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Abstract

In this paper we study the BcK algebras and their particular classes: the BcK(P) (residuated)

lartices, the Hrijek(P) (BL) algebras und tir. Wajsberg (MV) algebras, we introduce new classes of

BCK(p) lattices, *e esiabllsh hiera,rchies and we give many examples' The paper has five parts'

In the first part, the most important paxt, *. d.'o*po'e the divisibility and the pre-linearity

conditions from the definition of a BL ulg"tm into four new conditions (C*), (Cr), (Cn) and (Cx)'

we srudy the addftional conditions (wNM) (weak nilpotery_iTiT"*) and (DN) (double negation) on

a BCK(P) lattice. we introduce the ordinal sum of two BCK(P) lattices and prove in what conditions

we get BL algebras or other structures, more general, or more Particular than BL algebras'

In part II, we give examples of some finit"e bounded BcK algebras' we introduce new general-

izations of BL algJbras, named d, g, .1, 6, ag, . .., ag'y6 algebras, as BCK(P) lattices (residuated

lattices) verilying one, two, three or four of ihe conditions (C*), (Cv), (Ci and (Cx)' By adding the

conditions (WNM) and (DN) to these classes, we get more classeE among them, we get many gener-

alizations of Wajsberg (MV)'atgeura"s and of Ro (NM) atgelras. . The subclasses of 1w N tt1 Wajsberg

algebras (twrvu)MV"utguUr*) Jnd of lwwv)Hdj;k(P) algebras (twruvlBl algebras) are introduced'

We establish.orrn..tion", (hierarchies) uut*."" uit th.r. new classei and the old classes already pointed

out in Part I.
In part III, we give examples of finite MV and (wrunzlMV algebras, of Hrijek(P) (i'e' BL) algebras

and 1wwu1Bl, atgibras and of a"yd (i.e. divisible BCK(P) lattices (divisible residuated lattices or

divisible integral, 
-residuated, 

commutative l-monoids)) and of divisible lwivru;BCK(P) lattices'

In part IV, we stress the importance of aB1 algebras versus aB (i'e' MTL) algebras algebras and

of Ro (i.e. NM) algebras versus Wajsberg (i.e.' MV) algebras and- of 1w'.rzlaB7 algebras versus BL

algebrasandof o.yi,ersusa.ydalgebras. Wegiveexamples_offinite1MTLalgebrasandof lwrvnlIMTL

( i .e .NM)algebras) ,ofaBla lgebrasandof"gNv, laa| , !1" ' - r la lgebrasandf inal lyofa la lgebras.
In part V, we'give other 

-exampies 
of nnlie nCX1el lattices, finding examples for the others

remaining an open iroblem. We make final remarks and formulate final open problems'

Keywords MV algebra, Wajsberg algebra' BCK algebra, BCK(P) lattice, residuatedlattice, BL

algebra, Hra,jek(P) tre-."b; dlt it iurt s:CKip) lattice' o' A'1'6'aA-' " ' 'ag"Y6 algebra' MTL algebra'

IMTL algebra, WNlt algebra, NM algebra, R6 algebra, 1wru,rzyMV, (wnv1BL, (wNM) aB'y' Roman

algebra

Part III has seven sections.

In Section 7 we give examples of finite wajsberg (MV) algebras, useful in the next sections'

In Section g we give examples of finite rineurry irdered ,e"uersed left-Hdr,iek(P) algebras (BL algebras)

which are not WajsberC (MV ) algebras'

In Section 9 we give examples of finite non-linearly ordered reversed left-Hr{jek(P) algebras (BL)

algebras which are not Wajsberg (MV ) algebras'



In section 10 we give examples of infinite proper BL algebras, obtained as ordinal sums of two product

"tt"tTff;.rr"n 11 we give examples of finite divisible reversed left-BcK(P) lattices (divisible residuated

lattices)' 
-^ ̂ * ^*^,-^lo nr inffnit sed left-BcK(P) lattice' as an ordinal

In Section 12 we give an example of infinite proper divisible rever

sum of two product algebras'
In Section 13 we present two open problems' r . n:----^ 1 --.r.
In this section we shall give example, or dg;ur* from the hierarchy from Figure 1' which is a part of

the hierarchY from Figure 2'

a.yd= divisible BCK(P)-L
aP76=Ha(P)

= B L

(wN

(DN)

Ha(P)1or1
- W = M V

= Bl,lnrvy

f  wrvlHa(P)
4 6,yN1v1BL (wNM)

(DN)

1yy1'1yllJa(P)(p,v) =(urrulz;W = rwxrulBl,glv; = 1wr"u;MV

Figure L: "Vertical" sections through a7d and aB15 (BL) algebras

7 Examples of finite Wajsberg (MV) and (I4l,^rulWajsberg (1wnM)MV)

algebras

In the examples we shall indicate not only the primitive operation, --f , but the derived one, O, too'

Recall that iy [23], Proposition2.32, any Wajsberg algebra satisfies the condition (P2)'

we shall sometimes use only the shorter name, MV algebra, in the sequel'

T.l Examples of linearly ordered Wajsberg (MV) and (wNMlWajsberB (twivulMV)

algebras

iwtrtttla$Cv)

(D



divisible BCK(P)-t
=a'y6

(wNM)

( w N w P B I

! Roman

(DN)

Ha(P)1l lvy
- W = M V

= Bl,lorv)

(wr 'rw1aB1P*,
= I t o = N M

(wNM)

(Cx)

twlruyHa(P)(l lr) =(wruM)w o gNulBLltt l ' , t; = 1wrrlz;MV

Figure 2: "Vertical" sections through a.l, a|'y, o7d (divisible residuated laitices) and aB16 (BL) algebras

Recall that the l inearly ordered set Ln41: {0, 1, 2,' . ' 'n}, (t > 1), organized as a lattice with A = min

and V = max, can be organized:

o as (right-)MV algebra: (Ln+t,O, 
- ',0),

with
r 0 Y = m i n ( n , r * Y ) ,
t r - R : f r - r ,
r + R y  - ( u  ( D y  ̂ )  ^ ;

o as Ief t -MV algebra:  Ln*r  = (Ln+t ,O,- ,n) ,

with
a - - n - r

I t

r O y  =  ( r - @  y - ) -  =  n - ( r -  C I g - )  =  n - m i n ( n , r -  @ a - )  =  n -  m i n ( n , ( n - ' ) + ( n - y ) )  =

n - min(n,2n - r  -  y) =0 - min(O, n -  r  -g) :  max(0, r  + y -  n),

r  )  y  =  r  )L  A= ( rO A- ) -  =min(n ,  a  -  r  |_n) ;

. as Wajsberg algebra (or, equivalently, as bounded, (V-)commutative BCK aigebra): Ln+r = (Ln+t,+

,  t f r ) ,

with
r - + A - m i n { n , y - r * n } ,
t r -  = r  - +  0 :  m i n { n , n - r } : t u - r ,  ( 0  = n - )  a n d

r A a n o t g i o n  m i n { z  l r  S y  a  z } :  ( ,  - +  y - ) -  =  m a x { 0 ,  n  * g  - n } '

Note also that the algebra (Ln+t,V : rrr?,X,A = min,O,-),0,n,) is a Hajek(P) (BL) algebra with

condition (DN).

ap16=Ha(P)

w N M)a"l

(wNM)
iwNutafl

= 
lwNui

Cv)

(D



t-3

Hence, for n = I,2)3,4,5, we have the l inearly ordered Wajsberg (left-MV) algebras Lz' Lz' f 'a' f 's'

16, whose tables are the following:

Remarks 7.1
(1 )  Fo r  n= l , 2 , t heWa jsbe rg (MV)  a lgeb ras  LzandL3ve t \ f y  t hecond i t i on (WNM) 'hence theya re

examples of 1w N m lWajsberg (1w,.ruy MV) algebras'

(2) For n = S,tn. Wujrlirs tMVj a$etuJ La does not verify the condition (WNM) for 2' for example:

(2o2 ) -  v  [ (2^  2 )  -+  (2o2 ) ]  =  1 -  v  [ 2  -+  1 ]  =  2v  2  =2  +3 '

Hence, La is a proper Wajsberg (MV) algebra'
(3) For n) 4,the W;isberg'(MV) aigebra fnal does not verify the condition (WNM)' Indeed' the

condition (WNM) fails for the elements n - 2, n - l:

[ ( n _ 2 ) o ( n - r ) ] _ v [ ( r i - z ) n ( n _ 1 ) - + ( n _ 2 ) o ( n _ 1 ) ] : ( n _ 3 ) _ v [ ( n _ 2 ) - + ( n _ 3 ) ] = 3 V ( n _ 1 ) = n - I * n ,

since:
( ,  - 2 ) O  ( n  -  1 )  =  m a x ( 0 ,  ( r , *  2 )  + ( n -  1 )  - " )  =  m a x ( 0 , n  - 3 )  = n  -  3 ,  s i n c e  ( "  - 3 )  > ( 4 *  3 )  =  1 '

( " - 3 ) -  = n - ( n - 3 )  = 3 ,

(n -2 )  -+  (n  -  3 )  :  m in (n , ( "  -  3 )  -  ( n -2 )  +n )  =  m in ( r ' ,  n - l )  =  n  -  l  and

( n - I ) > ( 4 - 1 ) = 3 .

Remarks 7.2
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(i) Recall that the algebra 82 = (L2 = {0,1},V = ntoxtr\ =],in,_,0,1) is the standard (canonical)

Boolean algebra, where i- = fr -+ 0 = 1- r,ior all r e !z' Remark that corresponding BL algebra'

(Lz,y,n,o,-f,0,1), is not only a wajsberg (lrtv) atgeura, but it is also a Godel and a Product algebra

i;;;"'.;; Boolean algebra is a producr algebra) in rhe same.rime.

