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Abstract

In this paper we study the BcK algebras and their particular classes: the BCK(P) (residuated)

lattices, the Hr{jek(Pj (nL) algeUra.s uid tttu Wajsberg (UV; atgelras, we introduce new classes of

BCK(p) lattices, we esialtGn hiera.rchies and we give many examples' The paper has five parts'

In the first part, the most important part, we decompose the divisibility and the pre-linearity

conditions from the definition of a BL algelra into four new conditions (C-), (cv)' (C^) and (Cx)'

We study the additional conditions (wNM) (weak nilpotent minimum) and (DN) (double negation) on

a BCK(P) lattice. we introduce the ordinal sum of two BCK(P) lattices and prove in what conditions

we get BL algebras or other structures, more general, or more particular than BL algebras'

In part tf, *. gi* .*u*ptur of some finit"e bounded BCK algebras. We introduce new general-

izations of BL atgJbras, ,ram.d a, g, 'f , 6, dl3, "', a0"16.-als9b1ry' as BCK(P) lattices (residuated

lat t ices)  ver i fy ingone, t*o, threeorfourof  i t teco"ai t ions(C*) , (Cv) , (Cn)and(Cx) 'Byaddingthe

conditions (WNM) and (DN) to these classes, we get more classes; among them, we get many gener-

alizations of Wajsberg (fUV)'atgeUras and of Ro (NM) algeUras' The subclasses of lwrvv; -Wajsberg
algebras (rwryulMV irgeu.as) Jnd of lwivrzlHdjei algebras (wxvlBL algebras) are introduced' we

establish connections (ilierurct ies) between utt itt.r. new classes and the old classes already pointed

out in Part I.
In part III, we give examples of finite MV and (wN{lyy algebras, of H6jek(P) (i'e' BL) algebras

ard lwrvvlBL algibras andof o7d (i.e. divisible BCK(P) Iattices (divisible residuated lattices or

divisibie integral, residuated, commutative l-monoids)) and of divisible lwiv,rzlBCK(P) lattices'

In part IV, we stress the'importance of aB1 algebras versus op (i'e. MTL) algebras algebras and

of Rs (i.e. NM) algebras versus Wajsberg (i.e.' MV) algebras and-of lwivtrzloBT algeb^ras versus BL

algebras and of o7 iersus a7d aigebras. We give examples-of finite IMTL algebras and of 1v"v^'rllMTl

(i.e. NM) algebras), of aB7 algJras and oflwivrf4].S".*an) algebras and finally of o'y.algebras'

In part v,.,'e'glue otturi*urnptur or n"ii. 3CK(P) lattices, finding examples for the others

remaining an open iroblem. We maie final remarks and formulate final open problems'

Keywords MV algebra, Wajsberg algebra, BCK algebra, BCK(P) lattice, residuated lattice, BL

algebra, Hri,jek(P) utguLu, ii"i'iutu etNlel lattice' a' 0 ' 1 ' 6 ' yf-: ' ' '' o,016 algebra' MTL algebra'

IMTL algebra, wNM algebra, NM algebra' Re algebra' twivvlMV' (wIvrvtlBL' (wNM) oB'y' Roman

algebra

Part V has three Parts.
In Section 1g, we give other finite examples of generalizations of Wajsberg (MV) algebras and lwNu;Wajsberg

(twr"nzlMv) 
tf;||lTt"" orher fin1e examptes of generatizations of H6jek(P) (BL) algebras and lwru,rz;Hd'jek(P)

(twlvulBL) algebras'
" 

in Sectlon 20, we give final remarks and open problems'



Lg Examples of other generalisations of wajsberg (MV) algebras

and lwnuyWajsberg (1wnM)MV) algebras

L8.1 Example of proper BCK(P)1oru; lattice (Girard monoid)

Let us consider the set A = {0,a,b,n,c,d"rn'1} organized as a lattice as in Figure 1 and as a BCK(P)

aigebra with the oo"rurro* *'urra roa"|ddto; ^in1rl, < a -+ zl = (' -+ a-)- as in the following

tables:

0 0  0
0 0  0
p o  P
o p  P
p p  p
p p  p
p p  p
p p  p
c d m

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 p 0 P
0 0 0 P P
o o p P P
0 p a b n

0
p
a
b
n

d
m
1

1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
m 1 f
1 1 1
m l 1
d m I

L

T

1
1
1
1

I
m
m

1 1
m 1
d m
c m
n m
b m
a m
p m
0 p

0
p
a
b
n

d
m
1

Figure 1: Example of proper BCK(P)1nru; lattice (Girard monoid)

0 p a b n c d m

Then,4 _ (A,A,V,-+,0'1) is a BCK(F)1nru) lattice (you have the values of r_ = r.+ 0 in the table of

-+, column of 0).
Note that it is a ProPer one' srnce:
-,4 docs not satisfy the condition (C*), since there exist c' de A' such that

(c -+ d,) -+ (d *+ c) = m -+ rrL : | * m - d -+ c;

-14doesnotsa t is fy thecond i t ion(Cu) 's ince thereex is to 'b€ '4 'suchtha t

n = a V  b * l ( a - +  b )  - r  a ] n  t ( A  - +  a )  - +  a l = ( m  - +  b ) n  ( m  - +  a )  = T n A n ' L = n 1 '
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- "4 does not satisfy the condition (Ca), since there exist c,de A, such that

n  =  cAd, t ' l cO (c  - r  d ) lv  [do  (d  -+  c ) ]  =  (corn)  v  (dO m)  =  pY p  =  p ;

- ,4 does not satisfy the condition (Cx), since there exist a,b € A, such that

a = a O l = a O ( m - + m ) = a o [ ( D - +  a ) - + ( a - + b ) ] * b O [ ( a - + b )  - r ( b - + o ) ]  = b O ( m - + m ) = b o l - b .

