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Abstract

In this paper we study the BCK algebras and their particular classes: the BCK(P) (residuated)
lattices, the Hajek(P) (BL) algebras and the Wajsberg (MV) algebras, we introduce new classes of
BCK(P) lattices, we establish hierarchies and we give many examples. The paper has five parts.

In the first part, the most important part, we decompose the divisibility and the pre-linearity
conditions from the definition of a BL algebra into four new conditions (C), (Cv), (Ca) and (Cx).
We study the additional conditions (WNM) (weak nilpotent minimum) and (DN) (double negation) on
a BCK(P) lattice. We introduce the ordinal sum of two BCK(P) lattices and prove in what conditions
we get BL algebras or other structures, more general, or more particular than BL algebras.

In part II, we give examples of some finite bounded BCK algebras. We introduce new general-
izations of BL algebras, named «, 8, v, 6, af, ..., afyd algebras, as BCK(P) lattices (residuated
lattices) verifying one, two, three or four of the conditions (C5), (Cv), (Ca) and (Cx). By adding the
conditions (WNM) and (DN) to these classes, we get more classes; among them, we get many gener-
alizations of Wajsberg (MV) algebras and of Ro (NM) algebras. The subclasses of (wnm) Wajsberg
algebras ((wnar)MV algebras) and of (wn)Hajek algebras ((w nar)BL algebras) are introduced. We
establish connections (hierarchies) between all these new classes and the old classes already pointed
out in Part I.

In part III, we give examples of finite MV and (w )MV algebras, of Hijek(P) (i.e. BL) algebras
and (wnu)BL algebras and of ayd (ie. divisible BCK(P) lattices (divisible residuated lattices or
divisible integral, residuated, commutative l-monoids)) and of divisible (wy 1)BCK(P) lattices.

In part IV, we stress the importance of afvy algebras versus af (i.e. MTL) algebras algebras and
of Ro (i.e. NM) algebras versus Wajsberg (i.e. MV) algebras and of (wnaafy algebras versus BL
algebras and of ary versus ayd algebras. We give examples of finite IMTL algebras and of (w nar)IMTL
(i.e. NM) algebras), of afy algebras and of (wnum)afy (Roman) algebras and finally of oy algebras.

In part V, we give other examples of finite BCK(P) lattices, finding examples for the others
remaining an open problem. We make final remarks and formulate final open problems.

Keywords MV algebra, Wajsberg algebra, BCK algebra, BCK(P) lattice, residuated lattice, BL
algebra, Héjek(P) algebra, divisible BCK(P) lattice, o, B, v, §, @B, ..., afyd algebra, MTL algebra,
IMTL algebra, WNM algebra, NM algebra, Ro algebra, (wna)MV, wnm)BL, (wm) affy, Roman
algebra

Part IV has four sections.

In Section 14, we give examples of proper IMTL algebras and of NM algebras.

In Section 15, we give examples of proper af7y and of (wnarafy algebras.

In Section 16, we give examples of proper ary algebras.

In Section 17, we formulate some remarks and open problems.

By cutting with vertical planes, we get the hierarchies from Figures 10 and 2, for examples.



divisible BCK(P)-L

=ayd

afyé=Ha(P) )
=B

L
& Ha(P)pn)
=W = MV

(wnN M) eBY

=~ Roman

= BL(DN)
WNM
(WNM)Oéﬁ”Y(DN) ( )
= RO ~ NM (CX)
wnmHa(P) ony EwnmnyW = (wymnBLon) = wymyMV
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Figure 2: ”Vertical” sections through ary, afy



14 Examples of proper ywyueBypn) (NM) algebras
and proper afypy) algebras (IMTL algebras)

First recall that, by Proposition 3.14 (obtained in [23]), we have:
afypny=avpny=cBpn) = weak-Ro = IMTL =MTL +(DN) and
W N BY (DN =W N V(DN = (W aBpny = Ro =weak-Ro + (R6)= IMTL + (WNM)=NM.

We give here examples of finite IMTL and NM algebras. You can find examples of infinite IMTL and
NM algebras in [4], where the set A is the real interval [0, 1].

14.1 Examples of finite linearly ordered, proper NM and IMTL algebras

Recall (see [25]) that for each n > 1, the chain Lny1 = {0,1,2,...,n} can be organized as Wajsberg
(left-MV) algebra L4 by using Lukasiewicz’s implication —, and t-norm Op:

n, ifz<y

:U—»Ly:{ (n—z)+y, ifz>y =min(n,(n—z)+y), zOLy=(r—=py")” =max(0,z+y—n)

14.1.1 Examples of linearly ordered, finite, proper NM algebras

For each n > 1, let us consider the chain L,41 = {0,1,2,... ,n}, organized as a lattice by A = min and
V = max, and as a BCK(P) algebra in the following way: we take the strong negation =, defined on Ly
by 2~ = n — z, and Fodor’s implication and t-norm —r and O (7], [4]:

B @ = @t )= 0, ife<n—y
FY= " ~ | min(z,y), ifz>n-y.

Hence, for n = 1,2,3,4,5, we have the BCK(P) lattices: o, F3, Fa, F5, T, whose tables are the
following:

n, ifz<y

m%py:{ max(n —z,y), ifz>y

-p |0 1 or |0 1
F 0 |1 1 010 0
1 |0 1 1‘01
—p |0 1 2 OF [0 1 2
£ 0 |2 2 2 010 00
’ 1|1 2 2 110 0 1
2 |0 1 2 2 |0 1 2
Sp |0 1 2 3 o |0 1 2 3
0|3 3 3 3 000 0 0
Tu 1 |2 3 3 3 1 (0 0 0 1
2 |1 1 3 3 2 10 0 2 2
3 /0 1 2 3 3 /0 1 2 3
—»p |0 1 2 3 4 Or |0 1 2 3 4
0 |4 4 4 4 4 0/0 0 0 0O
e 1 |3 4 4 4 4 110 0 0 0 1
° 2 |2 2 4 4 4 2 {0 0 0 2 2
311 1 2 4 4 3100 2 3 3
4 |0 1 2 3 4 4 10 1 2 3 4




Fe

ox.hwt\:»—uoi'

Ty
my-hc,owr—tog_?
SO oo o oo
O OO O O
NDNOO OO
W W w oo oOw
RN O O
QU AN = OOt

O = WA ;o
= R e Ot Ot
IO OIS IS S
[JORIICIN S IS S S R
NS IS S IS S I
QT O Ot Ot et o] en

Remark 14.1 Note that Jy = £y and F3 = L3,
i.e. F, and F; are examples of linearly ordered (w nar) Wajsberg ((wnanMV) algebras.

