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Smoothness and differentials in positive
characteristic

Cristodor Ionescu

Abstract

We give several cases in which the formal projectivity of the dif-
ferential module implies the formal smoothness of the algebra, in the
case of rings containing a field of positive characteristic. We also ob-

tain some smoothness criteria for algebras with differential basis, in

the same case of rings of characteristic p > 0.

1 Introduction

All the rings considered will be commutative and with unit. The terminology

will be that of [M]. Throughout the paper p will be a positive prime number.

All the rings considered will be supposed to contain a field of characterisitc p.

If. u : A ---+ B is a ring morphism and, E is a B-modu,le, Hi(A, 8,, E),i > 1"

will denote the Andr6-Quillen homology(see [BR]). If p is a prime number,

by a ring of characyeristicp we mean a ring containing a field of characterisitc
p. If u : A --+ B is a morphism of noetherian local rings, formally smooth

will mean smooth in the topology of the maximal ideal of B.
Let u : A -+ B be a morphism of noetherian rings and suppose that B

is endowed with the topology given by the powers of an ideal 1. It is well-

known that there is a strong connection between the /-smoothness of B over

A and the projectivity of the module of difierentials of B over A, denoted

by Qnla.Namely, one has:

Theorem 1.1 ([BR], 3.1) # u is l-smooth, then QBln i,s formally projecti,ue

with respect to the l-adic topology.

Theorem 1.1 is true in general, for any noetherian rings. The converse is

not always true, as many examples show(see for instance iBR]). There are,

however, several results dealing with the converse obtained by Kunz, Radu,

Suzuki. Our aim is to add some cases in which the converse is true, for rings

of positive prime characteristic.



2 , Local,rings of posit,ivs,prime charactetiStic

In this section we shall give some results concerning local rings of cha,facter-,
istic p, whose module of differentials are formally p,rojective in the topqlggl
of the maximal ideal. We start with the case of algebras over a field lc;;The
case of the perfect field k is settled already(see [BR], 15.4), so we consider
the case when Ic I kr.

Theorem 2.1 Let k be a field of characteristic p ) 0 and let (B,m,K\'be
a noether'i,an local k-algebra. Suppose that:
a) rk11H{k,K,K) < n;
b)  ke4 ! ;
c) Reg(B) I A;
d) Qntn i,s a formally projecti,ue B-module.
Then B i,s a formally smooth k-algebra.

Proof: It is sufficient to show that the assertion is true when B iscomplete.
Indeed, (CIaio)^ = (ftrlr, os F)^ is formally projective as a 8-module,

so that 06r* is a formally projective 6-module. On the other hand, lf E

is formally smooth over k, then B is also formally smooth over k. By a)
it follows that there exists a noetherian local complete, formally smooth k-
algebra.4 and a surjective morphism u : A --+ A(cf. [fRj). Let, I:: ker(u).
By ([BR],15.3) we can suppose that the canonical morphism

0s : (Q a1 k6 anl --+ (AsZrl

is an isomorphism. Then 1 is a k-differential ideal of A and it is sufficient
to show that 1 : 0. Let Q e Reg(B). Consider I : Qt fl... fl Q" a
reduced primary decomposition of Q. Then there is i, e {1, . . . ,n}, such that
Q; € Min(I) and such that Qi e Q. But then Q6 is also a k-differential ideal
and from (tBR], I4.II) it follows that Qa,: 0. Then 1:0 and consequently
B is formally smooth over k.

Corollary 2.2 Let k be a field, of posi,ti,ue characteristic p ) 0 and let
(B,m,K) be a noetherian local k-algebra. Suppose that:
a) rkyH{k,K,K) < rc;
b )  k e K e ;
c) B is a Nagata ring;
d)Res(B) I A;
e) Qs/n is a formally projecti,ue B-module.
Then B is a formally smooth k-algebra.



Proof: Let P e Reg(B), Q e Min(PB). Then (B)A is a formally smooth
Bp-algebra and consequentty (F)q is regular.

Remark 2.3 2.L and 2.2 are generalizations of ([BR],16.12, 16.13).

For the next results we need the following considerations: let ,4. be a ring
of prime characteristic p ) 0. Denote by A@ the ,4,-algebra ,4. given by the
Frobenius endomorphism of ,4. For a ring morphism u : A --+ B we have
the following commutative diagram:

A  
u  , B

f* *,"
4@) * 4@) 6o u 

un/l 
B@)

where Fa is the Flobenius morphism of A and

'a /a (a8  b)  :  u (a)  'V ,  Ya e  A,b  e  B  '

If A is as before, we have an inductive system

a@) lg A@2) 
FA, 

A@3) 
FA, 

. . .  11 tr@k) 
Fat 

. . .

We denote by A(r-) the inductive limit of this system and by

ufl le: a(n*) gn B + B@*), aff le:: Iryrhto.

