that Q n /(S(u, r)) I A. Let
y € S(r,r)  besuch that f (y) eQ c B(f(") , I (r , f , r)) .  Then d(f(") , f@)) <

t '
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I(*, f ,r) and d(*,y) : r, which contradicts the definition of l(r, /, r). We there'
fore proved that B(/(c) ,M!4 C f (B(r,n)) if r > 0 is such that F(c, r) c D.

Let now r, ) 0 be such that F(,. r") c D,E(x,r,) n f 
-r(f (")): {r} and

Cf(B(r,r))nCB(f(r) ,cL(x,f , r))  f  0 for 0 (  r  _( r" .  We take 0 1r 1r,
and suppose that f(B(r,r)) (E(f (r),cL(ic,/,r)) and let o € B(r,r) be such
that d(/(a),  f  ("))  > c.L(r, f  , r) .  Let u 1Cf (B(x,"))o CE1S1r1,cL(r, f  , r)) .

Since f is c-LLC, we can find Q c CB(f (r), L(r, f ,r)) conaected such that
f  (")  e Q,b e Q. We see thar Qnf (B(r,r))  *  $,QnCf (B(r,r))  *  A, f  (B(r,r))
is open, and from Lemma 1 we find that Q n)f(R(x,r)) f 0. Using Lemma
2, we see that Q n/(^9(r,rD *A and let y € S(r,r) be such that J(y) e e.
Then d(r, y) : r and d(/(r), f @)) > L(*, f ,r), rvhich contradicts the definition
of L(r,f ,r). We therefore proved that f (B(r,t)) C B(f(r),cL(r,f,r)) for
0 < r ( r , .

Lemma 4. Let E,F be locally cornpact rnet,ric spaces, f : E -- F continu-
ous and open arrd r > 0 be such that there exists c > 0 such that B(/(r),r) c
f(B(r,c)). Then, if ,\," = inf{d > \lf(B(r,d)) ) B(/(x),r)}, it resulrs that
l ( x , f , ) , , ) < r .

Proof: We show first that F$@),r) c f(E(x,),)). Let y e B(f(r),r)
and,\ ,  1 ci  Sc,ci  \  ) ," .  Since B(f(r) , r)  c f@@,c1)) for every, € N, we
carr find ri e B(x,c;) such that y : f (r1) for e'ery / € N. Since E(r, c) is
compact, we can find rs € B(r,c) and a subsequence (cio)7.61.1 of (r1)16N such
tbat riu + t0, a.nd then .f("0) : lim/"-oo f (*i): y. Letting k tends tt infinite
in the inequality d(r,ri) S 

"io, 
we obtain that d(x,ro) < ),, hence re e

B(r,),,),y: f (ro) f !(B(r,),")). Since y rvas chosen arbitrary in B(f(q),r.),
we proved that B(f (n),r) c f (E(x, ),,)).

Let now ci 1 ),7,ci / \r. Using the definition of )r, it results that
B(f (r),r) ( f (B(r,ci)) for. every , € Npnct lct.y; e B(f (*),r) \ /(B(r, c3))
for every, € N. Since.B(/(r) , t )  c f@(",) .)) ,  we 

"rr ,  
f iod a, eE1n, i , j

zuchahat /("t)_ yj,j € N, and we see that ci S ln_-ail /--\, for every
J € N. Since B(r,,\.) is compact, rve can find ae e E(n,A,) and (a3o)661.1
a subsequenc:e of (ai)i61r1 such that aiu --1 o0, and letting k tends io i"n-
nite in the inequality .cio < lr - ai^.| S.\,, we see that as € S(r,),). Then
"f (oo) : [-r.,oo f ("i): lim1,*oo U jn, and. since yr.n e B(f (r),r) for & € N, rve
see that d(f(r), f@o)) ( r. We obtain thar t(r, /, ),) < d.(f(r), f (as)) S 

"-

3 Proofs of the main results.

P r o o f  o f  T h e o r e m  1 .  L e t  l )  1 ,  D : S p . H 2 p . C l . s a e . , \ p a n d  / : { r e X l
there exists.[" c R.. with 0-€ .tj such that uff(E@,Sr)) < D.v(f(b@,r))
forevery r e I"| .  Let r € C.4. Since H(*,f) ( / / ,wecanfindr, > 0such
that L(r,f ,r) < H.,I(r, / ,r) and u(f (B(r,b")) > D.u(f(B(r,") j  fo, e,nery
0 < r < ?. W" put -I,  :  (0,?).