Note that N My = L, is even a Boolean algebra.
Note also that N'Msz = L3 verifies the condition (P2), but does not verifies the condition (P1).

Note that F; and Fs appear in [30] as examples of Ry algebras.

For each n > 1, Fpny1 is a linearly ordered BCK(P) lattice (with condition (DN)), hence it satisfies the
conditions (C,), (Cv) and (Ch).

Denote -=—p and ©® = Op.
Note that F4 does not satisfy the condition (C'x), since there exist 1,2 € Ly, such that

=103=10(1-3)=10[2=1)=(1-2)]#20[(1-2) - 2-1)]=208-1)=201=0.

Note that Fs does not satisfy the condition (C'x), since there exist 1,2 € Ls, such that
1=104=1002-24)=10[2-21) - 1=22)]#
20((122)»2-1]=204—-2)=202=0.

Note that, for each n > 3, Fn41 does not satisfy the condition (Cx), since there exist 1,2 € Lp1,
such that, since 2 = 1 = max(n —2,10=n -2, 1 - 2 =max(n — 1,2) = n — 1, then
l=min(l,n)=10n=10(n-2)=(n-1)=10[2—=1) = (1—=2)] #
20[(1=2)=2->1]=20(n-1)>@n-2)=20max(n-(n-1),n-2)=20(n-2)=0.

Note that, for each n > 3, Fpny1 satisfy the condition (WNM).

Hence, Fri1 = (Lnt1,max, min, = p,0,1) (n > 3) is a linearly ordered Ro = (wnaryaBv(pn) algebra
(NM algebra) (you have the values of z~ = & — 0 in the table of —, column of 0).

Remark 14.2
The Wajsberg (MV) algebras and the Ro (NM) algebras are incomparable: there are Ry (NM) algebras

(for example F4) which are not Wajsberg (MV) algebras and there are Wajsberg (MV) algebras which

are not Ry algebras) (for example Ly).
The intersection of the two classes is the subclass of (w ) Wajsberg ((wnaryMV) algebras, which

contains for example the algebras Fy = Ly and F3 = Ls.

Open problem 14.3

We recall that the liniarly ordered Wajsberg (MV) algebras Lp,11 , n > 1 (see this paper, Part II), can
be organized as MV, algebras [10] and that every M V,4 algebra is an n + 1-valued Lukasiewicz-Moisil
algebra [17], [18], [19], [20]. Define similarly N M, algebras and define the analogous generalizations of

n + 1-valued Lukasiewicz-Moisil algebras.

14.1.2 Examples of linearly ordered, finite, proper IMTL algebras

The following examples (as well Fg ) are taken from [11] (in [11] are given as examples of bounded BCK
algebras with condition (DN), which are not (V-) commutative).

Example 1: n=4



Let us consider the set L1 = Ls = {0,1,2,3,4} organized as a lattice by = V y = max{z,y} and
notation

z Ay = min{z,y} and as a BCK(P) algebra with the operation = and z®©y = min{z |2 <y —
2z} = (z = y~)~ as in the following tables: '

IMTLs

B~ o |
O = N W RO
=W N = o|l®
S O OOl
= O O O O
N = OO O
W == O O
B N = O

=0 LR R
DO GO R A DN
W B A R Ww
RGN NN T

Then IMTLs = (Ls,A,V,—,0,1) is a linearly ordered BCK(P) lattice, with condition (DN), hence

IMT Ls satisfies the conditions (C-), (Cv) and (Ch).
Note IMTLs does not satisfy the condition (Cx ), since there exist 2,3 € Ls, such that

2=204=200B-24)=20[3-22)22-23)]#30[2—=3)=>(3—2)]=304—>3)=303=1
Note also that IMT Ls does not satify the condition (WNM), since there exist 2,3 € L, such that:
(203)"VI[2A3) =2 (2603)]=1"V[2=1]=3V3=3#4

Consequently, IMT Ls is a linearly ordered, proper afypyy (IMTL) algebra (you have the values of
2~ =z — 0 in the table of —, column of 0).

Example 2: n=5
Let us consider the set Lni1 = Lg = {0,1,2,3,4,5} organized as a lattice by = Vy = max{z,y}
and = Ay = min{z,y} and as a BCK(P) algebra in six different ways, with the operations — and

2Oy """ min{z |z <y — 2z} = (z = y~)~ as in the following tables:

IMTL}

S N =
O = N W R oyo
ol S SR AR
OO B or ot ot o
Lo R ot ot ot et
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TR W N = O ot
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O =N WA Ul
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(SIS WS B S W
U W= OoOl®
oo O O Ol
_—O O OO O
OO OO O
W = = O O OWw
BN O O
TR W N = Ot
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IMTL}

-0 O O O Ol
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Note that IMTL} - IMTLY do not satisfy the condition (Cx), hence they are not Wajsberg algebras..
Note that IMTL} - IMT L} do not satisfy the condition (WNM), since there exist 2,4 such that:

204 V[2A4) 2 (204)]=1"V[2=1=4vi=4F5

Note that IMTL$ does not satisfy the condition (WNM), since there exist 3,3 such that:
(303)"V[3BA3) 2 (B03)=1"V[321]=4V3=4#5.

Note also that IMTLS does not satisfy the condition (WNM), since there exist 3,3 such that:
(303)"V[BA3) 2 (303)]=2"V[3=2]=3V3=3#3.

Consequently, IMTL} - IMTL are linearly ordered, proper IMTL algebras.