(ii) Remark also thJt for n ) 1, the correip"riai.s BL algebra (Lns,v,n,o,-+,0,1) is not a Grjdel

a l g e b r a , s i n c e t h e r e i s l € t r , 1 1  s u c h t h a l  1 o 1 = m a x ( 0 ,  1 + 1 - 2 )  = 0 l L a n d i t i s n o t a P r o d u c t

algebra, since condition (p1) is not satisfied fthere is r ='l € Lnal such that 1A 1- = 1A (n - 1) :

m i n ( l , n - l ) = 1 1 0 ) -
(iii) For n = S,there is another one (and only one) structure of BGK(P) lattice with condition (DN)

on rhe chain La,which sarisfies the condition,lL), @;,1Cn,1,-It will be presented in the third part of

itri, pup., (as example of linearly ordered agr+(DN) algebra (IMTL algebra))'

(iv) For n = 4 thereare anothe. two (and oniy r*o1 stiucturls of BCK(P) lattices with condition (DN)

on the chain .L5, which satisfy the conditiont-tt'1, (C").:l-{ (Ca)' They will be presented in the third

part of this paper (as examples of linearly ordered'aB7+(DN) algebras (IMTL algebras))'

(iv) For n = 5 there are another six (and only six) stru"tu'"s^of.BcK(P) lattices with condition (DN)

on the chain .L6, which satisfy the conditiont iZ-*), tC"l.31_q (Cn). They will be presented in the third

partofthispaper(ase*amplesof l inearlyorderedoBT+(DN)algebras(IMTLalgebras)).

Remark 7.3
Remark that L2satisfies the condition (P1), while Ln41,for n) l, do not satisfy (P1)'

7,2 Examples of non-linearly ordered Wajsberg (MV) and lwNtt'rlWajsberg

(twnu)MV) algebras

We give five examPles'

ExamPle 1

The set

Lzxz  :  { 0 ,a ,b ,L )  =  L2  x  L2  =  {0 '  1 }  x  {0 '  1 }  =  { (0 '  0 ) '  ( 0 '  1 ) '  ( 1 '  0 ) '  ( 1 '  1 ) } '

organized as a lattice as in Figure 3 and as a BCK(P) algebra with the operation -+ and

r o y 
not*ion min{z I r I a + z) = (r -+ a-)-

as in the following tables, is a non-linearly ordered MV algebra' denoted Lz*z'

Figure 3: The non-linearly ordered MV (Boolean) algebra L2v2

0  a b I 0 a b 1
0

b
1

b
1

1 1 1
b 1 b
a a l
0 a b

0 0 0 0
0 a 0 a
0 0 b b
O a b 1

L z r z



Remark thaLLzxzisaBooleanalgebra. Itsatisfiesthecondition(wNM),henceisaproperlwrvrrz;wajsberg

(rwrunzlMV) algebra'
Example 2
The set

LB*z  ={0 ,  o ,  b ,  c ,d ' ,1 )  ?  L3  x  L2  =  {0 ,L '2 }  x  {0 '  1 }  =  { (0 '  0 ) '  (0 '  1 ) '  (1 '  0 ) '  (1 '  1 ) '  (2 '  0 ) '  (2 '  1 ) i '

organized as a Iattice as in Figure 4 and as a BOK(P) algebra with the operation -r and

r o g notlio" min{z I r 3 y -+ z) = (' -+ y-)-

as in the fo l low ing tab les , isanon- l inear lyorderedMValgebra ,denotedbyLs ,z .

Figure 4: The non-linearlY ordered

0
MV algebra Ltxz and BL algebra 71p2)x2

L s * z

It verifies the condition (WNM), hence is a proper lwru,rzlWajsberg algebra'

Example 3
The set

L z * 3  =  { 0 , o , b ,  c , d , , l }  =  L z  x  L s  =  { 0 , 1 }  x  { 0 ,  ! , 2 }  =  { ( 0 ' 0 ) '  ( 0 '  1 ) '  ( 0 ' 2 ) '  ( 1 ' 0 ) '  ( 1 '  1 ) '  ( 1 ' 2 ) } '

organized as a iattice as in Figure ,5 and as a BCK(P) algebra with the operation -+ and

,  a,  
not*oon min{z I  r  I  y  -+ z)  = ( r  -+ y*) -

as in the following tables, is a non-linearly ordered MV algebra, denoted by Lrrz'
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Figure 5: The non-linearly ordered MV algebra L2)<3 and BL algebra'.lTzx?,z)

Lzrs

Note that Ltxz and f,zxz, o're isomorphic.
Example 4
The set

L s r s =  { 0 ' 4 , b ,  c , d ' , e , f  , 9 , I } =  L s x  L s  =  { 0 ,  1 , 2 }  x  { 0 , L , 2 }  =

=  { ( 0 , 0 ) ,  ( 0 ,  1 ) ,  ( 0 , 2 ) ,  ( 1 , 0 ) ,  ( 1 ,  1 ) ,  ( 1 , 2 ) , ( 2 , 0 ) ,  ( 2 ,  1 ) ,  ( 2 , 2 ) 1 ,

organized as a lattice as in Figure 6 and as a BCK(P) algebra with the implication -r and

tr O y notelion min{z I r S y -+ z) = (, -+ y-)-

as in the following tables, is a non-linearly ordered MV algebra, denoted by Ls"s.

0

Figure 6: The non-linearly ordered MV algebra f,axr and BL algebra Hp,z1*12,27
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0 a b c d e f O a b c d e f e l

( r , o ) , . . . , ( n , * ) ) ,
algebra, since, if for instance n ) l, then there is

Lt*s

0 0 0
0 0 a
0 a b
0 0 0
0 0 a
0 a b
0 0 0
0 0 a
0  a b

0
0
0
0
0
c

c

a

b

d
e
f
oo

1

0
a
b
c
d

f

c
I

1 i 1 1
1 9 1 1
1 f  g i
1 1 1 1
1 g 1 1
1 f  g l
e 1 1 1
e g l 1
e f g l

1 1 1 1 1
9 1 1 9 1
I g r I S
e e e 1 1
d e e g l
c d e f C
b b b e e
a b b d e
0 a b c d

0 0 0 0 0
0 a 0 0 a
a b 0 a b
0 0 c c c
0 a c c d
a b c d e
c c f f f

c d f f C
d e  f  g  1

It verifies the condition (WNM), hence is a proper lwrvrrzlWajsberg aigebra'

Example 5
T h e a l g e b r a  L s * z ? L q x L z , w i t h A - { 0 , o , b , c , d , e , / ,  1 } , d o e s n o t v e r i f y t h e c o n d i t i o n ( w N M ) :

( e  O  e ) -  v  [ ( e  n  e )  - +  ( e O e ) ]  =  d Y  e  :  e  I  1 '

Hence, it is a non-linearly ordered proper Wajsberg (MV) algebra'

Remarks 7.4
(i) Recall that the algebra Bz*z -- (Lrr, = {0, a,b,1}, A = min, V = Ilr&xr -, 0, 1) is a Booiean algebra,

where r-  = tr  -+ 0, fbr al l  r  € Lzxz. Remark ihut.ot i . tponding BL algebra, (Lzrz,n,V,O,-+'0, 1),  is

not only a Wajsberg (MV) algebra, but it is also a Godel and a Product algebra (since every Boolean

algebra is a Product algebra) in the same time.
(ii) Remark also that for n ) | or m > 1, the corresponding BL algebra

(L6+t)x (m*1)  r  n,  V,  O,  -+,  0,  1)  = (Ln1r  x  Lm+L tn '  V '  O'  -+,  (0,  0) ,  (n,  m)) ,

w h e r e  t r , r . 1 r  x  L m + t :  { 0 ,  1 , . . . , n )  x  { 0 ,  1 , . . . , r n } =
=  i ( 0 , 0 ) , . . . ,  ( 0 , m ) ,  ( 1 , 0 ) , .  . . , ( I , m ) ,
is only a Wajsberg (MV) algebra; it is
(1,0)  € L211 x Lm+rt  such that

( 1 , 0 )  O  ( 1 , 0 )  =  ( m a x ( 0 , 1  +  1  - n , ) ' m a x ( 0 , 0 + 0  -  m )  :  ( 0 , 0 )  I  ( 1 ' 0 ) ;

it is not a Product algebra, since it does not satisfy the condition (P1): if for instance n ) 1, there is

(1,0)  € Lnql  x .L, '11 such that

(1 ,  0 )  A  (1 ,  0 ) -  =  (1 ,  0 )  A  (n  -  ! , f f i  '  0 )  =  (m in ( l '  n  -  t ) ,m in (0 ,  m) )  =  (1 '  0 )  I  ( 0 '  0 ) '

Final remark for non-linearly ordered MV algebras

Remark that L2y2satisfies the condition (P1), while the other three examples and in general, [-6+t)x(m*1)r

wi th n )  1or  m) I ,  do not  sat is fy  condi t ion (P1).

g Examples of finite, linearly ordered? proper H6jek(P) (BL)

algebras and (r4lrymyH:ijek(P) (g, N6'BL) algebras

We shall sometimes use the shorter names, BL and MV algebras.
The examples are of one of the following forms:
8.1 linearly ordered MV O linearly ordered MV,
8.2 linearly ordered MV 0 linearly ordered BL or linearly ordered BL O linearly ordered MV,

