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MAPPINGS WITH FINITE DISTORTION AND ARBITRARY
JACOBIAN SIGN

MIIIAICRISIEA

Abstret. We cssider sore clases of mappings f : D - .R" whidt a,re
ACIP andll// (r)ll" < K'lJr (r)l a.e' Sudrmappingsgamalizequasir€gular
mappirigs, but ale nct nmsary opo! and the Jambian has nct nemary a
ccrstart sign ard sati$ the /{o (/) ineqrnlity. We also ccrsider ncn open
and ncrsingulax mappin5 / : D - W with bornded dilataticn Ko and we
show that sudi mappings sati$' a strcrg ACt, ccnditicn, extending in this
wry scrrB resr.rlts frun [9].
1901 Ai\6 Subjecb ClassiOcation 30G5, 26810
Key wcrds: Gsmalizatisrs of quasirqular mappings, modulan inequalitie,
strurg AC[, conditicrs.

1. INTRODUCTION.

In 1966, Yu.G.Reshetnyak introduced in [20] the class of continuous mappings

f  e  wr ! ! (D,R" )  fo r  wh ich  l l / ' ( " ) l l "  S  K 'Jy@) a .e .  fo r  some t  <  K  <
m (where D c IR" is a domain, f 

' (r) is the distributional derivative of. f at
r, Jy @) : det f '(z) and Wr';! (O,fi') denotes the Sobolev space of all functions

f : D --+.R'which are locally in.Lr, together with it's distributional derivatives).
Reshetnyak called them mappings of bounded distortion, and proved that such
mappings are a.e. dieerentiable, satisfy condition (N) and are either constant
on D, or are open, discrete on D. They are also called quasiregular mappings,
and if / is an embedding, they are called quasiconformal mappings. A lot of
properties of analytic functions remain true for this larger class of mappings (see
the monographs[l9] and [21]).

Recently, were considered some larger class of mappings f : D -- B', called
mappings with gnite dilatation (distortion). They are mappings in

Wr!! @,n) (Wrll @,R")) such that there exists a measurable map K (', f) ,

D -  [0,oo],  @nite a.e. and such that l l f ' ( ") l l "  I  K(r, f ) 'Jt  (r)  a.e. Mappings
with gnite dilatation are a.e. dicerentiable and satisfy condition (N)' and if / is
not constant and K (., /) is in Lp for some p ) n - t, then / is also open, discrete
(see [5,6, 10, ] .1,  L2,14,15]),  and of course, J1(r)  2 0 a.e.

An important tool in studying quasiregular mappings is the modulus of a path

fami ly  l , i .e .  M ( t )  :  
o . tFLr l ^o*@)dr ,  

where  F( f ) : -p , iR"  -  l0 ,oo l lBore l

maps such that /pds > l for every 7 € 1". If f : D -- IR" is K-quasiregular,
1

A e B (D) is such that I/ (/, A) ( oo, then it is valid the so called Ko (/) in-
equality, i.e. M (f) < /('lf (/, A)' M (/(f)) for every path familv I from A.
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Here  l / (9 ,  f ,A) :  Card / -1 (y )  oA and N( f ,A) :  
f f i l / (u , f ,A) .  

Th is  mod-

ular inequality is essential in studying for instance the boundary behaviour of
quasiregular mappings, see [25].

I f . D  c . R ' i s o p e n , 0  <  c  (  7 ,  f  e C ( D , n " )  i s d i s c r e t e a n d r  )  0 i s s u c h t h a t
B( r , r )  c  D,  we can cons ider  L ( r , f  , r )  :  sup  l l f ( i l  -  / ( r ) l l ,  ( , ( r , f , r )  :

y€S(n , r )

-tt lt _, l l f @) - / (")l l  , Ho(r,"f) : l imsuv$ffi.n@, f) : H (r,/) is the
y € S ( c , r )  r + 0

usual dilatation of / at r.
It is known (see [16] Th.4.5 and Th.4.13) that if f e C (D, R") is open, discrete

and N (f ,D) < m, then / is quasiregular if and only if there exists f/ 2 L such
that H (r, f) 3 f/ for every r € D.

If.D c .R isopen, f : D --+ IRn isamap, wesaythat /islightif dim/-r(y) < 0
for every a € Rn, and we say that / is nonsingular if Int /(Q) f a for every
Q c D open, Q I o. If / is continuous and light, then / is nonsingular, see

[7],  page92. Fornonsingularmappings,0 (  a (  l  and r e D, we candeone
K^ (r. f) : l imsupa(/(?,(g'""))),"4 r c  \ @ '

Here prn is the Lebesgue measure from IRn. In [1] it is proved that if / e
C (D,lF ) is open, discrete and ly' (f ,D) < oo, then / is quasiregular if and only
if. Ko(r, f) < K for every r € D,for some 0 ( a ( 1 and K > 0.

Another direction for relaxing the conditions characteristic to quasiregular map-
pings is considered recently in [B] and [9] for open, discrete mappings f : D --+ IRn
for which the linear dilatation H(*,f) depends on the points r e D. In [9] it
is proved that if D C lR" is open, f e C(D,n) is open, discrete, E C D,s >

h,H (r, f) < m on D\-8, H (.f) € trio" (D) and Ehas o-oniten-I dimensional

Hausdorce measure, then / is ACL, a.e. dieerentiable and f eWrtif (D,R'), with
p : ;f|--.. We denoted here by mo t'he p Hausdore measure in IRn and we say

that .P c .Rn is of o-@nitep Hausdora measure if F : .Q4, *i,ft mr(F) < oo

for every i, e IN.
The common point of all this research directions is that all the maps considered

are open, discrete, with constant positive Jacobian sign, and generalizes quasireg-
ular mappings. Let us consider the following example.

E x a m p l e  1 .  L e t  f  : A - - + A ,  f  Q ) : z i f  I m z ) 0 , f  ( z ) : Z i f .  I m z  < 0 . T h e n

f  e  C ( A , A ) ,  f  i s a C *  m a p o n 0 \ d , w h e r e  f , , : { z e A  l l m z : 0 } , l l / ' ( " ) l l ' :
l J r Q ) l  f o r  e v e r y  z  e  A  \  d , J r Q ) :  l i t  I m z  )  j ' J y Q ) :  - 1  i f  I m z  I

0,H (2, f) : lfor every z € a,Ko(2, il < t:P for every z e (0,/ is a discrete
map with N U,A) < 2 and / is not open. Here /,, denotes the volume of the unit
ball from .R".