Remark 14.4 Let us consider the chain Lny = {0,1,2,...,n}, for all n > 1. Note that:

- for n = 1, Ly can be organized in a single way as BCK(P) lattice, namely as Boolean algebra and
consequently as (wna) Wajsberg ((WNM)MV) algebra, By = Fo = Lo;

_for n = 2, L3 can be organized in a single way as BCK(P) lattice, namely as (wnw) Wajsberg
((wnanMV) algebra, Fs = L3;

- for n = 3, Ly can be organized in two ways as BCK(P) lattice, namely as Wajsberg (MV) algebra L4
and as Ro = (WNM)QB’Y(DN) (NM) algebra .7:4;

- for n =4, Ls can be organized in three ways as BCK(P) lattice, namely as Wajsberg (MV) algebra Ls,
as Ro = (wnmoBypn) (NM) algebra Fs and as IMTL algebra IMT Ls;

-for n = 5, Lg can be organized in seven ways as BCK(P) lattice, namely as Wajsberg (MV) algebra L,
as Ro = (wnmyaBypn) (NM) algebra F and as IMTL algebras IMTL} - IMTLS.

14.2 Examples of non-linearly ordered, proper wNMBY(DN) (NM) algebras
and afypn) (IMTL) algebras

Isomorphic copies of direct products of above mentioned linearly ordered NM (IMTL) algebras will be
examples of nonlinearly ordered NM (IMTL respectively) algebras. For instance:
e the following are examples of not proper NM algebras; they are proper (w ) Wajsberg algebras:

Foxa = Fo X Fo = Lg % Lo = Loxs (see [25]),



Faxo & Fg X Fo = L3 X Lo = L3xo (see [25]),

-7:3><3 = ]:3 X Fg = ,C3 X £3 o £3><3 (see [25]) etc.;
e the following are examples of proper NM algebras:

Faxo 2 Fy x Fo = Fyq X Lo,
Faxg = Fy x Fg = Fy4 X L3,

Faxa = Fq X Fy ete;
e the following are examples of proper IMTL algebras:

IMTLSXQ '_'—\_'[MTL5 X .7:2 = [MTL5 X [:2,
IMTLsys 2 IMTLs x F3,

IMTLE, , 2 IMTLs x F4 and IMTLE, y 2 IMTLs x Ly,

IMTLsys & IMTLs x IMTLs,
IMTLE, , = IMTLs x F5 and IMTLE, = IMTLs x L5 etc.

Other examples:

Example 1 This is an example of non-linearly ordered, proper IMTL algebra. The example is based

on the linearly ordered IMTL algebra IMT Ls.
Let us consider the set A5 = {0,a,b,i, f,g,h,j,¢,d,1}, organized as a lattice as in Figure 3, and as

notation

a BCK(P) algebra with the operation = and x ®@y "~ = min{z |z <y — z} = (z = y~)~ as in the
following tables: A}

=10 a b i f g h j c¢c d 1 ©l0 a b i f g h j ¢ d 1
of1 1 1 1 1 1 1 1 1 1 1 0o 0 0 o oo 00 0 0 O
a|ld 1 4 1 1 1 1 1 1 1 1 al0 0 0 0 0 0O 0 0 a 0 a
blec ¢ 1 1 1 1 1 1 1 1 1 bjoO 0 0 0OOO 0 0 0 b b
i|j ¢ d 1 1 1 1 1 1 1 1 il0 0 0 0 0 0 0 0 a b i
fl'h h h h 1 1 1 1 1 1 1 f10 o 0o 0 0o 0 0 f f f f
glg g g g h 1 1 1 1 1 1 g|0 0 0 0 0 0 f g g g 8
h|f f f f h h 1 1 1 1 1 h{0 0 0 0 0 f f h h h h
j/ii i1 f g h 1 1 11 jlo o0 o0 o0 f g h j j j
c|/b i b i f g h d 1 d 1 c|0 a 0 a f g h j ¢ j ¢
dla a 1 1 f g h ¢ ¢ 1 1 d/0 0 b b f g h j j d d
110 a b i f g h j ¢ d 1 110 a b i f g h j ¢ d 1

Then AL = (4s, A, V, —,0,1) is a non-linearly ordered BCK(P) lattice with condition (DN), where Al
satisfies the conditions (C,), (Ca), (Cv).

Note that A} does not satisfy the condition (Cx), since there exist i,g € As, such that
i=iol=i0@g-1)=i0[g=i)=>(i=9)]£90(i—=9) =2 (g—=1)]=90(1—=g) =g0g=0.
Note also that A% does not satisfy the condition (WNM), since there are g, h € A5 such that:

(9Oh)~V[(gAh) = (goh)]=f" Vg fl=hVh=h#1.



Figure 3: Examples of non-linearly ordered, proper IMTL and NM algebras

Consequently, A} is a non-linearly ordered, proper a8y(pn) (IMTL) algebra (you have the values of
2~ =1z — 0 in the table of —, column of 0).

Example 2 This is an example of non-linearly ordered, proper NM algebra. The example is based on
the linearly ordered NM algebra Fs.
Let us consider the set As = {0,a,b,i, f, g, h,j,c,d, 1}, organized as a lattice as in Figure 3, and as

a BCK(P) algebra with the operation — and z ©y notgtion min{z | z <y = 2z} = (z = y~)” as in the

following tables: A2

|10 a b i £ g h j ¢ d 1 ®©l0 a b i f g h j ¢ d 1
oj1r 1 1 1 1 1 1 1 1 11 0|0 0 0 0 0 0 0 0O 0 0 0
a|ld 1 4 1 1 1 1 1 1 1 1 al0 0 0 0 0 0 0 0 a 0 a
blc ¢ 1 1 1 1 1 1 1 1 1 b|{0O 0 0 0 0 0O O 0O O b b
i|j ¢ 4 1 1 1 1 1 1 1 1 il0 0000 0O 0 0 a b i
f/h h h h 1 1 1 1 1 1 1 f10 0o 0 0 00 0 f f f f
glg &g &g g g 1 1 1 1 11 g0 00 0 0 0 g g g8 8 8
h|f f f f f g 1 1 1 11 h{0 0 0 0 0 g h h h h h
jli i i1 f g h 1 1 11 jlo 0 0 0 f g h § j i
c|b i b i f g h d 1 d 1 c|0 a 0 a f g h j ¢ j ¢
dla a 1 1 f g h ¢ ¢ 1 1 dl/0 0 b b f g h j j dd
110 a b i f g h j ¢ d 1 110 a b i f g h j ¢ d 1

Then A2 = (4s,A,V,—,0,1) is a non-linearly ordered BCK(P) lattice with condition (DN), which
satisfies the conditions (C,), (Ca), (Cv). '
Note that A2 satisfies the condition (WNM).