We have

L(r, f,r)n < pn . l(r, f,r)n < 17n . Ct. € . u(B(f(r),&#ll =

4
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Hp 'Ct'c 'u(f (B(n,r)) < ryvg(B(r,5'))) s

= 
He '9 , r ,  ce .u(E( f  ( r ) ,cL(r ,  f  ,br ) ) )  s  

HP c i  '&p 
.  L(* , f  ,5r )o sD  

-  \ - \ r  \ * / r  , " ,  t t l  :  
D

< H2P 'c7 '3P 
.  , -  f  ,5r )p :  

t (x ,  f  , l r )P_.
= ---D-- ' L\rt, , -. t c2p . Sp . \p,

hence

lc2lL(r,f ,r) < l(r,f ,br) if 0 ( br < r,,x e CA (tl.

We have rhar B(/(r),5cAL(a,f ,r)) c B(f("),{"{@l c f(B(x,5r)) for
0 15r < r,. Let 0 < 5r 1r, and e, - {s ) Olfqylr;,5d,L(r,f,r)) c
f (B(",s))| and l," : inf Q,. Ftom Lemrn? 3, re see tiat-liaiz,r))'c Efi'Ol,
cL(r, f ,r)), hence , < A,, and we also see that ),. S 5r. 

'If 
i, : S",'*"

take p,: ,\," and from Lemma 4 we see that l(x,f,p) < \dL(r,f,r) and,
B(/(r), 5c,\ L,9, 

l,:) c f .(B(x, p,)). If ^, < 5r, suppo* ih.t there exists po > 0
such that 5c).'.L(r,.f,T) .7 t(r,f,a) for every )" < a < \,t po < br.'Since
,!: *.o y -- d(f(r),f(y)) is a continuous map defined on the compact set
^9(r,),), we can tud 3lS.S(r,)') such that d(f (x),f (*,)) : l(r,/,i,). l,"t
19* lk F B(*t), +4q) \B(r, tr,) be such thar ;16 -* r,. 

'Then 
atifr\, ttirll >l(r, f ,d(x,rp)) / ScI2 L(r,/,.r) for every k e N and letting ,t tendls'to i"n"ite

y: gbj"i-l that d(f (r)-,{(r,-)) 4y9\2L(n,/,r). \&'e nna tf,at 5c2\L(z,f ,r) I
d(f (r),1@,)) : I(r,.f, ).) < 5d,L(r,/, r), which represents a contrad.iction.

It results that if .1. < 5r, we can find cr \ ,\, such that /(c, f ,cx) <
5c\2L(r,f,r) and B(f(n),5c),L(x,f,r)) c y1n1i,"u)) to, every,b e N. We
f$e-in this case pr.: ck for some \, I c* < 5r as'tefore, and we see that
L(x,f ,p,)  1ScXL(r, , f ,")  *{  B(f( !) ,Sc\L(x,f , r))  c f  (B(r,p,)) .

.:Y:.{"o_r*u,rr.; 5p.-c3r .H2p . c!.Szn and.we n*i r:(}l 'n@,p,D) Su(B(f(r) ,cL(r , f , i lD S C1.sn .L!(r , ! ,p)-S C1 .cp .17n' . in1r,y, : ; ; i  <5n ."2n.17n.q.^2e . u@, f ,r) I Ct.xzi .ci i. i izo-lo1i, f ,d i w.Ci. 'ni[ i ize.
c?' u (B (f (rl, l-# ) ) I gn . c'n - rrzn . s2r . Q . u (f (B @, ;;)' : pr -, (f @(r, r) ) ).we therefore fo'nd for every r e c A,r, ) 0 such that io. 

"rrury 0 < i, s i,,
there exists r I p, ( 5r such that

t(x, f , p,) < 5c\2 L(r, f , r), B (f (r), b,d,L(r, f , r)) c f (B (r, p,))

and

u(f (B(r, p)D 3 h.u(f (B(r,r))) (z).

^ We also take p, I p, < 6r so that d(f(B(r,t,))) <2.d(f(B(r,p,))) for
0 < 5 r < r r .

