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Abstract

This paper presenfs an optimal solution oI the H2 state-Ieedback control problem

for time varying periodic stochasfic linear systems subjected both to jump Markov

perturbafions and to multiplicafive white noise. It is proved that the opfimal solu-

tion is a sfafic gain which is also optimal in the class of all higher order controllers.

This solution is expressed in terms of the stabilizing solution of some suitable system

of coupled Riccati type differential equations.

--eywords: linear stochastic systems, periodic coefficients,, H2-norms, Riccati differential

eouations.

Introduction

The H2 and the linear quadratic control problem for linear sfochastic systems have been

widely studied irr the current literature. A particular attention was paid to two classes

of stochastic systems, namely to Markov jump linear sysfems and to systems subjected

fo multiplicative white noise. When an imporfant and unpredictible variation causes a

discrete change in the plant characterization at isolated points in time, a Markov chain

with a finite state space is a natural model for the plant parameter processes.

Some illustrative applications of these systems can be found for example in [I7, 1, 16, 18,

I2l andtheir references, where stochastic siability properties and useful results concerning

controllability, observability and optimal control are presented.

More recently, the H2 control problem for Markov jump linear sfationary systems has

been studied in [2] for the state-feedback case using convex analysis and in [4J for the

output-feedback case. Here the solufions of the 112 problem is explicitly expressed in

terms of the solutions of sorne linear matrix inequaiities ([MI)'

T'he stochastic systems with multiplicative white noise naturally arise in control problems

of linear uncertain systems with stochastic uncertainty (see [21, 11, 15, 20] and the ref-

erences therein). Results concerning the H2 control problem for this type of systems are

derived for instance in [3, 51.



In the present paper the H2 optimal state'feedback confrol problem is addressed for

time varying periodic linear stochastic systems subjected both to Markov jumps and to

multiplicative white noise. The paper extlnds to the time varying periodic case the results

of [8]. An optimal regulation problem for this class of stochastic systems can be found in

lr4l
T'he approach derived in the present paper uses the stabilizing solution of a suitable

system of coupled Riccati differential .qo"tiottt (SGRDE). In [6] was proved that if the

coefficients of (SGRDE) are periodic funciions then its stabilizing solution is a periodic

function too. Therefore this solution may be computed applying an iterative procedure

on an compact interval equal with a period'

T'he optimal solution providing the minimum of the H2 norm of the resulting systems is

a zero.order dynamics controller. Moreover, it is proved ihat this solufion is also optimal

in the class of all higher order controllers, exfending thus the corresponding known result

from the deterministic framework ([t0])'

2 Problem formulation

A. Consider the system (G) described by the state-space equations:

d,n (t) : Ao(t,rt (t)) n(r) + i An(t,rt Q)) r Q) aw1,(t) + B' (t"t QD d'u (t) (2'r)
k:r

z ( t )  :  C ( t , ' t ( t ) ) r ( t )

where r(t) eR'is the state, q(t), t ) 0 is aright continuous homogenous Markov chain

with the state space the set D : {I ,. .. , d} and the probability transition matrix P (t) :

bui ( t ) ) : "e ' , t20;  here Q: lqu i l ' * t thDi : ,  Qy ' i - - -0 , ie .D and 'qa i  >  0 i f  i ' l  j  $eel9 l ) ;
"frlitj' ,-(t)i. ,1 > 0 is an (iim,)-dimensional standard Wiener process on a given

proUu t  i t i t y rpu " .  {n ,F ,P } , ;Q) : (w1( r )  ,  " '  ,w , ( t ) ) . , ' ( t ) :  (u1  ( t )  ,  " ' ' !mo( t ) ) .  ( f o r

morede ta i l s , see l i b ,  ro ] ; ;  A* ( , r ) :R - -+R ' * ' , 0  <  k  7 r ,  B , ( ' , i )  t  f l - - -+  R 'x - "C( ' ' i ' ) :

R -+ Rpx", , i e D are continuous and periodic functions with period 0 > 0.

