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-A'bstract

In this paper we study the BCK algebras and their particular classes: the BCK(P) (residuated)

lattices, ttre ia.;et1e; (BL) algebras and the Wajsberg (MV) algebras, we introduce new classes of

BCK(p) lattices, we establish hierarchies and we give many examples. The paper has five parts.

In the first part, the most important part, we decompose the divisibility and the pre-linearity

conditions from the definition of a BL algebra into four new conditions (C-), (Cv)' (Cn) and (Cx).

We study the additional conditions (WNM) (weak niipotent minimum) and (DN) (double negation) on

a nCX(i) lattice. We introduce the ordinal sum of two BCK(P) lattices and prove in what conditions

we get bL algebras or other structures, more general, or more particular than BL algebras'

in part II, we give examples of some finite bounded BCK algebras. We introduce new general-

izations of BL algebras, named a, g,'f ,5, aA, ..., a0"y6 algebras, as BCK(P) Iattices (residuated

lattices) verifying one, two, three or four of the conditions (C*), (C"), (C") and (Cx)' By adding the

conditions (WNM) and (DN) to these classes, we get more classes; among them, we get many gener-

alizations of Wajsberg (MV) algebras and of Ro (NM) algebras. The subclasses of 1wrvul-Wajsberg
algebras (tr"riNtV ilgebras) and of lwrvrrz;Hrijek algebras (rwxMIBL algebras) are introduced. We

establish connections (hierarchies) between all these new classes and the old classes already pointed

out in Part I.
In part III, we give examples of finite MV and (wruu)MV algebras, of Hr{,jek(P) (i'e' BL) algebras

and guutlBl aigebras and of o7d (i.e. divisible BCK(P) lattices (divisible residuated latfices or

divisible iniegral, residuated, commutative l-monoids)) and of divisible 1wr,,'rrayBCK(P) Iattices.

In part IV, we stress the importanceof aB1 algebras versus op (i.e. MTL) algebras algebras and

of Ro ?i.e. NM) algebras versus Wajsberg (i.e. MV) algebras and of lwiv.rzyoBl algeb-ras versus BL

algebras and of o7 versus a7d algebras. We give examples of finite IMTL algebras and of lwrunr;IMTL

1i."e. Nlril algebras), of apy algebras and of 1wruv,cB7 (Roman) algebras and finally of o7 algebras.

In part i, *u give other examples of finite BCK(P) lattices, finding examples for the others

remaining an open problem. We make final remarks and formulate final open problems.

KeyJords MV algebra, Wajsberg algebra, BCK algebra, BCK(P) lattice, residuated lattice, BL

algebra, Hdjek(P) algebra, divisible BCK(P) lattice, d,0,'1,6,a0, "',a0"Y6 algebra, MTL algebra'

Ittitl, 
"tgulru, 

WNM algebra, NM algebra, Re algebra' (w,v,rz;MV, (wrrrzlBl, (wNM) op'y' Roman

algebra

Part IV has four sections.

In section 14, we give examples of proper IMTL algebras and of NM algebras.

in Section 15, we give examples of proper aB1 and of 11rvvrw1a|7 algebras'

In Section 16, we give examples of proper a7 algebras'

In Section 17,we formulate some remarks and open problems'

By cutting with vertical planes, we get the hierarchies from Figures 10 and 2, for examples'
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L4 Examples of proper @wu1aB"Y@w) (NM) algebras

and proper apy(nrq algebras (IMTI algebras)

First recall that, by Proposition 3.14 (obtained in [23]), we have:

a0"Y@N):a'l1o1|t=aBpN) = weak-Ro o IMTL =MTL +(DN) and

(wNrvrlaBlpN)=(wNM)a'YpNl: (wN*4aBp7q = Ro =weak-Ro + (RO)- IMTL + (WNM):NM'

We give here examples of finite IMTL and NM algebras. You can find examples of infinite IMTL and

NM algebras in [4], where the set ,4 is the real interval [0, 1].

L4,1 Examples of finite linearly ordered, proper NM and IMTL algebras

Recall (see [25]) that for each n ) l, the chain Ln+7 = {0,L,2,. . . ,n) can be organized as Wajsberg

(left-Mv) algebra Lnar by using Lukasiewicz's implication 41, and t-norm or:

(  n '  
f " * ! !  - m i n ( n ,  ( n - r ) + y ) ,  r o r u - ( r - + " a - ) -  = m a x ( O ,  r - l y - n ) 'r - + r a :  

I  ( "  - r ) + a ,  t t r ) y

14.l".L Examples of linearly ordered, finite, proper NM algebras

For each n) l, let us consider the chain Ln+L = {0, 1,2, ...,n}, organized as a lattice by A = min and

V = rrrs,Xr und ur a BCK(P) algebra in the following way: we take the strong negation 
-, 

defined on Ln4r

by r- - tu - r, and Fodor's implication and t-norm --lp and Or [7]' [4]:

(  n ,  i f . r 1 y  ^ . - / - . - " . - . , - - I  0 ,  i f  r 1 n - Y
r - ) p a :  

{  * u * 1 r ,  _ r , a ) ,  l f  r > y  r o p a = ( r l p y - ) -  =  
{  . i r r ( r , E i ,  i r r " - y .

Hence, for n = L,2,3,4,5, we have the BCK(P) lattices; fz, Fs, Fq, Fs, f6, whose tables are the

following:
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L 2 3 4 5 0 1 2 3 4 5

Remark 14.1 Note that Fz: f.z and fs = Ls,
i.e. fz and. F3 are examples of linearly ordered lwruu;Wajsberg (1s21,'vlMV) algebras.

Note that N M, = lz is even a Boolean algebra.
Note also that NMs = f,: verifies the condition (P2), but does not verifies the condition (P1).

Note that Fq and ft appear in [30] as examples of R6 algebras.

For each n ) !, fnal is a linearly ordered BCK(P) lattice (with condition (DN)), hence it satisfies the

conditions (C-), (Cu) and (Cn).

Denote -+=-+F and O = Op.
Note that .F+ does not satisfy the condition (C76), since there exist I,2 € La, such that

1 = 1 o 3 = 1 o ( 1  - r 3 )  = 1 O [ ( 2 - + 1 )  - f ( 1  - + Z ) ]  l 2 O [ ( L - + 2 ) - + ( 2 - + t ) ]  = 2 0 ( 3 - + 1 )  : 2 0 1 = 0 .

Noie that Ji does not satisfy the condition (Cx), since there exist 1,2€ Ls, such that
1 = 1 0 4 : rO (2 -+ \ = 1 0 [(2 -+ 1) -+ (t -+ Z)] I
2  o [ (1  -+ 2)  -+ (2 - t  1) ]  :  20 (4 -+ 2)  = 2a.2 = 0.

