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Asymptotic behaviour and gradient representation for

cad-lag solutions of SDE

B. Iftimiei L Molnar* C. Varsan*

Abstract

Piecewise continuous cad-iag solutions of SDE driven by nonlinear vector fields

and containing switchings and jumps are studied involving Lyapunov exponents,

weak asymptotic behaviour (in probability), self-financing (admissible) strategies and

gradient representation of cad-lag solutions'

In the first part (Sections 1-3), the analysis reveals a strong connection between

the existence of Lyapunov exponents and solving second order differential inequal-

ities when weak asymptotic behaviour and admissible strategies are concerned. In

addition, as far as the cad-lag soiution is a sum of two components) one continuous

and the second a piecewise constant one (including jumps), sufflcient conditions for

asymptotic stability in L2(Ct;P) for the continuous component are given. AII these

results are presented into the three theorems as solutions for the problems (P1)' (P2)

and (P3).

The second part of this paper (see Section 4) is meaningful by itself and con-

tains a detailed investigation of cad-lag solutions when admitting nonlinear vector

fields in the jump (impulsive) part of SDE and a separation into two components

(one continuous and another piecewise constant) is possible. Here, the analysis is fo-

cused on getting gradient representation of cad-lag solutions which can be viewed as

differential-integral representation of the solution using generaiized processes valued
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in a dual space [C](Rd; Z)1. of second order differentiable functions (see Definition

4.1). The second view (see Definition 4.2) is necessary and restricting the class of

functions C e C](Rd;Z) to the finite composition of the global flows generated by

the nonlinear vector fields in the impulsive part, we may present the results in a more

attractive way (see Lemmas 4.7, 4.2 and Theorems 4.7, 4.2).

Introduction

The piecewise continuous and Ji-adapted process {z(t,r) € IR' : t 2 0,r € R"} under

consideration is the unique soiution of a stochastic integral equation containing switchings

and jumps. The analysis reiies on the decomposition z(t, r) : 2(t, r) + y(t), t > 0, where

the continuous and Jj-adapted process {V(t,r) : t } 0} is the unique solution of the

following SDE containing switchings,

dt, : fo(t + s(t); r),f t))dt *i  f  i@ +s(t);p(r))d wi|), t  > 0, ,(0) : r.
j :r

Here, the vector fieids f iQ; tt) € R', (r, tt) € IR' x IR.d, are nonlinear, w(t) :

(rt(t), . . . ,w*(t)) € R-, t  > 0, is a standard Wiener process over (CI, {fr} c f,P) and

)(t) :: (UU),tt(t)) e A, A: IR'X Rd, is a piecewise continuous and f1-adapted process.

We associate the following problems with direct implications in the describing asymptotic

behaviour and constructing admissible (self-financing) strategies.

Problem (P1). Find a constant 7

exp(1t)p(z(r, r)), t > 0, is bounded from above by a continuous martingale

( mr(r,r) :: llrll2 + cr+
l " '

r A t )  t  m  s t' l  
-  \- /  exp(7s) (0,e(2(s,r)), f  iQg, r);r,(s))) dWi@), t > 0,

| .  
' H t o

where C., is a constant and gQ) : llrll'.

A constant 7 < 0 solving the probiem (P1) is called a Lyapunov exponent and it

implies an exponential stabiiity in L'(Cr,P) of the piecewise continuous process {zr(t,r):
e x p ( 1 t ) z ( t , r ) : t > 0 \ .