8.3 linearly ordered BL O linearly ordered BL.

not a Gcidel



g.1 Examples of the form: linearly ordered MV o linearly ordered MV

Denote ?Lm*rp*r  :  Lm+L@ Lnar,  for  m,n )  l '

8.1.L Examples of the forrn:' lL2,nat = LzQ Lnar, fot n ) |

Denote Hz,n+r  = Lz l )  Ln+r  = { -1,0}  U{0,  1 ,  2 ,  "  '  ,n \ : . j .  1 t9 '  1 ,2,  "  '  ,n} '
For n = 1,2,J,4,b,;" h;;" tne nnearty ordered Hdjek(P) (BL) algebras'Jlz,z = Lz@Lr, ' l7zi =

Lz@ Lz,' ,J'z,q' = Lz@ La,' , l7z,s = Lz@ Ls,' . l7z,a = Lz@ La, whose tables are the fol lowing:
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Note that 'H2,2 and,1123 satisfy the condition (wNM), hence they are proper yNul!\ algebras,

while the other do not satisiy the condition (wNM) (772,q for 2,'l lz,s for 2,3, 'Jlz,a fot 3,4), hence they

are proper BL algebras
Note also that the subalgebra of.'J7z,n+t @22) obtained by subtracting "0" is77z,''

2
;.)
J

J

3
2

0
;
J

J

2
1
0

I

;
i)

3
3
2'|

0
1- l

0
0
0
0
0

L

1- r

0
0
0
I
2

J

-1
0
0
1
z

J

I

-1
0
0
0
0
1

z
7
J

tr
d

I
r)

4

.J

L

E
K
d

tr
d

r

A

.)

A

5
5
(
r)

E
d

tr

A

0
E

5
A

.)
2
1
0

I
E

5
(

4
3
2
1

4
1

0
0
I
2

4





Remark 8.1 'Jlz,n+t, for n ) 1 is not a Wajsberg (MV) algebra, since there is 0 € Hz,n+r such that

( 0 - ) -  =  ( - 1 ) -  =  n  * 0 , w h e r e  r -  =  r  4  - 1 .

Remarks 8.2
(i) 712,, is a Grjdel algebra.
( i i ) ? 7 2 , , + t , f o r n ) l i s n o t a G o d e l a l g e b r a , s i n c e t h e r e i s l e H 2 , n a r s u c h t h a i l O l = m a x { 0 ,  1 +

l - n | : 0 * 1 .

Remarks 8.3
(i) Since the first algebra of the ordinal sum is l'2, it followsthat'J7z,n+1,n) L, verify the condition

( P 1 ) , s i n c e i f  r : - 1 , t h e n r -  = r - + - l = n  a n d i f  r  f  - l , t h e n t r -  = - ! ,  b y D e f i n i t i o n ? ? .

(ii) But, remark that'l7z,n+t,n) l, is not a Product algebra, since the condition (P2) is not satisfied:

there are r = n1 a = 0, z = 0 € Hz,r+1 such that

(r-)- s f(r O z) -+ (g O r)l = nO [0 -+ 0] = 
"' 

Q n = n f r -+ v : g'

8.1.2 Examples of the forrn: 
') ls,n1t = Lt@ Ln+r, for n ) 1

D e n o t e  H s , r + t  = . L r U  L n + r :  { - 2 , - L , 0 } U { 0 ,  1 , 2 , . . . , n \  =  { - 2 , - 1 , 0 ,  1 , 2 , . . . , n } .
Example 1 The linearly ordered Hr{,jek(P) (BL) algebra'lls,z = Ls@Lz, whose tables are the fol-

Iowing:

77s,z

-) -2  -1 0 1
o

-1
1 l
- i  i

I
1

1
I

0 - 2  - 1 1
I 1

1 a 1- L  - l 0 1

o -2  -1 0 1

- t

-2 -2
-2 -2

o

-1

.)

-1

0 -2  -1 0 0
1 o 1- z  - r 0 1

It satisfies the condition (WNM).

Remark that Jls,z = h@ Lz is rrot a Wajsberg (MV) algebra; it is not a Godel aigebra; it does not

satisfies evidently condition (P1) and it does not satisfy also condition (P2): there are tr: t, A = z = 0

such that
( r - ) *  e  l ( r  o  z)  -+ (v  O z) l  =  LO [0 -+ 0]  = 1 O |  =  I  {0  = n - t  s t

consequently, it is not a Product algebra. Hence, it is the proper, liniarly ordered, Hrijek(P) (BL) with
the smallest number of elements.

Example 2 The linearly ordered H6jek(P) (BL) algebra'172,2 = Ls@Lz, whose tables are the fol-

lowing:

It does not satisfy the condiiion (WNM) for 1.
Remark that 'llts : Lz @ C3 is not a Wajsberg (MV) aigebra; it is not a Godel algebra; it does not

satisfies evidently condition (P1) and it does not satisfy also condition (P2): there are r = I, y = z = 0

such that
( r * ) *  O  l ( r O  z )  - +  ( g O  z ) l = 2 0  [ 0  - +  0 ]  =  2 O  2 = 2 l l =  r  +  a i

'th,s

10



consequently, it is not a Product algebra. Hence, it is a proper, liniarly ordered, Hrijek(P) (BL)'

Remark g.4 Tlt,n+t, for n ) 1 is not a Wajsberg (MV) algebra, since there is 0 € Ht,,n+t such that

( 0 - ) - :  ( - 2 ) -  = n + 0 ,  w h e r e r -  = t 1 - 2 '

R e m a r k  8 . 5 ? l \ , n + r , f o r n  ) l i s n o t a G c j d e l a l g e b r a , s i n c e t h e r e i s - 1  g  H s , n + r s u c h t h a t - 1 o - 1  :

-2 * -r .

Remarks 8.6
(i) Since the first algebra of the ordinal sum is 13 , it follows that ?l 3,,r4 t , fr ) 1, does not verify the

. o n d i t i o n  ( P 1 ) , s i n c e t h l r e i s  t r = - L , s u c h t h a t  r A r -  = - 1 A ( - 1 ) -  = - 1 4 - 1  = - l #  - 2 '  I t d o e s n o t

saiisfy the condition (P2) also, since there are tr =TLt u = z = 0 such that

(z - ) -  Of ( rA  z )  -+  (g  O z )1= n  o  [0  - r  0 ]  =  t '  {0  =  r  -+  v '

(ii) By (1),'l ls,n+r, n ) l, is not a Product algebra.

8.2 Examples of the form: linearly ordered MV CI linearly ordered BL or

linearly ordered Bt 0 linearly ordered MV

Denote Htm+r,n, lL,p*L :  fm+r @'11n+t,p+t = Ln*r @(L"+, @ f,o+t) :

= (L*+r @ L,+) @ Lo+, = HLm+r,n*l@ Lp+r, by associativity of @'
Example For m = n: P = 1, the set

Hz,z,z -  Lr l )Hr, ,  = {-1,0} U{0,  r ,2}  :  ur , rU L2 = {-1,0,  1}  U{1,  2} = {-1,0,  1,2},

organized as a lattice in an obvious way and as the ordinalsum'l7z,z,z='Jlz2@42, with the tables:

- 1  0 1 2

Hz,z , z -1
-1
-1

is a BL algebra; it is a Godel algebra, hence it verifies ihe condiiion (WNM); it satisfies condition (P1),

but not (P2): there are r, = 2, U = z = 0 such that

( t * ) *  a [ ( r e  z )  - +  ( v o  z ) ] = Z o  [ 0  - +  0 ]  =  2 o  2 = 2 1 0  =  r  - +  A '

Hence, 'J7z,z,z is not a Product algebra.

8.3 Examples of the form: linearly ordered BL 0 linearly ordered BL or
equivalent forms

Deno te  
' l l n r+ t , n+ r ,p -1 -1 ,q *1  =  T tm* r ,n * r@Hp+r ,q+ t  =  (L^+ tOLr+ )@(Lp+ t@[n* r )  =

=Hm+r,n1-r ,p+r  0 Lo*,  :  L*+r@?Ln*r ,p*r ,q- lL ,  by associat iv i ty  of  @.
Example For rn : n : p : q: 1, the set

Hz,z,z ,z  = Hz,zU r r , ,  =  Hz,z,zU t ,  -  { -1 ,0,  1 ,2}  U{2 '  3}  = { -1 ,0 '  1 ,2,  3}  =

- 1

0
1
I

L

2 2 2
2 2 2
0 2 2
0 1 2

- r  - l  - l

0 0 0
0 i l
n l t

-1

0
1
z

1 1



= t rU Hz,z,z = {-1,0} lJ{o, t ,2,3},

organized as a lattice in an obvious way and as the ordinalsum'172,2,2,2, with the tables:

- 1  0 1 2 3
-1
-1
'|

- l

-1

't
- I

0
1
2
J

- I

- 1
- 1
- 1

3 3 3 3
3 3 3 3
0 3 3 3
0 1 3 3
0 1 2 3

-1  -1  -1  -1

0 0 0 0
0 1 1 1
0 1 2 2
0 1 2 3

0
1
2
.f

'J7z,z,z,z

is a BL algebra; it is a Gcjdel algebra, hence satisfies the condition (WNM); it satisfies (P1), but not (P2):

there are r, = 3, U = z =0 such that

( t - ) -  s f ( r o  z )  - +  ( s o  z ) l = 3 0  [ 0  - i  0 ]  =  3 o 3  =  3 1 0  =  r  - ]  a '

Hence, it is not a Product algebra.

g Examples of finite, non-linearly ordered, proper H6jek(P) (BL)

algebras and (r4lNuyHrijek(P) (1wn WBL) algebras

We shall sometimes use the shorter names) BL and MV algebras

The examples are of one of the following forms:

9.1 linearly ordered MV O non-linearly ordered MV,

9.2 isomorphic copies of direct products of two Iinearly ordered MV/BL algebras,
g.3 linearly ordered MV CI non-linearly ordered BL or Iinearly ordered BL CI non-linearly ordered

MV,
9.4 lineariy ordered BL O non-linearly ordered BL'

g.1 Examples of the form: linearly ordered MV e non-linearly ordered MV

Denote  Hp+r , (n+r )x (^* r )  =  L r+rA L6+t )x ( rn* l ) r  fo r  p ,n ,m )  l '

We give two families of examPles.