_. Let,BL : (B(x,5r)),eA,,eL,82 : (B(r,t ,)),ecA,r€r, and 6 = Br U 82.
Then 6 is a base d {.34 /(6) is a base in f (x). rct r-u" a path family in
I *d let pt e r(/(r)) be lower semicontinuous'and ret e ) 0 and h : y --
[0, oo],h e I/(Y, z) be such that inf yex h(il > 0 for every -K C y compact. We

,  .  ,  , ,  
. . . - . t ,  r i ,  1 , !  . . . : .
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define p : (et, pz), pt, f @\ -- [0, ool, plA) = nfoee(p' (a) + enla;;' d(A) for

A e f (Bt),i : t,2,. Using Proposition 1, we set: that

v l g y f o ' y ) l  f o r e v c r Y T e  |  ( 3 ) '

Let I1, : {'y e T,7 : I - Xll is locallY rectifiabie and there exists ,I," C /

c o m p a c t s u c h t h a t  d ( t l , )  2 f  a n d  6 - p t @ t f  " ' Y > i f o r 0 < d S f r i f o r
n € N. We fix n € N and let 0 < 6 < fr. Since A- (B(r,r))aeA,rel,,0 < r <
516,d(f (8(r,6r)) < d is a covering of A, we can find -[ countable such that

A c- l ) , ,eA,,7Et. ,rq6/6B(x,r)  C U;er,  B(ra, l r ; ) ,  with c;  e A,r;  € I ' r ,6r i  <

6,d.( f  (B(r; ,0 'r l l  .  6,v(!(B(r i ,5"u)))  < D'u(f( .8(q,r ;)) , i  e 11,B(t i , r) i

B(ni ,r i )  :  A, i  *  i , i ' ,  j  e 11-
LetB: X\U,;er,  B(xa,r)-  ThenB C CAandBisclosecl.  LetQy.. . ,Qn,. . .

be compact such that Q* C IntQ,c+I, A' € N trnd X - ULr Q6 and let dt =

d,(Qp,ClntQr+r) ) 0,/n'e N and Qo: A. Since B C |.JceB,"e'* B(x,r) and

Bn(Q*+t\IntQn) is compact for & e N, we can flnd.S* finite such that

Bn(Qn+t\ IntQ) C Ureso B(r i , ra),r i  €.  B,r i  € Is, , i '  e S* with 6r l  (

min{6,dr, . . . ,dr} ,  d(f(B(r; ,6rr)))  < d, i  € 56,, t  e N. I t  resr: l ts that i f  k e
N is f ixed and I  € ,9n with q 2 k f  2,  then B(r i ,p, ,) iQr:0 for every

i e Sq,lrence if Mt : UFr So, thc set Lp : {i € IuILlQkn B nE(r.i,p,,) #

0) is included in U::i^90 and is therefore furite for every k e N. We can
f ind Mr C N such inat A cUrcv,B(r i , r ; ) , r i  € B,r i  e 1,, , i  € M1 and

the sets Lp: { i  e MlQrnBnB(x;,p, ,)  *  A} arc f in i te for every k € N.
Then /(B) CUrcm, f (B(r;,r)) CUrcv, B(f (r;),AcL(ri,/,16)) is a covering

of /(B) and substracting a |-covering of /(B), we can find Iz c M1 such
that /(B) C U;eu, B(f(*n),) ,cL(r i , f  , r i ) )  cUnr, ,B(f  (r ; ) ,5d,L(r; , f  , r . i ) )  c

Urcu f (B(q p,,))).-We 
have that u(f (B(*1,p,,)) I Dr.u(f (B(x;,ri))) for i e 12 and since

f(B(a,r ,))  c B(f  (*) ,c\L(ni , f , r i ) ) , f  (B(r i , r i ) )  c B(f(" i ) ,d 'L(ni , f  , r i ) )
for i { j,i, j € 12, it results that f (B(*0,r1)) n f (B(x1,r)) = A for i, # i ' i, i e
t'' 

*" Iet Br : U;e r, E(rt, prr) and we pror,c that .B1 is closed. Indeed, let
a* € Bt,ak "+ a. If lh-ere exists i € /z and (ar.,)qerv a subsequence of (ar)*eN

such that apo eB(xi,p,) for q € N, we use the fact that"B(r;,p,,) is a closed

set to see that a e 8(16, p,) C By If this case it is not possible, we can

find (a1n)o6N a subsequence of (or)r.N such that oko e E(rq,p,o),S € N.
Let k e N be such that a e IntQp and r > 0 be such that B(a,r) C Qn.
Since a6o ---+ o, we can fird qo € N such that a;.0 e B(a,r) c Qn for q 2 qo,

hence Q6 nE(xo, p,") + 0 for q ) qs, and this contradicts the way we chosed
the balls B(r;,ra),i,-e Mt. It results that ,B1 is a closed set, and we see that

f(B) c f @).
Let A1 :UrcbB(r;,,1t,.). Then L1 is open, Bt C l.1 and suppose that

B ( Ar. Then B \.41 is a closed and nonempty set , and we cover this set
with balls B(r,r),r € B \Ar,r € I, such that every ballE(r,p,) is disjoint
from .B1 and 6r < 6,d(f(B(r,6r)) < 6. As before, we can fnd M2 c N

10
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such that B \ At C Urcv"B(ri,r),ri € B,ri € fa,i € M2, and the sets
{i e MzlQr n (,B \ A) nE(x;, p,,) * 0l are finite for every ,t € N.