Problem (P2). Find a constant 7

exp(1t)gQ(t, r)), , € [0, ?], is bounded from above by a continuous semi-martingaie

pt

(A2) S'(t, r) :: l l"l l ' + C, + | exp(7s) (0"(i(s,z)), d,?(s, r)), t € [0' ?],
J o

where C, is a constant , p(z) : llrll' and " dri(t,r)" stands for the stochastic differ-

ential of the continuous process {2(t,r) 
' . t }- 0} (see z(t,r) :2(t,") +a(t)) ' A con-

stant ? ( 0 solving the problem (P2) Iead us to the construction of admissible strate-

gies (self-financing strategies) associated with "option problems" corresponding to a func-

tional ,hQ) { exp(7?)llrll'+b,b> 0, and using the given piecewise continuous process

{z(t,r): t € 10,"]} A stabiiity (weak stability) property of the process {z(t,t) : t ) 0},

without involving a Lyapunov exponent, gets a solution if ihe following problem is solved.

Problem (P3). Assume

(A3) ([A0(r,t) + ATQ,t)]r,4 <2pll l ' ,  ? € R", t > a,

where P <0 and,Ai (? , t ) : :  [ ] l l " f i@r+a( t ) ;p( t ) )1d9,  j  €  {0 ,  1 , " ' ,m} ;

(el) I*g(t) 
: s"" exists in L2(f,t, P);

(C3)  / r ( ) ( t ) )  :  0 ,  t  >  0 ,  i  €  {0 ,1 ,  . .  ' ,m} '

Find sufficient conditions ofr B { 0 such that limt**z(t,r) : A,n in L2(ft,P) (see

liml*- 2(t,r): 0) for each r € R'''

The answer for the problems P1-P3 relies on the possibility of solving the following

second order differential inequalities,

l tv+ Lr(dlQ;t)  < 2i  t t t r f^f t )) l l ' ,  ?€ R' '  t>0 (see P1),
j :O

n'L

wp+ Lr(e)lQ;r) < 2I l l rr tr t t)) I | ' , ,  ?€ R', t>0 (see P2),
J : t

l l \ le + Lt(p))(V;t) < 0, ?€ R' ' ,  t  > 0 (see P3)'



Here. the second order differential operators ,Li and L2 are coming from the stochastic rule

of derivation

Lr(,lt)(2;t) ::(0"(t(?), foQ + s(t);P(')))
l f f i

+ +L@2t1t (2) f i @ +s(t) ; r,(t)), f iQ + s(t) ; p(')))'
"  j : t

l f f i

Lr(,|,)(?;t) ,: * ,,\a?rh@ f iQ + s(t); p(t)), f i@ + s(t); r'(t)))
o 

j : t

The main results (see Theorems 3.1, 3.2 and 3.3) are dealing with the construction of

solutions corresponding to the probiems P1-P3 where the special structure z(t'r):

'(t,r) + g('), t > 0, of the piecewise continuous pIoceSS has been used. It may oc-

curs that a piecewise constant and bounded process aU) € B(O,p) C Rd, a(t): E(tk)'

t e l t 1 , , t n + r ) , k > A , i s a c t i n g i n a m u l t i p l i c a t i v e f o r m z ( t ' r ) : G ( g ( t ) ; V ( t ' r ) ) ' w h e r e

G(a; 
") 

: B(0, p) x R' ---+ lR' is a diffeomorphism and, {?(t,r) : t ) 0} stands for a con-

tinuous process satisfying an Ito sDE. The analysis can be extended to this new situation

provided the corresponding gradient representation (see Section 4) of cad-lag solutions is

used. As far as a reduced process h(t,r) -- Q"(t,r), t > 0, is observed, we need to

replace the original integral equation by a corresponding one driving th(t, r) : t > 0j

Assuming I ,: (br, . . - , br), b'; € 1R', 1 < ? ( k, and Q'Ao(?'t) : Bt(?'t)Q' ' 0 < ? ( rn'

we define si(h;a(r)) : :  B,i(?(t,r), t)h+ 8"/,()(t)),  a(t) :  (t ,?(t,r) ')(t)) '  Replace the

original equation by the following one

I t ( t , r) :  Q'r+q'a@+ Io

Using the decomposition h(t,r) :fift,r) + QrU(t), t > 0, where the continuous process

{i1t,r1 : t } 0} is the unique solutions of the corresponding sDE, we can rewrite the

problems P1-P3.