9.1.1 Examples of the forrn: '172,61r)x(m*r) = Lz@ L6+\x(rn*1) ,  for n,m 2 T

Denote  Hz,@+r) " ( -+ \  :  LzU L@+t) r ( *+ t ) ,  w i th  n ,m )  L '

We give four examPles.
Example 1
The set

H z , z * z =  r r u L z x z =  { - 1 , 0 } l - J { 0 , o , b , 1 }  =  { - 1 , 0 ,  a , b , I ) ,

organized as a lattice as in Figure 7 and as a BCK(P) algebra with the operations -r and O as in the

following tables, is a non-linearly ordered Hri, jek(P) (BL) algebra, denoted 
' l1z,zrz = Lz@ Lz*z'

1 0
L L



Figure 7: The non-linearly ordered H6jek(P) (BL) algebra'l1z,z*z

- 1  0 a b 1 - 1  0 a b

'l7z,zrz

-1  -1  -1  - I

0 0 0 0
0 a 0 a
0 0 b b
0 a b 1

-1
0
a
b
1

- I

0
a

b
1

1 1 1 1
1 1 1 1
b 1 b 1
a a 1 1
0 a b 1

1
- t

-1
1

-1

-1
-1
-1
-1
-1

Remark that'llz,zxz is a Gcjdel algebra, hence verifies the condition (wNM) and thus is a 1wru,rz; BL

algebra.
I t  is not an MV algebra, s ince there is 0 € {-1,0,a,b,1) such that (0-)-  = (- l )-  =l*0'

It is not a Produciulg"fra since it satisfies (P1), but it does not saiisfy (P2): there are tr = a' A =

b , z = a s u c h t h a t :

( r - ) -  o l ( r o z )  - +  ( y o  z ) l = l o [ 0  - +  0 ]  =  1 l  r  ) v  = f i '

Example 2
The set

H z , * z  =  r ' r U  L g x z  =  { - 1 , 0 }  U { 0 ,  o ,  b , c , d , l }  =  { - 1 ,  0 , a , b , c , d , I ) ,

organized as a lattice as in Figure B and as a BCK(P) algebra with the operations -+ and o as in the

foiowing tables, is a non-lineaily ordered BL algebra, denoted by'Jlz,z*z: Lz@ Lsrz.

Figure 8: The non-linearly ordered BL algebras 
'Jlz,e*z and712,p,2'1v2

r.)



- 1  0 a b c d 1 - 1  0 a b c d 1

'Jlz,srz

Remark that 'Jlz,zxz is not a Godel algebra, since there is b such ihat b A b = 0 + b. It does not verify the

condition (WNM) for b.
I t  is not an MV algebra, s ince there is 0 such that (0-)-  = (-1)-  =l*0.

I t i s n o t a P r o d u c t a l g e b r a s i n c e i t s a t i s f i e s ( P 1 ) , b u t n o t ( P 2 ) : t h e r e a r e r = & t A = z = d s u c h t h a t :

(r-)-  O [(r  O z) -+ (y s z)]  = lO [0 -+ d] = 1 O |  = I  {  d = r  )  a '

Example 3
The set

H z , s * s :  r r U L 3 * s  =  { - 1 ' 0 } U { 0 , r ,  b , c , d , , e , f  , g , r )  =  { - 1 , 0 , a , b , c , d , e , f  , g , l } ,

organized as a lattice as in Figure 9 and as a BCK(P) algebra with the implication -l and O as in the

following tables, is a non-linearly ordered BL algebra, denoted by ?1z,srs = fz@Lsrs.

Figure 9: The non-linearly ordered BL algebra 77z,srs

Jlz,z*s

-1  -1  -1  -1  -1  -1  -1
- 1  0 0 0 0 0 0
- 1  0 a 0 a 0 a
- 1  0 0 0 0 b b
- 1  0 a 0 a b c
- 1  0 0 b b d d
- 1  0 a b c d l

- l
0
a

b
c
o
I

1 1 1 1 1 1 1
- 1  1  1  1  1  1  I
- 1  d 1 d 1 d 1
- 1  c  c  1  1  1  1
- 1  b c d 1 d l
- 1  a a c c 1 1
- 1  0 a b c d l

- I

0
6

b

d
I

-1
0
a
b
c
d
e
f

o

I .

I
i
1
1
1
1
1
1
i
I

1
1

a

T
I
1
o
b

1
1
6

1
1
c

f
1
1
C
b

f
1
o
b

f
I
rt

f

e
1
1
1
I
1
1
I
e

e

d
T
1
I
c
1
1
6

e

d

c
1
1
o

f
1
o
o

f
e
d
c

b
;

1
I
1
e
e
e
b
b
b

a

1
1
1
(,
o

e
e
d
D

b
a

0
;
I

I

o

f

.l

L

D

a

0

-1

T
- l

- t
-1
-1
-1
-1
-1
-1

- 1

0
a

b
c
o
e
f

c
1

I
1- I

0
a

b

C

d

f
a
o

1

I

i
1
I
1
1
1
1
1
1
1

0
-

0
0
0
0
0
0
0
0
0

e
-1
0
a
b
0

o

c

d

e

-1
0
0

c
c
d
f
f
c
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Remark that Tlz,sxs is not a Godel algebra, since there is c such that cO c = 0 I c' It does not verify the

condition (WNM) for a,d.
I t  is not an MV algebra, s ince there is 0 such that (0-)-  = (-1)-  =l*0'

It is not a Product algebra since there ate tr =b, U = z = / such that:

( r - ) -  o  l ( re  z ) -+  (vo  z ) l  =  ro  [0  -+  11  =  1  o  I  =L  {  f  =  r  -+  a '

Example 4
The set

Hz,s rz  =  r rU  L+xz  =  { -1 ,0 }  U {0 ,  r ,  b , c ,d , ,e , " f ,  1 }  =  { -1 ,0 ,  a ,b , c ,d ,e ,  f  , l \

is a BL algebra. It does not verify the condition (WNM) for e'

Remark 9,1 
'112,6a11x(mf1)r for n,m ) 1, is not a wajsberg (MV) algebra, since there is 0 such that

( 0 - ) -  =  ( - 1 ) -  =  1 f  0 '  w h e r e  r -  =  r  - +  - 1 .

Remark 9.2 ?12,6ar1x(rn*1), for n ) I or m ) 1, is not a Godel algebra' since if n) lfor instance, then

H z , 6 + t ) x ( , n + r y  3  { - 1 , 0 i  U { 0 ,  I , .  . . , n )  x  { 0 ,  .  .  .  , r n }  =

=  { - 1 , 0 i u i ( 0 , 0 ) , . . . , ( 0 , - ) ,  ( 1 , 0 ) , .  . . , ( l , m ) ,

and there  is  (1 ,0 )  such tha t  (1 ,0 )  O (1 ,0 )  =  (1  O 1 ,0  O 0)  = (max(0, i  + 1 -  n),max(0,0 + 0 -  m)) =

(o ,o )  I  (1 ,0 ) .

Remarks 9.3
(i) Since the first algebraof the ordinal sum is f2, it followsthat')12,6'11)x(n+r)r n:n21, verify the

.ondition (P1), since if r : -I,then r- = tr -+-1 = 1 and if r f -1, then r- = -L,by Definit ion ??'

(i i) Bui, remark that?12,61t)x(mf1), n,m21, is not a Product aigebra, since the condition (P2) is

not saiisfied: there are tr = (0,m), U = z = (n,0) such that:

( t - ) - = ( - 1 ) * = ( n , ^ ) ,
n O z :  (0,  nz)  o (n,  0)  :  (0 o n,  rn O 0)  -  (max(0,  0 + n -  n) ,  max(0,  m' f  0  -  m))  = (0,  0) '

a O  z  =  ( n , 0 ) O  ( n , 0 )  :  ( n O n , 0 O 0 )  =  ( m a x ( 0 ,  n t n - n ) , m a x ( 0 , 0 +  0  -  m ) )  =  ( n , 0 ) '  h e n c e

(r-)-  s l (r  o z) -+ (y s r) l  = (n,nr,)  o l (0,0) -+ (n.,0) l  = (n,rn) o (0 -+ n,0 -+ 0) =

-  ( r , * )O (min(n ,n  -  0  *  n ) ,min(m,0  -  0  +  m))  =  (n ,m)  O (n ,m)  =  (n ,m)  {  r  -+  y  =

:  (0 ,m)  -+  (n , ,0 )  -  (m in(n ,  n  -  0 ' tn ) ,min( rn ,  0  -  m * rn ) )  =  (n ,0 ) .