This example enable us to consider some classes of mappings which also gen-
eralizes quasiregular mappings, but are not necessary open, and the Jacobian has
not necessary a constant sign.

We consider @rst the class of mappings f : D --+ Rn, D C .R' open, such that

f  e  C (D,R. " ) .Wr ' ; !  (D ,R" )  and l l / ' ( " ) l l "  S  K ' l J r  ( r ) l  a .e .  fo r  some K )  ! ,
and we prove in Theorem 1 that the Ko(f) inequality holds for such mappings.
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Theorem 1. Let D c IR be open, f  e C(D,R")n%r' ; i (D,n) be such
that there exists K ) l such that ll//(")ll 'S K.lJf (r)l a.e. and there exists
A e B ( D )  a n d  B c l R  w i t h p , ( B )  : 0 s u c h t h a t q : N ( " f , A , B ) <  o o .  T h e n
M (l) S K .q. M (/ (f)) for every path family f from ,4.

Here N (f , A, B7 : sup Card /- I (Y) n ,4.
s€lR"\B

We consider maps /  € C(D,R")aWr' ;J@,lPt),D c IRn open, for which
there exists a measurable function K(.,f) : D --+ [0,oo] onite a.e. and such
that l l / / (") l l "  3 K(r, f ) ' lJt@)l  a.e.,  and we cal l  them mappings with 6nite
distortion and arbitrary Jacobian sign. Of course, this class of mappings contains
the mappings with Onite distortion mentioned before. If. K (r, f ) < K a.e., we say
that / is a map with bounded distortion and arbitrary Jacobian sign.

We say that a closed set .O C D with p,*(E) : 0 is removable for the K-
quasiregular map f ,it f eC (D,R"), / is K-quasiregularon D\-8, and / extends
to a K-quasiregular map on D. A classical eliminability result of J.Visl [23] says
that if ^"-r (E) : 0 and / is K-quasiconformal on D\8, then E is removable for

/. M.Vuorinen [25] generalized J.Visl's result, showing that if *n-t (E) - 0, f
is K-quasiregular on D\E and N (/, D\.8) ( oo, then "& is removable for /. We
give some eliminability results for the maps with Onite distortion and arbitrary
Jacobian sign, generalizing M.Vuorinen's result from [25] and an earlier result
of M.Cristea [2]. Of course, the @rst question is what it means removability for
mappings with onite distortion and arbitrary Jacobian sign. We say that a closed
set -E C D with p"(E):0 is removable for f  i t  f  eC (D' lR),  /  is a map with
@nite distortion and arbitrary Jacobian sign on D\8, and / extends to a map with
onite distortion and arbitrary Jacobian sign on D. We prove:

Theorem 2. Let D c IR" be open, n) 2," > #, F c D closed in D,f e

C (D, IR) n Wrt;! (D\4 lR') such that there exists a measurable map K (., f ) ,
D - [0,m] onite a.e. and in trfo" (D) such that ll//(")ll" S K (r, f) ' lJy (r)l a.e.
and there exists B C Rn with p"(B):0 such that for every r € D, there exists
U* e V (z) with N(f ,U,,.B) < *. Suppose that either F is of o-anite n-L
dimensional Hausdore_measure, or that p"(F): 0 and ry(f (F)): 0,and let
p: f f i .  Then /  €Wil !  (D,Rn),  hence E is removable for /  and /  is ACLp on
D.

Another way to extend the class of quasiregular mappings is the method used
in [8] and [9], i.e. to consider mappings f : D'-+ .Rn with H (", f) or Ko(r,/) de-
pending on r and @nite a.e. The minimal assumption for the existence of K" (r, f)
is that p"(f (B (","))) ) 0 for small r, which is satis@ed if / is nonsingular, and
the minimal assumption for the existence of. Ho(r,/) is that / is a discrete map.
If D C -R' is open, r e D,0 ( a < \,f e C (D,.R') is open, discrete, then
A ff @) ,l(r, f ,r)) c / (B (r,r)) for small r, and we have

(*)  Ko(n,  i l  ST .  Ho(r ,  f )"  .
vn.

As we can see from Example 1, if / is not open, it is possible that B(f (r), fl Q
f B (*,r) for every p > 0, hence (x) may not hold. We can overcome this di(Eculty
for non open, but nonsingular maps. Indeed, if D c .R" is open, / e C(D'n")

is nonsingular,  r  e D,B(r,r)  c D, we put L(r , f , r)  :  inf{p > 0l /(B (*,r))
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is included in some bal l  of  radius pj ,V@,f ,r) :  sup{p > 0l /(B(r,r))  contains

some ball of radius p), and for 0 ( a I 1, we set fro (r,.f ) : lim sup L-filp, ana
r + O '  

( \ r ' L r )

we easily see that

( * * )  Ko( r ,  i l  <T  . f r .@,  f ) '  .
vn

We show in Theorem 3 thgt mappings with locally Onite multiplicity and with
Ko(r,,f) < oo a.e., or with f/" (r,f) < oo a,e. are a.e. dieerentiable.

Theorem 3. Let D c IR" be open,0 < a ( 7,f e C(D,R") be nonsingular
such that there exists B C IR with p,, (B) :0 and such that for every r e D,
there exists U, el (r) with N (f ,U,,.B) < *. Suppose that one of the following
conditions are satisoedi

a ) K o ( r , / )  < m a . e .
b) l.ir open, discrete and Ho(r,/) < m a.e.
c) H"(r , / )  < oo a.e.
Then / is a.e. dieerentiable on D.
We shall prove that grappings with locally gnite multiplicity and with integrable

dilatation K.(., f) or I/o (., /), satisfy a strong ACL condition, generalizing in this
way some results from [9], established for open, discrete mappins in IRn.

m

If. Q : .n,[ou,b1] c IR^ and / < C(Q,-R'), we say that / is rn-ACH (rn-

abso lu te .o f f i i r r r ro r r r ; i f fo reverye)0 , thereex is tsd">0suchtha t i fA1 , . . . ,Ap

are closed, disjoint intervals in Q with 
o:D.-'** 

(Al) S du, then 
E*^ 

(/ (Ar)) S e.