Then /(B \ At) c U;e*" f (B(a,";)) c Uoru" f @(f (r),\cL(xi,/ ,4))) is
a covering of f (B \.41) and substracting a f-subcovering from it, we can find
I:t C IVIz suclt tltal,:

/ (r \ /r)  c U f(B(rn,"r))  c U "U@n),c\L(r i , f , r))ci€Mz ielvI2

[J taff{',) ,lc\L(x;, f ,r))) c U f (B(u, p,)).
i€Is i€Ilt

As before, ye see rhat f(B(r*r) fi f(B(xi,ri) : 0 for i { j,i.,j e13 and let
Bz : UrchE(*t p,,). Then Bz is closed, Bt o Bz : 0, f(B\ r4r) c f(B) and,
let A2: Lj;errrr" B(rtp,^).

rf. B c 42, the process is finished. If not, we continue this process and at the
step ft we obtain sets -I2,...,ln+t frorn N, clis.ioint closed sets .B1 ,...,8p,I.0:
Ur.ro*,  B( '*  prr) ,sets Ao :  UreUlJ t ,  B(rr ,  P,n),  rr  € B,r4 e l r i , i  e lq+r,a -

L , . . . , k  and / (Ao)  )  f  (B  \ .40- r ) ,  Q:2 , . . . , t i ,6 r -6  <o ,d( f  (Byr i ,6 r i ) )  <  6 ,
d(f(B(r i ,p, ,)  12d(f(B(r; ,p, ,)) , f  (B(*t ,r i ) )  n f  (B(r i , r))  :  A, i  I  j , i ,  j  e
fq,er:2,. . . ,k *  1.  Suppose that lc > N(f) .  Then /(Ao) )  f  (B \  /n_r) )  . . .  )
/(B \,ar-r) * A for e : I,..., k, and since .B1, ..., Bp aredisjoint and k > N(/),
we obtained a contradiction. It results that rhe process must stop at a step
k < N(f).

Wc tlrereft le found A < N(/), sets 12, ..., /;.+r from N, balls 81; : B(xu., p6),
r t i .€.8,16 € Is, , ,pt i :  p,16,ru I  pu 1 l tu 1611; such that d(f  (B(ru,pt))  1
2d(f .(8,(r6,pu)),"( f(B(ru,pi l )<Dp(f(B(16,r1a)),6r i16,d(f(B(xisi ,Or,n)))  <
6 , f (B( r1 , ; , r ro ) )  n  f (B( r t i ,n i ) )  :  A , i  +  i , i , i  e  I1 , I  :2 , . . . , k+ '1 ,  and 'B  c
UfJiUnr,,B(rr,t u).

W e  t a k e  B u . :  B ( * r n , 5 r y ) , r y :  n i t r r i :  r i , i  €  I 1 , A y :  B t i , r r . , i :
5ry,i  €.[,  and we let Au : B(nu, Ft;),I  :  2,.. . , f t  + 1, i ,  e h. We see that the
balls B(r1;, r6),i e fi, are disjoint for every / e {1,..., k * 1} fxed.

We define a Borel map p : X -+ [0, oo] by p(r) : Dflrt I,.r,
gl#dxuttt;,rort;). Let 7 € fn,'y : I --* X and 1," c .I be compact such that
d(tll") > f . ttren ImY C x : UfJrt Uorr, A,o.we denote by (Iuq)qew,, all the
maximal intervals J such that 7(J) fr 8(16, pt) # A,ilJ) ( B(xu,1,0r6),i e
f 1 , l : 1 , . . . ,  A ;  +  1 .

We see that Iml is not contained in a single ball B(21;,104;) for some i €
f y , I : 1 , . . . ,& *1 ,  s ince  d , (B (x6 ,10 r1 ; ) )  / - 2016 ,  <  f f 6<4d<  *  *d  ae )>* .
L9t Alio : Au for I : 1,,..,k + L,i, e fi,Q e NLi. Let Kt : {i € lillrc,l n Au. f
A|,1 : 1,.. . , /r + 1. Then (4;q, f(Au))er,.. . ,k*L,ieKt,aenn is a parametrized
cover of /o7 such that d(f(As;q)) < d for every l : ! , . . . ,k+I, i  e Kt,Q € l /rr.