9 .L .2  Examples  o f  the  fo r rn :  H3,6 i l )x (m*1)  =  Ls@f(n+r )x (m+r ; ,  fo r  r i ,m)  I

We give here only one example, when n: m = I.
The set

H s , z * z  =  l r U  L z * 2 =  { - 2 , - 1 , 0 } U { 0 , a , b , r )  =  { - 2 , - L , O , a , b , r } ,

organized as a Iattice as in Figure 10 and as a BCK(P) algebra with the operations -+ and O as in the

following tables, is a non-linearly orclered Hrijek(P) (BL) algebra, denoted Tlt,zrz= Lz@ Lzrz.

t5



Figure 10: The non-linearly ordered Hrijek(P) (BL) algebras'l7s,zrz and'l7z,z,zxz

- 2 - 1 0 a b 1
1 1
- 1  1

o 1- L  - I

q 1

-2  -1
-2  -1

.)

-1

0

b
1

1 1 1 1
1 1 1 1
1 1 1 1
b 1 b 1
a a i l
0 a b 1

-2 -2 -2 -2
- 1  - 1  - 1  - 1

0 0 0 0
0 a 0 a
0 0 b b
0 a b 1

-2
- I

0
a

b
1

-r -r
-2 -2
-2  - i
o 1

-2  -1
o 1

71z ,z rz

Remark thatl ls,zxz is not a Godel algebra, since there is -1 such that -1O -1 : -2 I -t '  BuL,

since for rOy * -2wehave r Ay = ray,it follows that it verif ies the condition (WNM)' hence it is a

(w lr mlBL algebra.'  
I t  i s  no t  an  MV a lgeb ra ,  s i nce  the re  i s  0  €  { -2 ,  - ! , 0 ,a ,b ,1 }  such  tha t  (0 - ) -  =  ( -2 ) *  = I *0 .

It does not satisfy ihe condition (P1), since there is t = -I such that r Ar- = -1A -l = -L * '2'

It does not satisfy the condition (P2) too: there are tr = Q, U =b, z = 0 such that:

(r-)- s[(z o r) -+ (z o Y)l = L f a -+ b = b'

Hence, it is not a Product algebra.

Remark 9.4'l ls,2y2 = LsOL272 is the proper non-liniar @NmlKiljek(P) ( wNtwyBL) algebra with

the smallest number of elements.

g.2 Examples of the forrn: isomorphic copies of direct products of two linearly

ordered MV /BL algebras

Note that at least one of the two BL algebras must not be an MV algebra to get a direct product

which is not an MV aigebra' We give two classes of examples'

9.2,L Examples of the form: isomorphic coppy of l inearly ordered MV x l inearly ordered

BL or l inearly ordered BL x l inearly ordered MV

Denote, for any n,Ttu,P ) 1, the Hr;jek(P) (BL) algebras:

'176..1-r) 
x(n+r,-+l) 3 Lp11 x hLn*r,m1-r

I O



ano 
H6at',m+r)x(p+r) 3 ?lnir'm*r x Lp4t'

Example For n : rn = p = l, 77p,z1xz o'l1z,z x Lz'

The set

H 1 z , z 1 x z =  t 0 , o ,  b , c ,  d , l \  =  H 2 , 2 x L 2 =  { - 1 , 0 , 1 } x { 0 '  1 }  =  { ( - 1 , 0 ) '  ( - 1 , 1 ) ,  ( 0 ' 0 ) '  ( 0 '  1 ) '  ( 1 ' 0 ) '  ( 1 '  1 ) }

organized as a lattice as in Figure 4 and as a BCK(P) lattice with the operations -+ and o as in the

following tables, is a BL algebra, denoted by 71p,z1xz'

O a b c d

'11p,zy*z

Remark that {0,1} and .9: {0, c,l) are its BL subalgebras and that s is just ?12,2.

g.2.2 Examples of the form: isomorphic copy of linearly ordered BL x linearly ordered

BL

Denote, for any fr,ff i ,P,q ) 1, the H6jek(P) (BL) algebra:

'11 
61 t , rn+ r )  x(p+ 1,q+ 1 )  Z Tln i r ,m-r l  x  Hp+ r ,q+t '

Examp le  Fo r  n  =  I n  =  p  =  q=  I , hLp ,z )x (z , z )a17z ,z  x ' J7z , z '

The set

Hp ,z1*12 ,27  =  {0 ,a ,b ,  c1d ' i e1  f  , g , I }  z  Hz ,z  x  Hz ,z  =  { -1 ' 0 '  1 }  x  { -1 ' 0 '  11  =

=  { ( -1 ,  -1 ) ,  ( -1 ,0 ) ,  ( -1 ,  1 ) ,  (0 ,  -1 ) ,  (0 ,0 ) ,  (0 ,  1 ) ,  (1 ,  -1 ) ,  (1 ,0 ) '  ( 1 ,  1 ) i

organized as a lattice as in Figure 6 and as a BCK(P) Iattice wiih the operations -+ and O as in the

following tables, is a BL algebra, denoted by'l7p,z)x(z,z).

O a b c d e f g

Hp,z1*1z,zy

Corollary 9.5 The BL algebra'l7z,z^z 'is 'isomorphic with a subdirect product of 
'Jlz,z x 712,2.
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0 b b d d
a b c d i

a
o

T
I
g
o

1
1
g
o

1
1
6
b

f
1
f.
f
I
f
f
1
t
f

e
T
I
I
I

T
I
1
e
e
e

J

1
1
o
t)

1
I
6
b

e
e
d

c
7
I

f
f
1
t
f
e
c
c

b
T
I
1

b
b
b
b
b
b

a

T
1
o
o

b
b
a

b
b

0
T
t
f
b
n

0
b
0
0

a

b
c
d
e
T
oo

I

0 0 0 0 0 0 0 0 0
0 a a 0 a a O a a
0 a b 0 a b 0 a b
0 0 0 c c c c c c
0 a a c d d c d d
O a b c d e c d e
0 0 0 c c c f f f
0 a a c d d f g C
O a b c d e f g l

1 0
1 a
1 b
1 c
1 d
1 e
1 f
1 r t

1 1

b
T
o
1
d
c
D

d
T

d
1
d
I
d

0
T
o

0

0

a

1
a

a

a

c

1
1
1
I
c
c

I 7



Proof. Remark first that the BL subalgebra S = {0, d,e,g,l} of 77e,2)x(z,z) is isomorphic with'l7z,zxz'
Remark more that ^9 is a subdirect product of.'l7z.z x'Jlz,z, since

s  =  { ( -1 ,  -1 ) ,  (0 ,0 ) ,  (0 ,  1 ) ,  (1 ,0 ) ,  (1 ,  1 ) }

and pr1(,9) = Hz,z = {-1,0, 1}, pr2(S) = Hz3 = {-1, 0, 1}, where pr1 and pr2 are the projection functions
of the direct product ?12,2 xHz,z. tr

9.3 Examples of the form: linearly ordered MV e non-linearly ordered BL
or linearly ordered BL O non-linearly ordered MV

Denote, for u,u,n,m) 1, the BL algebras:

' l114 t *ar ,@+r)x (m+r )  =  Lu+LO l r * ,  @ 41,+r ;x t  ^ * r )  =

=  Lu+r  O f l r * r , ( , *1 )x (m+r )  = ' \4u+r ,u+rO l ( , * r ) ' ( - * r ) ,

by the associativity of @.
We give two examples.
Example 1 For u = u : n: IrL = 1, consider the BL algebra

'Jlz,z,z*z = t ' r@'Jlzprz = ?72,2@ Lr*r.

The support set, {-2, -I,0,e,b, 1}, of the lattice from Figure 10 can be considered either as the union of
SCtS:

Hp,z1 ,z^z  =  l { -2 , -1 }  U{ -1 ,0 } l  U{0 ,  a ,b ,L }  =  lL rU Lr lU  Lr * ,  :  Hz ,zU t r , ,

or as the union

Hz,p ,z ,z1  :  { -2 , -1 }  Ut { -1 ,0 }  U{0 ,  a ,b , r } l  =  L rU lLrU Lr * r l  =  r , rU Hz,z ,z .

It has the following tables:

- 2 - 1 0 a b 1
i
,

o

,
- z

o

0
a
b
1

1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 b 1 b 1
1 a a 1 1
1 0 a b 1

-1
0

b
I

-2 -2
- 1  - 1
0 0
0 a
0 0
0 a

n

-1
0
a

b
1
I

-2 -2
-2  -1
-2  -1

o 1

-2  -1
o l- L  - l

17z,z,zrz

Remark that'Jlz,z,zx2 = Hp,z1,zxz: Hz,(z,z*21 is a Godel algebra.
It is not an MV algebra, since there is -1 such that ((-1)-)- : (-2)- = | I -1.

It satisfies the condition (P1), but it does not satisfy the condition (P2), since there are n = &, A =

b, z = -I such that

( r - ) -  o  [ ( r  o  z ) -+  (so  z ) ]=  re  [ -1  -+  -1 ]  =  t  l r  -+  v  -  b .

Hence, it is not a Product algebra.
Example 2 For u:1) : n: rn = 1 also, consider the BL algebra 'J7z,e,z)*z = Lz@')1p,z1xz.