Throughout this paper it is assumed that {, (r)},>0, {, (t)},>o , {q (')}r>o are indepen-

clenf stochastic processes and P{t?(O) : i} > 0 for all i e D'

Lef,71t be the smallest a-algebra with respect fo which all functions u7 (t) ' q(t) , 1 <

j 3 r, 0 ( s ( f are measurable and H, b" fhe smallest o-algebra with respect to which

all  functions tr., i  (s), T < j  3r, ut(t),  I  <, < lr lu, \(t),  0 K s ( f  are measurable'

Using a standard argument of successive approximations and the properties of stochastic

integral, one can prove that for each i6 ) 0, zs € R" the equation (2'1) has a unique so-

lrrt ion r(t, ts,rs) with the init ial condit ion r(ts,to,*n): rs. Moreover, t  P tr(t, t ' ,r0)

is continuous with probability I and

sup E l l" (r,to,rdl '" l{ @,
te[ts'T]

for all integers a) I, for all 7') to where E denotes as usually the expecfation.



Consider now the homogeneous sysfem:

d,r (t) : Ao (t,rt Q)) r (t) dt + D or(t,rt (t)) r (t) d,w:a (t) (2.2)
k=I

associatedwith (2.I) and denote by O(t,s), , > s ) 0 ifs fundamental matrixsolution.
Th is  means  tha t  i t s  j ' s  co lumn O i ( t , s )  :  r ( t , , s ,e7 )  whera  € j :  [ 0 ,  . . . , 0 , I , 0 , . . . , 0 ] *  i s
vector of canonical bases in R'.

Based on 6he It6-type formula, ihe following representation formula for the solution of
(2.1) can be obtained (see [fl):

r  \ t , ts ,  r r )  =  O ( t ,  t0)  z6 *  o  ( t , to)  [ 'O- t  ( " ,  to)  B, ( r ,  , i  ( r ) )  d ,a (s)  ,  (2 .3)
J to

t )_to )  0,  zo € R' .

Definition. T'he zero solution of the equation (2.2) is called enponent'ially stable in
n'Lean square (ESMS) or equivalently, the system (A0,...,A,;Q) is sfable if there exist
a ) 0 , 0 > L  s u c h t h a f

E flo (t,ts) rsl2lrt(tl) : i ' l < pe-"Q-'o) lnol2
fbr all t2 t6, z6 € Rn, i eD, where El.ln(til: il stands for the conditional expectation
with respect to the event {n(to) : i}.

B. For the system (G) described by (2.I) we infroduce the following norms:

ilcil, : r;gL i l::.' Elz(t)f atti (2.4)

and
- 1 L rto]_T

l l lcl l l ,  :  UIL +D1,," E|z(t) l ' l , t(td: i latyi (2.5)
J - \

respectively, where E[.lrl(til: i] is the conditional expectation with respect to the event
q(to) : e and E stands for the mathematical expectation.

It can be verified that if f,he zero solution of (2.2) is (ESMS) then (2.4) and (2.5) are
independent of C6 and 16 and therefore the norms Q.Q and (2.5) are well defined.

We shall see in the next section that under the assumption that the r,ero solution of (2.2)

is exponentially stable in mean square (trSMS), the above limits exist and do not depend

upon f6 and zs and therefore these norms are well defined. The norm (2.5) extends to the
periodic case a norm considered in [8] while the norm (2.4) extends to this framework the
well known norm widely investigated in the literature (see [2, I0, 3, 5, 8] and references
f herein).

C. Consider the system G described by:

dr (t)  :  lAo (t ,r t  (D) r ( t)  + Bo (t ,n (t))  u(t) l  at

+ f [a. Q,rt (t)) r (t) + B* (t,q (t)) u (t)] dwp (t) (2.6)
f t : I

+Bu (t,q (t)) du (t)

z ( t )  :  C ( t , r t  @) r  ( t )  + D ( t ,n ( t ) )  u ( t )



where r € R! is the state vector, u € R- denotes fhe vecfor of control variables, z €

Rp is the regulated output and lr (., i), B,(', i) ,0 < k < r,C(', i) are as before and

Bn(.,i): R --+ W**, D (.,i,): R * ffrxrn are also continuous and 0-periodic functions.