We have

n  n k * L

I- oo" : 
I-TL4Ifl Xaq,,,,tor,n1ds Z

r  I  r . I  l= l  ie l t

11



/tzl $ y er(/(/r)) xor-,.,o,,.r( f GDd,t >
Jo kk, 

,, 8(cri ' lorri)\ l  \urrwv '-

/c+f

f '- ,,ff(Au)) 1)_ 4",,) >
efr, ru 'o&,,

,c+1 k+l

f ;, 
pt(f(Au,))card'N1;:4 t,e,4, p{f(Auq))>*

4' (6 -  eyls '1f  o ?) > 1,

since T € f,r.
, . , ' W e p r o v e d t h a t p € r ( f ) . W e h a v e , d e n o t i n g b y C ( , \ , p , p ) t h e c o n s b a r r t

from [H], Ex 2.L0, Page 1"3, that

Mo (t *) s l * t av u t I -rEE,UPX.a(r', ror' ) ( r))p d r' <

(& + r;r-r pI,,, 4#ilrB(tr2i,toa;)(r))pdpa

& + t7n-tg(10,p,r1 H / r Ngra(,,,,,.,0)(o)) pdp :
3.1, ?, rli

(k r t;r-r .c(rl,p,r) f L,yIWr"(B(xt;,',,)) <
t : t  ielr 

'  I i

(k + r;r-r .Ct-C(ro,p,d 'y,Lpt1@u))o =
I :r  i€Ir

(k + r;r-r  .c1-c(r l ,p,/r)  - f  !  - ,4,, ,(  p'(a) * eh(Q)n 'dU(Au,))o <

/c+1

(k + r;r-t - 2p - Ct - C(L},p,p)' ()l 
D ".i11,,,( 

p' (o) * eh(a\r' dj@u))o S
t : t  i € I t  

q q J  \ u " /

(k + r ;r- t - 4p . C r cpC (r0, p,rXE 
oertr t#,,s.,,,rk' @) + e h(a))pLe (, u, f ,5ru )F

rc+r

E0,., (i#,,,,oit?'@) + eh(a))e 'Lp(ott'f 'ptiD s
t :2 i€I t - '

(ftIl)p.i:(4Hc)e-c1.c(1s,r,p).E"er(slf,,s,, 
rr?'@\+eh(a))e.te(xv,f,5rr;)F

t2



,c+1

,\r},*,rltJ,o,,,k'(a) 
+ eh(a))p 'P('u"f 'pil) 3

. 
E }'er(i#,n,p,),(/ 

(o) * eh(a))p' u(B(f (rfi '!fuP' =

(k+ r ; r - r  .4p .Hp .  
"2p 

.C?'C(10,p,r)  ( Ioe/(ai&{, , , , , , rb '@)+ eh(Q)n'

u(B(f  ( r1 i , t ' , f  i *

DE oayli$,,,,,,1r@'(o) + eh(o'))t' 'v(f (B(r6'pu))) <

tc +t

,e (k+t)r-r'4r' Hp'czp'C7'C(10,p,p)'max{p,lt}'(ED".r,rg.r,n))V(ofuh("))''

u(B( f (16 ,16) ) )  S

/c+1 |

(k+r;r-r .20p.Hsp.c6o.Ct-^2'.C(10,p,p) tL, I ",  ̂, ..(p' +en1n1ildv S
L:7  i€ I t  ' t  I \ r t \Eu t r t i ) )

(ft+r;r-r.20 p . H3p.c6p.Cf .X2o.CgO,p, ,1-1N 1i l  [  . ,@' +en)n @)dv+
JU ,e r ,  ! ( . 8 ( z1 i , r 1 i ) )

lc+L F

, ,  L . Q ' + e t t ' ) P ( Y ) d u ) <
t iz J lJ'. ' , 1 (B (x r "r t ;))

2'(k +1)r-r '  20p '  Hsp 'cup '  ̂ 2p 'Ct 'CG',p, p)N(f) '  [-. t l  + eh)p(v)d'v
J Y

< ^2p .e, .N(/) .  
l"* '  

+ eh)e(y)d,u (with Q, :

2' (k + l)r-t  '  20p '  H3p '  
"60 

'Cl '  C(10'p' p)) !

2p't .  ̂ 2p.gr .lr(/)( 
lrc'o@)a, 

* n 
lrhe(y)d,u).