If m :1, it is obviously that a 1 - AC map is absolutely continuous.
L e t n ,  )  2 , k e  { 1 , . . . , n -  1 } a n d  I n - k :  { o :  ( o t , . . . , a n - k )  l a ;  e  { 1 ,  . . . , n } ,

a r  #  a j  f o r  i , l  j ,  i , j  €  { 1 , . . . , n - k ) } .  I f  I  €  I n - * , l  :  ( 4 r , . . . , o , " - 7 , )  a n d
f i :  ( r t , . . . , rn )  Q Rn,  we denote  by  * t  -  ( r . , r , . . . , ro - -u )  and we pu t  f I7  :
IRn -+ IR" the projection given by ilr (") : (rr,0) for r € .Rn and we let q(I):

{ o t , . .  . a n - x }  a n d  r ( 1 )  :  { 1 , . . ' . , r } \ q ( / ) .  I f  D  c  I R "  i s  o p e n ,  f  e  C ( D , R " )
n _

and Q : .ll,lat,bi] is such that Q c D, welet for I e In-p andr € .R" suchthat

H: r r r t  (n r  ( r ) )  .Q +a, themap f? t ' .  H- -+  E"  g iven  bv  f * :  f lH .
I f .  Do.R ' i s  open,  f  eC (D,R" ) ,k  e  {1 ,  . . . ,n -  1 } ,  we say  tha t  /  i s  k -ACH

(absolute continuous on k hyperplanes) if for every interval Q : u!r[a;,bi] 
with

Q c O with the sydes parallel to coordinate axes and every I e In-p, it results
that mn-1, (E) : 0, where Er :-r e IIr (Q) | the map ff;1 : n7L (r) n Q -*

.Rnis not k-AC" for I € In-p. Of course, a 1- ACH map is ACL, i.e. is

continuous and for every interval Q: fr,[a,a,ba] with Q c D,it results that the

maps ff' are absolutely continuous on lI, 1 (*) n Q for every I e In-1and for
a.e. r e llr (Q). ACL mappings have a.e. classical partial derivatives, and if this
classical partial derivatives are locally in LP, with p ) 1, we say that ,f is ACLp
on D. _In [21], Prop.1.2, page 6, it is proved that / is ACLp on D if and only

f  e Vi: [  (D,R").C (D,. [?").  We proved:
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T h e o r e m  4 .  L e t  D  C  I R  b e  o p e n ,  n )  2 , n x  e  { l ) . . . ) n -  1 } , " f  e  C  ( D , I R  )
be nonsingular such that there exits B C .Z?' with m* (B) : 0 and such that for
every r, € D, there exists [/" e V(r) with.l/(f,U*,B) < * and let 0 < a ( 1
and E C D of. o-Anite n - rn dimensional Hausdore measure. Suppose that one of
the following condition is satis@ed:

a) Ko(r,"f) < * on D\E and Ko € Lfo.(D), with t > #a.
b) / is open, discrete, Ho(r, f) < oo on D\E and 11o € ,Lio" (D), with s > m
Q fro@,.f) < oo on D\E and fro € Llo.(D), with t > #k.
Then / is rn-ACH.
We also prove:
Theorem 5. Let D c IR" be open, n) 2, f e C (D,.R') be nonsingular such

that there exists B c ,Rn with p,"(B): 0 and such that for every r e D therc
exists [/" e V (r) with If (f,U,,B) ( *, and let 0 < o ( 1,s ) 0 and E c D
with p, (E) - 0. Suppose that one of the following condition is satisoed:

a) Ko(r, / )  < * on D\E and Ko (. ,  / )  e Li" .(D) .
b) / is open, discrete, Ho(r,f) < oo on D\E and I/o (.,/) e Li""(D).
c) f ro@,"f)  < * on D\E and, fro(. ,  / )  e , i ""  (D).
Then / is a.e. diceerentiable on D, and if s : oo, then // e Lfrc(D).
If s < oo, then // e LL.(D), where p : ffi in case a), p : ffi1 in case b)

and p * ffi i" case c). If E is of o-anite n. - 1 dimensional Hausdore measure
and m1(B) : 0, then / is ACL" if s : oo, and / is ACLp on D if s ( oo, where
p : ;tr if # < s < oo and condition a) is satisped, p : ;#:T if #< s < oo
and condition b) is satisoed, and p - #: if # < s < oo and condition c) is
satisoed.

We prove the similar result which holds for open, discrete mappings with Onite
multiplicity in IRn, i.e. the fact that mappings with locally Otite multiplicity in
IRn and with bounded Ko(.,/) dilatation, or with bounded H"(',f) dilatation,
are mappings with bounded distortion and arbitrary Jacobian sign.

Theorem 6. Let D c IR be open, n) 2,f e C(D,lR")be nonsingular such
that there exists B C .R' with mt (B) : 0 and such that for every r € D, there
exists [/, e V(r) such that N (f,U,,B) ( *, and let 0 < o I I,K ) 0 and
E c D of o-onite n - 1 dimensional Hausdorc measure. Suppose that one of the
following condition is satisped:

a) Ko(x, f )  S K on D\E.
b) / is open, discrete and Ho(r,f) < K on D\E.
c) Ho(r,  f )  S K on D\-E.
Then / is a.e. dieerentiable and ACL" and is a map with bounded distortion

and arbitrary Jacobian sign and ll/ '(")ll" < W.lJt@)l a.e. if condition a)

is sat isoed, l l / ' ( ") l l "  < ( f)"- t . lJy(r) l  a.e. i f  condit ion b) is sat isoed, and

l l / ' ( r) l l "  < (T)".1J1(r) l  a.e. i f  condit ion c) is sat isoed. I f  A e B(D) is
such that Q: N(f  ,A,B) (  ooand I  is a path famil ty from.4, then M(f)  S
t+E.M( f ( r ) )  i f  cond i t ion  a)  i s  sa t isoed,  M( r )  <  s . (E) " - '  . r ( t ( r ) )  i f

condit ion b) is sat isoed, and M(f)  < s '(+)" 'm(t  ( f ))  i f  condit ion c) is
satisoed.
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2. CHANGE OF VARIABLE FORMULAE AND q-SUBADDITIVE
FUNCTIONS

We le t  fo r  D C JR 'open B(D)  :  {ACDlA isaBore lse t }  and L(D)  :

{A c DIA is Lebesgue measurable} . The following change of variable formula for
Sobolev mappings is presented in [13], Th.6.32, page 104 for g = 1 and the proof
for arbitrary g is standard.