consider the following family of controllers G" described by:

i " ( t )  :  A"( t , r t  ( t ) )  , . ( t )  + B.( t ,q ( t ) )  u"( t )  (2 '7)

a"Q)  :  c " ( t ,q  ( t ) )  , . ( t )  +  D" ( t ,q  ( t ) )  u " ( t )

w h e r e  f i " € p f ' , u " € f { n , U " € R * , ' A " ( ' , i , ) : R - - + W " * n ' , 8 " ( ' , i ) : R - - + W " * n ' C " ( ' ' i ) :
R -* R-"r" and D"(.,i,): R * R:nxn are continuous and d-periodic functionc'

tet us remark that the controller G" of form (2.7) is completely determined by the set

of  parameters (n",  A"( ' , i ' ) ,8"( ' , i ' ) ,C"( ' , i ) ,D"( ' , i ' ) , i '  € 2) wher l  f rc )  0 denotes the

controller order.

In the particular case nc: 0 the controller (2'7) reduces to

a" ( t )  :  D" ( t ,q  ( t ) )  u " ( t )

which shows thai the zero order (state-feedback) controllers are included in the set of

controllers (2.7).
,lhe resulting system G"1 obtained by coupling a controller of form (2.7) to fhe system

(2.6) by taking u"(t): r (t) and u(t) : a"(t) is:,

dra (t) : Aoa (t,rt (t)) r"t (t) dt + 
\-1r", 

(t, ' t (t)) ra (t) dwl" (t)

*Bua (t,n Q)) d.u (t) 
'c:1 

(2.s)

aa (t) : Ca (t,T (t)) n4 (t)

where

Definition. A controller G" of form (2.7) is called sta,bi,l'izi,n,g for the system (2.6) if the

zgro solution of the closed loop system (2.8) (in the absence of the noise u) is (ESMS).

By K"(G) it is denoted the set of all stabilizing corrtrollers G" of the forrn (2.7).

'I'hen two optimization problems will be formulated and solved in this paper:

(OPI) Find a stabil izing control ler of the form (2.7) minimizine l lGallr;

(OP2) Find a stabil izing control ler of the form (2.7) minimizing l l lCrl l l r .

[ " 1r " 1  :  
1 " "  ) ;

^  , r  : \  |  Ao  ( t , i )  +  Bo ( t , i )  D" ( t , i )  Bo  ( t , i )  c " ( t , i )  f4 6 " 1 , \ t , 1 ' )  :  
t  B " ( t , i )  A " ( t , i )  I '
I  A ,  Q , i )  +  B k ( t , i )  D " ( t , i )  B t  ( t , i )  C " ( t , i )  

l  .A p " 1 ( t , i ) :  
L ' , ^ -  o  o  I
r  n  1 r , z )  l .8 , , " 1 ( 1 , i , ) :  
l " ' n  l ,

C " 1 ( t , i )  :  I C  ( t , i )  +  D  ( t , i )  D . ( t , i )  D  ( t , i )  C " ( t , i ) l  .



3 Observability Gramian

]]et 5, C R'x" be the linear space of. n xn symmetric matrices and 5i : 5, O .... CI S'

and consider fhe linear operator
L(t): sl--+ sl

defined by

L(t)S : lk(t)s L2(t)s ... Ld(t)sl

where

r i J

Lt( t )S :  Ao(t ,?)s (?)  + s (?)  A6(t , t  +D An(t ,?)  s (?)  A;( t , i )  + t  q i$ U).  (3. I )
k = I  j : I

ff L. (t) : Sl -- Sj is the adjoint operator of L(t) with respect to the usual inner product

on 5i: 
d.

(s, H) : 
I 

T',r ls (i) H (i)l ,

then by direct computafions it follows that

L.(t)S : [Li(t)s L;(t)s ... L;(t)s]

where
r d

Li(t)s : A6(t,i) s (i,) + S(i) Ao(t,i) + I A;(t, i,) S (i,) Ax(t,n +Ea;iS (i1
r c : L  J _ L

fo ra l l  Se  3 ! .