We put K :2n-tgr and letting first ) tencls to 1 and then e tends to zero

we obtain that Mo(tn) = X 'lr(/) ' Iv P''@)d, for everv p e F'(/(f)) lower

semicontinuous (4).

lc+ 1

I J



" ^ o

We want to show that, Mp(t*) S x 'N(/) Mr(f (t)) (9)'
of course, (5) i" d;li oorilif]*, t'"""" tu" 

"* 
ittppot" that M'(/$)) <

oo. We use the VitdiCa,ratfi6oaot' theorem to see that every Borel map y' e

Uff,v) can be upptoJ*uted in Ip(Y,ru) by tower semicontinuous functions

g 2 p' to t"u that ( ) imPlies (5)'
Let now fo : t7 eih; fo"uUv rectifiable i' Then M'(l): Mt\to). '

l. c 1,"a1 fo, 
"lr"ry 

,, l' N *a io = UL, f'"' hence Mo(T^) / Mo(to') -:
MoQ). Letting ,, tend, io infinite i" (5t'G obtain that Mo(f) S /( ' N(J) '

M"(/(r)).
Remark l . .Thecond i t ionwerea l l yused in theproofo fTheorem] 'was

',there exists I{ > f such that h5(c, f) < H for every t e,,X't, which is a

priori a weaker requirment than the condition "there exists fr ) 1 such that

H(*, f)  3H for"rr" f  
"  

exn.rnfact,  i f  a )  l  isarbi trarS usingthecovering

;il;;iln [BK], L"*** 3.2 insteacl of the basic. ] covering t!9orem' ry.e

see that we carl replace in Theorem 1 the conclition " ihere exists IJ ) 1 such

it ut fi1", f) S H for every r e Xt'by the condition "there exists a > 1

and ff 2 L such that ho(r, f) < H for every r € Xtt' an$ the conclusion

o f T h e o r e m l w i l l b e t h e s a m e . H o w e v e r , t h e c o n s t a n t K f l o m T h e o r e m l ,
a"p*ai"g on Cs, Cr,",p,I/ willtre mod'ified' Wb obtain in this way a result

reiated. to Theorem 1.3 from [BK]'
we can also see that if themodular inequalitv ltlp(f) < r('-N(/) 'M'(f (tD

holds for every path ru*'r' I in X, then there exists .t/ ) 1 such that H(r, f) 3

I/ for every r e X.
Proof of Theorem 2. Let r e D,a > 0 and [/ e v(r) be such that u

i, 
";*;;, 

u c Pt",-"lZ p *a 0 n f-'(f(r)) : {r}' Then /(r) 4 f@U)
;"Ji"; p,': d,(f(r),'f(0u)) ) 0. Then f@U) ':991P.1"!'hence is a ciosed

set. and since / is continuous ' we see that /-t(/(AU)) is a closed iet and

p:  d( r , / -1( / (au)) )  > o '  ^ , r , \  \' 
L"i 

'i --'ttit,'i-t17@u)) ' t/ \ /-'(/(au)) * /(u) \ /(4u1' .Th:l g
is an open, cliscrete and proper map, ancl using Theorem 2 g-om iCr-tl (rvhich

extends some result" of S. Sioilow lst1, pug" 109 and E.E: Floyd [F]), 1e 9e9
that for every path p : [0, 1] * f (U) \1(au1-3"a-.":lv " 

€ U\/-'(/(0U)). with

f (a) :p(0), we 
"un 

fird ry tO, r] -' D t f-'(f (Aq) a path such that 4(0) : o

a n d P : / o q .

iet 0 < pz < p\ < 1. Then /-1('9(/("),pi)) t:.1.cl.osed set and p* :

a@, t-16(f til, o;li > 0 ?or * : ti?. we show' t[at B(/(r) , p\) c f-(y,).' , , .
Indeed, we see from Lemma 2 that lf(U) c /(49)' tei' a e n$(")'p'')

and 8 connected, sucir that /(r) e Q,a € Q u,'l Q C B(f (s),"p"J' Srlce

E(f f i l ,cP'r)fr f  @u): 0, wL see that B(f (") 'cp')naf.(u): @' hence Q o

aillu) : ti.' Since Q is connected, Q fl /(u) is op9" T1-lonemptv 
in Q and

e :hn l (U ) )u (bn  C f (U) ) , * "  i " "  t ha t 'Q  :Q i f (U ) ,  hence  Q  c  f (U ) '