Note also that A2 does not satisfy the condition (Cx), since there exist 7, g € A5, such that
i=101=10(g—=1)=i0[(g=1)2(E29)]#90[(i29) = (g=21)]=90(1—=9)=9g0g=0.

Consequently, A2 is a non-linearly ordered, proper (wnar)aBy(pn) algebra (NM) (you have the values
of 7 =z — 0 in the table of —, column of 0).

Remark 14.5 We hope that it is obvious the way we can build examples of finite, non-linearly ordered,
proper IMTL or NM algebras from the corresponding finite, linearly ordered, proper IMTL or NM algebras.
It is routine to build, for example, the non-linearly ordered, proper NM algebra A4, based on the linearly
ordered, proper NM algebra F4, the non-linearly ordered, proper IMTL algebras A§ - A3, based on
the linearly-ordered IMTL algebras IMTL} - I MTLg respectively, and non-linearly ordered, proper NM
algebra A%, based on the linearly ordered, proper NM algebra Fs.

15 Examples of proper afy and gyiuofy (Roman) algebras

15.1 Examples of linearly ordered, proper afy and vy fy algebras

15.1.1 Examples of linearly ordered, proper ofy algebras

The examples are of the form: ordinal sums and (isomorphic copies of) subalgebras of ordinal sums.
This part can be developed as it was for linearly ordered BL algebras (Part III).
e For the moment, we say that examples of linearly ordered, proper affy algebras are, for examples:

Fo® Fu, Fs P Fa, Fs @ Fus, Fs D T3, etc.

e The following examples of linearly ordered afy algebras are get from the corresponding examples
of linearly ordered afy(pn) (IMTL) algebras, by modifying the column of 0 in the tables of = (i.e. by
modifying the values of 7 ); namely, we put:

0" =mn, 20 =0, Vz £n, (n>3).

Example 1: n = 4 The affy algebra named Ajs, obtained from IMTL; .
Let us consider the chain Ls = {0,1,2,3,4} organized as a lattice by z Vy = max{z,y} and z Ay =

notation

min{z,y} and as a BCK(P) algebra with the operation — and z©y =" min{z [z <y — 2} as in the
following tables:

10 1 2 3 4 ©l0 1 2 3 4
0 |4 4 4 4 4 0/]0 0 0 0 0O
y 110 4 4 4 4 110 1 1 1 1
4 210 3 4 4 4 210 1 1 1 2
310 38 3 4 4 310 1 1 1 3
410 1 2 3 4 410 1 2 3 4

Then, As = (Ls, A, V,—,0,1) is a linearly ordered BCK(P) lattice, hence A5 satisfies the conditions

(C), (Cy) and (Ch).
It does not satisfy the condition (Cx); indeed, there exist 2,3 € Ls, such that

2=204=2008-4=20[3-22=02-23)]#£30[2-3)>3-2)]=304—3)=303=1L
Note also that it does not satisfy the condition (WNM), since there are 2,3 € L such that:

203)"V[2A3) > (203)]=1"V[2=1=0V3=3#£4



, with the operations — and

0

4

organized as a lattice by z Vy = max{z,y}
0

1 2 3 4 5
0o 0 0 0 O

3
00 0 0 0 O

0

0
0 0 0 0

{0,1,2,3,4,5}

3 3 3
3 3 4
3 4 5

1
1
2

1
1
1

0

0

0 0 0

2 2 4 4

i

0

3 4 5

2

0O

0

0

0 0 0 0

11 3 3 3
2 3 4 4

1

0

©)

0
0

©
©
0

5
b
5

3 4 5
5
5
9

3 4 5

5 5

3 4 5

2
2

2

1

4

min{z,y} and as a BCK(P) algebra in five different ways
0 4 4 5 5 5

min{z | z <y —+ z} as in the following tables:

0

0 4 4 5
0 4 4 4
0 3 4 4 5 5
0

o]

in]

io]

5

0 2 2 4

0

5

0

io]

o]

o]

i)

O]

3 4 5
0

0

{in]

0

10D

4

5 5
1 2 3 5 5

0 2 2
0

ation
3
3

Example 2: n = 5 The ofy algebras named Aj - A§ and As, obtained from I}/ TL, - IMTL;

Hence, As is a linearly ordered, proper proper afy algebra.
and Fg, respectively.

Let us consider the set Lny1 = Le

Remark 15.1 Note that As is just a isomorphic copy of the subalgebra {-1,1,2,3,4} of the ordinal sum
and z Ay

Fo@IMTLs ({-1,0}U{0,1,2,3,4}).

z0 y not
A

[E]

3 .

As

100

10



Note that A} - A3 do not satisfy the condition (WNM), since there exists 2 such that:
(202)"VI[2A2) > (2602)]=1"V[2->1]=0V4=4#5.
Note that A§ and Ag do not satisfy the condition (WNM), since there exists 2 such that:
2027 V[2A2) 2> (202)]=1"V[2—=1]=0V3=3#5.
Hence, they are lineraly ordered, proper afy algebras.

Remark 15.2 Note that A} - A% and A are just isomorphic copies of the subalgebra {-1,1,2,3,4, 5}
of the ordinal sums Fp @ IMTLL, Fo @ IMTLE, Fo @ IMTL], F» @ IMTLG, F> @ Fe, respectively.