- .4 does not satisfy the condition (WNM), since there are a,c € A, such that:

(4, o c)- v [(a n c) -+ (ao c)] - p- v [a -+ p] : m Y m = m * L'

L8.2 Example of proper (wNM)d@Ny algebra

Let us consider the set A = {0,a,b,c,d,1} organized as a lattice as in Figure 2 and as a BCK(P)

algebra with the operation -+ and rOyno'g-'o" min{z l, Sy -+ z) = (, --+ y-)- as in the following

tables:

Figure 2: Example of proper lwNyyalnN; algebra

0 a b c d

Then,4 -  (A,A,v, -+,0,1)  is  a BCK(P) la t t ice which sat is f ies the condi t ions (C*) ,  (DN) and (WNM).

Consequently, ,4 is a a algebra with conditions (DN) and (WNM), i.e. a (wNM)a@N; algebra (you have

the values of r- = r -+ 0 in the table of -+, column of 0).

Note that "4 is a proper lwNulapN; algebra, since:
- it does not satisfy the condition (Cv):

d= bv c+l (b- r  c)  - r  c ln  [ (c  -+ b)  -+ b]  = (c-+ c)  n  (b -+ b)  = 1;

- it does not satisfy the condition (Ca):

q  = b  A c l l b o ( b  - +  c ) l  v  [ c o ( c  - r  b ) ]  =  b o c v c o b  =  0 ;

- it does not satisfy the condition (C11):

a = a o l  = a o ( c - r t )  = a o [ ( b - + o )  - + ( o - r b ) ]  * b g l ( u - r b )  - i ( b - + o ) l  = b o [ 1  - + c ]  = b o c = 0 '

0
a

b
c
d
1

1 1 1 1 1 1
d l 1 1 1 1
c c 1 c 1 1
b b b 1 1 1
a  a  b  c  1 1
0 a b c d 1

0 a b c d
0 0 0
0 0 0
0 0 b
0 0 0
0 0 b
0 a b

0

b

d
1



18.3 Example of proper /l@wl algebra

Let us consider the set A = {0, Q,,b,c,d',l} organized as a lattice as in Figure 3 and as a BCK(P) algebra

with the operation -r and roynotglion min{z I r 1y -+ z): @ -+ Y-)- as in the following tables:

Figure 3: Example of proper |lpNl algebra

Then,4 - (A,A,V,-+,0,1) is a BCK(P) lattice which satisfies the conditions (c"), (cn) and (DN)'

Consequently, .A is u fl1' uig"Ara with condition (DN), i.e. a gl@N) algebra (you have the values of

r- = tr -r 0 in the tabie of -1, column of 0)'

Note that .4 is a proper |'ltnNl algebra , since:
- it does not satisfy the condition (C-):

(b -+ c) -+ (c -+ b) = d -+ d = | * d;

- i i  does not satisfy the condition (C;):

b = b o 1  = b o l c l - t d . l = b o [ ( c - + b )  + ( b - + c ) ]  * c s l ( b - + c )  - + ( c - r b ) l  = c o l d - + d l = c o L = c ;

- it does not satisfy the condition (wNM), since there is b such that:

(bob ) -  v  [ (b^b )  +  (bob ) ]  =  a -  v  l b -+  a l  =  d , v  d=  d  f  r '

19 Examples of other new generalizations of Hrijek(P) (BL) al-

gebras
and 1p1,,yyH6jek(P) (1wn WFL) algebras
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19.1 Example of proper BCK(P) and lwNn'r BCK(P) lattices

19.1.1 Example of proper ;yoNulBCK(P) lattice

Let us consider the set A = {0,a,b,n,c,d',rn,1} organized as a lattice as in Figure 4 and as a BCK(P)

algebra with the operation -+ and roynotgio' min{z I n 1y -+ z} as in the following tables:

Figure 4: Example of proper @NulBCK(P) Iattice

0 a b n c d m

T h e n , 4 - ( A , n , V , - + , 0 , 1 ) i s a B C K ( P ) l a t t i c e w h i c h s a t i s f i e s t h e c o n d i t i o n ( w N M ) ; i t i s a p r o p e r

r w r v v y B C K ( P j l a t t i c e , s i n c e :  , -  A  , . r  L
I7 Jo'., not'satisfy the condition (C4): there exist c, de A, such that

( c - + d ' )  - + ( d - )  c ) : m - + m = t f  m = d - + c ;

- ,4 <ioes not satisfy the condition (Cn): there exist c, d € A' such that

n  =  c A d l l c o  ( c  - +  d ) l v  [ d e  ( d  - +  c ) ]  =  ( c O m )  v  ( d O  m )  = 0  V 0  =  0 ;

-.4 does not satisfy the condition (Cv): there exist a,b € ,4' such that

n = a'V b * l("-+ b) -+ A] n t(a -+ o) + al = (m-r b) A (m -+ a) : rr1' Arn = m'

-,4 does not satisfy the condition (Cx): there exist o',b € A' such that

a = a O l = a O ( m - + r t ) - a O [ ( b +  a ) - + ( a - + b ) ] + b O [ ( a ' - + b )  - r ( b - + a ) ]  = b O ( m - + n z )  = b 6 1 = b ;

- it does not satisfy the condition (DN) (you have the values of n- = r -+ 0 in the table of -+' column of

o).