Note that, for each n ) 3, f,+r does not satisfy the condition (Cx), since there exist 1,2 e Ln41,

such that, since 2 --f 1 = max(n - 2,!0 = n - 2, | -+ 2 =max(n - 1,2) = n - 1, then

1  =  m in ( l ,  n )  =  ron  =  1o ( ( "  -  2 )  -+  (n -  1 ) )  =  1o  [ (2  -+  1 )  - ]  ( t  -+Z ) l l
2 o f ( 1  + 2 ) - +  ( Z + 1 ) l  = 2 0 ( ( n - 1 )  - +  ( " - Z ) )  = 2 O m a x ( n - ( n - r ) , r - 2 ) = z O ( n -  2 )  = 0 .

Note that, for each n ) 3,.F,11 satisfy the condition (WNM).

Hence,  Fn+r=(L,1r ,max,min,*p,0,1)  (n )  3)  isa l inear lyordered Rs= lwNM)agl@x) a lgebra
(NM algebra) (you have the values of r- =r -+ 0 in the table of -+, column of 0).

Remark 14.2
The Wajsberg (MV) algebras and the Ro (NM) algebras are incomparable: there are Bs (NM) algebras

(for example Ji) which are not Wajsberg (MV) algebras and there are Wajsberg (MV) algebras which

are not Re algebras) (for example fa).
The intersection of the two classes is the subclass of 1yr1,.y1Wajsberg (rwry,rzlMV) algebras, which

contains for example the algebras fz = Lz and Ts = [,t.

Open problem 14.3
We recall that the liniariy ordered Wajsberg (MV) algebras Lnal , n ) I (see this paper, Part II), can

be organized as MVn+r algebras [10] and that every MVn+r algebra is an n * l-valued Lukasiewicz-Moisii
algebra [17], 118], [19], [20]. Define simiiarly NMn+r algebras and define the analogous generalizations of
n * 1-valued Lukasiewicz-Moisil algebras.

L4.L.2 Examples of l inearly ordered, f inite, proper IMTL algebras

The following examples (as well F6 ) are taken from [11] (in [11] are given as examples of bounded BCK
algebras with condition (DN), which are not (V-) commutative).

, b , ) c D c o
t l D D o o o

3 3 5 5 5 5
2 2 2 5 5 5
1 1 2 3 5 5
0 1 2 3 4 5

0
0
0
0
0

1
2
3
4
r
J

0 0 0 0 0
0 0 0 0 1
0 0 0 2 2
0 0 3 3 3
0 2 3 4 4
1 2 3 4 5

Example Iz n:4



Let us consider the set Ln+r = L5 = {0,L,2,3,4} organized as a lattice by yy Y = max{r,y} and

r Ay = min{r,y} and as a BCK(P) algebra with the operation -r and trOynorato" min{z lr Sy -+

z\ = (r -+ y-)- as in the following tables:

2 3 4 0 1 2 3 4

IMTLs

Then IMTLs = (Ls,n,V,-+,0,1) is a linearly ordered BCK(P) lattice, with condition (DN), hence

IMTLs satisfies the conditions (C*), (Cv) and (Cn).
Note IMTL5 does not satisfy the condition (C;), since there exist 2,3 e L5, such that

2 = 2 0 4 = 2 O ( 3 - + a )  = 2 0 [ ( 3  - + 2 ) - +  ( 2 - + 3 ) ]  + 3 0 t ( 2  - + 3 )  - + ( 3 + 2 ) l  = 3 0 ( 4 - + 3 )  = 3 0 3 = 1 .

Note also that IMTLs does not satify the condition (WNM), since there exist 2,3€ L5, such that:

( 2 o 3 ) -  v  [ ( 2 ^ 3 )  - r  ( 2 o 3 ) ]  =  1 -  v [ 2  - +  1 ]  :  3 v  3  = 3  *  4 .

Consequently, IMTLs is a linearly ordered, proper a01@N) (IMTL) algebra (you have the values of

r- = tr -+ 0 in the table of -+, column of 0).

Example 2z n=5
L e t u s c o n s i d e r t h e s e t L n + r = t r 6 = { 0 ,  1 , 2 , 3 , 4 , 5 } o r g a n i z e d a s a l a t t i c e b y r V y = m a x { r , y }

and r A y = min{x;,y} and as a BCK(P) algebra in six different ways, with the operations -+ and

* O a 
no'Loon min{z I r I y -+ zl = (r -+ a-)- as in the following tables:

r  I  t , r ' r  I
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0  i  2  3  4 5

rMrLt

0 1 2  3  4 5

rMTLS

Note that IMf Lt- IMf LE do not satisfy the condition (Cys), hence they are not Wajsberg aigebras..

Note that IMbLA - IMf LA do not satisfy the condition (WNM), since there exist 2,4 such that:

( 2  o  4 ) -  v  [ ( 2  ̂ $ ' +  ( 2 o 4 ) ]  =  L -  v  [ 2 - +  1 ]  =  4 v  4  =  4  *  5 '

Note that IMf Lt does not satisfy the condition (WNM), since there exist 3,3 such that:

( 3 o 3 ) -  v  [ ( 3 ^ 3 )  - +  ( 3 o 3 ) ]  =  1 -  v [ 3  - +  1 ]  :  4 Y  3  = 4 * 5 '

Note also that IMTLf; does not satisfy the condition (WNM), since there exist 3,3 such that:

( 3 o 3 ) -  v  [ ( 3 ^ 3 )  - +  ( 3 o 3 ) ]  =  2 -  v  [ 3  - +  2 ] = 3 v 3  =  3  I  5 '

Consequently,IMTLI - IMf LA are linearly ordered, proper IMTL algebras.

R e m a r k  L 4 . 4 L e t u s c o n s i d e r t h e c h a i n  L n + 1  = { 0 , L , 2 , . . . , n ) , f o r a l l n ) 1 .  N o t e t h a t :
- for n = !, Lz can be organized in a single way as BCK(P) lattice, namely as Boolean algebra and

consequently as (wNM) Wajsberg (twnrulMV) algebra, 82 = f2 - 7r;
- for n - 2, Ls can be organized in a single way as BCK(P) Iattice, namely as (wNM)
(rwru,uyMV) aigebra, Fs= Ls;
-'fo, ,, = J, L4 car be organized in two ways as BCK(P) lattice, namely as Wajsberg (MV)
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algebra .Ca

and as Rs = 1w N u)a|l@N) (NM) algebra '2a;
- for n = 4, is.un'b. organized in three ways as BCK(P) Iattice, namely as Wajsberg (MV) algebra 45,

as Re = 
{wNu1aB1p14 (NM) algebra J.5 and as IMTL algebra IMTL5;

- for n ='5, tro'.un b" organized, in seven ways as BCK(P) Iattice, namely as Wajsb_erg (MV) algebra,C6,

as Re = (wN14ap1p4lUU; algebra.Fo and as IMTL algebras IMf LA - IMf LZ'