L e m m a  1 .  L e t  D c l R  b e o p e n ,  f  e W r ! ! ( D , R " ) n C ( D , n \ , A e  L ( D )
and let g : R" --+ [0,m] be aBorelmap. Thenthere exists E c Dwith pr, (E) : 0
and I o g U @D I Jl (t) | dr : I m^ s (a). N (y, f , A\E)dy, and if / satisoes condition
(l/), we can take E : A.

I f .D cRn isopen, f  eC(D,R"),r  e Dandthereexists l t31##ff iP,  *"
denote itby p,j (r), and from [18], page 325-334, we see that if / is diceerentiable
in r, then there exists F'y (r) and F'y (r) : Ul (r)1 .

If D c .Rn is open, g ) 1 and I i B(D) - [0,*], we say that 9 is a g-
subaddit ive funct ion i f  p@) S e@) for A,B e B(D),A C B,p(A) < oo i f

,4 is compa ct, A c D, and i e @o) <
i : I

Borel sets from A with At C A, 'i : I,

I iminf : !9r,p '(r)  :  I imsup :12,
r 1 0  d ( Q ) < r F n \ Y '  r - 0  d ( e ) < r - " ' = '

q . p @) for every At, . . ., A;' disjoint

. . .  ,k.  We de@ne for r  € D gt @) :

where Q runs through all open cubes

and all open balls such that r e Q C D. As in [18], page 204-209 (see also [16]
Lemma 2.3), if.g is a q-subadditive function, then 9t @) ! q.p' (r) I x a.e., 9'

?nd 
p' are Borel functions and /u 9' @) dr < q' p(I/) for every U c D open. We

nave
Lemma 2. Let D c IR be open, f e C (D,R) be a.e. diceerentiable such

tha t  there  ex is ts  B  c  lR 'w i th  p* (B) :0  and ( :  N( f ,D ,B)  <  oo '  Then,  i f
G cc D is open, it results that J lJt @)ldr ( oo.

Proof.  We deane s: B(D)-- [0,oo] bv p6) :  t ln(f  ( I f ))  for K e B(D).
Since / is continuous, it maps Borel sets into measurable sets (see [3], Th.22.13,
page 69), hence cp is well deoned and takes Onite values on the compact sets from
D and we can easily see lhal g is a q-subadditive function on B(D). We have

IclJt  @)ld, :  Ic p 'y @) dr < I .Q'(r)  dr S s '  [cp'  @) dr 1 q2 '  p (G) :

: e2 . Fn(/ (G)) ( oo for every G CC D open.

3. MAPPINGS WITH FINITE DISTORTION AND ARBITRARY
JACOBIAN SIGN.

The important Ko (f) inequality for ACL" mappings with bounded distortion
and arbitrary Jacobian sign will be proved in Theorem 1, and the proof follows
the line of the classical one for quasiregular mappings (see [24], Th'5.3' page 12
and [21], Th.2.4, page 31).

If a : la,bl -. W is a rectioable path, we denote by so it's lenght function,
and by o0 : [0, l,(a)] -+ IRn \t's normal representation (see [24], page 4-5). If
D C IRn is open, r e D,f t D - IRn is a map, an nxn matrix -L is called
the approximate dieerential of / at r if the maps fn: B (0't) --+ -R', degned by

fn(il : !k"+!9 for y € B (0,1) and h ) 0, converges to .L in measure on
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B (0,1). Then ,L is unique and we denote t': (app)df". An zr, x n matrix is called
a quasidiceerential of / at r if there exists ri --+ 0 such that for every 6 > 0, there
exists i, € /y' such rnu,,,, jyfl:, l l f (r) - f (r) - L(, -,r)l l  < e.r,ifori>. i,.We

say that / is weakly direerentiable at r, and that .L is the weak dieerential of / at
r, if L: (app)d/, and ,L is a quasidieerential of f at r.

Proof of Theorem 1: We see from [21], Prop.1.2, page 6, that the distribu-
tional partial derivatives and the classical partial derivatives coincides a.e., and
from [4], Th.5.21 page 129, we see that / is a.e. weakly dieerentiable. We denote

Or 
[3f 

(r)] tne distributional partial derivative of / at ,, Ay # (r) the classi-

cal partial derivative of / at r, by f 
' (") : f# (")l and by Df (r) :

L o r j '  
' J i , i = \ , . . . , n

(* Al]) We see from [4], Th.5.2i page 129 that the weak derivative
\  " - r  

'  
/  i , i : ! r . .  , n

of / at r acts as the distributional derivative of. f at r, i.e. 1 f'(")(y),€i ):

L.l* @)] ui for y € IRn. Theclassical partial derivatives ffi areBorel maps

on their existence domain, hence the map r -- Df (r) is a Borel map on it's
existence domain.
We see that there exists .F' e B (D) with p,, (F) : 0 and the map r -+ llD/ (r)ll
is a Borel map degned on D\F, and there exists M € L(D) such that F c
M, un (M) :0, / is weakly diaerentiable on D\M and // (r) : D f (r) on D\M .

Let now f be a path family in ,4,16 : h e fl7 is rectioable and / is not
absolutely continuous on some subpath of 7), f1 : {'y e f l7 is rectiOable and
*t({te [0,](7)] lro (t) e M\ > 0],f2 : {r e flr is locally rectioable and is not
recti@able". Using Fuglede's theorem (see [24], Th.28.2, page 95), we see that
M(fo) :0, from [24], Th.33.1, page 111 we see that M (fr) :0, and from [24],
Th.6.9, page 19, we see thar M(fz) : 0. Let f : l\(lo Ufr Uf2) and we take
D f  ( r ) : 0 o n  F U C D .