0 0
0 0
0 0
0 0
0 0
0 0
0 0
d m

0
0
0
0
0
0
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1 1 1 1 1
1 1 1 1 1
1 1 1 i l
1 1 1 1 1
m 1 m 1 1
m m I I I

m m m 1 l
n c d m l
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m 1 m
m m l
m m m
m m m
m m m
m m m
0 a b

0
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c
d
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1

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 a b n



L9.1.2 Examples of proper BCK(P) lattices (residuated lattices)

*".%xl[";:T?i"), 
be rhe ordinal sum of f.2 andrhe above lwruvlBCK(p) lartice A, i,e' A1 =

{0,p} U{p, a,b,n,c,d,,m,!} = {o,p,o,u'n : '^!: i ' i i '  
o'g*i"a * uri ' i i i t t is in Figure 5 and as aBCK(P)

algebra with the operation * ,rj 
'fr 

o o 
notuuuon min{z I r s a -+ z} as in the following tables:

Figure 5: Example 1 of proper BCK(P) lattice

0 p a b n c d m

Then ,4r = (At,n,  v,  -+'  0 '  1) is a proper BCK(P) Iat t ice'  s ince:-

-,4r does not satisfy the condition (C*): there exist c' de A1' such that

(c -+ d,) -+ (d' -+ c) = rn --''m = I f m = d -+ c;

-,4r does not satisfy the condition (C1): there exist c' d€ At' such that

n  =  cAd f  l co(c  - i  d ) l  v  [do  (d  -+  c ) ]  =  (com)  v  (do  m)  =  pv  p  =  p ;

- ,4i does not satisfy the condition (Cv): there exist a' b e A1' such that

n = & Y b * l(o-+ b) -+ b] A t(b -r a) -+ a) = (m -+ b) n (m -+ a) = m A n'L = rn"

-,4r does not satisfy the condition (C;): there exist a'b € 41 ' such that

a = ao] = aO(m -+ m) =ao [(b -+ a) + (o -+ b)] + bo [(4. -+ b) -+ (b -+ o)] = bs(m -+ m) =

0
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1 1 1
m l 1
1 1 1
m l 1
d m 1

1 1 1 1
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m m m l
m m m m
m m m m
a b n c

1 1
0 1
0 m
0 m
0 m
0 m
0 m
0 m
0 p

0
p

b
n
C

d

t

0 0 0  0
p p p  p
p p p  p
p p p  p
p p p  p
p p p p
p p p  p
p p p p
n c d m

p
p
p
p
p
p
p
b

0 0 0
o p p
o p p
o p p
o p p
o p p
o p p
o p p
o p a

bo1  =  b ;



- it does not satisfy the condition (DN) (you have the values of r- = tr -r 0 in the table of -+' column of

o);
- it does not satisfy the condition (WNM):

( o O a ) -  V l a A a - + a O  a l = p -  V [ o - + P ]  = 0 Y m = r n * L .

. Example 2Let Az be the ordinal sum of 12 and the proper BCK(P)(DN) lattice "4 from the previous

sec t i on ,  i . e .  Az :  { -1 ,0 }U{0 ,p ,  a ,b ,n , c ,d , r r l , 1 }  =  { -1 ,0 ,p ,Q , ,b ,n , c ,d ,m , } } ,  o rgan i zed  as  a  l a t t i ce  as

i n F i g u r e 6 a n d a s a B C K ( P ) a l g e b r a w i t h t h e o p e r a t i o n - l a n d n O y ' o ' 9 " o n m i n { z l r 1 y - + z } a s i n
the foilowing tables:

Figure 6: Example 2 of proper BCK(P) Iaitice

-Ihen Az = (Az,n, v, -+, -1, 1) is a proper BCK(P) lattice' since:
-.42 does not satisfy the condition (C-r), since there exist c,d€ A2, such that

(c -+ d) -+ (d -+ c) = m -+'m = | f m = d -+ c;

- ,42 does not satisfy the condition (Cv), since there exist a, b € Az such that

- 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 P
0 0 0 0 0 p 0 P a
0 0 0 0 0 0 P P b
0 0 0 0 0 P P P n
0 0 p 0 p p P P c
0 0 0 p p P P P d
o  o  p  p  p  P  P  P . m
0 p a b n c d m l

1  1  1  1  1  1  1  - 1

1 1 1 1 1 1 1 0
1 i 1 1 1 1 1 P
1 m 1 1 1 1 1 a
m 1 1 1 1 i 1 b
m m 1 1 1 1 1 n
m m m l m l l c
m m m m l 1 1 d
m m m m m l l m
a b n c d m l  1

1 1
1 1
m l
d m
c m
n m
b m
a m
p m
0 p

- 1

0
p
a
b
n
c
d
m
1

n = a Y b * l(o -+ b) -+ b] A [(b -+ a) -+ a] = (m -+ b) A (m -+ a) = rn A nL = Tn'



- Az doesnot satisfy the condition (Ca), since there exist c,d e Az' such that

n :  c A d l l c o  ( c  +  d ) l V  [ d O  ( d  - +  c ) ]  =  ( c O r n ) V  ( d O  m )  = p V  p : p i

- ,4 does not satisfy the condition (C76), since there exist a,b e A' such that

a = a Q l  : o . O  ( m - + m ) = o O [ ( b - r a )  - +  ( a - r b ) ]  * b o l ( a + b )  
- + ( b - r o ) ]  = b o ( r n - + m ) =  b o 1 = b '

- ,42 does not satisfy the condition (WNM), since there ate a,c € 42, such that:

(o O c)- v [(a' n c) -+ (ao c)] : p- v la -+ p) = -l Y m = m * l '

- it does not satisfy, evidently, the condition (DN)'

r Example 3 Let Az be ihe ordinal ,u* oi the proper BCK(P)1orv; Iltt{e / frol the previous

sect ion and Lz, i .e .  As = {0,p,  a,b,n,c,d, ,n ' : ,1}U{1,2}  = {0,p,&,b,n, .c ,d ' ,m. ,1, , .2} ,  organized as a la t t ice

as in Figure 7 and as a BCK(P) algebrawith the operation -+ and rOynotlion min{z I r 1y -+ z} as

in the following tables:

Figure 7: Example 3 of proper BCK(P) lattice

0 p a b n c d m
0 0 0  0  0  0
0 0 0  0  p  P
0 p 0 p a a
0 0 p  p  b  b
O p p p n n
p p p p c c
p p p  p  d  d
p p p p m m
n c d m 1 1
n c d m I 2

0
0
0
0
0
p
p
b
b

0
p
a

b

d
m
1
1

n r n t r 2 2 2
L L L L

2  2  2  2  2  2  2 2
2  m  2  2  2  2  2 2
m  2  2  2  2  2  2 2
m m 2 2 2 2 2 2
m m m 2 m 2 2 2
m m m m 2 2 2 2
m m m r n I n 2 2 2
a b n c d m 2 2
a b n c d m l 2

2 2
m z
d m
c m
n m
b m
a m
p m
0 p
0 p

0
p
a
b
n
c
d
IN

1
2

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
o o p
0 0 0
o o p
o p a
o p a



Then ,4g = (As,n, V, -+,0,2) is a proper BCK(P) Iattice, since:
- .4s does not satisfy the condition (C4), since there exist c,de As, such that

(c -+ d) -+ (d -+ c) = m -+ n'L = 2 t' m = d -+ c;

- ,43 does not satisfy the condition (Cy), since there exist a ,b e As, such that

n= aY b  * [ (o  - r  b )  - r  b ]A  [ (b  -+  a )  -+  a ] :  (m -+  b)A (m -+  a)  =m AnL:  rm.

- "43 does not satisfy the condition (Cn), since there exist c,de As, such that

n  =  c  Ad I  l cO(c  - r  d ) l  v  [dO (d-+  c ) ]  =  (cOm)V (do  m)  =  pY p  =  p ;

-,43 does not satisfy the condition (Cx), since there exist a,be As, such that

a = a o 2 = a a ( m - + m ) = a o [ ( b - r  a ) - + ( a - + b ) ] * b o [ ( o - + b )  - + ( b - + a ) ]  = b o ( m - + m ) = $ s 2 = 6 .

- .4g does not satisfy the condition (WNM), since there ate o"1c € Ae, such that:

(aO c)- v [(aA c) -+ (aO c)]  = p- v [a + p] = mY m = nx * 2 '

- "4r does not obviously satisfy the condition (DN) (you have the values of tr- = tr -+ 0 in the table of -+,

column of 0).

L9.2 Examples of proper (wNM)a algebras

We shall give two examPles.
Example 1 Let us consider the ordinal sum of the proper 1w N tqaln14 from the previous section and

of L2, i .e.  let  us consider the set A = {0, a,b,c,d,n}U{n,1} = {0, e, ,b,c,d,n, 1},  organized as a lat t ice as

in Figure 8 and as a BCK(P) algebrawith the operation -+ and *OAno'!'on min{z I r 1y -+ z) asin

the foilowine tables:

Figure 8: Examples of proper (wNM)a1 1 and B7 algebras

0 a b c d n
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I
I

I
I
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1
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0 a b c d n l
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b
b
b
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Then.4 * (A,A,V,-+,0,1) is a BCK(P) lattice which satisfies the condition (c-") and and the condition

(WNM). Consequently, .4 is a proper (wNWot algebra, since:
-,4 does not satisfy the condition (Cy); inaeea, there exist b,c € A, such that

d,=bv c* l(b - i  c)  -+ c)n [(c -+ b) -+ b] = (c -+ c) + (b -+ b) = 1;

- ,4 does not satisfy the condition (C,1); indeed, there exist b,c € A, such that

a =  b  A c l  l b o ( b  - +  c ) l  v  [ c o  ( c  - +  b ) ]  =  ( b o c )  v  ( c o b )  =  0 ;

-,4 does not satisfy the condition (C1); indeed, there exist o,b € A, such that

a = u a I = a a ( c - + 1 )  = a o [ ( b - + o )  - + ( o - + b ) ]  l b o [ ( a - + b )  - ] ( b - r o ) l  = b o ( 1  - + c )  = b o c = 0 '

- it does not satisfy the condition (DN) (you have the values of tr- = tr -+ 0 in the table of -+, column of

o) .
Example 2 Let us consider the ordinal sum of Lz and the proper (wNM.)aQNl frlm the previous

sect ion,  i .e .  le t  us consider  the set  A= {0,n) l ) { r ,a ,b,c,d,1}  = i0 ,  n,Q,b,c,d, . ! ) ,organized as a la t t ice

as in Figure 9 and as a BCK(P) algebrawith the operation -+ and rOynotelon miniz I r 1y --> zl as

in the following tables:

Figure 9: Examples of proper (wNM)a, p and fu algebras

0 n a b c d l

Then,4 -  (A,A,V,-+,0,1)  is  a BCK(P) la t i ice which looses the condi t ion (DN),  i .e .  i t  sat is f ies the

conditions (C-) and (WNM). Consequently,,4 is a proper (wNM)a algebra, since:
- it does not satisfy the condition (Cy):

d=bv c+ l (b  -+  c )  -+  c ln  [ (c  - i  b )  - r  b ]  :  (c  -+  c )n  (b  -+  b )  =  1 ;

0
n

L

c
d
1

0
n
a
b
c
d
1

0
n

L
t ,

c
d
1

1 1 1 1 1 1 1
0 1 1 1 1 1 1
0 d  1 1 1 1 1
O c c 1 c 1 1
O b b b 1 1 1
0 a a b c 1 1
0 n a b c d l

d
-
U
n
n
b
c
d
d

0
0
0
0
0
0
0
0

h

0
l 1

n
b
n
b
b

a
0
n
n
n
n
n
a

C

0

n

c
c
c

0

n
n
Ir
n
n
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- it does not satisfy the condition (Cn):

a  =  b  Ac l  l bo (b  - r  c ) l  v  [ co  ( c  -+  b ) ]  =  bo  cvcob  =  0 ;

- it does not satisfy the condition (C76):

a= aO 1 = ao (c  -+ 1)  = oo [ (b  - r  a)  -+ (o + b) ]  lbo l (a -+ D)  -+ (b -+ a) l  =  bo [1  -+ c ]  = boc= 0;

- it does not satisfies obviously the condition (DN).