rn 7t

go(h(s,r ) ;a(s))ds+t  l^  nt{n1' , r ) ;a(s))dWl(s) '  t  > 0 '
; - r  J  U



2 statement of the problems P1-P3; some auxiliary

results

Let {0, {ft}t C F,P} be a complete filtered probability space and uj(t) : 10, oo) ---+ lR'-

is the standard. f'-adapted wiener plocess. consider an f1-adapted piecewise continuous

process.\(t) :: @(t),rr(t)) , [0,-) -- ']R' x Rd and let {z(t, r) : t ) 0} be the piecewise

continuous process satisfying the following integrai equation containing switchings and

JUmps,

( 1 )  z ( t , r ) : r * a ( t )

The nonlinear vector fields fiQ;ti € R', 0 < i ( rn, are continuous functions of ("'p) e

R' x Rd, f iQ; ti are continuousiy differentiable of z € R' and fuIfill

(2)  l lL" f i ( " ; t i l l  (  Ci ,  ( , , t ' r  e R' '  X Rd, (Ci  >0 constant) '

The piecewise continuous process )(t) : (3t(')'/'(i))' t> A' satisfies

(3)  l ls(r ) l l ' ,  l l / i ( r ( t ) ) l l '<  l (exp(zt) ,  t>0,0 (  /  (  rn '

where K > 0 arrd. u) 0 are some constants. Assuming (2) and (3) we get a unique global

solution {z(t,r) : t } 0,2 € R"} fuifilling (1) and it can be decomposed as follows'

( 4 )  z ( t , r ) : i ( t , r )  + u ( t ) ,  t 2 o ,

where the continuous and Ft-adapted process {Z(t,r) : t 2 0, r € R'} is the unique

solution of SDE 
n1.

(5) d.tz : fo@ +s(t);p(t))dt + I f iQ +e(t);p(t))dwi(t) '  t> 0' 2(0) : r '

J :L

Both the asymptotic behaviour (see Lyapunov exponents) and self-financing (admissibie)

strategies corresponding to a piecewise continuous process are analyzed using the functional

gt(z) :: exp("yt) llzll2, t 2 o. The conclusions will be the same for any other functional

satisfying ,rl(r) ( exp(1?)llrll'+ b, for some b ) 0, provided that admissible strategies

{(90(t),9(t)): t € [0,?]] are involved'



Definitio n 2.r. A constant 7 < 0 zs a Lyapunou erponent for the pi,ecewi'se cont'inuous

process {z(t,r) : t2 0,2 e R',} if the scalar process {u'r(t,r) : exp('yt)9Q(t'r)) : t ) 0}

i,s bound"ed, from aboue bg a marii'ngale M'r(t'r)'

ur(t,r) { Mt(t,r) : : l l" l l '  + c., * iexp(1s) \0, 'p(2(s,r)), f  iQ@, ");p(')))dl l i( t) '
J: I

for ang t > 0,r € JR', where C', > 0 i's a constant'

Rernark2.1. Notice that 7 < 0 is a Lyapunov exponent for {z(t ' r):2(t 'r)+u(t):t)0)'

i f  ry < 0is aLyapunovexponent for i ts cont inuous component {v( t , r ) : t2 0} and'

in addition, lryl ) z, wher e u ) 0 is given in (3). on the other hand, an admissible

s t ra tegy{ (90( t ) ,8 ( t ) )epn+ l ' ' €10 ,7 ] } invo lv tng{z ( t ' r ) : t€ [0 'T ] ]andthe func t iona l

t(r) --exp(1t)l lzl l2 is found using the value function Vr(t,r): exp(-Pt)V'(t 'r) '  t 2 0'