It results that y e f@), a.rdrin"" y was chooseci arbitrary in B(/(r)'pi), we

proved. that B(/(r) , P'1) c f (U)-
We take 0 < r'i^9 *"tt'thatB(t,r) c {J and c'L(r, f' ') < pL' Since

the map y,-,I(f(r),f(.il) is continuous and '9(r,r) is compact' we can take

1 , 1
a 1



ar,br e S(u,r) such that L(*, f,r) : d(f(a), f(a")),I(n, f,r) : d(f(x), f(b,)).
Since X is a Loewner space, there exists O : (0, oo) * (0, *) such that

M,(A(M,N)) > O(t) for every nondegenerate continua M and,.A/ in X with

.t#ffii*DT < t,t e (0,*) Let ) > I and suppose that L'(x,f,r) >
2c2 \L(r,/, r). Since Y is c- LLC, we can lind a path p : [0, 1] -' ts(f (x),cl(r, f ,r))
such that p(0) = f (b,),p(L) : f (*).Then B(/(r),ct(r, f ,r)) c.frns, hence we
can f indapa ths :  [ 0 ,1 ]  - *U \  f - tU (AUD such tha tq (0 ) :b , "and  f  oq -p .
Then /(q(1)) : p(1) : f (*), hence q(1) e. Onf -1(f(r)) : {r},.h"o"" eG) : s.
Let E' - fmp,E : Imq- Then d(.O) ) d(r,b,) > r.

Let now d e B(f(r),pi) \E(f(d,pD. Since y is c- LLC we can find
a path pz : [0,1] --+ Y \ F(/(r), Lk*ll such that ra,Q) : f (a,),p2(t) : t.
Let A: {t € [0,7],p2(t) e S(/(z),p!)]. Using Lemma 2, we see that A t' 0
irrrd let fr : inf A aud pr : [0,tr] - B(f (:L),p't),?t : nzl[0,t1]. We can fincl
qr  :  [0 , t ]  -  U\ f - t ( f  @u))  apath such that  sr (0)  :  a , , f  o{ r  -pr .  S ince
Imp1fi S(f (r),pil + 0, we see that Imql n /-1(^9(/(d,pil) I 0, and using
Lemma 2, we see that Imq1O,5(r, p) *A.Let Ft : frhpr,F: Imqr. Then
E,F C B(r,a),d,(F) > r,d,(E,F) I r, hence ;frffi51 S i : t. It
results that M,(A,(E,F)) >O(1) ) 0. Ler ft  > l  andf :A(,E,F,B(r,ka))
and f1 : A(E,f') \ f. If 7 € 11, there exists 7* a subpath of 7 such that
7* e A(B(r,a),X \ B(r, &a)), hence if f2 : {l.ll e f1}, we use Lemma 3.14
from [HK2] to see that MoF) S Mp(tz) < Q(p,Ci.lto.sklr-o . $1) if we take
/c e N great enough. Here Q(p,ct) is the constanat from Lemmu-3.ta [HK2].
We obtain that &Io(f) + Me(f i > It[p(A(E,f)) > O(1), hence Moe) > ry.

Let f/  :  /(f).  Then f/ c L(E(f (r),ct(r, f  ,r),y \ g(/("), 
WD aa

since2cl(r,f ,r) < ry, we use Lemma 3.14 frorn [HK2J to see that
Mp(L(E(f (r),ct(x, f ,"), r \ BU@), LP#ln < e@,cr11tos(ffi#))'-o.
rhen $ { Moe) s K.N(f ,D).MeF,). rr. lr(.f ,  D).Mp(a(B|f1*y,a1r,
f,r)),y \ F(/(r), {#cll < K . N(f, D) . e@,cr) . Qos(ffih))l-o fo,
every 0 ( r ( $. Let Hr: c2 .""pGL\W@))'=.

Weproved that i f  2).c21(r,f  ,r) < L(r,f  ,r) and 0 <r < |, th"o#i# <
l. I4, hun"" ffi < muc{Affr,2Ac,) for every 0 < r S +. w" iur."
f/: max{2cz,Hrl and keeping 0 < r < f fixed and letting.\ tends to 1,
wesee tha t  f f i  

(  f f f o reve ry0  < ,  s  * .we the re fo rep roved tha t
H(*, f) ( 11 for every r € D.