L4.2 Examples of non-linearly ordered, proper @Nm1aBltnr'rl (NM) algebras

and al31pn'1 (IMfl) algebras

Isomorphic copies of direct products of above mentioned linearly ordered NM (IMTL) algebras will be
examples of nonlinearly ordered NM (IMTL respectively) algebras. For instance:

r the foliowing are examples of not proper NM algebras; they are proper lvzr,ruyWajsberg aigebras:

fz*z 7 f2 x f2 = f 'z x Lz ? Lz*z (see [25]),
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fsrz ? fs x fz = Ls x L2 =- Lsv2 (see [25])'

Fs"s a F3 x Fs : Ls, x f.s t Ls',3 (see [25]) etc.;
o the following are examples of proper NM algebras:

F + r z l F + x f z - F a x L 2 ,

f q * s ? f a x F s - f 4 x L 3 ,

Tq*q 7 fa x Fq etc.;
r the following are examples of proper IMTL algebras:

I MTLr,xz = I MT Lb x f2 = I MTL5 x L2,

I M T L s x g r y I M T L 5 x f s ,

IMTL{,4 o IMTLs x fa and IMTL*X4 = IMTL5 x La,

I M T L 5 , 5 - I M T L s x I M T L ; ,

I MTL{xs = I MTLs x f5 and I MTLlxs = I MTLb x L5 etc.

Other examples:

Example 1 This is an example of non-linearly ordered, proper IMTL algebra. The example is based

on the linearly ordered IMTL algebra IMTLs.
Let  us consider  the set  A5:  {O,a,b, i , f ,g ,h, i ,c ,d, , l } ,  organized as a la t t ice as in  F igure 3,  and as

a BCK(P) algebra with the operation -+ and , o y 
no'40o" 

min{z I r S y -+ z} = (, -+ y-)- as in the

following tables: "4|

0 a b i f g h j c d 0 a b f g h

Then "4| 
: (As,n, V, -+,0, 1) is a non-linearly ordered BCK(P) Iattice with condition (DN), where "41

satisfies the conditions (C*), (Cn), (Cu)

Note that "4| does not satisfy the condition (C1r), since there exist' i ,g € 45, such that

i = i , o l  =  e O  ( g  - +  1 )  = i o l ( s  + i )  - +  ( i  - +  i l l l  s s l |  )  d  - +  ( s  - +  r ) l  = 9 o  ( 1  - +  s )  =  9 o s  = 0 .

Note also thai "4| does not satisfy the condition (WNM), since there arc g1h € As such that:
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Figure 3: Examples of non-linearly ordered, proper IMTL and NM algebras

Consequently, "41 is a non-linearly ordered, proper a/l@x) (IMTL) algebra (you have the values of

r- = tr -+ 0 in the table of -+, column of 0).

Example 2 This is an example of non-linearly ordered, proper NM algebra. The example is based on

the Iineariy ordered NM algebra f5.
Let us consider the set 45 = {0, a,b,'i,f ,g,h,i,cd, 1}, organized as a lattice as in Figure 3, and as

a BCK(P) algebra with the operat ion -r  and ,Oyno'! 'o" min{zlr  1A + z\  -  ( ,  -+ A-)-  as in the

following tables: ,4!

0 a b 0 a b f  g h  j  c d

Then "4! = (As,n,V,-+,0,1) is a non-linearly ordered BCK(P) latiice with condition (DN), which
satisfies the conditions (C*), (Cn), (Cu).

Note that "41 satisfles the condition (WNM).

0 0 0 0
0 0 a 0
0 0 0 b
0  0  a b
0 f f f
o o o f '
b o o o

h h h h
h j j j
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1 1 1 1 1 1 1 1 1 1 1
d 1 d l 1 1 1 1 1 1 1
c c 1 1 1 1 1 1 1 1 1
j c d l 1 1 1 1 1 1 1
h h h h 1 1 1 1 1 1 1
g g g g g 1 1 1 1 1 1
f  f  f  f  f  g  1 1 1 1 1
r r l l l g n r r r r
b i b i f g h d l d l
a a i i f g h c c l l
O a b i f g h j c d l

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 a 0 a
0 0 b b
0 a b  i



Note also that A! does not satisfy the condition (Cx), since there exist 'i,g € 45, such that

i = i o I = i, o (s -+ 1) : i o Ib -+ i,) -+ (i -+ d) * s s [(i -+ d -+ b -+ i)] = e o (1 -+ s) = s o s = 0.

Consequently, Af; is a non-linearly ordered, proper W NM)a|'l@n; algebra (NM) (you have the values
of r- = r -+ 0 in the table of -+, column of 0).

Remark 14.5 We hope that it is obvious the way we can build examples of finite, non-linearly ordered,
proper IMTL or NM algebras from the corresponding finite, linearly ordered, proper IMTL or NM algebras.
It is routine to build, for example, the non-linearly ordered, proper NM algebra "4+, based on the iinearly
ordered, proper NM algebra ?q, the non-linearly ordered, proper IMTL aigebras "41 -,4!, based on
the linearly-ordered IMTL algebras IMTLI - IMf LA respectively, and non-linearly ordered, proper NM
aigebra "4,$, based on the linearly ordered, proper NM algebra f6.

L5 Examples of proper aB1 and wNM\a137 (Roman) algebras

15.L Examples of linearly ordered, proper aB1 and @wtqapl algebras

15.1.1 Examples of linearly ordered, proper aB7 algebras

The examples are of the form: ordinal sums and (isomorphic copies of) subalgebras of ordinal sums.
This part can be developed as it was for linearly ordered BL algebras (Part III).
r For the moment, we say that examples of linearly ordered, proper ap1 algebras are, for examples:

fzA fn, Fz@ Fq, Fs@ F+, Fa@ Fs, etc.
o The foliowing examples of linearly ordered aB1 algebras are get from the corresponding examples

of linearly ordered al3^f on (IMTL) algebras, by modifying the column of 0 in the tables of -+ (i.e. by
modifying the values of r-); namely, we put:

0- = n, t ro :0,  Yr f  n,  (rz 2 3).

Example I: n= 4 The aB1 algebra named "45, obtained from IMTL; .
L e t u s c o n s i d e r t h e c h a i n t r s : { 0 , 1 , 2 , 3 , 4 } o r g a n i z e d a s a l a t t i c e l { t U A = m a x { r , y } a n d t A y -

m i n { z , y } a n d a s a B C K ( P )  a l g e b r a w i t h t h e o p e r a t i o n + a n d  r O U n o " ! " o "  m i n { z l r l y - +  z } a s i n t h e
following tables:

-) 0 1 2 3 4 0 1 2 3 4

A

0
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2
.)
A

Then, ,45 = (Ls,n,V,-+,0, 1) is a l ineariy ordered BCK(P) Iattice, hence "45 satisfies the conditions

(C-) ,  (Cu) and (C,r ) .
It does not satisfy the condition (Cy); indeed, there exist 2'3I L5, such that

2 = 2 a 4 = 2 0  ( 3  - +   )  =  2 O [ ( 3  - + 2 )  - +  ( Z  - +  3 ) ]  * 3 a [ ( Z  - +  3 )  - r  ( 3  - r  2 ) ]  =  3 O ( 4  +  3 )  =  3 O 3  =  1 .