(6)  vof t , r ) :  exp(pt)9O(t)  + (g(t) ,  z( t , r ) ) ,  vo$,r) :  go(t)  + (0(t) '  zo(t ' r ) ) '

where zo(t,r): exP(-Pt)z(t'r)' and imposing

Vo(T,r) >- $(z(7, r)) : exp(1r)p(z(T,t)),

V o1t, 11 2 etp(- pT)rh QQ,r) ) : exp (11?)p (z o(T' r))'

f o r p ( z ) . . : | | , | | , , l , : . Y + p . B y d e f i n i t i o n , z o ( t , r )

rice that vo1t,r1 : 3r1t, '7 + (9(i), arft)), where ?o1t'*1 :: 90(') + (9(t) '20(t'r)) '

?r(t,r): exp(-pt)i(t,r) and gr(t)) : exp(-pt)E(t) The so cailed self-financing equation

involves the continuous process {?o1t,r) : t € [0,"]] and it is expressed as an integral

equation

(s)  i r1t , r1 : t r (o,r )  + [  (0(r) ,  d ' "?o(s,r ) ) ,  t€ [0,?] ,'  
Jo

where ?010,"1: go(0) + (d(0),r) is a constant. The constant ?r(O,r) and the main part

ig(t) :t € [0,?a]] of the admissible strategy must be determined such that

(9) Vr( t , r ) , : t r ( t , r )  + (9(t) ,  ap$))  )  exp(71t)eQp(t , ' ) ) ,  t  € [0,?] ,

(7)

or



where VQ):llrllr,"y,,:.y*p and T < 0 must be determined to accomplish the following

task. Notice that the integral inequality (9) f.or t -- ? shows that (7) is satisfied. Using

g(zo(t,z)) : v(?p(t,r)) + 2(?p(t,r),ap(t))) +lluoft)l l ' ,  t e [0,7], we need to represent

the continuous scalar process {j-r,(t,r) : exp(71t)p(2r(t,r)) 't e [0'7]] such that the

following integral inequalitY

St
(10) ir,(t,") ( ll"ll ' * K, + 

/ 
exn(vs)(E,tp(?r(t' ')), d"Zo@'r)l

is fulfiIled for any t e [0,?], where K, ] 0 is a constant. Inserting (10) into (9) we get

necessary 0(t1 : exp(7fi)0,p(tp(t, r)), t e [0, T], provided that (B) is used and the constant

3r1o,r1: do(O) +2llrl l2 has to be taken such that to1o,r1 >- l lr l l '* Kt+llar(t)l lz for

any t € [0,?]. It completes the description of an admissible strategy (do(t),d(t)) e R''

t e [0,?.], mentioning that {do(t) : i e [0,7]] is givenby the self-financing equation (B)'

On the other hand, the scalar process 0"r1t,11:: exp('yt),p(?(t,r)),t ) 0, must be upper

bounded. by a continuous martingale

m 7 t

(11) 0.,1t,11( l lr l l '  + C-,t +I I exp("vs)(E, v(2(s,n)), f iQ@'');r '(")))dvri(") '
F L o

for any t> o,where cr> 0 is a constant, when a Lyapunov exponent 7 < 0 is involved'

The integral inequaiities (10) and (11) will be analyzed in the next two lemmas' In this

respect, rewrite the nonlinear vector fields f{2+g; I'L) € R', i € {0, 1, ''',m}' defining the

basic equation (1), as foilows

(12) fn(v+uf t ) ; r . ,Q)) :  f i ( I ( t ) )  + A;(z; t )a ) ( r ) :  (s( i ) ,p( t ) )  € IR'x lRd'?e R'

where the matrix Aa is given bY

pr
(13) Ao(2;D ,: 

Jo 
a"f i@2 + e(t);p(i))d9

and satisfi es llAa(2;t)ll < C;, Y(2,t) e R' X R+' z e {0' 1' " '' rn}' provided that the

hypothesis (2) is assumed. Using A;(V;t) define a symmetric bounded matrix A(2;t) and



a bounded vector freld F(2;t) e IR as follows

( - ^

I  o@tt) :  I4Q;t)Ai(v;t),2elR",t  > o,
l f : l

(14) \  
"*

l  rQ,r) : I , tQ;r)/ j()(r)), ?€tR', t>0,
(  i : r

where {I(t) : (a(t), tt(t)) , t > 0) fulfils the hypothesis (3).