Remarks 15.3
(i) For n = 3, from F; we get, by the above preocedure, the BL algebra Hz 2,2 = L2 €D Ha 2.
(ii) For n = 4, from Fs we get, by the above procedure, the BL algebra Ha 3.2 = Ha 3 P L.
(iii) For n = 5, from IMTL} we get the BL algebra Ha 42 = Ha 4 D Lo.

15.1.2 Examples of linearly ordered, proper (wyuyafBy (Roman) algebras

This part can also be developed as it was for linearly ordered BL algebras (Part III).

We found two categories of examples:
e Examples of the forms: ordinal sums and (isomorphic copies of) subalgebras of ordinal sums.

Here are the following examples:

Raz=TFa@DF2, Rapp = Rap D Fo = [FaD Fo] D P2, ete;
Rso = Fs @ Fo, Rs22 = Rso P Fo = [F5 D F2] D T2, etc.
e The following examples are get from the left-continuous t-norm Ty, which is not continuous on [0,1],

from [6]: let 0 < p < 1 and let

- 0, 0<z<p, 0<y<p
Tﬁ(xay) =T Qy - { Inin(aj,y)7 otherwise
and
Py, <P, T>Y
T=HY=<¢ Yy, T>DP,T>Y
1, z <y,

Then, it was writing in [6], ([0, 1],sup, = inf,To, —,0, 1) is a weak-BL algebra (i.e. MTL algebra, i.e. af

algebra).
Note that the above algebra is derived from the 3-valued (wn ) Wajsberg ((wnaryMV) algebra (i.e.

in the same time Wajsberg (MV) and Ry (NM) algebra):

F3=Ls

—o ol |
T = =T
— = | e
—g ol®
o OO D
Lol o llas) el
—_—rg O =

OT =IO

By taking a finite number of elements (numbers) in the real interval [0, 1], we distinguish three cases.
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ee Case 1: A(z,p)={0<z<p<1}.

Example 1.1 Let us consider the chain A(a;,p)= {0 < a1 < p < 1} organized as a lattice by
zVy = max{z,y} and zAy = min{z,y} and as a BCK(P) algebra with the operations — and zoy "L
min{z | <y — 2} as in the following tables:

—=+]0 a p 1 ©|0 o p 1
o1 1 1 1 010 0 0 O
A(ay,p) ar | p 1 1 a; |0 0 0 a
plp p 1 1 p|0 0 0 p
110 a p 1 110 a p 1

Then, (A(a1,p),A,V,—,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions

(C_)), (Cv) and (C/\)
It also satisfies the condition (WNM).
- It does not satisfy the condition (Cx); indeed, there exist aj, p, such that

a = a0l =a0(p = 1) =a0[(p = a) = (a1 = p)] # po[(ar = p) = (p = a1)] = pO(L = p) = pOp = 0.

- Tt does not satisfy the condition (DN) (you have the values of 2~ = 2 — 0 in the table of —, column

of 0).
Consequently, A(a;,p) is a proper linearly ordered (wnar)afy algebra.

Example 1.2 Let us consider the chain A(a1,az,p)= {0 < a1 < ag < p < 1} organized as a BCK(P)
algebra with the operations — and z @ y as in the following tables:

=+]0 a1 a p 1 ©10 o 6 p |
011 1 1 1 1 0l0 0 0 0 0
a|p 1 1 1 ar |0 0 0 0 a
A(ar,a2,p) wm|p p 1 1 1 a2 |0 0 0 0 a
110 a a p 1 110 a1 a p 1

Then, (A(a1,as,p),A,V, —,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions

(C5), (Cv) and (Cn).
It also satisfies the condition (WNM).
- Tt does not satisfy the condition (C'x); indeed, there exist a;,p, such that

a1 =001 = a;0(p = 1) = a10[(p = a1) = (a1 = p)] # pO[(a1 = p) = (p = a1)] = pO(1 = p) = pOp = 0.

- It does not satisfy the condition (DN) (you have the values of £~ = & — 0 in the table of —, column
of 0).

Consequently, A(ay,as,p) is a proper linearly ordered (w By algebra.

ee Case 2: A(pa)={0<p<z<1).

Example 2.1 Let us consider the chain A(p, b1)= {0 < p < by < 1} organized as a lattice by
rVy = max{z,y} and Ay = min{z, y} and as a BCK(P) algebra with the operations — and Oy notation
min{z | z <y — 2} as in the following tables:
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-0 p b 1 ©|0 p b 1
01 1 1 1 00 0 0 O
A(p, b1) p|lp 1 1 1 pl|0 0O p p
b1 0 p 1 1 b1 0 p bl bl
1 0 p bl 1 1 0 p bl 1

Then, (A(p,b1),A,V,—,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions
(C-), (Cv) and (Cp).
It satisfies the conditions (Cx) and (WNM).

Remark 15.4 Note that it is an isomorphic copy of the (wn)BL algebra Hz o = L3P Lo = F3 D Fo =
R3.2, i.e. it is not a proper linearly ordered (wnarafy algebra.

Example 2.2 Let us consider the chain A(p, b1,b2)= {0 < p < by < by < 1} organized as a lattice
by ©Vy = max{z,y} and z Ay = min{z,y} and as a BCK(P) algebra with the operations — and

zOY notation min{z | z <y — z} as in the following tables:

- 10 p by by 1 ©l0 p b b 1
01 1 1 1 0/]0 0 0 0 O
plp 1 1 1 p|0 O p p p
A, bsb) g 1 11 by |0 p b b b
b2 0 p b1 il 1 b2 0 p b1 bg b2
1 0 P bl b2 1 1 0 p bl bg 1

Then, (A(p,b1,b2),A,V,—,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions

(C), (Cv) and (Cn).
It satisfies the conditions (C'x) and (WNM).