Note also that it does not satisfy the condition (WNM), since there are2,3 € tr5 such that:
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( 2 o 3 ) -  v  [ ( 2 ^ 3 )  - i  ( 2 o 3 ) ]  =  L -  v  [ 2 - +  1 ]  :  0 v  3  =  3  I  4 '



0
1

a\ ) .
" 

'ti

.)

5

Hence, .4s is a linearly ordered, proper proper ap1 algebra'

Remark 15.1 Note that As is just a isomorphic copy of the subalgebra {-1, L,2,3,4} of the ordinal sum

Fz 0 I  MT Lu ({-1,  0}  U{0,  r ,2,3,4}) .

Example 2t n =5 The aBY algebras named At - At and,46l obtained ftorn IMTLL- IMrLt

and f6, resPectivelY.
Let  us consider  the set  Ln+r = t r6 = {0,  I ,2 ,3,4,5}  organized as a lat t ice by xYy = max{r ,y}

and r A y = min{r,yi and as a BCK(P) algebra in five different ways, with the operations -l and

r O y 
notg!-ion 

min{z I r 1 y -+ z} as in the following tables:
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Note that At - A3 do not satisfy the condition (WNM), since there exists 2 such that:

(2o2)-  v  [ (2  ̂ 2)  -+ (2 o 2) ]  =  r -  v  [2  -+ 1]  = 0v 4= 4*5.

Note that AA and,Ao do not saiisfy the condition (WNM), since there exists 2 such that:

( 2 o 2 ) -  v  [ ( 2 ^  2 )  - +  ( 2 o 2 ) ]  =  r -  v  [ 2 - +  1 ]  =  0 V 3  =  3  I  5 .

Hence, they are lineraly ordered, proper aB7 algebras'

Remark 15.2 Note that A!6 - AI and, Aa arcjust isomorphic copies of the subalgebra {-1, t,2,3,4,5}

of rhe ordinal sums fz@ IMTLA, fr@ IMTL\, f2@ IMTLT, fr@ IMTLt, fz@ fa, respectivelv.

Remarks 15.3
( i )  For  n:3, f rom fa we get ,  by the above preocedure,  the BL a lgebra Hz2,z= L2@'1122'

( i i )  For  n:4, f rom f5 we get ,  by the above procedure,  the BL a lgebra ' l lz ,s ,z :172,2@Lz.
(i i i) For n : 5, from IMTLI we get ihe BL algebra 77z,t,z = ]12,q,@ Lz.

L5.L.2 Examples of linearly ordered, proper @Ny1aB1 (Roman) algebras

This part can also be developed as it was for linearly ordered BL algebras (Part III).

We found two categories of examples:
r Examples of the forms: ordinai sums and (isomorphic copies of) subalgebras of ordinal sums.

Here are the following examPles:

Rq,z :  f+@ fz,  Rq,z,z  = Rq,zQ T2 = l faCI  f r ]  0  f2,  etc ' ;

Rs,z = FsQ fz,  Rs,z,z  = Rs,z@ f2 = l fsef r ]  CI  fz ,  e tc '

o The following examples are get from the left-continuous t-norm ?s, which is not continuous on [0, 1],

from [6]: let 0 (p ( 1 and let

\  ^  (  o ,  0 1 a 1 p , 0 < a S p
L o \ r , a ) = r 0 U  =  

[  m i n ( z , y ) ,  o t h e r w i s e

and
I  n ,  r l p , r ) y

r + A = \  A ,  r ) P , r ) U

[  1 ,  r 1 U ,

Then,  i t  was wr i t ing in  [6] ,  ( [0 ,1] ,sup, : ' in f  ,?b,4,0,1)  is  aweak-Bl  a lgebra ( i 'e .  MTL algebra,  i .e .  a0

algebra).
Note that the above algebra is derived from the 3-valued lvzru,rayWajsberg (1ry1'ylMV) algebra (i.e.

in the same time Wajsberg (MV) and Rs (NM) algebra):

F z = L z

By taking a finite number of elements (numbers) in the real interval [0, 1], we distinguish three cases.

1 1



. .  Case 1: A(r,p)={O S r < P < 1}.

Example 1.1 Let us consider the chain A(ot,p)= {0 < oi < p < 1} organized as a lattice by

rv y = max{r,y} and r Ay =min{r, y} and as a BCK(P) algebra with the operations -r and roy 
nottion

min{z I r I y -+ z} as in the following tables:

0 a t 0 o r

A(or,P)
I
1
1
I

I

0 0
0 0
0 0
0 a r

Then, (A(o1,p),A,V,-+,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions

(C-),  (Cu) and (Cn).
It also satisfies the condition (WNM).
- It does not satisfy the condition (C16); indeed, there exist a1,p, such that

ar = ator = ato(p-+ 1) = a,ol(u,-r a1) -+ (or -+ p)] I pal(or-+ p) -+ (p -+ ot)l= po(l -+ p) = Pop = 0'

- I tdoesnotsa t is fy thecond i t ion(DN)  (youhavetheva luesof  r -  - - r  -+0 in the tab leo f  -+ ,co lumn

of 0).
Consequently, A(ar,p) is a proper linearly ordered @NnrlaBl algebra'

Example l.2Let us consider the chain A(a1,a2,p)= {0 < ot <e2 < p < 1} organized as a BCK(P)

aigebra with the operations -+ and r O y as in the following tables:

0 o r a 2 p 1 o a r a 2 p

0 0
o a r
0 p
p 1

0
0,1

p
1

1 1 1
p l 1
p p l
0 a t p

0
A1

p
1

A ( a 1 ,  a 2 , p )

Then, (A(o1 ,az,p),n,V, -+,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions
(C*),  (Cu) and (Cn).

It also satisfies the condition (WNM).
- It does not satisfy the condition (C1r); indeed, there exist c.1,p' such that

a t = a t O I = a r O ( p - +  1 )  : a r o l ( p - + a 1 )  - +  ( o ,  - + p ) ] * p } [ ( a t  - + p )  - +  ( p - +  o r ) ]  = p O ( 1  - + p )  = p o p = 0 '

- It does not satisfy the condition (DN) (you have the values of tr- = r -+ 0 in the iable of -+, column
of 0).

Consequently, A(at,a2,p) is a proper linearly ordered @Nta1aB1 algebra.

oo  Case 2 :  A(p , r )= {0  <  p  (  r  <  1 } .

Example 2.L Let us consider the chain A(p, b1)= {0 < p ( br ( 1} organized as a Iattice by

rvy = max{r, g} and nAy = min{r, y} and as a BCK(P) algebra with the operations -l and roynot9ion
min{z I r 1 y -+ z} as in the following tables:
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a 2 p 1

L2



A(p,  h )
0 0  0  0
o o  p  p
o p h b l
o p f u 1

0
p
by

I

1 1 1 1
p l 1 1
0 p  1 1
0 p b 1  1

0
p
b1
I

Then, (A(p,b1),A,V,-+,0,1) is a l inearly ordered BCK(P) lattice, hence it satisfies the conditions

(C-) ,  (C")  and (Ca).
It satisfies the conditions (Cx) and (WNM).