Lemma 2.L. Assume the hypotheses (2) and (3) are satisfied and let 7 < 0 be a constant

such that

n'r

(15) ltl rLc?,
J:L

whereCi,  i  e {1, . . . ,m),  are gi ,aeni ,n (2).  Def ine A(V;t) ,  F(2; t )  as i ,n ( I4) .  Thenthe

matrices Qr(?;t) :: f l1ll, - A(?;t)\, P",(?;t) : [Qr(t;t)l i  ona h@;t) : lPr(?;t)]-\ are

stri,ctlg pos'iti,ue defini.te and bounded for ang (2,f) € Rn x IR+. In addit'ion, we get

exp(7t)  l l I ( t , r ) l l ' :  l l r l l '  *2 [ '  exp(7s) (2(s,r)  d"2(s,r))
Jo

( 16) + [ '  exp(7s)l l l&(t(r, r);s)F(t(s, r);s)l l '+ | l l / i( , \(s))l l 'z]ds
J 0 .r: I

rL
-  I  exp(7s)t[r(s,r)ds, t>A

J o

where {?(t,r) : t ) 0} fulf,ls (5) and

(17) f f r ( t ,  r )  : :  l lPl( i ( t , r ) ; t )?( t , " )  -  R"( t ( t , r ) ; t )F(V(t , r ) ; t ) l l2 > 0,  t  > 0.

Proof. Denote Ur(t,r): exp(7t)tp(r(t,r)), p(z): llzll2, and applying the standard ruie

of stochastic derivation we get

(18, 

{

dtul(t,r) : exp(?t)W e + t'(Ql@(t, r) ; t)dt
rn

+ t exp(7t) (0.p(?(t, r)), f i Q$,r) ; p(t) ))dWi Q), t 2 a
j : t

Ur(0,")  :  l l " l l ' .



Here, the second order differential operator ,L(p) is computed as in

(1e) L(p)(?,t) : (0,e(4, fr(? + uU), p(t))). i l lf i(t + aU); t $))ll '.
J:T

With the same notations as in (14), we rewrite (19) as follows

rn rn

(20) I ttf, @ + u(t); t (t))l l '  : (A(2;t)r,4 + 2(F (?;t),4 + ! |Ifitrtt)) l l '
j -  1  d : I

Using (19) and (20) we set ltp + L(QlQ,t) used in (18)

wv + r@)l(2,t):  -  ( [ l r l / ,"  -  A(r,t) ]?,4 +2(F(7;t),4
(21 )

+ | l l t()(r))l l '  + (0"e(2), fo(? + s(t);p(t))).
3 : L

If lrl > DT:rCl then the matrices Qr(t;t) :: lllll^ - A(2;t)l and

(22) P",(?;t)  :  lQ.,@;t) l i ,  Rr(2;t)  :1P.,(?;r) l - ' ,  ? e lR',  t  > 0,

are strictly positive definite and bounded. This claim is proved using an orthogonal matrix

H(2;t) (H-r : H7) which impiies the diagonal form of the symmetric matrix A(2;t),

(23) A(V;t)  :  H (?; t ) [d iag(11 (?, t ) ,  .  .  . , ' tn(2, t ) ) ]11- '  (?; t ) ,

where H (2;t) : le1(?;t), . . ., e,(2;t)] and

(24) A(7;t)ep(2;t)  :  t (?,t)ep(?;t) ,  t(2,t)  > 0

andbounded for  any (2, t )  CR'XR+,  k :L, . . . )n .  Adi rect  computat ion shows that