Throughout this paper T (t,t;) is the linear evolution operator over 5f defined by the

Iinear differential equation:' 
!^s (t) : L(t)s (t) .
dt*

Sin<rc /(t) and. L. (t) are periodic functions with period d we obtain that 7'(t + 0, s * 0) :

7 ' ( t , s )  and  ? ' . ( t  +  0 , s  +  d )  : ? ' * ( t , s )  f oe  a l  t ,  s  €  R .

In the clevelopnrents of the next sections a crucial role is played by the unique periodic

solution of the following affine clifferential equation on 5f:

dt

wherrc e Q) :  (e p,9 01t,a;1, e 9,4: c*(t , i )c(t , i ) .
The next result follows from Corollary 4.9 in [7].

Proposition 3.1 Tf the zero solu,ti,on, of (2.2) zs (ESMS) then, (3.2) h,as un,'iqu,e peri'ocli,c

soLut'ion. Moreouer thi,s period'ic solut'ion i's gi,uen by

P"(t ) :  [ *  r . ( r , t )OQ)as,  r  € R (3 3)
J T

P,(t) extends to this framework the well known observability Gramian.



4 H2-norms for linear stochastic systems

In ihis section we show how the norms Q.A) and (2,5) ate expressed in ferms of the

observability Gramian of the system (2'1)'

Firstly we prove:

f,emma 4.I If the zero solution of the system (2.2) is (ESMS) then

ut[,' p(t)l'zd,tlrt(to) : i] : 
LI::.' 

rrfBi@, i)P.(,, i)8,(', i\n,i@-ts)d's*{;(rs'to'r)'

where

]H+,1,,@s,ts,r) :0

for allto 2 0,/e € R', i, e. D,P"(t) : (P"(t,D P"(t,d)) being the uni,que peTiodi'c

solutton of equation (3 2)

Proof. under the considered assumptions we obtain from Proposition 3'I that fhe equa-

tion (3.2) has a unique periodic solution P, ' R -- sl,P"(t) :,P"(t,!) ".P"(t,d))'

Applying Theorem g.i from [7] to the function u(t,n,i): r*Po(t,i,)r and to the svstem

(2.I) one gets

bll:" '  p(t) l 'zdtlq(to) : i , l : (4.r)

On the other hand we have:

7ts-lT
nlJr", 7'r(B[(s, q(s))P,(s, q(s))8,(s,rtlDdslq(to) : i]

d rto+T-- D l 
" t 'r lB[(s,i)P,(s,i)8,(s, j)]E[xra>'ln(tr): i ' ]ds

; - t  J  t o

7ts*T
Ell:^ rr{Bit,ry(s))P,(', a(s))8,(s, ttlD}dslq(to) : i ' l t th@o,to,T)

where

, l ro(no, to ,T)  :  r [P"( ts , i ) ro  -El r . ( tg  +T)P"( to  +T,q( ts  + 
" ) ) r ( t6  

+ ?)14( t0)  :  ? ]

and r ( t )  : r ( t , t o , ro ) .  ByTheorem5. l  i n [7 ] | h@s, f6 , ' )  i sabounded func t i onand then

we have
1

'  I  ( 4 2 )
] t27th@6, 

f6,7) :  0 '

which leads to

fto+T
uU 

*" '  

-  
T r[B[(s, q(r) )  P, ( t ,  q (s)) B 

"(s, 
q ( s)) dslq(to) :  z]

d r tn*T
: 

I J,," .'rlBi@' i)P"(u' i)B'(s' i)lpoi' - ts)ds' (4 3)



Combining (4.2), (4.3) with (4.1) we obtain the equality in the statement and thus the
proof is complete.

In what follows we shall use the nofations:

" a ( t )  
:  P { n ( t ) : i } ,

F : 'LtP(t)
with elements B;i (the existence of the above limit is proved in [9])

: Po{n Q) - i} : r, (o)

zTi* : Dorptu.

It is obvious that ra(t):Dl:rripir(i) and hence limr** ro(t): zqoo. Set

B, (s, i,) : ni (s) B, (s, 'd) Bi (s, z)

B,1s,r1 : riaBu (s,i,) Bi, (t, r) .