Remark 15.5 Note that it is an isomorphic copy of the (w ) BL algebra Hz oo = LsPLoPLy =
F3 @ Fo Fo = Ra 2, ie. it is not a proper linearly ordered (w By algebra.

ee Case 3: A(z,p,y)={0<z<p<y<1}

Example 3.1 Let us consider the chain A(a1,p, b1)= {0 < a1 < p < b < 1} organized as a lattice
by z Vy = max{z,y} and z Ay = min{z,y} and as a BCK(P) algebra with the operations — and

TOY notgtion min{z | x <y — z} as in the following tables:

- 0 ay P bl 1 © 0 ay P bl 1
oj1 1 1 1 1 0o{o0o 0 0 O

ay p 1 1 1 1 aq 0 0 0 a1 ay
b1 0 ay p 1 I b1 0 ay P b1 b]
110 a p b 1 110 a p 0 1

Then, (A(a1,p, b1),A,V,—,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the conditions

(C), (Cy) and (Cr).
It also satisfies the condition (WNM).
- Tt does not satisfy the condition (Cx); indeed, there exist aj,p, such that

o =0l =a6p 1) =aolp - a) = (a = )] #pola = p) » (p = a)] = po(l = p) = pop = 0.
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- Tt does not satisfy the condition (DN) (you have the values of 2~ = z — 0 in the table of —, column

of 0).
Consequently, A(a1,p,b1) is a proper linearly ordered (wn m)afy algebra.

Remark 15.6 Note that A(a;,p,b1) is a subalgebra of the ordinal sum A(ay,p) @ A(q,b1)-

Example 3.2 Let us consider the chain A(ay,as,p, b1)= {0 < a; <ay <p<b <1} organized as a
lattice by z Vy = max{z,y} and = Ay = min{z,y} and as a BCK(P) algebra with the operations — and

TOY notelion in{z | = <y — 2} as in the following tables:

=10 a1 a p b 1 ©|0 a a p b 1

01 1 11 1 1 olo 0o 0 0O 0 O

a1 | p 1 11 1 1 ai |0 0 0 0 a1 a

A(ay,az,p,b1) aa|lp p 1 1 1 1 a |0 0 0 0 a a2
plp p p 1 1 1 p|0 O 0 O p p

bl 0 ay ag P 1 1 bl 0 ay as p bl b1

110 a a p b 1 110 a a p b 1

Then, (A(ay,a2,p, b1),A,V,—,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the condi-

tions (C-), (Cy) and (Ch).
It also satisfies the condition (WNM).
- Tt does not satisfy the condition (Cx); indeed, there exist a1, p, such that

a = a0l =a,0(p = 1) =a0(p = a1) = (@ = p)] #pol(ar = p) = (p = a1)] = pO(1 = p) = pOp = 0.

_ It does not satisfy the condition (DN) (you have the values of 2~ = = — 0 in the table of —, column

of 0).
Consequently, A(a1,a,p,b1) is a proper linearly ordered (wNMmyeBy algebra.

Remark 15.7 Note that A(ay, az,p,b1) is a subalgebra of the ordinal sum A(a1,a2,p) @ A(q, by).

Example 3.3 Let us consider the chain A(ay,p, b1,02)= {0 <ay <p < by <b2 < 1} organized as a
lattice by z V y = max{z,y} and 2 Ay = min{z,y} and as a BCK(P) algebra with the operations — and

z oy e min{z | x <y — z} as in the following tables:

=10 a p b1 by 1 ®©|l0 a p b1 ba 1

01 11 1 1 0oj0 0 0 0 O

a | p 1 1 1 1 ap |0 0 0 a a a
A(a1,p,b1,b2) plp p 1 1 1 1 p|{0 0O O p p p

b1 0 ay p 1 1 1 b1 0 a P b1 b1 b]

bz 0 ax p b1 1 1 bg 0 ai P b1 bg bz

1 0 aq P bl bg 1 1 0 ay p b1 b2 1

Then, (A(a1,p, b1,b2),A,V,—,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the condi-

tions (C-), (Cv) and (Ch).
It also satisfies the condition (WNM).
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- It does not satisfy the condition (Cx); indeed, there exist ay, p, such that
a1 =101 = a10(p + 1) = a10[(p = a1) = (a1 = p)] # pOl(a1 = p) = (p = a1)] = pO(1 = p) = pOp = 0.

- It does not satisfy the condition (DN) (you have the values of 2= = 2 — 0 in the table of —, column

of 0).
Consequently, A(a1,p,b1,bs) is a proper linearly ordered (w a8y algebra.

Remark 15.8 Note that A(a;,p,b1,bs2) is a subalgebra of the ordinal sum A(a;,p) @ A(q, b1, b2).

Example 3.4 Let us consider the chain A(a1,as,p, b1,b2)= {0 < a1 < as < p < by < by < 1}
organized as a lattice by z Vy = max{z,y} and £ Ay = min{z,y} and as a BCK(P) algebra with the

notalion in{z | @ <y — 2} as in the following tables:

operations — and x ® y

=10 a1 a9 P by by 1 © 10 a a P b1 bs 1
oj1 1 1 1 1 1 1 ofo 0 0 0 0 0

ap |p 1 1 1 1 1 1 a, |0 0 0 0 a a1

aa|lp p 1 1 1 1 1 a |0 0 0 0 ay ax a

Alapapbub) 1 1 11 pl0 0 0 0 p p p
bl 0 ay as p 1 1 1 bl 0 5] as p b1 bl bl

b2 0 ay as p bl 1 i b2 0 aj ag p b1 b2 bg

1 0 ai as p bl b2 1 1 0 ay as P b1 bg 1

Then, (A(a1,as,p, b1,b2),A,V,—+,0,1) is a linearly ordered BCK(P) lattice, hence it satisfies the
conditions (C), (Cyv) and (Ch).

It also satisfies the condition (WNM).

- It does not satisfy the condition (C'x); indeed, there exist a1, p, such that
a = a;01 = a0(p = 1) = a6[(p = a1) = (a1 = p)] # pO[(a1 = p) = (p = a1)] = pO(1 = p) = pOp = 0.

- It does not satisfy the condition (DN) (you have the values of 2= = z — 0 in the table of —, column

of 0).
Consequently, A(ay,as2,p,b1,b2) is a proper linearly ordered (w ) fy algebra.