L,et p' € F (f (f)) be a Borel map on E-. W" deone a Borel map p , W '-

[ 0 , o o ]  b y  p ( r ) :  p ' ( f  ( r ) ) . . l l D / ( " ) l l  i f  r  e  A , p ( * ) : 0 i f  r  e C A .
Let a: [a,b] -- A,a € f. Then a is recti@able and let p: /(a)' We have

f oo - f orro osar &rrd since /oo0 is absolutely continuous, we see that /oo
is rect i0able, and let  Q :  I  ( /oo) :  l ( f  oo0),s :  [0,p] -*  [0,S] the length

function of /oa0 and let B: (/oao;0. Then s is absolutely continuous, B:

(/ o o)o , g o s -- (/ o ao;O o s : .f o a0 and since / o a0 is absolutely continuous,

we see that s/ f") : l l(,f 
o ao;'(u)ll a.e. in [0,p]. We have

I p'd' : ff p' @ (t)) dt : It p' @ (s (r))) ' '' (u) du : I{ p' (t ("0 ("))) '
f oa

l l ( r o o o ) ' ( " t l l a " .
l l . "  /  \  ' l l

Let now z e [0,p] be such that there exists (,f o o0)'(u), (oo)'(u) and oo (") 4
M, and let e > 0. Since a0 is a normal representation' we gnd si ---+ 0 such that
o0 (u * s) * ao (u)and since a0 (r) # M, / is weakly diceerentiable in a0 (u). We
therefore can Ond di --+ 0 and iu e IV such that

(1 )  l l f l s l  - / (o01" ; ;  - f ' ( oo  ( " ) )  ( s - "0 ( " ) ) l l  <u . l l y - "0 ( " ) l l



i f  l l r /  -  
"o  

( " ) l l  : 5 r ,  j  2  j " .
l l u  \  / l l

We set &k : do (u * s6) - o0 (r) for k e IV and we see that aa --+ 0 and on l0
for k e -E/. Since dj ' 0, we can @nd pt, 2 j. and (o*o) ir^ a subsequence of

(or )*er , 'suchthat l l l * , l l  *o i l  < l l lo* r* , l l  - l l r * , l l l  r " t l2p" .  Us insthecont i -
nuity of the map t  - '  l lo0 (u+t) -"0(r) l l ,we can and q" 2 p" and a sequence

?)ieru such that ll"o (" tr) - 
"o 

(")ll : di and |tr, 
* ril S lt*r*, 

- s6, I for

i Z q". Then ri -- 0 and from (1) we see that

(2 )  l l f  ( "0  (u+r ) )  - / ( "0 ( " ) ) l l  <  ( l l f ' ( "0 t " ) ) l l  + ' )  . l l "o  (u*11)  - "0 ( " ) l l

for j > q,.
r.  - ^, r^.r l l  _ r, '-  l l i ({t"t f lLlf t l t" l l l . l loo(u+r:)-oo(") l l  .It results tnat ll(/ 

o a') (u)ll : limi-- Ei6qu+#;o\Gff''- rj

(using (2)) ( l / ' ("0 (")) l l  * ' )  l l ("0) '(") l l< ( l l / ' ("0 (r)) l l+e) and lett ing etends
to zero,we see that

(3) ll {r " "')' (")ll = ll/' ("0 (u)) ll ror a.e. u e [0, p] .

Using (3) and the fact that /' (49 (u)) : Df (ao (u)) for a.e. u e [0,p], we see that
p . . p

I p'd' s j p' (f ("0 ("))) ' l l/ ' ("0 (u))ll du : I p'(/ ("0 ("))) l l,of (c0 (u))ll au
f oa  0  0

:  
{o 'U 

@))  ' l l l / ( " ) l ldr '  We proved that

f f
(4) I p'dt 3 | p' (/ (")) ' lll/ (")ll ds for every a e r'

, I

foa oL

Using (4) ,  we see that  1  3 
r {*p 'a t  

= 
{o '  

( / ( " ) ) ' l l l / ( " )1165:  ipds,

i .e .  p  €"  ( . )  ,  hence M ( t ) :14 ( f ) :J  o"  @)dr : l  p ' "  ( f  ( " ) ) . l ln f  ( r ) l l "dr :

I  p ' " ( f  ( r ) )  . l l / ' ( r ) l l " d r  <  K '  I  p ' " ( f  ( r ) ) ' l J r ( r ) l d r  :  ( us ing  Lemma 1 )
A A
K .  I  p ' ' ( y ) '  N  ( y , f , A \ E ) d a  :  K '  I  p ' " ( a ) ' N ( s ,  f , A \ E ) d y

nn
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.n*\B
< K. q. I p' "@)dE, Here E c Dis the set from Lemma 1 such that p,n(E) : 0.

n7n
We pnally proved that M (l) < I( ' q' M (/ (f)) .
Remark 1.The proof of Theorem 1 is much more simpliged if we additionally

suppose that / is a.e. dieerentiable on D.
As in [24], page 104, we can prove:
Lemma 3 .  Le t  m e  {L , . . . )n* t ) ,8  c  IR"  o f  o -on i ten-m d imens iona l

Hausdore measure, I €. In-* and let f\ : IRn * R',III (r) : 
nP^rr*n"l. 

Then

E n I1;1 (9) is at most countable for a.e. y e I]r (.R") : lftn-m x {0}.
We prove now in Theorem 2 a removability result for mappings with onite

distortion and arbitrary Jacobian sign, and the proof also follows the basic ideas
from the similar proof for quasiregular mappings.

Proof of Theorem 2: Let rs G D and Q : ulrlou,ba] 
be a parallepiped with

the sides parallel to coordinate axes such that 16 € Int Q c Q C U*o, and let



( 1 )
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I  e  I n - 1 .  I f  r  e  n r ( Q ) ,  w e  s e t  F r , r  :  { t e  f a i , b l , i , e r ( I ) l r * t e t €  F } .  L e t

f , J : l a t , b t l -  I R n  b e  d e o n e d  b y  f * ( t ) :  f  ( r + t e 4 )  f o r t  €  [ o 6 b i , i  e  r ( I ) . l t
F is of o-gniten-L dimensional Hausdore measure, we see from Lemma 3 that f!,7
is at most countable for a.e. r e f\ (Q), and this implies that m1(f * (F,,r)) : 0
for a.e. r e II1(A). If ru(f (F)): 0, then automatically mt(f* (F',r)) : 0
for every r €TI7 (Q). Since p'.(F): 0, we apply F\rbini's theorem to see that
also zn1 (F,,r) :0 for a.e. r  Q.f I :  (Q).  Since f  e Wr' i l  (D\F')  nC(D,lRn),we
see from [21], Prop.1.2,page 6 that f,J is absolutely continuous on every closed
interval from [aa, br] \4,r, i e r (I), and we obtain that

m r ( f *  ( 1 ) )  : o i f  A c  l o * b d , i e r ( I )
and m1(1) : 0, for a.e. r e Ih (Q) . 