(  ln '2t le7,( t ; r) l l  :  "y(?,t)  < l l ,A(ar) l l ,  k € {1,- . . ,n},
I

(25) < rn\ - - l  
I  t tatar) l l  < Lr?,  Y(v, t )€R x R*'
\  i : r

Using (23) write

(26) Qr(2; t )  : :  [ l7 l / '  -  A(2; t ) ] :  H(?; t )Dr(?; t )H-r(?; t ) ,



where the diagonal matrix D.,(?;t) :: diag(ll l- lr(V,t), . . . , l l l-u(?,t)) is strictly positive

definite and bounded for arry (3,t) e R" X R+, provided that l7l , DTtCf (see 0 (

t ( t , t )  <IFrCl) .  lnaddi t ion, thesquarerootof  thematr icesQr,  Ql* '  existandare

defined as bounded matrices by

( ,.,(t,t) : ler(v;t)lt/2 : n@;finlz(i;t)H-,(t;t),
(27) (

I r, ta D : le ", (t; fl]-r r z : H (i; I n'r t z 12' t) H -1 (2; t),

where the diagonal matrice s nrrlz and, D;Ilz are strictly positive defined and bounded. It

completes the proof of the first conclusion in Lemma 2.1. To get the second conclusion

(see (16)) we rewrite (21) as

l 'yp + r@)l(r;t) : - l(Q.,Q; t)r,fl - 2\F (2;t),2)l
r?R) rn\ - - l  

+ I l l f i ( r ( r ) ) l l "+(0"p(?) , fs ( t+s( t ) ;p( r ) ) ) )
J : t

and using (27) we represent the first term in (28) as

(2e) (Q,Q;t)7,4-2(F(?;t) ,4: l lP.,(v; t) , -R (?,t)F(2;t) l l ' - l l4Q;t)F(7;t) l l 'z .

Insert (28) and (29) into (18) and we get

d.{t. t (t,r) : exp (7 t)lll ry Qg, r) ; t) F (2(t, r) ; t)l l' + f | | /j (.\ (r) ) | l'zl d
(30) i :7

+ exp(7t )  (0"p(2( t , r ) ) ,d 'V( t ,u) )  -  exp(7t ) ,n / r ( t , r ) ,  t>  0,

where l/"(t,z) ) 0 is given in (17). Integrating (30) with Ur(O,r) : lltll 'we get the

second conclusion of Lemma 2.1 and the proof is complete. n

Remark 2,2. Ls far as Lyapunov exponent for the piecewise continuous process {z(t,r):

t> 0\ is concerned we need to represent

(31) 0r1t ,*1: :  exp(7i)  l l?( t , r ) l l ' ,  t  > 0,

as a semimartingale

(J2)  0r1t , r7 :  Dr( t , r )  +  Mr( t , r ) ,

10



where the drift part Dr(t, r) is bounded from above using a positive bounded process

(33) Dr(t,z) ( br(t, r), 0 ( br(t, r) { Kr(r), t > 0

for some constant Kr(r): llrll' I er, A, > 0' The martingaie part M'(t'z) is defined

expliciteiy in Lemma 2.2 (see (39))

(34) M",(t,n)

where

exp("ys) (2(s, r), fiQG,r); p(s)))dWi, t 2 a,:2 i  [ '
7^ Jo

(35) z( t , r )  :?( t , r )  +a(t ) ,  t  > a.

It will analyzed in the nexb Lemma using the bounded

Write

matr ices Au(V;t) ,  i '  e {0,  1,  '  '  - ,m} '

I e6tt): lA6(2;t) + '4T@;t)\+ A(?;t), A(2;t) ' : I alQ;t)Ai(z;t) '
I  i : l

(36) I ^ .^
I rQ;q -- AI(2;t)/0(l(t)) + F(2;t), F(?;t) ' : I 4Q;t)i( ' \(t))
L i : '

Consider the following matrices (they wiil exist as symmetric matrices)

(37) Q.,@,t) : i l11/, - AQ,t)1, \Q;t): lQrQ;t11rt 'z RrQ;l: F;tQ;t) '