Remark 15.9 Note that A(ay,as,p,b1,b2) is a subalgebra of the ordinal sum A(ay, as,p) @ A(q, b1, b2).

Open problem 15.10 Analyse the other left-continuous t-norms from [6]: 71, Ty, T3, Tan, Tony1, (0 >
0).

15.2 Examples of non-linearly ordered afy and wnyaaBy algebras

15.2.1 Examples of non-linearly ordered, proper afy algebras

We present two groups of examples:

e The (isomorphic copies of) direct products of linearly ordered a8y algebras, as for example:

Fo @f4 X fz@f4, etc.



e The ordinal sums of the form: linearly ordered a8y algebra €D non-linearly ordered afvy algebra, as

for example:

Fo @fz;xz, etc.
We develop only one example, obtained as ordinal sum of F, and the non-linearly ordered afv(pn)

algebra Aj.
Let us consider the set Bs = {0,n,a,b,1, f,g,h,j,¢,d, 1}, organized as a lattice as in Figure 4, and as

a BCK(P) algebra with the operation — and z© y notation min{z | z <y — 2z} as in the following tables:
B;

Figure 4: Example of non-linearly ordered, proper a8y algebra

—-]10 n a b 1 f g h j ¢ d 1 ®l0 n a b i f g h j ¢ d 1
o0Jj1 1 1 1 1 1 1 1 1 1 1 1 0ofo 0 o 0 000 00 0 0 O
nfO0O 1 1 1 1 1 1 1 1 1 1 1 n|{0 n n n n n n n n n n n
a|l0 d 1 4 1 1 1 1 1 1 1 1 al0 n nn n n n n n a n a
b0 ¢ ¢ 1 1 1 1 1 1 1 1 1 b0 n n n n n n n n n b b
il{0 j ¢ d 1 1 1 1 1 1 1 1 i{0 n n n n n n n n a b i
f/0 h h h h 1 1 1 1 1 1 1 f/0n nnnonnan f £ f f
g|0 g g g g h 1 1 1 1 1 1 g|/0 n nnnnn f g g g g
hjo f f f f h h 1 1 I 1 1 h{0 n n n n n f f h h h h
jlo i i i i f g h 1 1 1 1 J/0n n n o f g h j j j ]
c|{0 b i b i f g h d 1 d 1 c|0 n a n a f g h j ¢ j ¢
d|{0 a a i i f g h ¢ ¢ 1 1 d|/0 n n b b f g h j j d d
110 n a b i f g h j ¢ d 1 10 n a b i f g h j ¢ d 1

—_
(=)



Then B} = (Bs,A,V,—,0,1) is a non-linearly ordered BCK(P) lattice, which satisfies the condition
(B3), i.e. (C-) and (Cy), but it does not satisfy the condition (C;), i.e. (B2); since it satisfies the
condition (C,), it follows that it does not satisfy the condition (Cx). Consequently, A} is a proper
non-linearly ordered afy algebra (you have the values of 27 =z — 0 in the table of —, column of 0).

Note that B does not satisfy the condition (WNM), 'since there are 7, ¢ € Bs such that:

GO~ V[iAc) = (0] =a" V[i=a =0Ve=c#l

15.2.2 Examples of non-linearly ordered, proper (wnMyaBy (Roman) algebras

We present three groups of examples:
e The (isomorphic copies of) direct products of linearly ordered (w nar)af7y algebras, as for example:

A(a1,p) x Afar,p), etc.
o The ordinal sums of the form: linearly ordered (w nar)afy algebra P non-linearly ordered (wn myaBy

algebra, as for example:

Raoxz = Fa @D Faxa, Rsaxz = Fs D Faxe, etc.
e We give three examples, which can be generalized.

Example 1
Let us consider the set 4; = {0,a,b,¢,d, 1} organized as a lattice as in Figure 5 and as a BCK(P)

algebra with the operation = and z Oy notation in{z | & <y — 2} as in the following tables:

0

Figure 5: Example 1 of non-linearly ordered, proper (wn By algebra

Q= Q= = =
ol S e e
— o o0 o o®
oo g o o
oo T T o oo
o oo T olo
Q0T T O Ol
— a0 o Ol

— o0 o ol
o O Ao
T o QL= = =T
OO =
O Y OO O

O

Then A; = (A1, A,V,—,0,1) is a non-linearly ordered BCK (P) lattice which satisfies the conditions (C),

(Cy) and (Ch).
Note also that A; satisfies the condition (WNM).
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A; does not satisfy the condition (Cx), since there exist b,a € Aq, such that
O:bG)a:b@(l—+a):b@[(a—)b)%(b%a)]#a@[(b—%a)—)(a—)b)]:a@(a—)l):a@l:a.

It does not satisfy the condition (DN) (you have the values of z= = z — 0 in the table of —, column

of 0).
Consequently, A; it is a non-linearly ordered, proper (wy myafBy (Roman) algebra.

Example 2
Let us consider the set Ay = {0,7n,a,b,¢,d, 1} organized as a lattice as in Figure 6 and as a BCK(P)

algebra with the operation — and z ©y notation in{z | & <y — 2} as in the following tables:

1

Figure 6: Example 2 of non-linearly ordered, proper (wnaryafy algebra

—+]0 n a b ¢ d 1 ®@|0 n a b ¢ d 1
o1 1 1 1 1 1 1 0(0 0 0 0 0 0 O
nld 1 1 1 1 1 1 n|/0 0 0 0 n 0 n
a|ln n 1 1 1 1 1 al0 0 a a a a a
bln n a 1 1 1 1 b|0O 0 a b b b b
c|]0 n a d 1 d 1 ¢c]0 n a b ¢ b ¢
d|/n n a ¢ ¢ 1 1 d|{0 0 a b b d d
1/0 n a b ¢ d 1 110 n a b ¢ d 1

Then Ay = (A2,A,V,—,0,1) is a non-linearly ordered BCK(P) lattice which satisfies the conditions

(C__)), (C\/) and (C/\)
Note also that A, satisfies the condition (WNM).
Note that A does not satisfy the condition (Cx), since there exist b,n € Az, such that

Ozb@n:b@(l—)n)zb@[(n—)b)—)(b—>n)]#n@[(b—%n)ﬁ(n—)b)]:n@(n—)1):n®1:n.