Remark 15.4 Note that it is an isomorphic copy of the 6at7r1a1BL algebra'l7g,z = h0 Lz = fs@ fz =

1Bs,2, i.e. it is not a proper iineariy ordered WNM)o|'y algebra.

Example 2.2Let us consider the chain A(p,bt,bz)= {0 < p < h z-bz ( 1} organized as a iattice

b y r V a = m a x { r , y } a n d r A y - m i n { r , y } a n d a s a B C K ( P )  a l g e b r a w i i h t h e o p e r a t i o n s - t a n d

r A y 
not*io' 

min{z I r S y -+ z} as in the following tables:

A(p,  h ,bz)

Then, (,4(p,h,bz),n,V,-),0,1) is a iinearly ordered BCK(P) lattice, hence it satisfies the conditions
(C.),  (Cr) and (Cn).

It satisfies the conditions (Cx) and (WNM).

Remark 15.5 Note that it is an isomorphic copy of the g,y1s1alBl algebra'lls,z,z: Lzg^LzoLt =

fz @ fz @ f, = Rs,z,z, i.e. it is not a proper linearly ordered W N M)a|'Y algebra.

oo Case 3: A(r,p,y):{0 S t  S p S y 5 1}

Example 3.1 Let us consider the chain A(ar,p, b1)= {0 ( or ( P ( br < 1} organized as a lattice

b y r V a : m a x { x J , g } a n d r A a - m i n { r , y } a n d a s a B C K ( P )  a } g e b r a w i t h t h e o p e r a t i o n s - + a n d

* o y notrlton miniz I r I y -+ z) as in the following tables:

0 a t p b r 0 a r p b 1

A(a1 ,P ,b )

Then,  ( ,4(or ,p,  br) ,n)V)-+,0,1)  is  a l inear ly  ordered BCK(P) la t t ice,  hence i t  sat is f ies the condi t ions

(C-) ,  (Cu) and (Ca).
It also satisfies the condition (WNM).
- It does not satisfy the condition (C)s); indeed, there exist o1,p, such that

a r = a t o t = a r o ( p - ) 1 )  - o r o l ( p - + o 1 )  - + ( o r - + p ) ]  * p o l ( a t - + p ) - + ( p - + a t ) ]  = p o ( 1  + p ) : P o P = 0 '

0 0  0  0  0
o o  p  p  p
o p h h b l
0 p h b 2 b z
0 p h b z 1

0
p
0 l

bz
1

1 i
1 1
1 1
1 1
b2 1

0
p
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0 0 0 0 0
0 0 0 a t Q 1

0 0 0 p p
0 a r P b r b t
U a r p 0 : l I

0
A I

p
b1

1

1 1 1 1 1
p l 1 1 1
p p 1 1 1
0 a r p 1 1
0 a r P b r l

0
e 1

p
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0
T
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I
p
p
p
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- I tdoesnotsa t is fy thecond i t ion(DN)  (youhavetheva luesof  n -  = r  -+0 in the tab leo f  - f , co lumn

of 0).
0onsequentl y, A(a1 ,p,b1) is a proper linearly ordered @ N vpBl algebra'

Remark 15.6 Note that A(a1,p,b1) is a subalgebra of the ordinal sum ,4(a1,p) (E A(q, bt).

E x a m p l e S . 2 L e t u s c o n s i d e r t h e c h a i n  A ( a 1 , a 2 , p ' b 1 ) : { 0  1 a t 1 a z 1 P  ( b r ( 1 } o r g a n i z e d a s a

lattice by r v y = max{r, g} and r A a - min{r, 9} and as a BCK(P) algebra with the operations + and

r o y notglion min{z I r I y -+ z} as in the following tables:

A(a1 ,a2 ,p ,b )

Then, (A(or ,a2,p,br),n,v,-+,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the condi-

tions (C*), (Cv) and (Cn).
It also satisfies the condition (WNM).
- It does not satisfy the condition (Cv); indeed, there exist c'1,p, such that

a t=arOl=arO(p-+  1)  =are l (p -+  a1)  -+  (4 ,  -+p) ]  lpGl [ (o ,  -+p)  -+ (p-+  r t ) ]  =pO(1  -+p)  =Pap=0

- It does not satisfy the condition (DN) (you have the values of r- -- r -+ 0 in the table of -), column

of 0).
Consequently, A(ar,az,p,bt) is a proper linearly ordered @Nm1ap1 algebra'

Remark L5.7 Note lhat A(a1,a21p'br) is asubalgebraof ihe ordinal sum,4(o,1'02'p) o A(q,br).

Example 3.3 Let us consider the chain A(ar,p,h,bz)= {0 < ot < p < h 1bz ( 1} organized as a

I a t t i c e b y r V y = m a x { r , y } a n d  r A y = m i n { r , g } a n d a s a B C K ( P )  a l g e b r a w i t h t h e o p e r a t i o n s - + a n d

roynot* ion miniz I  r  1y 4 z) as in the fol lowing tables:

A(a1,p , f i ,b2)

Then, (A(or,p,bt,bz),n,V,-+,0,1) is a l inearly ordered BCK(P) lat t ice, hence i t  sat isf ies the condi-

tions (C*), (Cv) and (Cn).
It also satisfies the condition (WNM).
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- It does not satisfy the condition (C76); indeed, there exist o1,p, such that

a r = a t O l = a t O ( p - + 1 )  :  a q [ ( p + c 1 )  - +  ( a r - + p ) ] * p 6 1 ! a t + p )  - +  ( p - + a r ) l = p O ( 1  + p ) = p O p = 0 .

- It does not satisfy the condition (DN) (you have the values of r- = ir: -+ 0 in the table of -+, column
of  0) .

Consequently, A(a1,p,b1,b2) is a proper l inearly ordered WNula|'y algebra.

Remark 15.8 Note that ,4(a1,p,b1,b2) is a subalgebra of the ordinal sum ,4(a1,p) CI ,4(q, h,bz).

Examp le  3 .4Le t  uscons ide r thecha in  A (a1 ,a2 ,p ,h ,b2 ) :  { 0  <  o t  <  a2  <  p  (  b i  <  b ,  <  1 }

organized as a lattice by rY A = max{r,y} and r Ay = min{r,g} and as a BCK(P) algebra with the

operations { and roa'otL!-ion min{z I r 1y -+ z} as in the following tables:

0 a t a z p b l

A ( a 1 ,  a 2 , p , b 1 , b 2 )

Then,  (A(a1 ,a2,p,  br ,b2) ,A,V,-+,0,1)  is  a l inear ly  ordered BCK(P) la t t ice,  hence i t  sa i is f ies the

conditions (C-), (Cr) and (Cn).
It also satisfies the condition (WNM).
- It does not satisfy the condition (Cx); indeed, there exist &1 ,p) such that

a1 = clye!= arO(p + 1) = ap[(p-+ 01) -+ (ot -+ p)] I pol("t -+ p) -+ (p -+ ot)l = pO(l -+ p) = POP - 0

- It does not satisfy the condition (DN) (you have the values of r- = r -+ 0 in the table of -+, column

of  0) .
Consequently, A(ar,a2,p,br,b2) is a proper l inearly ordered @Nu1al31 algebra,.