Remark 19.1 Note that in these cases, taking ihe ordinal sum of Lz and the above (wNM)a algebras,
we do not loose the condition (WNM), i.e. we do not get examples of proper a algebras.

19.3 Examples of proper p and WNM)P algebras

19.3.1 Example of proper MNM\P algebra

Let us consider ihe set A = {0,a,,b,c,d,1} organized as a lattice as in Figure 10 and as a BCK(P)

a l g e b r a w i t h t h e o p e r a t i o n - + a n d : L O y n o t g ! - i o n m i n { z l r 1 y - + z } a s i n t h e f o l l o w i n g t a b l e s :

Figure 10: Exampie of proper wNnrl0 and l3l algebras

0 a b c d

Then.4 - (A,A,V,-+,0,1) is a BCK(P) lattice which satisfies the condition (Cy) and the condition

(WNM). Consequently, "4 is a proper WNM)0 algebra, since:
-.4 does not satisfy the condition (C-); indeed, there exist b,c € A, such that

(b -+ c) + (c *r b) : d -+ d = | I d;

-,4 does not satisfy the conditicn (C',1); indeed, there exist b'c € A, such that

a  =  b  A c l  f b o ( b  +  c ) ]  v  [ c o  ( c  - +  b ) ]  =  ( b o d )  v  ( c o d )  =  0 V 0  =  0 ;

0
a

b
c
d
1

1
1
I
I
I
I

0

b
c
d
1

0 0 0 0 0 0
0 0 0 0 0 a
0 0 0 0 0 b
0 0 0 0 0 c
0 0 0 0 0 d
0 a b c d 1

b
T
i
t
d
d
b

d
1
I
i
I
1
J

0
I

d
d
d
d
0

a

T
1
d
d
d

c
T
1
d
1
I

c

1 1



-,4 does not satisfy the condition (c;s); indeed, there exist o,b € A, such that

a = a o l  = o o ( d - + 1 )  = a o [ ( b - + a )  * r ( a - r b ) ]  * b s l ( a - + b )  - + ( b + a ) l  = b o ( 1  - + d ) = b o d = 0 '

- it does not satisfy the condition (DN) (you have the values of r- = tr -r 0 in the table of -+, column of

o).

19.3.2 Example of ProPer B algebra

Let us consider the ordinal sum of Lz and the above gNmy/ algebra, i.e. Iet us consider the set

A = {0, n} l ){r ,e,b,c,d,,1} = {0,n, a,b,c,d,. l }  organized as a lat t ice as in Figure 9 and as a BCK(P)

algebra with the operation -+ and tr O y not9lton min{z I r 1 y -+ z} as in the following tables:

0 n a b c d l

Then "4 
- (A,A,V, -+,0,1) is a BCK(P) Iattice which satisfies the condition (Cy). Consequently, Ais a

proper B algebra, since:
- .4 does not satisfy the condition (C-); indeed, there exist b,c € L, such that

(b -+ c) -+ (c -+ b) = d a fl = | I d;

- -4 does not satisfy the condition (Cn); indeed, there exist b,c € A, such that

a = b  A c l l b o  ( b  +  c ) l v  [ c o  ( c  - +  b ) ]  =  ( b O d ) V  ( c o d )  = n v  n = n ;

- .4 does not satisfy the condition (C76); indeed, there exist a,b € A, such that

a : a O L = a O ( d - + 1 )  = a o [ ( b - i a )  - + ( o - + b ) ]  l b o [ ( a - i b )  - + ( b - + a . ) ]  = b o ( 1  - + d ) = b a d , = n .

- it does not satisfy the condition (DN) (you have the values of r* = r -+ 0 in the table of -+, column of

0);- it does not satisfy the condition (WNM): there is b €,4, such that

( b e b ) -  v  [ b ^ b  - +  b o b ]  =  n -  v  l b  - +  n ) =  0 V d  =  d l  I .

L9.4 Examples of proper ? and WNM)''1 algebras

LS.4.l Example of proper (wNM\"1 algebra

Let us consider the set ,4 = {0,b,c,d,n,l} organized as a Iattice as in Figure 11 and as a BCK(P)

algebra with the operation -+ and rOynotUto, min{z lr 5A -+ z} as in the following tables:

0
n

b

d
I

1 1 1 1 1 1 1
0 1 1 1 1 1 1
0 d  1 1 1 1 1
O d d 1 d 1 1
O d d d 1 1 1
0 d d d d  1 i
0 n a b c d l

0 n a b c d l
0 0
n n
n a
n b
n c
n d
d 1

n
n
n
n
n
b

0
n
n
n
n
n
a

0 0
0 n
0 n
0 n
0 n
0 n
0 n

0
n
a

b
L

d
1

T2



Figure 11: Example of proper (wNM).y algebra

0 b c d n 0 b c d n l

Then "4 
= (A,A,v,-+,0,1) is a BCK(P) Iattice which satisfies the condition (Ca) and ihe condition

(WNM). Consequently, Ais a proper (wNM).,t algebra, since:
- 

"4 does not satisfy the condition (c*); indeed, there exist b,c € ,4, such that

( b - + c )  - +  ( c - +  b ) = n - + n = I * n ;

- 
"4 does not sat'isfy the condition (cy); indeed, there exist b,c € A, such that

d = h v c I [(b -+ c) -+ c] n [(c -+ b) -+ b] = (n -+ c) n (n -+ b) = n A n : n;

- 
"4 does not satisfy the condition (Cy6); indeed, there exist b,c € ,4, such that

b = b O 1 = b O (n -+ n) = b o [(c -+ b) -+ (b + c)] * c s [(b -+ c) -+ (c -+ b)] = c a (n -+ n) * c a I = c.