Theorem 4.2If th,e zero solut'ion of the system (2.2) i,s (ESMS) then

f lGllr) ' : If [^s ni*rr[Bi@,i)P"(s,i)8,(s,i)]d,s (4.4)
v  ; - r  J U

Proof. Applying temma 4.1 one obtains:

" l:,'*' lz(t)l2dt : 
*norrorrtl:,' 

P4)l'zd,tlrt(to) : i,l :

Tr[Bi,@, j)P"(t, j)8"(s, j) lpoi\ -t6)ds (45)

d

+ | n;(to) , l iu(ro,to,Z').
i : l

Since n;(f6) : DLt rtpu(to) one obtairrs that

d

\",,(ro)rrt(s 
- tn) : 

f 
ntpri!).

I.'urIirer we have:

d' rto+T

D,"o(td | T'rlB[(s, j)P"(s, j)8"(t, j))pu,(t - ts)ds
, - r  J t o

fto+T:  
Jro 

T',r fBi@,i)P"(s, i)8"(s, j) ]rpds (4'6)

d rto+T
+D4 | rr lnJ(r,r)P,(r, j)8,(s, j) l(pui!) - pi lds.

; - r  J t o

d d r:^*T
t )- r,(tn) I- ' - '  

I + ^
; - 1  ; - 1  " L U



Using (4.5) and (4.6) together with lim,-*-pai(s) : Fti one obtains

;* *" I:* pQ)lzdt: ;5g +f-n^ IJ,'*' rrfB[(s, i)P"(s, i)8,(s, il1d'

Since the integrant is periodic function we may write:

T fiorlT

_l im * /  
-  

t ' r [Bi@,i)P"(s, i)n"(s, i) ]r i*ds:
T-a '1 '  J to

I r T

]*, J" 
l 'rfBi(s, i) P"(', i) 8"(', j)ltrpds :

I r 0

i J, ,rtu:(r, r)P,(r, i)8,(s, i))tri*ds.

Thus we have obtained that

t  '  
, 'o* '  rz( t \ r2dsr : '  

1 ro

]rIIiuL,," , \ ,, 
f^A Jo "t*rr[Bi@,i)P.(', i)8,,(s,i)lds

and ths the proof is comPlete'

Theorem 4.3lf the zero solu,ti,on of equati,on' (2.2) is (ESMS) th'en'

6llGll l ,) '  : f |  f t  a,r ' r1l i ,G,i lP,(r, i )n,(s, i) ]d's (4.7)
f '_rU Jo

tnh,ere 5i : D!:rPr,i.

Proof. Using the equality proved in temma 4.I one obtains:

d -t^L'F

I  Ef 1"" '- lr(t) l2atlqltr) - i , l
/-t . /+_.
; - T  

!  L O

d d rttt*'l' d

I Ipo, | 
" t 'r|a;$, j)P"(s, i)8,(t, j)lds +D\l'u("o,to,l ') + hi(t1,:r)) (4.8)

'  I  r ^
; - t ; - 1  r L o  i = I

wlrere ,!u(ro,to,7') are as in Lemma 4.1 and

d rto*T

hi(t0,7') :  D I  t ' r fnJ(s,r)P,(r, i )8,(s, i) ](poi\  - to) -  pr)d' '
j = r r t o

The proof goes one as in the previous theorem.

Remark 4.4

a) F}'onr (A.A) and (4.7) it follows that the norms (2.4) and (2.5) do not depend upon

( to , r s , ' i )  €  R+  xR !  xD .

b) Since 6i 2 ri* it follows that llcll2 < ll lcll l2. From (4.7) one can see that ll l ' l l lz does
not depend upon the initial distribution r : (tr1, trz ...ra) of the Markov chain.