Theorem 2.4 Let Ic be a field of characteristic p ) 0 and let (8,m, K) be
a noetherian local lc-algebra. Suppose that:
a) rkyHl(k,K,K) < m;
b) (B 8n P@i is a red,uced, ring;
c) QB/n i,s a formally projectiue B-module.
Th,en B i,s a formally smooth k-algebra.

Proof: Since
(B 81 7'@)i"' (6 or r(r)f

we can suppose as above that B is complete. Fbom a) and ([R], cor. 2), it

follows that B 8nk@) is noetherian and then also (B 8,+p(p)iis noetherian.

Fa



There exists a local formally smooth k-algebra A and a surjective morphism

u ; A ---+ B (cf. [FR]). By ([BR]' 15'3) we can also suppose that

(Qetnea Bi= (0rl*[

Let I : ker(u). Then .I is a k-differential ideal and it is enough to show that

1 :  (o) '  Let 
A,,  : :  A,,nk. l ) ,  B,t  : :  B &nk(e).

A, t: (ABt /cb)f, B' :: (B Or /c(e)f,

Clearly we have that At and B'are noetherian complete local rings. We

have an isomorphism

Os : (Qa,1r,{p) € A, B') ---+ (Qs, /k,,)1.

Indeed, we have successively

(Q6,11s@;-cz (O6,1rr d &8" B'f= (Os16<r) &a B" 8e" Bty=

= ((CIBte)-o s B'l= ((oatr 6a Bfar B'f= (oa1p aa B 8n B'f=

= (Onlr 8,q. A" 8a,, B'tfe (Q4,,11e@ &4,, Btle (dla,,p@) 84,, At &a, Btle

= ((Qa,17crr18a,,  A'18A, Bf= (( f la,16rol f8 A, B' f

It follows that I At is a k-differential ideal. But

I A '  : &  n .  . .  f i  P , ,  P ;  e  S p e c ( A ' ) ,  i  :  I , . . . , r .

Then P6 are k-differential ideals, so that IAt :0. Since Att : ASp k(P) is a
noetherian local ring, At is a faithfully flat A"-algebra and consequently ,4'
is faithfully flat over ,4. It follows that / : (0).

Corollary 2.5 Let k be a fi,eld of characteri,sti,c 7t ) 0 and (B,m,K) o
noetherian local k-algebra. Suppose that:
a) rk4aH1(k, K, K) < oo;
b) (B 8x P(dl is a red,ucerl ring;
c) Qn/* is a formally projecti,ue B-module.

Then (B 8* k@)l is a noetheri,an regular ring.

Praof: Since B is formally smooth over k, it follows that -B 6* /ck) is a
noetherian regular ring. Consequently (B 8r /cfat;- is also a noetherian
regular ring.



Remark 2.6 2.2 and 2.4 are generalizations of results of N. Radu, where
7r(r) *as replaced by the algebraic closure of k.

When k is not necessarily a field, we can generalize 2.4 as follows:

Theorem 2.7 Let u: (A,nt,,k) -+ (B,rt,,K) be a rnorph'isrn of noeth,erian
local ri,ngs of characteristi,c p. Suppose that:
a) A has geometrically regular formal fibers;
b) rkrcHt(k,K,K) < *;
c) (B ee n@)l is a reduced ri,ng;
d) For any prime i.deal p of A, fk(gr) : (k(gr)el < n;
e) Qn/n is a form,ally proiecti,ue B-module.
Then u, i,s forrnally smaoth.

Proof: The proof is similar to the proof of 2.4, so that we orrly point out
the main steps. We carr suppose that ,4 and B are complete because (B 8;

fi@1= (B ea A(n)y By ,), b) and ([R], Th. 7) it follows that g 6, tr(r) is
noetherian. By [FRj there exists a local complete formally smooth, -algebra

C and a surjective morphism u : C ---+ B. Let

/ :  ker( ,u) ,  B"  : - -  g(n) ,c ' t  : :  A@) &ac,

B' :: fr'rC' :: O'.

We can also suppose that (Qcla 8c Bl = (Osl,af and then 1 is an ,4-

differential ideal. As in the proof of 2.4 we have an isomorphism

6o :  (dlg,1arp) 8c, B' l*-+ ( t lB, larr t l

Wr i te  IA '  :  P1  n .  . . )  Pr ,  where  P i , ' i  :  1 , . . . , r  a re  p r ime idea ls  o f

C and then ICt is a C/-differential ideal. Let Qt. ,: Pt fi A'. Since A has
geornetrically regular forrnal {ibers artcl C is forrnally strooth over A, by

thc thcorcm on thc localisation of forrnal srnoothncss(sec [BR], 11.3) t]rc
morphism Aeo ---+ Cpo is also formally smooth. Thus, taking account on
d), rve can applv ([BR], 14.12) and we obtain that P1 : 0 and consequently
I At :0. Now as above it follows that I : 0.