- ,^. ,p
Let E cD be such that p.n (E):0 be as in Lemma 1. Then lolfi* @,tll drdt S

Iqllf 
' (r,t)llo d,rdt < (using Hlder's inequalitv) (to * Q, f)* or): '

2- / \ 3:-e

( /ar r l . r i  e) rd ,z) '  :  ( toK ( " , f ) '  o" ) -  U^"  N (a, f ,e \ (Eur) )dv)*  <
I  r  - r s  '  \  n

ItoK (", f) '  or) 
^ . Fr (/, u,o,B) . p,(f (A))l* ( oo, hence f ' e Lf..(D) .

Since p ) 1, we have f,.,ll%?ll dz 1x,, and using Fhbini's theorem, we obtainr q  l l  o r i  l l
that

r b i
(2) |  l l f ' , , ,  (t) l lat ( oo, i  e r (I) for a'e' r en1(Q).

J a i

We use now (1) and (2) and Barry's theorem (see [22], page 285) to see that
themap f r t i sabso lu te lycont inuouson[a ,a ,ba l , i ' e r ( . I ) , fo ra .e . :DeI I7 (Q) .We
therefore proved that / is ACL, and since we showed that // is Iocally ,n 7n, it
results that / is ACLp on D, and from, [21], page 6, we see that / e Wr!! (D, n") .

4. MAPPINGS WITH Ko(r,/) < oo A.E.

We show grst in Theorem 3 that Eappings with locally gnite multiplicity and

with Ko (r,f) < oo a.e., or with Ho(r,/) < oo a.e., are a.e. dieerentiable,
extending in this way Lemma 2.2 fuom [9], which is proved for open, discrete
mappings in IRn.

Proof of Theorem 3: Let 9 : B (D) -* [0, m] be deoned bV p 6) : p"U (K))
for K e B(D). As in Lemma2 we show that Q'@) < oo a'e.' and let r € D be
such that Ko(r,/) < * and p' (t) < *. Then, if .\ > 1 and r ) 0 is such that

B (r,r) c D we r,"u" !g*d s oftffffi;6$l Ty(g(g'#))))'
Letting @rst r tends to zero and then .\ tends to 1, we obtain tim-sup lJJffi,,@ll <

k N"(*, f).Q'(r) < *.We apply now the theorem of Rademacher and Stepanov
ti see that / is a.e. dieerentiable on D. If condition b) or condition c) is satis@ed

, we use (x) or (x*) to see that Ko (r, f) < oo a.e. and we use the preceeding

argument.
By usual covering arguments, we obtain the following n-dimensional version of

Lemma 31.1, page 106 from [24]:
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Lemma 4. Let K c IRn be compact and 0 < a S 1. Then there exists a
constant C (a,n) depending only on a and n such that for every e > 0, there exists
d. ) 0 such that for every 0 < r ( 6r, there exists a Onite set .I depending on r and
e such Ihat K a 

olrB 
(ri,ar),fi; € K,i € 1, every point from 

o2rB 
(rn,r) belongs

to at most C (a,n) bal ls B (ra,r)  and E 
p"(B (a,r))  1 C (a,n) .  (u^(1{) + e) .

We prove now Theorem 4, and the strong ACL property from Theorem 4 (the
rn-ACH property) seems to be new even for quasiregular mappings.

Proof of Theorem 4: Suppose that condition a) is satis@ed. Let Q : frrbn,boJ

be a cube with the sydes parallel to coordinate axes with Q c D and suppose
t h a t  q :  N ( / , Q , 8 )  <  * .  L e t  1 €  I n - * , l  :  ( c r , , . , , a ' - * ) ,  w i t h  a j  e

{1 , . . . ,  n  -  t }  fo r  j  :  ! , . . . , f l  -  rn ,  l I r  :  IRn - -+-R '  g iven  by  I I1  (z )  :  ( r7 ,0 )  fo r
r  Q. IRn,andweset fo r  Ae B(nr  (Q) )  ,EA:n iL  @) .Q and le t  9 :  B( t I1 (Q) )  -
.R1be givenby p(A):  p"(f  (Ei)  forA e BFt (Q)).  Then s is aq-subaddit ive
function, hence p'(z) exists a.e. and Q' @) < oo for a.e. r e W (Q) . Let us ox
such apoint r  e I I1(Q), and let  H : l I r l ( r)nQ, and using Lemma 3 and
F\rbini's theorem, we can also suppose that the map t -a Ko((r,t),f)" e L(H)
and that H n E is at most countable.

Let F C 11\.Ebe compact. We take arc ./ cnand F7, : {z e Flon < K"(2, f) <

at"+tj,F*j : {", prlffi&# < ak+rfor 0 ( r S }}for k,j € .0y',and we see

t h a t F ; . i  /  F p f o r k e I N .  W e @ x  k , j  e l N  a n d l e t  K  C F p i  b e c o m p a c t ,  e , t > 0
r  . )

and d: min 
{d 

(K,CD),}} .  ur ing the uniform cont inui tvof /  on B (N,})  c n,

we can ond 0  <  p  <  *  such tha t  l l / ( y ) -  f  ( " ) l l  <  t i f . s ,z  e  B( / f ,$ )  and

lla - "ll 
( p. Using Lemma 4, we can 6nd a ;good; covering of. K, i.e. we @nd

0 ( du < $ and aconstant C(a,n) depending only on n and a suchthat for
every 0 1 r 1 d,, we can @nd aOnite set Jdependingonr and e suchthat
* a 

olr"(ra,ar),h 
e K for i e J, every point from 

n?rB(ro,r) 
belongs to at

most C (a, rz) bal ls B (ra.,r)  and fo.,  u*(B*(u,r))  < C (o,n) '  ( t t*( l f ) )  + e).
Here B- (r.;,r) denotes the balls of center ri andradius r from H for i e J.