5 Solution of the optimization problems

In this section we solve the optimization problems stated in section 2. For the sake of
simplicity we shall unify the notations writing ll.llrt, l: I,2 where ll'llr,t stands for ll'll,
defined by Q.$ and ll.llr., stands for lll . lll2 defined by (2.5). Thus from Theorems 4.2
and 4.3 we have

l lcrl lS,n: 
* 

,, i  Iu 
r:r (Biag,i,) P*1(s,i,) B,a(s, z))ds (5.I)

with

€4 : ' tr ia f or (.:  I  (5.2)

€ i  :  6 t '  f o r  [ : 2

arrd P,"7(s) : (Po"t (r, I) , ..., Po"t (s, d)) is the unique periodic positive semidefinite solution

of the tyapunov type equation on E#.+n":

* ,P " " ( t , i )  +  A6 , t ( t , i )  P .6 ( t , t )  +  Poa( t , i )  Ao r ( t , t )  +D i i : tA Ia ( t , i , )  Po .1 ( t , i )  Akd ( t , i )

I tl:, QriPot (t, i) + c:t (t, i) cd (t,z) : 0, i e D.
(5 .3 )

One can associate to the system (2.6) the foilowing stochastic general'ized Riccat'i di'ffer-

en,tial equati,ons (SGRDE) :

d

i x (t, i) + At, (t, i) x (t, i) + x (t, i) Ao (t,,) + t AI (t, i) X (t, i) Ak (t' i)
dt k:l

d l
+\u r i x  ( t , i )  -  l x  ( t , i )  B0 ( t , i )  +  D  A i i ( t , i )  x  ( t , i )  Bk ( t , i )  +  C .  ( t , i )  D  ( t , i ) l

Ij : \  L  * : I

|  ,  . l - '
x  l r *  ( t , i )D ( t , i )+L ,n l1 , i ) x ( t , i )Bk ( t , i ) l  (5 .4 )

L r : r J
l r

"  lnt  ( t , i )  x  ( r ,  ?)+D B;( t , i )  x  ( t , i )  Ak(t , i )+D. ( t , t )  C 1t , t . l+c.  ( t , i )  C ( t , ' i ] ) :s ,
L * = i J

i € D, which can be written in a compact form as:

) -
*xts + L.( t)x(t)  -  P- ( t ,  x(t))R- '  ( t ,  rQDP (t ,  x(t))  + C(t)  :0
AL

where L(t) is the tyapunov operator defined by (3.1) and

P ( t ,  X)  :  (Pr ( t ,  X)  , . . . ,Pd , ( t ,  X) )

with ,r

Pi (t ,  X) :  86 Q,i ,)  X ( i)  + t  B; ( t , i )  X ( i)  Ar (t , i )  + D* (t , i )  C (t , i )
k : l

and. R(t,  X) :  (kr ( t ,  X) ,  . . . ,R,t( t ,  X)) with

Rt (t ,  x) :  D* (t , i )  D (t , i )  + i  BI Q,i)  X ( i)  Bk Q,i)  .
k :7



Defini f ion.  A solut ion, t ( t )  :  (X(r , I ) , . . . ,*( t ,a))  of  the equat ion (5 '4)  is  cal led

stabi,li,zi,ng solution if it has the following properties:

a)
Rr,( t ,x1t ; )  > o,  t  €R, i ,  eD-

b) The system (oo* BoF, Ar* B,F,"',A,+ B'F;Q) is stable' where F(t) :

(F1r, r;,  r1t,z1, .. . ,  F(t d)), with

r 1 t , t 7 -  - R u ' ( r , x f r D n o ( t , t ( t ) )  ,  t € R ,  i e  D .  ( 5 ' 5 )

Remark. The solution ,t1t; of the system (5.4) is a stabilizing solution if the confrol

"fif: 
pft,rt|Dr(t) srabilizes the system (2.6) in the absence of the additive noise u(l)'

Denote by
N (x) : (Aft (x) , '..,AloVD e El,*^, x e cr(n,s!)

the generali,zed di'sszpation matntr, where

N'(x):f ̂ i:t::i) + L.(t)x) t';i + e 1t't1 T t'':1 It , r -  
l i u 1 t , x 1  R i ( t , x )  )

Throughout ihis section E: (Ao, At, ..., A,) , B : (Bo, Br, " ', B,)'

We make the following assumptions:

HI. The system (A, B; 8) ir stabilizable (the concept of stabilizabiliiy for the triple

(A, B;Q) is defined in the standard way see ..e. [7]).