Proof of Theorem 3. Suppose that we cannot find I/ ) I such that
H(*, f) ( I/ for every r € X. Then there exists r- € X such that H(r,., f) >
C : csenp(Q@,Cr)# .2#) (where Q@,Cr) is the constant from [HK2]
Lemma 3.14) for every rn € N. Let O : (0,oo) -* (0,oo) be such thai
Me(L(E,F)) > O(t) for every nondegenerate continua M and N in X with

*fr*jq#,61T < t,t e (0, *). As in Theorern 2, we can find 0 I r,n 1 5,o
such rthet. E(x,,,6,*) nE(ro,6o) : A,p * ffi,p,tu € N and continua E*, F,o

4
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in X,E',n,Fiin Y such that d(E,") ) r*,d(F,n) 2r,n,d(8,",f;) S r,n,n,n e
E*, there exists a,,, e S(rrnrr*),b,n €,S(r-,r-) such that a- € Ero,bm e
F^, F*fi S(n*,2rr") * A,E^rFrn c B(r*,6^), f (rr") e Ek, t(Er") :

E',., f (F,.) - FL,Ei- e B(f (x^),cl(r*, f ,r,,)),f;e f \E( f (r*),W)),

and Mo(L(E,,,F,n,8@,n,6-) ) $ and L(r*,f,r,n) ) Cl(r^,f,rl) for
rn e N. Let f- : A(E ,, F*,8(n,n,6-)) and t'^ :.f(f-)'rn € N. Then

ry < Mo(t,*) and Mn(tl) s e@,cr). 0"s(M#))'-o < 2| for every
r n € N .

Let ms € N be such that D*u^,# < d and | : Uil=-of-,f/ :

U;:,r"fl. Since the path families l- are separar€' we have that {r'o(f) :

D;=^" Mr(T,*) : oo &nd Mo(t') < Df:*" MoF') < D;=-" fi < 6,
which contradicts the hypothesis. It results that there exists H >_ L such that
H(*, f) ( I/ for every r e X.

Proof of Theorem 5. Suppose that *'e can find n * 1 distinct points
r l t - . t tn* r ;uch  tha t  f ( rx )  :  / ( r1 )  and h( r * , f )  )  c2) ,k :1 , . . . , f l *  1 .  Le t
y .>1 .  T l renwecanf ind  po)0  such tha t  ##  >  c2^p for0  <  r  1ps ,k :

1, ..., n*1. Let O : (0, *) -* (0, oo) be such that tuto(A(M, N)) > A(t) for every

nondegenerate continua M and.,ly' from X with *#fuT < 4t e (0, m),
arrd let Q@,C) be the constant from [HK2], Lemma 3.14. As in Theorem 2 and
Theorem 3, we can find 0 < rm < 5* I po such that E(**,6-) n E(ro,6) :
A, * # p, m, p € {1, .., n + I) and continua En"r, F*, in X, E^r, Fl, in Y such
that d(E*,)  )  r ,d(F^,)  )  r ,d(E^,,F*,)  1r,E*,U F*,.C B(r,n,6*),F^,n
S(*,n,2r) * 0, there exists points emr € S(rrn,r),b,n e S(a,o,r) such that
arn € E*rrb*, € Frnrrrrn, € E^rrf(E*r) : E'rn rf(Fr"r): Fln rE'*, c
B (f @ ^), cl@,n, f, r)), FL,c r\Fff (a-), W), M,(A@,n, F,n, B (r,n,6-) )

# fo t  0  <  r  S  r , r l ,m= 1r . . . r  n*  L .
Since the maps r - L(r*,/,r) are continuous for rn: L,...,rt* 1, we can

suppose that we can find 0 < p and 0 l prn 1r- such that L(rrn,f,pA):
L ( r t , f ,p )  :  p  fo r  rn :  1 , . . . ,n*1 .  Le t  f -  :  A(Ernp^ ,Fmpq, lB( r * ,6 r r ) )
and f f  : . f ( f " . ) ,T rL :1 , . . . ,n*1 .  We see tha t  Mo( | , )  >  ry  and l l  c
L(B ( f @ ̂), c . I(:r *, f , p *)), v \B 1y @ ), W) c A(B-(/( r*), &),
Y\B( / ( r " , ) , f ; ) )  fo r  m:L , . . . , f r *  1 .  Le t  f  :  U ; : t r f * , f ' :  / ( f ) .  S ince  the
families fl,..., fp.r1 are separate, we see that $ 

. O(1) <

DT:rMo(t,-) : Me(t) and we have that r"f1)o(1) 3 Mr(r) < K.Mp(T') <
K . Q(p, C) . (t"e(#l $;1r-o : K . Q(p,Cr) . (log.l)t-r.

We obtain that n* t S ffi4; rvhich represents a contradiction. The
theorem is now proved.
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