The set

H z , p , z 1 , z  :  L 2 l ) H p , 2 ) x 2  =  { - 1 , 0 }  U i O ,  r ,  b , c , d , 1 }  =  { - 1 ,  0 , a , b , c , d , L ) ,

18



organized as a lattice as in Hasse diagramme from Figure 8 and as a BCK(P) lattice with the operations
-+ and O from the following tables is a BL algebra, denoted 'llz,Q,z)rz'

- 1  0 a b c d l

'J7r,e,z)rz

9.4 Examples of the form: linearly ordered BL
equivalent forms

Denote, for u,, ' t),f l ,ff i ,P ) 1, the BL algebras:

@ non-linearly ordered BL or

-1
0
a

b
c
d
I

I
-1
-1
-1

1

'1

_ 1

-1
0
a
b

d
1

1- l

0
a
b

D

U

1 1 1
1 1 1
d 1 d
a a l
0 a d
a a c
0 a b

1 1
l t

1 1
1 d
1 1
1 d
c l
c d

-1  - t
-1  0
-1 0
-1 0
-1 0
-1  0
-1 0

-1 -1
0 0
a 0
0 b
a b
0 b
a b

- l  - l

0 0
0 a
b b
b c
d d
d 1

?l u*r,a *r,(n*r,rn+1) x (p+1 ) = Hsar,u ar @ 71 6* r,**1 ) x (p+1 )'

Example For u = 1) =n=m=P = 1, consider the BL algebra

'Jlz,z,(r,z) 
* z ='l1z,z @'t7 p,r'1 *, = (Lz @ b @ 77 1z,z1,z = t, @'l7r,p2) * r,

with the support set

Hz,z , (z ,z ) *z=  Hz,z l )Hp,z1xz= { -2 , -1 ,0 }U{0 ,  Q ' ,b ,c ,d ' ,1 }  =  { -2 ,  -1 ,0 ,a ,b 'c 'd ' l } '

organized as a lattice as in Figure 11 and as a BCK(P) algebra with the operations -l and O as in the

following tables:

Figure 11: The non-linearly ordered BL algebras 'J7z,z,(z,z)rz
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-2  -1  0  a  b  c  d  1 -2  -1  0  a  b  c

712,2,(z ,z)rz

Note that an important class of BL algebr., ,, ,;;1, ,noru BL algebras satisfying the condition (P1),

where 0 is the first element of the lattice. Recall that BL algebras satisfying condition (P1) are called

SB.L algebras.
Remark that any G6del and any Product algebra is a SBL algebra, but noi any MV algebra is, only

the Boolean algebras.

10 Examples of infinite proper BL algebras

Recall first the following examples of Product algebras [2].
Let Q = (G, A, V, +, -, 0J be an abelian /-group (i.e. Iattice ordered group) and let G* = {r €_G, r <-0}

be the negative cone of I. Let A be an element not belonging to G. On the set P(G) = G- U{I} define

the implication -+ by:

it follows that (P(G) : G- U{r}, n, v, -+,I,0) is a Product algebra, denoted 2(G).
o For the linearly ordered standard Product algebra P(Z) = (P(Z) = Z-U{-*},max,min,-+

, -m,0), we get the following tables:

-3 -2 -1 0
0 0 0

P(Z) - 4  - J

- . )  -a

o l- z  - r

1 n

Remark 10.1 The Product algebra P(Z) does not satisfy the condition (WNM) for -I,-2:

( -2 )o  ( -1 ) -  v  t ( -2 )^  ( -1 )  -+  ( -2 )o  ( -1 ) l  =  ( -3 ) -  v  [ ( -z )  -+  ( -3 ) ]  =  ( - - )v  ( -1 )  =  ( - r )  l0

. We shall analyse first the ordinal sum of two Product aigebras, the infinite P(Z) and the finite f2'

We build the two ordinai sums.

-2 -2 -2
-1 -1 -1
0 0 0
a 0 a
b b b
c b c
b d d
c d 1

-1
0
0
b
b
b
b

-2 -2
-1  -1
0 0
0 a
0 0
0 a
0 0
0 a

1 1 1 1 1 1 1
1 1 i 1 1 1 1
1 1 1 1 1 1 1
1 d 1 d 1 d 1
1 a a 1 1 1 1
1 0 a d 1 d 1
1 a a c c 1 1
1 0 a b c d 1

(  0 n ( y - r ) ,  i f  r , y € G '
r + A -  {  O ,  i f  r = L

t  r ,  i f  r € G - , a = -
Then

, a a n o ' 4 o o n m i n { z  l r  S a  - +  z }  =  { ' n y '  
i f  r ' y  € G -

' _ : y  , " j -  
[  I ,  i f o t h e r w i s e .

: : : :
n n n n
\ / u v v

- 1  0  0  0
-2 -1 0 0
-3 -2 -1 0

,
- 4

-1
0

-2
-1
0
a
b

o
I
I

-2 -2
-2 -2
-2 -1
-2 -1
-2 -1

t 1

-2  -1
-2  -1



Example I The linearly ordered set (chain) HpQ)3 = P.(Z)U L, = (Z- U{-*})U t" =

{ - - , . . . , 1 3 ,  - 2 , - ! , 0 i U { 0 ,  1 }  =  { - m , . . .  l - 3 ,  
- 2 , - L , 0 , L } ,

with the operations * uni'o aufinea Uy the following tables, is a linearly ordered Hdjek(P) (BL) algebra'

denoted by 'l7ptzt,z = P(Z) @ Lz.

-+ -oo -3 -2 -1 0
'|

-oo

:
-,)

I- T

1  . . .  1  1  1

- c o  . . .  1  i  1
- o o - 1  1 1
-oo -2 -1 1

I

1
I

i
1
1
I

1
I

0 -oo -3 -2 -1 I I

1 -oo -3 -2 -1 0 I

o -oo -3 -2 -1 0 1
-oo

;-.)
,

-oo

-oo
- @

-oo

-oo -@ -oo

-6 -5 -4
o-o -+ -.)

-4 -3 -2

-oo

.)
2
1

-oo

3
,
1- I

0 -oo -3 -2 -1 0 0
-oo -3 -2 -l 0 I

The BL algebra 'l lpe),, is not Godel, since -3 O -3 = -6 * -3'

I t  sa t i s f ies  (P1) ; i t ' does  no t  sa t is fy  (P2) ,  s ince there is  r=1 ,  u=0,  z  =0  suchtha t

( t - ) -  s [ ( z o r )  - +  ( z e v ) ] : L o  ( 0  - +  0 )  =  t  { r ' +  v  -  0 '

Hence, it is no more a Product algebra.
Thus, it is an infinite, proper' BL chain.

Example 2 The l inearly ordered set (chain) Hz,p(z) = LzUP(Z) = LyUQ- U{-*})  :

{ - - 0 ,  - o o } U i - o o , . . . ,  - 3 ,  - 2 , - I , 0 }  =  { - o o s ,  - N ,  "  . , - 3 , - 2 , - 1 , 0 } ,
with the operations -+ and O defined by the following tables, is a linearly ordered Hd,jek(P) (BL) algebra'

denoted by ?7z,ptz\  = Lz @P(Z).

The BL algebra Hz,p(z) is not Godel, since -3 O -3 = -6 * -3.

It satisfies (P1); it does not satisfy (P2), since there is r =3, y = z -- -cr,}, such that

( r - ) -  g [ (z  O r )  -+ (z  Ov) ]  = 0O (-oo -+ -oo)  = 0 {  r  1  A = -qp '

Hence, it is no more a Product algebra.
Thus, it is an infinite) proper, BL chain.

o Now we give an example of infinite proper non-iinearly ordered BL algebra.
Example Consider the non-linear Wajsberg (MV) algebra Lzxz from Figure 3. Then, the set

H p(z\ ,z*z = P(Z)  U Lr , ,  :  (Z-  Ui  -oo)  )  U Lz*z =

2 l



{ - * , . . . ,  - 3 ,  - 2 , - 1 , 0 }  U { 0 ,  a , b , L \  =  { - o o , . . . ,  - 3 ,  * 2 , - 1 , 0 , a , b , 1 } ,
organized as a lattice as in Figure 12, with the operations -+ and O defined by the following tables, is a
non-linearly ordered Hd,jek(P) (BL) algebra, denoted by 'l7p(z),2*z = p(Z) @ Lz*2.

Figure 12: The infinite, non-linearly ordered, proper BL algebra ?1p(z),2*z

Hp(z ) , r r ,

1 lp(" ) , r r "

-) -oo. -3 -2 -1 0 a b  1
- @

:
-.f

o

1

r  . . .  1  1  1

-". i i i
- o o - 1  1 1
-oo -2 -1 1

I

1
I
I

1 1 1

: ; :
1 1 1
i 1 1
' I  1 1

U -oo -3 -2 -1 f 1 1 1

D

1

-oo -3 -2 -1
-oo -3 -2 -1
-oo -3 -2 -1

b
a

0

1 b 1
a l l
a b 1

o -oo -3 -2 -1 0 a b l
- @

;_ J

1

-oo

- @

- @

-oo

-oo -co -@

-6 -5 -4
-5 -4 -3
-4 -3 -2

-oo

;-.)
q

1

-oo -oo -oo

: : :
-3 -3 -3

n q q

- 1  - 1  - 1
0 -oo -3 -2 -1 0 0 0 0

b
I

-co -3 -2 -1
-oo -3 -2 -1
-oo -3 -2 -1

0
0
0

a 0 a
0 b b
a b l
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The BL algebra ?Lre),rr, is not Grjdel, since -3 O -3 = -6 + -3.

It satisfies (P1); it does not satisfy (P2), since there is tr = at a = z = b, such that

(z-)-  o[(z o r)  -+ (z o v)]  = 1o (0 *r  b) = I  {  r  -+ v -  b '

Hence, it is not a Product algebra.
Thus, ?7p1s1,2"2 is an infinite proper non-linearly ordered BL algebra.