We ox such 0 I r I 6, and the corresponding set J and points fr6 e K,i e J,
and let !. : Card. J. Then f (K) c 

olrf 
(B (ri,ar)) and d (/ (B (a,ar))) < t for

every i e J. We have mt*(/ (i()) < Lnrt d (f (B (ri, ar)))* : Drct ,=+tt)

. r-*@ .d(f  (B (r i ,ar)))* (  (using Hlder 's inequal i tv)S ([ ' r \# '

(D , . ,  d , ( f  (B  ( r i ,a r ) ) ) "  .  r - (n -m))+  <v , f# .  ( I , . ,  F^ (B* ( ro , r ) ) )T  '

(or*,  .  Drc,t  t"n(f  (B (rn,r))) '  r -@-*))  # < @r,+r)T vi#

c (a,n)ry .( t  *6) + €)-+o .  (v"-^ cryg-::u1J2"-*a'o))\+
\ /

Here we denoted by Bn-*(r,r) the ball of center r and radius r from nr (8)'

Letting C : V## .Vf-*'C (o,n) ' q* 'p' (r)T and letting @rstr r --+ 0, then

e --+ 0 and Onally t --+ 0 we obtain

n ' r , ( f  (K) )  <  (o** r ) *  'C  '  F^ (K) "#  .
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Since K was arbitrary compact in F1,i,we see thal m* (f (Fld) < C '(on+i# '
/ ^  \ ! = 3  rp*(Fxi)T for every k,j e IN. Since Fpl ,/ Fn, we let j tends to inonite and

we obtain that

(1 )  n 'L* ( f  (F r " ) )  S  C ' (ox* t ) *  ' t t * (Fn)#  fo r ,k  e  lV .

Since / (F) : .fr-/ (F6), we have'  
k : l '  

'

nx^(f (F)) < tn, ( /(&)) < c'DL, (or"*r)*- ' rr*(Fr,)# :

C.D}rqar*t)* o=t+- .p*(Fn)T ! (using Hlder's inequality) <

c  (DL,  a"1 , .  t tm(F* ) )#  ( t * ,  o* * t . "u  P)*

,  ' , #
/ \ ' " o o

< C'S' ( Dnt ! K.((r,t) , /)" dt I 
:(since F* are disjoint and F : 

7.!r.F't) 
:

\ r * /
C . S (1, Ko ((r,r) , ,f)' dq'+' where 3 

-: DL, or+, is convergent if

we take ak : 2k for k e .0y', and t : (t) 
t

Indeed, i f  a1":2k for k€ .ny', then S: i  -#:-: 2'I I-,  ( a!-.)-r,
n l rz t t - .Jc=o!  

-  Lk : r  
\ z#_ ,  1

convergent if. '(";*) - 1 ) 0, i.e. if s > #*.We proved that

/  ,  \ = ; =
(2)  nx* ( f ( r ) )  <  C .  S  .  |  |  n " ( ( " , t ) , / ) 'd t  I  fo r  F  c  i r \ .E  compact

\ F /
Let now F c H be compact. Since f (E n,fy') is countable, we see that

/(.F)\/ (EnH) is a Borel set. Suppose @rst that n'L*(f (.F)) < oo and let
e > 0. Using [17], page 114, Th.8.13, we can and M c / (.F') \/ (E n ff) com-
pact such that m*(/ (.F')\M) < e. Let K : f-L (M) a F' Then K is compact,
K c H\8, f (K) : M, and using (2) we have

m * ( f ( F ) )  <  e * m * ( / ( l ( ) )  (  e *  C  S ( l n K . ( ( r , r ) / ) ' d r ) r y  <  e * C '

S (1, K.((", t) , /)" dt)# and,letting e tends to zero, we obtain that m^ I

c . s ([ o K. ((r ,t) , /)" dq'+" .
I f ' rn^(/(r)) :  oo, s i t tce m*(f  (EnH)) :0,  we use again [L7],  page 114,

Th.8.13 to ond Mp c f (F') \/ (8. H) compact sets such that p 1 m*(Md < *

for every p € lN, and let Kp : f 
-L (M) n F. Then Ko c H\E are compact

sets such that / (K) : Mo for P e N, and using (2) we have p 1m*(Mi -

nx-( f  (KrD s c.s ( lx,Ko((* , t ) ,  f ) '  or)*  < c 's (1,  K.((r , r ) ,  f ) "  d0"73

and letting p tends to in@nite, we ond that oo : rrlm (/ (f.)) <

C S (1, K*((r,t) , "f)" dq"# .We proved in both cases that

< c . s ( l  r*" 
((, , t) , /)" o,)(3) nx*(f  (F)) f o r e v e r y F C H c o m p a c t .
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Let now e > 0. Since the map A * !eK.((r,t),"f)"dt is an absolutely
continuous measure on B (H) with respect to the Lebesgue measure p,^ ftom H,

we can and.6u > 0 such that (fo Ko((r,t),f)"dq'# < #-s if. m*(A) <

6r.  Let A1,. . . ,Ar be closed, dis joint  intervals in
K

I/ such that I m*(Lt) S
; - 1

( ( u s i n s ( 3 )  S q . C ' S '

/  \ "
[ / -  ^  K o ( ( r , t ) , / ) " d t  I  < € '
t  . e - - ,  I
\  ' = r  /' 

We proved that f is nz-ACH if condition a) is satisOed. Suppose that condition

b) is satisoed. Using (*), we see that if Ho e Llo.(D), with s ) ffi, then

Ko(r, f )*  S C.Ho(*, f) 'on D\E for some constant C and * > ;%' no*

what we have proved before, it results that / is rn-ACH. We apply the same

argument if we suppose that condition c) is satis@ed.
Remark 2. The zn-ACH property from Theorem 4 is also valid for intervals Q

in D with the sydes parallel to an arbitrary orthonormal system.
Proof of Theorem 5: suppose that condition a) is satisoed. we see from The-

orem 3 that / is a.e. diceerentiable and we also see that ptt(r) exists a.e. and

F'y(r) :1"fu(r)l a.e. Let r € D be such that / is dieerentiable in z and let

e > 0. Then there exists d, )  0 such that l l /  (")  -  f  (r)  -  f '  (")("  -r) l l  < e'

ll" - *ll for llz - rll < 6". We can take d">0 such that we also have p"(f (B ("' 
")))<