Corollary 2.8 In, th,e sarn,e r:ontl'itions as in, T'heorern, 2.7, u i,s a regtt'lar

morph'i,srn. Consequently, QBtrt is euen a fi,at B-module'



proof: Since A is quasi-excellent, by the localization of formal smoothness([BR]'

11.3) it follows that u is regular. Then 06;a is clearly flat over B.

We can also obtain a criterion similar to 2.5 using the ring A@-) instead of

A(il.

Theorem 2.9 Let k be a field of characteri,sti,c p ) 0 and (B,m,K) a

n,oeth,erian local k-algehra. Suppose th,a,t:
a) K is an ertension of finite type of k;
b) ft(r*l O* Bf zs a reduced ri,ng;
c) Qa/* i,s formally proiectiue B-module.
Then B is formally smooth le-algebra.

Proof: As above we can suppose that B is complete. Bv [D] and a) it follows

that (&(p*) ea B) is a noetherian ring. As in the preceeding proofs, we can

find a noetherian complete local lc-algebra C which is formally smooth and
a surjective morphism C --+ B. Now we continue as in theorem 2'4'

3 Algebras with differential basis

In thc last section wel shall obtain criteria for the smoothness of algebras

having d.iffcrential basis. lVc nccd tlie fbllowing irnportant result of Tyq([T]).

Theorem 3.L Let A be a noeth,erian rin,g urr'd B a noetherian A-algebra.

Then any di.ff'erential bas'r,s o! B ouer A i's a p-basts of B ouer A.

Proof: See [A] for a complete priiof.

Proposition 3.2 Let u : A --+ B bc a nrcrpl'Lism o.f noeth'criar"t rr,ttgs of

chat"acteristi,c p. Suqtpose that:
o,) B h,o,s a, rl.i,ffere.n,ti,o,l, bn,sis ouer A;

lt) u is a reduced m,oryth:ism..
Th,crr, zt 'is srrt,ooth..

Proo,f: Sinr:e u is redurrcd. by ([D], Thcorem 3) it folkiws that the morphism
wtslt: i(n) 6.t B ---+ g@) is injcctivc. Let {.r;,},.1 a diffcrcntial basis of B

over .4. Theu Ii'onr 3.1 it follows tirat \*n)rc, is also a p-basis of fJ over A, scr
that {z;};61 is a basis o1 g(r') over ,40') a t IJ .1'h"t 3(a) is an A(p) @.q l?-free

modrrle via,w1j1.1. By ([Dl,Ttreorern 2) it folows that rr, is regular. But O61.a

is free and therr u is snrooth(see for exatnple IBR],  17.10, 17.11).

The last result is a generalizatiou of a theorenr oblained by A. Tyq([T],Theorenr
2 \ .



Q a'naq.1,l,''ilff"o"ttitit;iiiliii:oaer d; i ,' 
'

b) A has.a'p'basxs;, , i .  , :
d A(d @nB'i,s reduced.
Then u is smaoth.

Proof: By a) and 3.1, B has also a Srbasis over A and QBla is a free B-
module, so it is enough to show that u is regular. BV ([D], Theorem 2) we
have to show that us16isflat.
Let {r;}i4 be apbasis of B over 4. We shall show that {tl-)4r, is a p-basis

oS B@) over /(r) &eB. Since Im(t.'B/A) : A[801,{r,;lrcr is a system of

p-generators of B(n) orr"t a(P) ge B a,n4 it is enough to sholv that {r};E1 is
pf*"u over A@) BeB, i.e. {1, ni.t...tf-t}nu, is free 6ng. 4(p) &aB- Suppose
that we have a relation

p-I

I l(ou" e b*) ' rl : 0'a4s € 1(d '6a' e B'
iQI  s=O

Then we have
p-L

t tu(a; ')fr,r\:o
i€f s=0

and it follows that

u(a*)Wr: o,vi  € ' [ ,vs - 0, "  ' ,P - L'

Let {yiliq be a p-basis of 1.. Then

p- l

a ,s :DL{u ,a f  ,  a i r s€A .
jeJ k=0

It follows that

a,is 8b;,s: (t $*al) I bi, : I t e ($*af u*)
i ,k

and then

(ou, 8 bt,)p :I r e l4i" vekbpi,\ * 1 I (D4u,vk)'f; : L I (u(a';)f6,)p : 0
. .  i , k ' , . .  I  

i , k

so that'(oae q bis)e : 0. But by c) it follows that als I b;" : $'

Remark 3.4 ,The origina[.rezul!:of TVg was settled in the case when ,4 was

a.field of charasteristic p *'0. . l
:. ,  
r . . , . i :  : . , . 1

' .  
" : 1 '  .  I  :  I  

"  " ' :

, ,  ,  
. ; : 1 ' ' t : . ; : : ' , ' l  ' t  t : '  . '  

. l t ,  
o
I' '  ' \ "
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