11 Examples of finite, proper divisible BCK(P) lattices and

WN6IBCK(P) lattices

The examples will be of the form: non-linearly ordered MV/BL algebra O MV/BL algebra, more
precisely of one of the following forms:

11.1 non-linearly ordered MV e linearly ordered MV,
11.2 non-linearly ordered MV e non-linearly ordered MV,
11.3 non-linearly ordered MV O linearly ordered BL,
11.4 non-linearly ordered MV e non-linearly ordered BL;
11.5 non-linearly ordered BL O linearly ordered MV,
11.6 non-linearly ordered BL O non-linearly ordered MV'
11.7 non-linearly ordered BL O linearly ordered BL,
11.8 non-linearly ordered BL (B non-linearly ordered BL.

It follows that they are not MV algebras and are not linearly ordered.
In the sequel we shall simply say "BL algebra" instead of "BL algebra which is not an MV algebra".

11.1 Examples of the form: non-linearly ordered MV @ linearly ordered MV

Denote ,  fo r  p ,q ,n )  L ,

D @+D x (q+ r ) , n *1  =  L (p+ t )  *  ( q+ t )O  l ' * t

We give three examples.
Example 1 For p = Q = n = 1, the divisible BCI{(P) lattice

Dz*z,z = Lzxz(f^ tr ,

with the support set

Dzrz ,z  =  LzxzU t  ,  =  {0 ,a ,b , . }  U { " ,  1 }  =  {0 ,  a ,b , c , l ) ,

is organized as a lattice as in Figure 13 and as a BCK(P) algebra with the operations -+ and O as in the
following [ables.

0 a b c 1 O a b c 1
0

b
c
1

1 1 1 1 1
b l b 1 1
a a 1 1 1
0 a b 1 1
0 a b c l

0
a

b
C

I

0 0 0 0 0
0 a 0 a a
0 0 b b b
0 a b c c
O a b c 1

Dzrz,z



Figure 13: The divisible BCK(P) lattice Dz*z,z

Note that the condition (Cv) is not verified, since there are o,b such that:

c = ay b I l@-i b) -+ bl A [(b -+ a) -+ a) : (b-+ b) A (a -+ a) = t.

The divisible BCK(P) Iattice Dzrz,z is of Gijdel type, namely is ihe divisible BCK(P) lattice of Godel

type with the smallest number of elements. Hence, it verifies the condition (WNM)' i.e. it is a divisible

WNwPCK(P) lattice'
It verifies the condition (P1).
It does not verify the condition (P2): there are r = I, y : z = c such that

(r-)- ol(z o r) -+ (z o a)l = lo [c -r c) = | I r -+ a - c.

Hence, it is not of Product type.
It follows that it is not proper.
Example 2 For p: q. = I, n = 2, the divisible BCK(P) latiice

Dzxz,z = Lzrz$ fr ,

with the support set

Dzrz,s  = LzxzU r ,  =  {0,a,b, r }  U{" ,  d ,1. }  :  {0 ,a,b,c ,d, l ) ,

is organized as a lattice as in Figure 14 and as a BCK(P) algebra with the operations -+ and O as in the

foilowing tables.

I

Figure 14: The divisible BCK(P) lattices Dz*z,s andD2v2,2,2



d
T
I
I
1
I
d

0
T
b
d

0
0
0

b
1
b
1
D

b
b

I

i
i
1

1

I
1

c
1
1
L
t
I

d
c

a
T

I
a

a

Dz*z,s

The condition (Cu) is not verified, since there are c,, b such that:

c=  av  b  I  l@+ b )  -+  b l  A [ (b  - -+  a )  -+  a ]=  (b+  b )  ̂  ( a  +  a )  =  1 .

The divisible BCK(P) Iattice Dz,z,zis not of Godel type: there is d such that dO d' = c * d,.
It, verifies the condition (P1).
It does not verify the condition (P2): there ate tr = d A =, = c such that

( r - ) -  s [ ( z o r )  - +  ( z o a ) ] = r o  [ c  - +  c ] = 1 l t  - +  y  -  d .

Hence, it is not of Product type.
It follows that it is proper, namely is the proper divisible BCK(P) lattice wiih the smallest number of

elements.
Example 3 For p = l, Q:2, n = 1, the divisible BCK(P) lattice

Dz*s ,z :  f - z *3@ t r ,

with the support set

Dzrs ,z  =  LzxBU t ,  =  {0 ,a ,b ,c ,d , ,n }  [J { " ,  t }  -  
{0 ,  o ,  b ,c ,d , ,n , I } ,

is organized as a lattice as in Figure 15 and as a BCK(P) algebra with the operations -+ and O as in the
following tables.

0
Figure 15: The divisible BCK(P) lattice Dzrz,z

a
b

d
t

O a b c d 1
0 0
a a
b b
c c
c d
d 1

0
a

b
c
d
1

0
0
0
0
0
0

0
0
b
b
b
b

. )K



0 a b c d n 0 a b c d n

Dz*s,z

The condition (Cu) is not verified, since there are b,d such that:

n = bv d * l(b_+ d) _+ al n [(a _+ b) _+ b) = (d_+ d) A (b _+ b) : 1.

The divisible BCK(P) lattice Dz^s,z is not of Gcidel type, since there is a o o = 0 * a.
I t  does not  sat is f ies (P1) ,  s ince there is  aAa- = aAd,= a+0.
It does not satisfies (P2), since there are r:I, U: z = n such that

( " - ) -  s [ ( z o r )  - +  ( z o y ) ] = r O  [ n  - r  n ] = 7 l n  - +  a  -  n .

Hence, it is not of Product type.
Hence, it is a proper divisible BCK(P) lattice.

LL.z Examples of the form: non-linearly ordered MV @ non-linearly ordered
MV

For n, rn,u, ,u )  l ,  denote

1 1 1 1 1 1 1
d l 1 d 1 1 1
c  d  I  c  d  1 1
b b b 1 1 1 1
a b b d 1 1 1
0 a b c d 1 1
0 a b c d n l

0
a

D

c
d
n
1

b

d

n

0

b

d
n
1

0 0 0 0 0
0 0 a 0 0
O a b 0 a
0 0 0 c c
0 0 a c c
0 a b c d
0 a b c d

0
,
b
n

o

1

I
1
I
i
1
1
I

0
a

b
n
c
d
i

0 0 0 0 0
0 a a a a

b b b b b
b n n n n
b n c n c
b n n d d
b n c d l

0 a
0 0
0 a
0 a
0 a
0 a

D (n+ r )  x  (m+t) ,  (u+1) x  (u+1 )  = L 619 x ( rn+1 )  O L @+t )  x  (u +t )

We shall present only the case n = m : LL = tJ : !.
Example The divisible BCK(P) lattice

D z * z , z ^ z  =  L z r z @  L r ^ r ,

with the support set

D z * z , z r z  =  L 2 r 2 U L r ^ ,  =  { 0 , o ,  b , n } l ) { n , c , d , l )  =  { 0 , o ,  b , n , c , d . , l ) ,

is organized as a lattice as in Figure 16 and as a BCK(P) algebra with the operations -+ and O as in the
following tables.

0 a b n c d

D z r z . z r z

0
;
I

b

0
0
0
0

b
T
b
I
b
b
b
b

d
1
1
1
1
d
1
d

a

T
1
a
a
a

a

a

n

T
I
1
I
d
C

n

c
T
1
1
I

1
c
c

The divisible BCK(P) lattice Dz,z,z*z is of Godel type.



Figure 16: The divisible BCK(P) lattice Dz*z,zrz

It satisfies the condition (P1).
I t  doesno t  sa t i s f y thecond i t i on  (P2 ) ,  s i nce the rea re :  x=c ,  A=z=n  such tha t

(Z- )- o [(z o r) -+ (z o y)] : 1 o [n -r n] = I { n -+ a = (1,.

Hence, it is not of Product type.
Hence, it is not proper.

11.3 Examples of the form: non-linearly ordered MV g linearly ordered BL
or equivalent forms

Denote,  for  any p,Q,D,m )  l ,

D (o+\x (q+1 ) ,n+l ,m+ r  :  f ,  6ar1 x 1c+,  I  S 7[n+ r , rn*1.

We shall give here only one example, the case p : q = n = rn = I.
Example The divisibie BCK(P) lattice

Dz*z,z ,z  = Lzxz@112,2 = Lzx2OG,r@ fd =Dzxz,z@ t r ,

with the support set

Dzrz,z ,z  = LzxzU Ur, ,  =  {0,  a ,  a ,  c i  [J ic ,  d , l ]  =  {0,a,b,c ,d, , I ) ,

is organized as a lattice as in Figure 14 and as a BCK(P) algebra with the operations -+ and O as in the
fo l lowing tables.

Dz*z , z , z

The divisible BCK(P) Iattice Dz*z,z,z is of G<idel type.
It verifies the condition (P1).

a

b
c
d
1

0
1
I

b
a

0
0
0

b
T
b
1
b
b
b

/'l

T
I
I
i
1
d

T
I

a

a

c
1
1
I
I
c
c

I
1
I
I
t
1

O a b c d
0 0 0
a a a
b b b
c c c
c d d
c d l

0
0
0
0
0
0

0
a

b
c
d
1

27



It does not verify the condition (P2): there are r = d, A = z: c such that

(r-)- s[(z o r) -+ (z o d] = ro [c -r d : L { a -+ y - c.

Hence, it is not of Product type.
It follows that it is not proper.

tt.4 Examples of the form: non-linearly ordered MV @ non-linearly ordered
BL or equivalent forms

Denote, for m,fr,p,u,u ) 1, the divisible BCK(P) lattice

D (m+ t )  x  (n+t) ,p*1,  (u*1)  x  (u a 4 :  L  1m+ t )  x  (n+1 )  @ H @nrr , r r+ r )  x  (u+1 )  .