(u? (d+t) un (B (r,r)) and d (/ (B (r, ar)))" I K o (r, f)' t ', U (B (r, r) )) for 0 (

i a 6". Let 1 ( ^ < 2 and 0 < r 3 f and leL z e S(r,ar) be such that

l l f  '  (")  ("  -  
") l l :  l l / ' (") l l  ' l l "  -  

" l l .we have
* .  ( l l f '  (") l l  -  e) :  ( l l / '  (") l l  -  e) '  l lz -r l l  :  l l / '  @) (,  -") l l  - ' '  l l '  -  

" l l
< ll/ (,) - i (") lf+ llf (") - f (") - f ' (r) (" - ")ll 

-e' l l, - rl l < llf (,) - / (r) l l <
d (/ (B (r, )ar))) . We obtain

ttti,i"lif -€)'"< qqq"*dr s t#'Ko(r,/) ?*fff#P . ry
/ '

Ko(r ,  f ) -  ( t t ' r  ( r )  +  e )  :  ry  .  Ko( r ,  f ) ' ( t t  (z ) l  +  e ) .
Letting e --+ 0 and ,\ -* 1, we Ond that

(1)  l l / ' ( " ) l l "  t3  Ko(r , f )  lJ r ( r ) l  a .e .

Let now G CC D be open. Suppose that s ( oo and let p : ffi' Then

0 < p < n and.[ . l l / ' ( r ) l lo d,r  < c (1"o,(" , f )#0")-  $" l t t ( r ) ldz)f  :

c (1" Ko(r,/)" dr) + 
U"lJr (r)ldt)* . oo,where c is a constant'

WJused here Lemma 2. if ; : oo, we prove in the same way that f ' e Li""(D).

If E is of o-@nite rz - 1 dimensional Hausdorce measure and rn1 (B) : O, we apply

Theorem 4 to see that / is ACLp on D, wherlP: n if s : oo and p: ffi if

# a s < o o '
If condition b) is satisoed, then Ko(r, fl; < C' Ho(', f) <oo on D\E, and

from Theorem 3 we see that / is a.e. diceerentiable on D. Let r e D\E be such
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that / is dieerentiable at r and let (.(A) : 
il;ill,ll/(h)ll 

if A e L (.R',R") and

e  >  0 .  T h e n t h e r e e x i s t s 6 "  )  0 s u c h t h a t  l l / ( " ) - f  ( r ) - f ' ( r ) ( r - r ) l l  S  s .
l l r - " l l t t  l l z  -  r l l  <  d ,  andwehave( l l / / ( " ) l l  -  e ) . r  <  L ( * , f  , " )  <  ( l l / ' ( r ) l l  +e) .
r , [ ( r , f , r ) 3 ( ( . ( f ' ( r ) ) * e )  . r i f  0 <  r 1 6 , . .  I f  J y @ ) : 0 , t h e n  f f i # >
( l l f l r " l l l -u ) .o
f f i , a n d s i n c e H o ( r , / ) < * ' t h i s i m p l i e s , l e t t i n g e t e n d t o z e r o , t h a t
l l / ' ( r) l l  :  0,  i .e.  f ' ( r)  :  o.  I t  Jy @) f  0,  we also have ( l ( f '  ( r))  -  e) ' r  <
l(r , f  , r)  for 0 1r 1d",  where e )  0 is choosed such that ,  < l ( f '  ( r)) ,  hence
( l l r ' t ' l l l - ' )  '  .  L (s . f  p r )  .  ( l l r ' t ' l l l+ ' ) . .  o

I . ( ! t (x ) )+e  i  t@, f iF1  -  l c?1 ' ; t re  'o r0  <r  (  du ,and le t t ingr tends to

zero, and then e tends to zero) we ond that Ho (*, f) : o *llLB+ We therefore
obtain that

(2) l l f , (*) l l "  sy"#.Vt@)l a.e. in D.

Using (2) instead of (1), we @nd as before that ft e LT*.(D) if s : oo and that

f 'e LL"(D),  where n:; f f i  i f  s < m. Supposenowthat Eis of o-aniten-1-
dimensional Hausdorce measure and mt (B) : 0 and that h < s < oo. Then
p : ;#:12 1 and from Theorem 4 we see that ,f is ACLp on D. If s : oo' we
see from Theorem 4 that / is ACL" on D.

Suppose that condition c) is satisoed. Then Ko (*, f); 3 C ' Ho(", "f)" < *
on D\E, hence from Theorem 3 we see that / is a.e. dieerentiable, and if t: *,
we see that Ka( ,/) e Ll""(D). If s : oo, then t : @t hence /' e Li""Q).
If s ( oo, Iet p : # : ffi. Then we apply the preceeding arguments to see
that fI € LL.(D). If ,O is of o-anite n - 1 dimensional Hausdore measure and
mr(B) : 0, then p : #.2 1 if -q ( s ( oo, and from Theorem 4 we see that

/ is ACLp on D. If s : oo) we also see from Theorem 4 that / is ACL" on D.
Proof of Theorem 6: Suppose that condition a) is satis@ed. We see from Theo-

rem 5 that / is a.e. dieerentiable and ACL' on D and relation (1) from Theorem
5 implies that ll//(")ll" < W l/l(")l a.e., hence / is a map with bounded
distortion and arbitrary Jacobian sign on D. If I is a path family from /, we see
from Theorem 1 that M (r) < +L. M (/ (r)) ,

Ifcondition b) holds, then / is a.e. diceerentiable and relation (2) from Theorem

5 implies that ll/ '(r)ll" S (5)"-' ' lJt @)l a.e., and from Theorem 5 we see that

/ is ACL" on D.
If condition c) holds, then Ko (", f) 3 # H"(*, f)" on D\8, hence ll// (")ll" S

(+)^ 'lJr @)l a.e. and Theorem 4 implies that / is ACL" on D.
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