Remark15 .9  No te tha tA (a1 ,a2 ,p ,b r ,b2 )  i sasuba lgeb rao f  t heo rd ina l sum,4 (o1 ,oz ,p )  @ A(q ,h ,bz ) .

Open problem 15.10 Analysetheother lef t -cont inuous t -normsfrom [6] :  Tr ,  Tz,  TJ,72,r ,  T2na1,  (n)

o)

L5.2 Examples of non-linearly ordered aB1 and @wm1aB1 algebras

15.2.I Examples of non-linearly ordered, proper aB'y algebras

We present two groups of examples:

r The (isomorphic copies of) direct products of linearly ordered aB1 algebras, as for example:

Fz@ fq x Fz@ F+, etc.
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o The ordinal sums of the form: linearly ordered ap1 algebra @ non-linearly ordered aB7 algebra, as

for example:

F2@ fay2,  etc .
Welevelop only one example, obtained as ordinal sum of fz and the non-linearly ordered a7"y@N)

algebra "4|.
Let us consider the set 85 - {0,n,a,b,d,,f ,g,h, j,c,d,l}, organized as a lattice as in Figure 4, a,nd as

a BCK(p) algebra with the operation -+ and r O y 
not*ion 

min{z I r 1 y -+ z} as in the following tables:

B!

d

i (4)

h (3)

I  (2)

f  (1 )

i (0)

Figure 4: Example of non-linearly ordered, proper ap1 algebra
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Then B] : (Bs,n,V,-+,0,1) is a non-linearly ordered BCK(P) lattice, which satisfies the condition

(B3), i.e. iC-j una (Cu), but'it does not satisfy the condition (C;), i.e. (82); since it satisfies the

condition (Cn), it follows that it does not satisfy the conditio" (Cx). Consequently, AlB is a proper

non-l inearlyordered aB1 algebra(youhavethevalues of c- -  r-+0inthetableof -+,columnof 0) '

Note that 6| does not satisfy the condition (WNM), since there ate'i,c € 85 such that:

(z O c)- v [(? A c) -+ (i,o c)] = a- v li -+ al = 0v c -- c I l '

15.2.2 Examples of non-linearly ordered, proper (wNtrtlaBl (Roman) algebras

We present three Sroups of examples:

. The (isomorphic copies of) direct products of linearly ordered @Nm1aB1 algebras, as for example:

A(ot,p) x .4(0,1,p),  etc.
o The ordinal sums of the form: linearly ordered W N vlaBl algebra @ non-linearly ordered @ N u1aB7

algebra, as for example:

Rsp*z = f i  @ fz*2, Rs,zrz = fs O F2v2, etc '
. We give three examples, which can be generalized'

Example 1
Let us consider the set 41 = {0, a,b,c,d, l }

algebra with the operation -+ and n o y not*ion
organized as a lattice as in Figure 5 and as a BCK(P)

min{z | * < y -+ z} as in the following tables:

Figure 5: Example 1 of non-linearly ordered' proper @Nm1aB1 algebra

-+ O a b c O a b c d 1

Then ,4r = (Ar , n, v, -+, 0, 1) is a non-linearly ordered BCK(P) lattice which satisfies the conditions (C* ),

(Cv) and (Cn).
Note also that ,4r satisfies the condition (WNM)'

1 1 1 1 1 1
d l 1 1 1 1
a a l 1 1 1
0 a d 1 d 1
a a c c 1 1
0 a b c d 1

a

h

c
d
1

0 0 0 0 0 0
0 0 0 a 0 a
0 0 b b b b
O a b c b c
0 0 b b d d
O a b c d 1

t 7



,4r does not satisfy the condition (C,y), since there exist b,ae A1, such that

0 = b O  a = b O ( 1  + o )  = b O f ( a + b )  - +  ( b - r a ) ]  l a O l ( b - + a )  - + ( o - + b ) l  : a O ( a - + 1 )  =  a O 7 = a '

It does not satisfy the condition (DN) (you have the values of tr- = I -+ 0 in the table of -+, column

of 0).
bonsequently, At it is a non-linearly ordered, proper gNulaBl (Roman) algebra'

Example 2
Let us consider the set 42

algebra with the oPeration -+

- {0,r, &,b,c,d,l} organized as a lattice as in Figure 6 and as a BCK(P)

and ro anotati'on min{zlr !a -+ z} as in the following tables:

0

Figure 6: Example 2 of non-linearly ordered' proper @Nm1aB1 algebra

0 n a b c d 0 n a b c d

n
a
b
c
d
I

Then Az = (Az,n,V,-+,0, 1) is a non-linearly ordered BCK(P) lattice which satisfies the conditions

(C-) ,  (Cv)  and (Ca).
Note also that Az satisfies the condition (WNM)'

Note that ,42 does not saiisfy the condition (c)r), since there exist b,n € A2, such that

0 = b o n = b o ( 1  - + n ) :  b o [ ( n - r D )  - +  ( b - + n ) ]  l n o f ( b  - r n )  - +  ( n - + b ) l  = n O ( n  - +  1 )  =  n o l = n .

It does not satisfy the condition (DN) (you have the values of ,f,- = tr -r 0 in the table of -+, column

o f  0 ) .
bonsequently, Az it is a non-linearly ordered, proper @Nu1ap1 (Roman) algebra.

Example 3
Let us consider the set 43 = {0, mtn,a,b,c,d,,1) organized as a lattice as in Figure 7 and as a BCK(P)

algebra with the operation -r and rOynot*ion min{z I r 1y -+ z} as in the following tables:

1 1 1 1 1 1 1
d l l 1 1 1 1
n n l 1 1 1 1
n n a l 1 1 1
0 n a d 1 d 1
n n a c c l l
0 n a b c d l

0 0 0 0 0 0 0
0 0 0 0 n 0 n
0 0 a a a a a
0 0 a b b b b
0 n a b c b c
0 0 a b b d d
0 n a b c d l

0
n
a

b
c
d
1
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Figure 7: Example 3 of non-linearly ordered, proper @Nm1aB1 algebra

0 m n a b c d l 0 m n a b c d l
0  0  0 0 0  0  0  0
0 0 0 0 0 m 0 m
0 0 n n n n n n
0 0 n a a a a a
0 0 n a b b b b
0 m n a b c b c
0 0 n a b b d d
O m n a b c d l

0
m
n

b
c
d
1

1 1
1 1
1 1
1 1
a 1
a d
a c

a b

1
d
m
m
m
0
m
0

0
m
n

b
c
d
1

I
r I

n 1
m n
m n
m n
m n
m n

1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 d 1
c 1 L
c d 1

Then ,4s = (As,n, V, -+,0, 1) is a non-linearly ordered BCK(P) lattice which satisfies the conditions

(C-, ) ,  (Cv)  and (Cn) '

Note also that As satisfies the condition (WNM).