H2. Assume that there exists a periodic Cl-function ,t(t) : (i (t, 1) , , , t (t d)) such

t , h a t N ( * 1 t 1 )  > 0 .

Applying Theorern 4.9 and Theolem 5.1 in [6] it follows that the (SGRDE) (5.4) has a

urrique stabilizing solutiorr x1t; *tri.tr is a-periodic function.

If we take u(t): l '(t,q1tDr(t) tne corresponding closed loop system denoted bv G"r is:

d,r,1 (t) : la, Q,q Q)) + Bo (t,rt (t))F (t, q (i))] r Q) dt

+ \ la r ( r ,  q  ( t ) )  t  81"  ( t , r t  @)F ( t ,  ' i  ( t ) ) ]  r  ( t )  dw1,  ( t )

+8,, (t,q (t)) du (t) (5 6)

,  ( t )  :  l ,  Q, ,  ( t ) )  + D ( t , r t  ( l ) )  F '  U,r t  (Dl  r  ( t )

'I'hen the following result holds:

Proposition 5.I Und,er the ussumpti'onsHI andH2 we haue

l lc,ll;, : i ,,i I, ' r'r (n;G,i) * (s,i) B,(s,7)) ds
J - L
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where *1t1 ts the stabi,li,zi,ng soluti,on of (SGRDE) (5./,).

Proof. By direct algebraic manipulations one obtains that the (SGRDE) (5.4) verified
Av X(t) can be written in a tyapunov form as follows:

#UU,i )  +LA|(r ,?)  + Bo(t , i )F ( t , i ) l  O, i )  + X 1t , t1VrQ, i )  + B0(t , i )F ( t , i l f

r

+L[ar ( t , i )  +  Bn( t , i )F  ( t , t ) ]  ( t , i l lAkQ, i )  +  Bn( t , t1r  1 t , t1 ]
le:I

+lot1x (t , i )  + lc 1t, t '1 + D (t,qr (t ,r l l .  lc (t , i )  + D (t, i ) t '1t, t1]:  o
j : I

which shows that the observability Gramian loa associated with the closed loop system
(5.6) coincides with the stabilizing solution X(t) of the (SGRDE) (5.4). The conclusion
in the sfatement follows from Theorems 4.2 and 4.3.

The main result of this section is:

Theorem 5.2 Assume thatHL andH2 are fulfilled. Under these cond'it'ions,

I

min ,l lGrllr,z: f i ,, i  lr '  rr (n;(r, i) x (r, i) B,(s,r))dsl 
'

G " € r c " ( G )  
l 1 : 1  

" A J o  \  " ' - '  - ' /  
J

and the optimal control' is
u( t )  :  t ' ( t ' n  @)  r  ( t )

wlrere *1t1 u the stabi.l'izing soluti,on of (SGRDE) (5.4), l'(t) : (, (t,1) ,..., f 1t,a1) ,s
the stabi,Li,z'ing feedback ga'in defi,ned by (5.5) and ei are defi,ned i,n (5.2).

Proof. tet G" € rc"(G) and G4 the corresponding closed-loop system and Po"1(t) denotes
the observabilitv Gramian. tet

I  u r r 1 t , t 1  u n ( t , t ) l
I  u;r1t, t7 u22 (t , i )  )

be a partition of Poa(t,z) conformably with the partition of the state matrix of the
resulting system. Partitioning (5.3) according with the partition of Po"1(t,i) it fbllows
that:

* . u r r ( t , i )  +  ( A 0 ( t , i )  +  B o Q , i )  D " ( t , i ) ) .  U r r ( t , i )  +  B : ( t , i ) U I 2 ( t , i )

* U n ( t , i ) ( A o ( t , t )  +  B o ( t , i )  D . ( t , i ) )  + U r 2 ( t , i )  B " ( t , i )
+;[ :r  (An(t ,d + Bo1i, i1 n.1i , i ; . ; ;uuA,t i fa ' -(r l4 + Bn(t , i )  D"(t , i ) )  (5 '7)