- it does not satisfy the condition (DN) (you have the vaiues of tr- = tr -+ 0 in the table of -+, column of
o).

19.4.2 Examples of proper 7 algebras

We shall give two examples.
Example I Let us consider the ordinal sum of [-2 and of the above WNM).y algebra, i.e. let us

consider  the set  A = {0,a, }  U{4,  b,c ,d,n, l }  = i0 ,  a,b,c, t l ,n ,  r } ,  organized as a la t i ice as in  F igure B and
as a BCK(P) algebra with the operation -+ and xaynotelio" min{z I r Sy -+ z) as in the following
tables:

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 b c d n

b
c
d
n
l

0
l-

c
d
n
I

0
b
c
d
n
1

1 1 1 1 1 1
n l n 1 1 1
n n 1 1 1 1
n n n 1 1 1
n n n n l l
0 b c d n l

I J



0 a b c d n 0 a b c d n l

Then "4 = (A,A,V,-+,0,1) is a BCK(P) lattice which satisfies the condition (Ca). Consequently, Ais a
proper 7 algebra, since:

- "4 does not satisfy the condition (C-1); indeed, there exist b,c € ,4, such that

(b -i c) -+ (c -+ b) = n -+ n = | * rr,;

- "4 does not satisfy the condition (Cy); indeed, there exist b,c € .4, such that

d = b v c t [(b,+ c) -+ c] n [(c -+ 6) -+ b] = (n -r c) n (n -+ b) = n A n = n;

-,4 does not satisfy ihe condition (Cy); indeed, there exist b,c € .4, such that

b = bo 1 = bo (n -+ n) = bo [(c + b) + (b -+ c)]  I  cgl(b -+ c) -+ (c -+ b) l  = co (n -+ n) -  cor = c.

- it does not satisfy the condition (DN) (you have the values of r- =r -+ 0 in the table of -+, column of
o);
- it does not satisfy the condition (WNM): there is b € A such that

( b O b ) *  v [ b A b - +  b O b ]  =  a -  Y [ b - r  o ]  = 0 V n  = n  *  t .

Example 2 Let us consider the ordinai sum of L2y2 and of the proper /lf nx\ algebra from the
prev ious  sec t ion ,  i .e .  le t  us  cons ider  the  se t  A  =  {0 , rn ,n ,p )U{p ,o ,b ,c ,d , l \  =  {0 ,m, f l ,p ,a ,b ,c ,d , I } ,
organized as a lattice as in Figure 12

Figure 12: Example 2 of proper 7 algebra

a

b

d
n
I

1 1 1 1 1 1 1
0 1 1 1 1 1 1
0 n l n 1 1 1
O n n  1 1 1 1
O n n n 1 1 1
0 n n n n 1 1
0 a b c d n l

0
a

b
c
d
n
1

0 0 0 0 0 0 0
0 a a a a a a
0 a a a a a b
0 a a a a a c
0 a a a a a d
0 a a a a a n
O a b c d n l
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b
1
1
1

d
T
1

1

1

I
i
I
1

T
I
1
1

0
m
n

0 m n
0 0
m m
n n

Then "4 = (A,A,V' -+,0, 1) is a BCK(P) lattice which satisfies the condition (Cn). Consequently, ,4 is
a proper 7 algebra, since:
- it does not satisfy the condition (C*):

(b -+ c) -+ (c -+ b) = d -+ d = I I d;

- it does not satisfy the condiiion (Cy):

p = mv n I  [ (mran) -+ n]A [(n -+ m) -+ m] -  
l ,  -+ n) n[m -+ m] =1 A 1 :  1;

- it does not satisfy the condiiion (Cy):

b= bo I  = bo ld -+ dl  = bo [(c -+ b) - i  (b -+ c)]  I  cof(b -r  c) -+ (c -+ b) l  = co[d -+ d] = cor = c;

- it does not satisfy the condition (WNM), since there is b such that:

( b o b ) -  v  [ ( b ^ b )  - +  ( b o b ) ]  =  a -  v  [ b - +  a ]  =  0 v  d  =  d ,  *  r ;

- it does not satisfy obviously the condition (DN) (you have the values of r* = r -+ 0 in the table of -+,
column of 0).

Remark 19.2 Note that the ordinal sum M1 @ M2 preserves (Cn) and if My is non-lineariy ordered, as
it was the case in this example, then it does not preserves (Cy).

19.5 Examples of proper B1 and gxq07 algebras

19.5.1 Example of proper wxmt|.l algebra

Let us consider the set ,4 = {0, b;c,.d,l} organized as a lattice as in Figure 13 and as a BCK(P) aigebra
with the operation -+ and , O y "o'Y'on min{z | , < y -+ z} as in the following tables:

0 b c d

Then "4 
- (A,A,V,-+,0,1) is a BCi{(P) iattice which satisfies the conditions (Cy) and (Cn) and the

condition (WNM). Consequently, "4 is a proper WNM\P.y algebra, since:

0 0 0
m m m
n n n

p p p p a
p a p a b
p p a a c
p a a a d
a b c d l

p
p
p
p
p

0 m
0 m
0 m
0 m
0 m

1 1 1 1 L a
d l d l l  b
d d  1 1 1  c
d d d l 1  d
a b c d l  1

b

p

0 m n
0 m n
0 m n
0 m n
0 m n

a

C

d
1
L

0
b
c
d
1

1 1 1 i 1
d l d 1 1
d d 1 1 1
d d d 1 l
0 b c d 1

0 b c d 1

0 0 0
0 0 0
0 0 0
0 b c

I O



Figure 13: Example of proper WNM\P"y algebra

-.4 does not satisfy the condition (C-a); indeed, there exist b,c € .4, such that

(b.+ c) -+ (c -+ b) = d -+ d = I I d, = c -+ b;

- "4 does not satisfy the condition (C;g); indeed, there exist b,c € .4., such that

b  =  bo  1  =  bo  (d -+  d)  =  bo [ (c  -+  b )  -+  (b  - r  c ) ]  I  co [ (b  -+  c )  -+  (c  +  b ) ]  =  co(d-+  d)  =  co t  =  c .