Note that "4r does not satisfy the condition (C16), since there exist b,me As, such that

0 : bOm: bo(t -+ m) - bol(rn -+ b) -+ (b -+ m)l I mo[(b -+ m) -+ (nz -+ b)] : mo(m -+ 1) : mOr : m

It does not satisfy the condition (DN) (you havethe values of tr- =tr -+ 0 in the table of -+, column

o f  0 ) .
bonsequently, As it is a non-linearly ordered' proper @Nm1aB1 (Roman) algebra'

Examples of proper a7 algebras

Recall that these algebras cannot be linearly ordered and proper'

Note that this partlan be developped as it was done for divisible BCK(P) lattices (Part III). Note

also that we didn't found examples of proper (wNqal algebras'

We present two groups of examples of proper o7 algebras:

r The ordinal sum oi non-lineaily ordered NM or IMTL algebra @ (linearly ordered or non-lineariy

ordered) NM or IMTL algebra:
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Fz rz@Fa,  f z r z@J i  e t c . ,  f q *z@fz ,  f z *z@Fnr r '  A?@f r ,  f z , z@A(pJ1 ) '  e t c '

o Other examples:

Example L
Let us consider the set ,4 = {0, a,c,d,,rn,l} organized as a lattice as in Figure 8 and as a BCK(P)

algebra with the operation -+ and rOynotgion min{z I r 1y -+ z} as in the following tables:

Figure 8: Example 1 of proper o7 algebra

0 a c d m l 0 a c d m

Then,4 = (A,A,V,-),0,1) is a BCK(P) lattice which satisfies the conditions (C-a) and (Cn). Conse-

quently, "4 is an c1 algebra, withoui condition (DN) (you have the values of r- = r -+ 0 in the table of

-1. column of 0).

Note that it is a proper a7 algebra, since:
-,4 does not satisfy the condition (Cv); indeed, there exist o, de A, such that

rn  =  uv  d  l l@ -+  d )  - r  d lA  [ ( d  -+  o , )  -+  a ]=  (d  -+  d )n  (a  -+  o )  =  1A  1  =  1 .

- 
"4 does not satisfy the condition (C)r); indeed, there exist rn, d€ A, such that

c = mO d,  = mo (1 -+ d)  = *o [ (d - i  m) -+ (m -+ d) ]  *

+  d o l ( n x  +  d )  +  ( d  - +  m ) l :  d s ( d  - +  1 )  =  d o t =  d .

- it does not satisfy the condition (WNM), since there is d such that:

(d a d)- v [(d ̂  d) -+ (do d)] = c* v fd -+ c] - a v m = rn # r'

Example 2
Let us consider the set A: t0, a,b,c,d,,rn,, 1) organized as a lattice as in Figure 9 and as a BCK(P)

algebrawith the operation -+ and rOynotlion min{z I r <A -+ z} as in the following tables:

0 0 0 0  0  0
0 a 0 0 a a
0 0 c c c c
0 0 c c c d
O a c c m m
O a c d m 1

0
a
c
)u
m
1

1 1 1 1 1 1
d l d d 1 l
a a l 1 1 1
a a m 1 1 1

O a d d 1 1
0 a c d m i

0
a

c

m
1



Figure 9: Example 2 of proper a7 algebra

Then,4 -  ( / ,A,V,-+,0,1)  is  a BCK(P) ia t t ice which sat is f ies the condi t ions (c-)

quently, ,4 is an a7 algebra, without condition (DN) (you have the values of tr- = tr

*1. column of 0).

Note that it is a proper a7 algebra, since:
-.4 does not satisfy the condition (Cy); indeed, there exist b, de A, such that

m = bv d + l(b-r d) -+ dl nl@-+ b) -+ bi = @-+ d) A (b -+ b) = 1 A 1

- I does not satisfy the condition (cx); indeed, there exist m,de,4, such that

c = r t ' r . e d : m O ( 1  - r  d )  = ^ O [ ( d - +  m )  - +  ( m - +  d ) ] +

I  d , o f ( m - +  d )  - +  ( d ,  - +  m ) l =  d s ( d  - )  1 )  =  d a L =  d '

- it does not satisfy the condition (wNM), since there is b such that:

a

b
c
d
m
1

1 1 1 1 1 1 1
d 1 l d d 1 1
d m 1 d d 1 1
b b b 1 1 1 1
b  b  b m  1 1 1
0 b b d d 1 1
0 a b c d m l

and (C1). Conse-
-+ 0 in the tabie of

- l

(bo  b ) -  v  [ (b^b )  +  (bo  b ) ]  :  a -  v  l b  -+  a l  =  dY  m =  m +  r '

17 Remarks and open Problems

1) By combining the hierarchies concerning a7 and aB1 algebras from this paper Part IV with the

hierarchies concerning a15 = divisible BCK(P) Iattices and' aBld'elta = H6jek algebras (BL algebras)

from [?], we get the hierarchies from Figure fig:figV-ac-abc-acd-Bl'- 
i; ' tr iote ti lat the ordinal sum of twoBCK(P) Iattices, My@M2,preserves (Ca) and eliminates (Cv)'

when Mt is non-linearlY ordered.

b
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0
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d

0
0

b
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0
0
c
c
c
o

0
0
0
0
0
0

n

0
0
U

c
c
c
c

m
o
a

c
c
m
m

0
a

a

0
0

a

0
a

b
c
d
m
1
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Cx)
divisible BCK(P)-t

=aj6

(wNM)

(wNv1aB1

{wNupBlp*,
= f t s = N M

(wNM)

(Cx)

gNr,,r1H.a(P)(ri'r) =(wn M)W o gNtrlBLglrrl = lwlr,rz;MV

Figure 10: "Vertical" sections through a'Y, a01, a7d and afu6 (BL) algebras

3) Find a different type of ordinal sum of two BCK(P) lattices, say MlOMr,wh'ichpteserves (Cv)

and eliminates (Cn), when M1 is non-linearly ordered.
4) The hierarchies concerning aB and, ap7 algebras and ap6 and apldelta = Hdjek algebras (BL

algebras) are the following:
5) Find a representation theorem for a1 and a0 algebras and for a7d and oBd algebras.

References

[1] C. C. CHervc, Algebraicanalysisof manyvaluedlogics, ?rons. Amer. Math. Soc.88, 1958,467-490.

[2] R. CrcNoLr, F. Estevn, L. Gooo, A. Tonnous, Basic Frzzy Logic is the logic of continuous
t-norms and their residua, Soft Computing, to appear.

[3] W.H. ConrursH, Lattice-ordered groups and BCK-algebras, Math. Japon'ica, 25, No. 4, 1980' 471-
476.

[4] F. EsrovA, L. Gooo, Monoidal t-norm based logic: towards a logic for left-continuous t-norms,
Fuzzy Sets and Systems,YoI.124, No. 3, 2001, 27I-288.