We shall consider only one example, for m = n = p = Lt, = u = L
Example The divisible BCK(P) lattice

Dz,z,z ,z ,z :  L2x2@t4r , r r ,  =  Lzxzs, ( t rA Lt* r )  =  (Lz*z@fdOLtr ,  =  (Dz,z ,z@(Lr*r ,

with the support set

Dz*z ,z , z *z  =  Lzx2UHr , r * ,  =  {0 ,a ,b ,p }U{p , " }  U { " ,  c ,d , , I }  -  { 0 ,o ,  b ,p ,n , c ,d , , I } ,

is organized as a lattice as in Figure 17 and as a BCK(P) algebra with the operation -+ and O as in the
following tables.

Figure 17: The divisible BCK(P) lattice Dz*z,z,.zrz

Dz rz , z , z r z
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11.5 Examples of the form: non-linearly ordered Bt @ linearly ordered MV
or equivalent forms

We consider here only one example among the very many possible ones'

Example The divisible BCK(P) lattice

Dz,z*z,z = '112,2x2s- f ,  = @z@ tr*)  @ Lz :  Lz@(frrrg D :  t r@Dz*2,2,

with the support set

Dz,z *z , z  =  Hz ,zx2Ut ,  =  {0 ,n ,a ,b ,m} l ) {m , l }  =  {0 ,  n ,a ,b ,m, l } ,

is orga.nized as a lattice as in Figure 18 and as a BCK(P) algebra wiih the operations -i and O as in the

followine tables.

Figure 18: The divisible BCK(P) Iattice Dz,z*z,z

0 n a b m 0 n a b m

Dz ,z rz , z

lt does not verify the condition (Cv), since there o,b such that:

nL = av b I l@+ b) -r bl A [(b -+ a,) -+ a] : I.

The divisible BCK(P) lattice Dz,zrz,z is of Godel type.
It verifies the condition (P1).
It does not verify the condition (P2): there are tr = l, U = z = rn such that

("*)-  O [(z o r)  -+ (z o A)]  = lo [m -+ m] :  1.{  r  -+ U = rn.

Hence, it is not of Product type.
Ii follows that ii is not proper.
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11'6 Examples of the form: non-linearly ordered BL @ non-linearly ordered
MV or equivalent forms

We shall present only one example.
Example The divisible BCK(p) lattice

D z , 2 * z , 2 r z = ' J 7 2 , 2 * z @ L r , ,  =  ( l r O  L z r z ) @ L 2 r z = -  t r $ 1 p r r r ) @ L r r r )  - -  L z @ D r * r , r r r ,

with the support set

D z , z r z , z r z  =  H z , z r z U L r * ,  =  { - 1 , 0 , a , b , n } U { r , " , d , L }  :  { _ 1 , 0 ,  a , b , n , c , d , l } ,

is organized as a lattice as in Figure 19 and as a BCK(P) algebra with the operations -+ and o as in the
following tables.

I

Figure 19: The divisible BCK(P) lattice D2,z,z,zrz

Dz,z rz , z *z

LL.7 Examples of the form: non-linearly ordered
or equivalent forms

We shall present only one example.
Example The divisible BCK(P) lattice

BL e linearly ordered BL
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Dz,z*z,z,z = 'J7z,z*z 
QUz,z := (L2 @ Lr*r) @(t, g fd -- Lz Orr*r,,  @ .t",



with the support set

Dz ,zxz ,z , z  =  Hz ,z *zUnr , ,  =  { -1 ,  0 ,a ,b , c }U{ " ,a ,1 }  =  { -1 ,  0 ,a ,b , c ,d ,L } ,

is organized as a lattice as in Figure 20 and as a BCK(P) algebra with the operations -+ and O as in the
following tables.

'I

Figure 20: The divisible BCK(P) lattice Dz,z*z,z,z

0 a b c d

Dz,zrz,z ,z

11.8 Examples of the form: non-linearly ordered BL 0 non-linearly ordered
BL or equivalent forms

we shall give here only one example, among the very many possible ones.
Example The divisible BCK(P) lattice

Dz,z*z,z,2rz = ' l lz,zxz 
@?7rp*, = (Lz S Lzrz) @Q" 0 Lr*r1 =

:  Lr@Drrr , ,  O Lzrz =-  Dz,z*z,z@ Lrr r ,

with the support set

D z , z * z , z :  H z , 2 * 2 U H r , r r ,  =  { 0 , m , a , b , p } U { o , n , c , d , , l }  =  { 0 , m , o , , b , p , n , c , d , , 1 } ,

is organized as a lattice as in Figure 21 and as a BCK(P) algebra with the operation -+ and O as in the
following tables. ,
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Figure 21: The divisible BCK(P) lattice Dz2rz22rz

0 m a b

Dz ,z *z , z , z *2

The divisible BCK(P) Iattice Dz,zrz,z,zrz is of Godel type.
It verifies the condition (P1).
It does not verify the condition (P2): there are r = I, A = z = msuch that

( t - ) -  O [ (z  O r )  -+ (z  O y) ]  :  L  Ofm -+ m] = |  {  r  -+ U = m.

Hence, it is not of Product type.
It follows that it is not proper.

LZ Example of infinite proper divisible BCK(P) latice

Consider the non-linear Wajsberg (MV) algebra f,zxz from Figure 3. Then, the set D2y2,p121 =

Lz ,zU  P(Z )  =  Lz " rU(Z -  U { * * } )  =
{0-- ,  o ,  b ,  -oo}  U{-oo,  .  .  . ,  -3 ,  -2 ,  - I ,0}  = {0- - ,  a ,b,  -@,.  .  . ,  -3 ,  -2 ,  -L ,0) ,
organized as a lattice as in Figure 22,with the operations -+ and O defined by the following tables, is a
non-linearly ordered divisible BCK(P) Iattice, denoted by Dzrz,p(z) = Lz*zOP(Z).
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-1

-2
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-oo

a <  > b
Y

0_-

Figure 22: The infinite, proper, divisible BCK(P) Iattice Dz*z,p(z\
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Note that it is not of Godel type. It satisfies (P1), but not (P2), since there are tr = -3, A = z = -@1
such that:

( r * ) -  O[ (z  O r )  -+  (z  Oy) ]  =  0O ( -oo  -+  -oo)  =  A  t  rJ  y  =  -oo .

Hence, it is not of Product type eather. Hence, Dzxz,eel is an infinite, proper) divisible BCK(P) lattice.

13 Conclusions and open problems

0 0 0
b 0 b
a a 0

0- -  a  0 - -
0_* o_co b

J,)



We have the following hierarchies:

1wru,uyHa(P)
= 1wN*r1BL

w
= Ha(P)1p1,,1

riBtt"tl 
" MV

Ha(P)ry BL

Figure 23: Particular cases of Hdjek(p) (BL) algebras

. ,, "{ 
examining the given examples of wajsberg (MV) and Hrijek(P) (BL) algebras, we conclude the

IOllowtnss:
1) The Product algebras 

?d.yyrl Wajsberg (MV) algebras are incomparable. Indeed, Ls is a
lryNylMY algebranot satisfyinc (P1) and the Product algebra P(z) d,oesnot verify both the conditions
(DN) and (wNM).

2) In the chain L2, L3, ..., L,+t (n > 1) of l iniarly ordered Wajsberg (MV) algebras,.Ihe first two,
L, 

?!{Lt.,,!.re gNr,'rywaisberg (MV) algebras, L2beingeven a Boolean aigebia. 
*

3) By [16], we have:

NRo- | (P IMP)  =Boo lean ,

where the condition (PIMP) is:

(PIMP) r -+ (r -+ A) = r ) y.

It follows that we have:

WN6IMY + (PIMP) = Boolean.

Hence, we have the hierachies from Figure 24.
Following the examples from sections z-11, two groups of open problems raised.

Open problems 13.1
(0) Is any BL subalgebra of a BL algebra either an MV algebra or a product algebra or an ordinal

sum: "linearly ordered BL algebra 0 BL algebra"?
(1) By (0), it is possible to define reccurently BL algebras ? An ideea is the following:
Reccurent definition of BL algebras ?

Boolean

J. i



gNntlBL

(?

Giidel

Figure 24: Some descendents (particular cases) of BL algebras

(i) MV algebras and Product algebras are BL algebras;

(ii) The direct product of two linearly ordered BL algebras is a BL algebra;

(iii) The isomoiphic immage ("oppy) of a BL algebra is a BL algebra;

(iv) The ordinal sum "linearly ordered BL algebra O BL algebra" is a BL algebra;

(v) Every BL algebra is obtained by applying the rules (i)-(iv) in a finite number of times.

Open problem 13.2
(1) Is it possible to define reccurently the divisible BCK(P) laitices? An ideea is the foilowing:
Reccurent definition of divisible BCK(P) lattices ?

(j) Every BL algebra is a divisible BCK(P) lattice;

(jj) The direct product of two divisible BCK(P) lattices is a divisible BCK(P) lattice;

(jjj) The isomorphic immage (coppy) of a divisible BCK(P) lattice is a divisible BCK(P) Iattice;

(jv) The ordinal sum: "non-linearly ordered divisible BCK(P) lattice @ lineariy ordered divisible BCK(P)
Iattice (i.e. BL algebra)" is a divisible BCK(P) lattice;

(jjj) Every divisible BCK(P) Iattice is obtained by applying the rules (j) - fi") in a finite number of times.

(2) Find a representation theorem for divisible BCK(P) Iattices.

P l )  (P

y  N  u1BL1p
= lwx,rzyMV Boolean
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