- it does not satisfy the condition (DN) (you have the values of tr- = tr -+ 0 in the table of -+, column of
o).

I9.5.2 Examples of proper B7 algebras

We shall give three exampies.
Example l  Letusconsider theordinalsumof [ .2andtheaboveproper MNM\P1 algebra, i .e .  le tus

consider  the set  A1 = {0," }U{o,b,c,d, I }  = {0,4,  b,c ,d. , . I } ,  organized as a la t t ice as in  F igure 10 and as

a BCK(P) algebra with the operation -+ and * O A 
no'9'on 

min{z I r I y -+ z} as in the following tables:

0 a b c d 0 a b c d 1

Then "4i = (At,n,V,-+,0,1) is a BCK(P) lattice which satisfies the conditions (Cy) and (C,1). Conse-
quently, "4r is a proper p7 algebra, since:

- "4r does not satisfy the condition (Cr); indeed, there exist b, ce A1, such that

(b -+ c) -+ (c -r b) = d -+ d = I I d = c + b;

- "4i does not satisfy the condition (C1s); indeed, there exist b, c€ Ar, such that

b = b o 1 = b o ( d - + d )  = b o [ ( c - + b )  - + ( b - i c ) ]  l c o l ( b - + c )  - r ( c - + b ) l  = c o ( d , - + d ) =  c o r : c .

0

b
c
d
1

1 1 1 1 1 1
0 1 1 1 1 1
0 d 1 d 1 1
O d d 1 1 1
O d d d 1 1
0 a b c d 1

0

b
c
d
1

0 0 0 0 0 0
0 a a a a a
0 a a a a b
0 a a a a c
0 a a a a d
0 a b c d l

I O



- it, does not satisfy the condition (WNM), since there is b such that:

(6ob)-  v [ (b^ b)  -+ (bob) ]  = a-  v  [b- ]  o l  -  0v d,  = d,  *  r .
- it does not obviously the condition (DN) (you have the values of r- : r -+ 0 in the table of -+, column
of 0).

Example 2
Let us consider the set A = {0,e,b,c,d,n,L} organized as a lattice as in Figure 8 and as a BCK(p)

algebra with the operation -+ and rOy'ot{ion min{z I r 1y -+ z} as in the fbllowing tables:

0 a b c d n l

Then,4 = (A,A,V,-f,0,1) is a BCK(P) Iattice which satisfies the conditions (Cy) and (Ca). Conse-
quently, Ais a proper p7 algebra, since:

- 
"4 does not satisfy the condition (C--,); indeed, there exist b,c € ,4, such that

(D -+ c) -+ (c -r b) = d 4 d, : I I d, = c -+ b;

- 
"4 does not satisfy the condition (C_x); indeed, there exist b,c € ,4, such that

b : b o  1 : b o ( d - + d ) : b o [ ( c - + b )  - r ( b - + c ) ]  l c o l ( b - + c )  - + ( c - + b ) l  : c o ( d - + d ) = c o t = c .

- it does not satisfy the condition (WNM): there is b e ,4 such that

( b o b ) -  v  [ b ^ b  - +  b o b ]  :  a -  v  [ b  - +  a ]  =  d v  d  :  d  I  I .

-it does not satisfy obviously the condition (DN) (you have the values of r* = r -+ 0 in the table of -+,
column of 0).

Example 3
Let us consider the set A: {0,n,a,b,c,d, 1} organized as a lattice as in Figure 9 and as a BCK(P)

algebra with the operation -+ and * Oynot!'o' min{z I r I y -+z} as in the following tables:

0 n a b c d 0 n a b c d

0
a

D

c
d
n
1

0

b
c
d
n
1

a

b
c
cl

n
1

1 1 1 1 1 1 1
d l 1 1 1 1 1
c d l d 1 1 1
b d d  1 1 1 1
a d d d  1 1 1
0 a b c d 1 1
0 a b c d n l

1 1 1 1 1 1 1
d 1 1 1 1 1 1
d d l 1 i 1 1
c c d 1 d 1 1
b b d d 1 1 1
a a d d d  1 1
0 n a b c d l

0
n
a
b
c
d
1

0
n

b
c
d
1

0 0 0 0 0 0 0
0 0 0 0 0 0 r r
0 0 0 0 0 0  a
0 0 0 a 0 a b
0 0 0 0 a a c
0  0  0  a  a a  d
0 n a b c d i

0:
0
0
0
0
0
0
0

b
0
0
a

0
6

b
b

d
tJ
0
a
a

d
d

d

0
0
0
0
0

a

c
b
0
0

a

c
c

n
U

b
c
d
n
n
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Then "4 = (A,A,V,-+,0,1) is a BCK(P) lattice which satisfies the conditions (Cy) and (Cn). Conse-
quently, "4 is a proper p7 algebra, since:

- "4 does not satisfy the condition (C-); indeed, there exist b,c €,4, such that

(b + c) -r (c -+ b) = d -+ d = | * d = c -+ b;

-,4 does not satisfy the condition (Cx); indeed, there exist b,c € A, such that

b=bo 1  =  bo  (d -+  d)  =  bo  [ (c  -+  b )  - r  (b  - t  c ) ]  I  co [ (b  -+  c )  -+  (c  - r  b ) ]  =  co(d-+  d)  =  cor  =  c .