[b] F. Esrnvn, L. Gooo, A. G.q.nofn-Cnnoefrn, On the hierarchyof t-norms based residuatedfuzzy
logics, to appear in an editing volume by M. Fi|ting and E. Orlowska

[6] P. FloivDoR, G. GpoRcpscu, A. IoRcuLESCU, Pseudo-t-norms and pseudo-Bl algebras,.9oTt
Computing,5, No 5, 2001, 355-371.

[7] J.C. Fooon, Contrapositive symmetry of fuzzy implications, Fuzzy Sets and Systems, 69, 1995,
141-156.

(DN)

Ha(P)1oruy
= W = M V
= Bl,ln,rr)

aB16=Ha(P)

twNu la$
= 

lwNu)

22



dp = }/4TL ??

(c^) + (cx)

(wNM)
aB16 = Ha(P) = BL

(DN)
@Nu1aB

= wNnrlMTL
=WNM ?? Ha(P)1r i , ry

= W '
o , M V

= Bl,lmr)

(w N ru1a B P 7'1) = (w N M)adftl,tr)
(wNM)

= lwrvuyMTl,lolry
={wN6II,I{{TL=NM= Ro

(Cx)

wNwd.P'y6(DN): 1wr,rlzlHa(P)11ruy 
= (w N m1W t g NulBL(rN) = (wrunz;MV

Figure 11: Vertical sections through MTL algebras and BL algebras

@Nu1aB1

^I BL

Ha(P)1rruy
= w = M V
= Bl , lon;

(wr,iu;Ha(P)(pn) =(wruuyW = r.;"NmlBLplr; = 1wrulzlMV

Figure 12: "Vertical" sections through ap (MTL)' aol and afu6 (BL) algebras

=ap1@N)
= MTl,loruy

( C a ) +  ( C x )
(wNM)

twru,u;Ha(P)
? gxnrlBL

aB = }{TL ??

) +  ( C x )

(wNM) aP76--Ha(P)

{w Ntt1aP11o*,
= R o a N M

(wNM)

a0'ygtN)

WNM\AP

/wN\ " _
+ (Cx)

iwr l ,uyHa(P)
= g 1v ulBL

23



aB a weak BL=MTL??

Cx)

(wNM)

@rvu1aP7

(DN

WNu1aP1P7Y1
= R o = N M

(wNM)

(Cx)

1wrum1Ha(P)@N) =(wNM)W = gN*r1Bl,pruy = 1wn,rz;MV

Figure 13: "Vertical" sections through q.0, a|l, aB6 and afu6 (BL) algebras

[8] J.M, ForuT, A. J. RoonIGUEZ, A. TonRBNs, Wajsberg algebras, Stochastica Vol. VIII, No. 1,
1984, 5-31.

[9] S. Gottwald, A Treatise on Many-Valued Logics. Studies in Logic and Computation, vol. 9, Research
Studies Press: Baldock, Hertfordshire, England, 2001.

[10] R. GRtcoltn, Algebraic analysis of Lukasiewicz-Tarski's n-valued logical systems, in: Selected
Papers on Lukasiewicz Sentential Calculi (R. Wdjcicki and G. Malinowski, Eds.), 81-92, Polish
Acad. of Sciences, Ossoiineum, Wroclaw, 1977.

[11] A. Gnz,t6lnwtcz, On some problem on BCK-algebras, Math. Japonica 25, No. 4, 1980, 497-500.

[12] P. Hl..lnx, Metamathematics of fuzzy logic, Inst. of Comp. Science, Academy of Science of Czech
Rep., Techn'ical report 682, 1996.

[13] P. HA.iaN, Metamathematics of fuzzy Iogic, Kluwer Acad. Publ., Dordrecht, 1gg8.

[14] P. HL;ex, Basic fuzzy logic and Bl-algebras, Soft computing,2, lggl, I24-L28.

[15] U. Hci,nln, Commutative, residuated l-monoids. In: U. Hdhle and E.P. Kiement eds., Non-Classical
Logics and Their Applications to Fuzzy Subsets, Kluwer Acad. Publ., Dordrecht, 1995,53-106.

[16] P. M. IozlRx, Laitice operations in BCK-algebras, Mathematica Japonica29,1984, 839-846.

[17] A. IoRcur,escu, Connections between MV, algebras and n-valued Lukasiewicz-Moisil algebras - I,
Discrete Mathematics, 181 (1-3),155-177, 1998.

[18] A. IoRculrscu, Connections between MV, algebras and n-valued Lukasiewicz-Moisii algebras - II,
Discrete Mathemati,cs , 202, 113-134, 1ggg.

(DN)

Ha(P)1mr;
=W ^, MV
= Bl,ll lr)

aB16=IIa(P)

(wNqa|

WNPr)H

= (wNM)

24



[19] A. Ionculescu, Connections between MVn algebras and n-valued Lukasiewicz-Moisil algebras -

III, Discrete M athematics, submitted.

[20] A. IoRcul,pscu, Connections between MVn algebras and n-valued Lukasiewicz-Moisil algebras -

IY, Joumal of Un'iuersal Computer Science, vol. 6, no I(2000), 139-154.

[21] A. IoRcut,oscu, Isdki algebras. Connection with BL algebras, Soft Computing, to appear.

[22) A. IoRcur,pscu, Some direct ascendents of Wajsberg and MV algebras, Scientiae Mathernaticae
Japonicae, Vol. 57, No. 3, 2003, 583-647.

[23] A. IoRcui,escu, Classes of BCK algebras-Part I, manuscript

[24] A.IoRcul,sscu, Classes of BCK algebras-Part II, manuscript

[25] A. IoRculnscu, Classes of BCK algebras-Part III, manuscript

[26] K. Is6xr, S. TaNRKA, An introduction to the theory of BCK-algebras, Math. Japonica 23, No.1,
1978, t-26.q

[27) J. K.o.LMAN, Lattices with involution, Trans. Amer. Math. Soc. 87, 1958, 485-491.

[28] E.P. KLEMENT, R. Mesr,+R, E. P,tR, Triangular norms, Kluwer Academic Publishers, 2000.

[29] T. Kownlsxr, H. ONo, Residuated lattices: An algebraic glimpse at logics without contraction,
monograph, 2001

[30] Y.L. Ltu, S.Y. Llu, X.H. ZHRNG, Some Classes of .R6-algebras, to appear.

[31] D. Pnr, On equivalent forms of fuzzy logic systems NM and IMTL, Fuzzy Sets and Systems I3B,
2003, 187-195.

f32] E. TURUt'lol, Mathematics Behind Fuzzy Logic, Physica-Verlag' 1999.

[33j M. W.o.Jsnenc, Beitriige zum Mataaussagenkalkril, Monat. Math. Phys. 42,1935, p.240.

[34] G.J. WnNc, A formal deductive system for fuzzy propositional caiculus, Chi,nese Sci'. Bull. 42,
t997, 152r-1526.

25