+D!: rQ; iUs( t , i )  +  (C ( t , i )  +  D ( t , i )  D"( t , i , ) ) .  (C ( t , i )  +  D ( t , i )  D"( t ,z ; ;  :9

* tJr r ( t , i )  +(A| ( t , i l+  noQ,qn"( t , i ) ) .  ur2( t , i )+  B i ( t , i )u22( t , i )  +  un( t , i )  B |Q, i )c .  ( t , i )
*up (t , i )  A.(t ,z) + I [ :r  (An (t , i )  + Bk (t , i )  D.(t , i , )) .  Urr ( t , i )  Bk (t , i )  C"(t , i )
+D!:r%i[\ ,  ( t ,  i )  + (c (t , i )  + D (t , i )  D"(t ,  t))-  D (t , i )  c"(t , i ,1 :  g

(5.8)

I 1



*urr( t , i )  +c:( t , i , )  86(t , i ) ( In( t , t )  + A;( t , i )uzr f t , ; )  +ui2\ t , i )80(t , i )c"( t , t )
iui i t , f  n"(, t ;  + D[=, c: (t , i )  Btr$, i)uu(t, i)  Bh(t, i)  c"(t , i )
+D!=tQti [J2r(r, i )  + C; (t , i )  D. ( t , i )  D (t ' i )  C"(t ' i )  :  0 '  

(b.9)

T'he (SGRDE) (b.4) can be written for the stabilizing solution Xp; in the following

tyapunov form:

#x(t , i )  + (A0Q,i )  + Bo(t , i )  D"( t , i ) )*  *  ( t , l  + x ( t , i )  (A0(t , i )  + Bo(t , i )  D"( t , i ) )

i  l i=,  (Ar( t , i )  + Bn(t , i )  D.( t ,  r ) ) .  X 1t , t1(An(t , i )  + Bk(t , i )  D"( t , i ) )

+t!:rqui*(t, i) + (c (t, i),+ D (t, i) D"(t, i ' )).  (c ( ' '  ?.) + D (t, i) D"(t,t))
-(ir""ti,"i l _ F(t,t)). ou(r,t(,)) (r"O,i') -F 1t,,;) : o. 

(5.i0)
Denot ing by 

,n( t , i )  :  un( t , i ' )  -  x  1 t ,11

and subtracting (5.I0) from (5.7) one easily obtains that

u (t, i) :  
I  u;i t ,r1 urrit , t l  1

is the periodic solution of the folowing affine differential equation:

*ru (t, i) + A6d (t,t) u (t, i) + 0,(t,, Aoa (t, i,) + Dtr=r AXt Q, | 0 1t, i) A*. (t, n) 
u r,

i t , :ruu,O (t, t)  *o* (t ,  qr",(t ,x7))o(t,z; :  e,

with
@ (t,i) : ln"Q,i.) 

- r 1t,t1 C"(t,Df .

Since the system (Aoa, Ara,..., A,aiQ) is stable it follows via Proposiiion 4.8 in [7] that

0 (t,l) 2 0. Furiher one obtains

t ]  1 f i

l lc"llS n : Dq) | r, (8i," Q,i) Pot (t,i) Buct ft,i)) dt
" =  

d J o

n',i lo' ,, (u; Q,q * Q,i) B, (t,il) at

*',i Io' ,, (r;"(r,i) u (t,i) B,a(t,i l) dt.

Since U (t,i) is positive semidefinite it follows thai

ile *ll'r,n >

for all stabilizing controllers G". Using Proposition 5.I the conclusion in the staternent
follows immediately.

Remark. Flom T'heorem 5.2 it follows that both optimization problems (OPl) and
(OP2) have the same optimal solution given by the controllers with the set of parameters
f r " : 0 ,  A " ( t , i )  :  0 ,  B " ( t , i )  : 0 ,  C " ( t , i 1  : 0 ,  D " ( t , i 1  :  r  1 t , 1 1  ,  ' i  e  D .

i ]  T r o /
\ ) 'u)  l "  t ' ,  (s ;  ( r , i )  *  ( t , i )  B" ( t , l )  at
- ,  U J o  U

t2
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