- it does not satisfy the condition (WNM): there is b e A such that

(bob) -  v  [b^b  -+  bob]  =  a -  Y  [b  - r  a ]  =  dY d ,  =  d  I  r .

-it does not satisfy obviously the condition (DN) (you have the values of {L- = tr -+ 0 in the tabie of -+,
column of 0).

20 Final remarks and open problems

We get the hierarchies from Figure 14 of all the descendents (particular cases) of BL algebras mentioned
in this paper.

SSBL

(?)

BLlrr)

= M V

twNw)BL

= {wNurlW = twi,rulM$oolean

Figure 14: Some descendents (particular cases) of BL algebras

By combining the two hierarchies from Figures ?? and 14, we get the hierarchies from Figure 15.
Final remarks

(wNM)

guu lBL lp

i )  (P1)

18



ap'y

(Cx)

(wNM)

gNulaBl

BL1rru1

=MV

)
(Cx

Giidel
duct

r'zuNmlBLli
=1wNu1W = gNtll ld

Figure 15: Vertical sections through aBy and BL algebras and other algebras

1) The divisible BCK(P) lattices seem to be a significant generalization of BL algebras, very closed
connected with BL algebras. Recall that a linearly ordered divisible BCK(P) lattice is a BL algetra and
that divisible BCI{(P) lattice with condition (DN) and BL algebras with condition (DN) coincide (with
Wajsberg (MV) algebras).

2) The ap1 algebtas seem to be a significant generalization of BL algebras also; they deserve to be
cailed "MTL" algebras, not the ap algebras. The relation "a7 algebras - aB1 atgebras', is similar to the
relation "divisible residuated lattices - BL algebras": recall ihat a linearly ordered a7 algebra is an aB1
algebra and that a7 algebras with condition (DN) and aBl algebras with condition (DNj coincide (with
IMTL algebras),

3) We have not yet examples of proper aB (weak-Bl :MTL) algebras. The relation "oB aigebras -
aPT algebras" is similar to the relation "divisible residuated lattices - BL algebras": recall that alinearly
ordered aB algebra is an aB1 algebra and thai aB algebras with condition (DN) and al37 algebras witl
condition (DN) coincide (with IMTL algebras).

4) The /?0 (NM) algebras seem to be as much important as Wajsberg (MV) algebras are. They are
incomparable as ciasses, by Remark ?? (there are -Re (NM) algebras which are not Wajsberg (MV) algebras
and there are Wajsberg (MV) aigebras which are not .R6 (NM) algebras). The intersection of the two
ciasses is the subclass of 1yyr,'yyWajsberg (lsrrryMV) algebras (see the hierarchies from Figure ??).

We have got the following chain (by set inclusion) of liniarly ordered R0 (NM) algebras:

N M ,  =  L 2 ,  N M 3  =  L s ,  N M + ,  . . . ,  N M n + 1  ,  . . .  ( n  )  1 ) ,
where

NMr+t  :  (L r+z ,A :  m in ,  V  =  max,  ) , - ,a ) ,  ( ,  >  1 ) ,

with r- :,n - r (strong negation) and -+ is Fodor's implication [7],fal:
f  n ,  i f . r l yr ) Y :  
I  m a * ( n - r , a ) ,  i f  r ) i ,

while the corresponding (i.e. with the same support sets, the sets ,L2..1, n ) 1) chain of linearly
ordered Wajsberg (left-MV) algebras is:

@Nu1aB1p1t11
= R6 eNM (P1)

a0\or,r\

P1)  (P1)

(wNnrlBl

Boolean
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L z '  L s ,  f , 4 ,  - . ' ,  L n a t ,  .  "  ( "  2  1 ) '

whe re  
Ln r r  =  (Ln4 r ,1 , - , t u ) ,

with r- = n - tr (strong negation) and -+ is Lukasiewicz's implication:

(  n '  
! : ' : '  = m i n ( n ,  n - r 1 : v ) ,r - ) Y = \ n - r + y ,  i f  r ) y ,

rV y -  (r  -+ Y) -+ Y = max(r,Y) and
r Ay = r  O (r  -+ A) = min(r,Y).

The two common atgeuras"(i.e. the two (wru1z;Wajsberg (1',,yyMV) algebras) of the two chains of

algebras are Lz arld f's, whete Lz is even a Boolean algebra'

5) The WNr..q6,14" algebras seem to be as much important as Hr4jek(P) (BL) algebras are. They are

incomparable as ciasses (ih..u ure yxvlaBl algebras which are not Hd'jek(P) (BL) algebras and there

are ltiletle; (BL) algebras which are not lwNulap'y algebras algebras). The intersection of the two

classes is the subclass of 1wr,r,rz;Hu(P) (twn,uyBLj algebras (see.the hierarchies from Figure ??)'

6) There are cases whln the ordinal iurn of two BCK(P) lattices with condition (WNM) is no more a

BCK(P) lattice with condition (WNM).
Final open problems

1) A first group of open probiems concernes the algebras without condition (DN):

- Find example of proPer a algebra.
- Find examples of proper aBllffl; algebra and of proper @Nqap (WNM) algebra'

- Find examptes fo, tte other proper algebtas marked by thesigns "??" and "?" in Figures ?? and??'

- Find a representation theorem rot aB (Urr,) algebras, for al algebras and for c7d algebras (divisible

residuated Iattices).
2) A second group of open problems concernes the algebras with condition (DN):

- Find examples of proper'11,v1rxapCK(P)tlrul lattice, of proper o1lru; algebra' of proper WNM)P^|@N)
algebra.
- Find examples for the other proper algebras marked by the signs "??" and "?" in Figures ?? and ??'

3) General open Problem:
Siudy the distributivity of the algebras given as examples (almost all are distributive) and find exampies

of non-distributive ones.
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