It does not satisfy the condition (DN) (you have the values of = =z — 0 in the table of —, column

of 0).
Consequently, A, it is a non-linearly ordered, proper wNm)yaBy (Roman) algebra.

Example 3

Let us consider the set A3 = {0,m,n,a,b,c,d, 1} organized as a lattice as in Figure 7 and as a BCK(P)

algebra with the operation — and z © y notgtion min{z | z <y — z} as in the following tables:
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Figure 7: Example 3 of non-linearly ordered, proper (wn myaPy algebra

—ao o s B ol
el e e
— oo o 3 B o0
coococoooolo
S o8 cocoocoolB
5B B BB B OOR
SIS =R =l
cooToy B3 oolo
o T o o3 B oo
QT TR B OO
— oo o 3 B ol

o8B oEB B B awro
EBEBEEEB®R~~BEB
5B B S B —= ==z
® O O ® e
T O =T
O O o = = =0
O = O = = = = o

Then As = (43, A,V,—+,0,1) is a non-linearly ordered BCK(P) lattice which satisfies the conditions

(C,), (Cv) and (Cn)-
Note also that Ajs satisfies the condition (WNM).
Note that As does not satisfy the condition (Cx), since there exist b,m € As, such that

0 = bom = bO(1 = m) = bo[(m — b) = (b = m)] #me[(b = m) = (m = b)] = mo(m — 1) =mel =m.

It does not satisfy the condition (DN) (you have the values of 3~ = z — 0 in the table of —, column

of 0).
Consequently, As it is a non-linearly ordered, proper (wn myefy (Roman) algebra.

16 Examples of proper oy algebras

Recall that these algebras cannot be linearly ordered and proper.
Note that this part can be developped as it was done for divisible BCK(P) lattices (Part III). Note

also that we didn’t found examples of proper (w )@y algebras.
We present two groups of examples of proper vy algebras:
e The ordinal sum of non-linearly ordered NM or IMTL algebra @ (linearly ordered or non-linearly

ordered) NM or IMTL algebra:
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Foxas @ Fu, Foxa @ Fs etc., Faxa D Fa, Faxe P Fixa, -4% P F2, Faxa DA(p,b1), etc.

e Other examples:
Example 1 ‘
Let us consider the set A = {0,a,c,d,m, 1} organized as a lattice as in Figure 8 and as a BCK(P)

algebra with the operation — and z © y notgtion min{z | z <y — 2} as in the following tables:

0

Figure 8: Example 1 of proper ay algebra

(ol eT i = Ka N
oo = =B
e e e e |
— B a0 o o
oo o oo oo
» YOO O
o0 o0 o0 oolo
oo o0 0o oo
58 o0o0s oF
— B oo o o~

— B oo » o|ll
[ R N - =]
L D O ® |
cAaB —a o

Then A = (4,A,V,—,0,1) is a BCK(P) lattice which satisfies the conditions (C) and (CA). Conse-
quently, A is an ay algebra, without condition (DN) (you have the values of 7 =z — 0 in the table of
—, column of 0).

Note that it is a proper ay algebra, since:
- A does not satisfy the condition (Cy); indeed, there exist a,d € A, such that
m=aVd#[la—=d) »dAr[d>a)—a=d-a>dA(a—a)=1A1=1
- A does not satisfy the condition (Cx); indeed, there exist m,d € A, such that
c=mOd=mo(l->d=mo[(d—-m)—=(m-=d)]#£
#dO[m—=d) = (d-m))=do(d—=1)=dol=d
- it does not satisfy the condition (WNM), since there is d such that:

(dod)” V[(dAd) = (dod)]=c V[d—=c=aVm=m#1

Example 2 ;
Let us consider the set 4 = {0,a,b,c,d, m, 1} organized as a lattice as in Figure 9 and as a BCK(P)

notation

algebra with the operation — and z © y min{z | z <y — z} as in the following tables:

20



Figure 9: Example 2 of proper a-y algebra

—B Ao o ol
O O T T A Q=IO
®» T oo B~ =
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Then A = (4,A,V,—,0,1) is a BCK(P) lattice which satisfies the conditions (C-) and (Cp). Conse-
quently, A is an oy algebra, without condition (DN) (you have the values of = =z — 0 in the table of

—, column of 0).

Note that it is a proper a7y algebra, since:
- A does not satisfy the condition (C\); indeed, there exist b,d € A, such that
m=bVd#[b—=d) = dA[(d—=b)=b=d=>dA(b=b)=1A1=1
- A does not satisfy the condition (Cx); indeed, there exist m,d € A, such that
c=med=mo(l—=d=mo[d->m)=>(m-=d]#
£do[(m—d) = (d-am)]=do(d—=1)=dol=d
- it does not satisfy the condition (WNM), since there is b such that:

bob)~ V[DbAL) » (bOb)]=a"Vh—a=dVvm=m#1

17 Remarks and open problems

1) By combining the hierarchies concerning oy and af~y algebras from this paper Part IV with the
hierarchies concerning ayd = divisible BCK(P) lattices and afydelta = Héjek algebras (BL algebras)
from [?], we get the hierarchies from Figure fig:figV-ac-abc-acd-BL.

2) Note that the ordinal sum of two BCK(P) lattices, My @ Ms,preserves (Ca) and eliminates (Cv),

when M, is non-linearly ordered.
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Figure 10: ”Vertical” sections through avy, afy, ayd and afvyé (BL) algebras

3) Find a different type of ordinal sum of two BCK(P) lattices, say M; (O Ma, whichpreserves (Cv)

and eliminates (C,), when Mj is non-linearly ordered.
4) The hierarchies concerning 3 and a3y algebras and afd and afydelta = Hajek algebras (BL

algebras) are the following:
5) Find a representation theorem for oy and af algebras and for ay§ and afd algebras.
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