Lemma 2.2. Assume that the hypotheses (2) and' (3) are sati,sfied and let "v < 0 be a

constant such that

(38) Itl > zco* i cl, ltl > ',
j : I

whereCi }0 ,0  <2  {m,  a re  g , iuen i 'n  (2 )  and,u  >  0  zn  (3 ) .  Thenthemat r i ' cesQ, (? ; t ) ,

F.,1t;t1 anaR @;t) are stri.ctly posi,ti,ue d,efini,te and'bound,ed, for ang (2;t) e R'" x R1' -In

ad,d,i'ti,on, the fotlowing SDE i's uali'd,
rn 7t

exp(1r)ll?(t, r)ll 'z : b.y(t,r) + zu, 
l^ 

exp(7s)(?( s,r), f iQ@,r);p(s)))dwr(s)
; - 1  v  v

(3e) i;'
/ exp(1s)AL(t, r)ds, t > 0,

J o

1 1



(40)

where  {b . , ( t ,  r ) : t )  0 }  zs  a

0 (  br( t , r )  : : l l r l l2  +
rrl

r \ -, L

and {N.r(t,r) : t >- 0} i's a posi'ti'ue process fulfiUi,ng

(4 i )  Nr( t , r ) , :14r1t1t , r ) ; t )?( t ,d-R"Q(t , r ) ; lFQ(t ,n) ; t ) l l '>0,  t>0,  r  € R' ' '

Proof. The hypotheses and computations given in Lemma 2.I are valid and applying the

standard rule of stochastic derivation we deduce the stochastic differential equations sat-

isfied by the scalar continuous process {0-r1t,r1 :: exp(?f)pQ(t,r)) : t 2 0}, where

p(z) :  l lz l l2,  we get

d r0 r1t,r) : exp (ry t)We + r@)l(2(t, r) ; t)dt

* r iexp(7t) (t(t,r), f  iQ(t,r) + uQ);1t(t)) ldw1(s), t 2 0,
; - l

where vQ):  l lz l l ' z .  Not ice f ; (2+af t ) ;p , ( t ) ) :  / , ( l ( t ) )  +  A i (? ; t ) r ,  i  €  {0 ,1 , . . . , rn} ,  and

rewrite the drifb of. (a2)

W p + L (e)lQQ, r) ; t) : - (Q., @(t, r) ; t)V(t, r), ?(t,r) ) + 2 (F 6(t, r) ; t), 2(t, r)l

. i l lf i(.i(t)) l l ' , t >0, z € tR',

where the bounded matrix A.,@tt) and the vector F1t;t1 € R' are defined in (36) and (37).

Using an orthogonal matrix fi1t;t) (fi'Q;fl : fi-t@;t)) we get the diagonal matrix

associated with 8.,,

(44) Q-,(ttt) : frQ;ilD.,(?;1fi-LQ;0, Q,@;t) : |tll,- - A.1z;t11,

where Dr(?; t )  :d iag( l "Y l -^Yr( r , t ) , . . . ,1r1 -  m(?, t ) ) ,  H(2; t ) : ler (? , r ) , . ' .  ,en(?; t ) l  and

(45) A.Q;t)e1,(2,t)  :  t t  (?,t)e1,(?,t) ,  l lep(?,t) l l  :  l ,  k e{1, .  .  . ,  r} .

bounded proces s u eri'fYing

/  exp(7s)f l |&(a(',  r); s)F(?(s, ');  s) l l '
J o

l l / , (r( ' )) l l ' ldwi( ')  (  l l ' l l '+ c1, t2a(c" '  > 0) '

(42)

(43)

t2



By a direct computation, we get

{ ttAtt, t)e1,(2,r) ll : lt,,(t, t)|,
(46) { ^

| lA(a 
t)l l : 

Jig lla(a t)"ll2 Wn(v,t)|, k € {1, . . . ,n}

where

n1

(47) l lA@;r) l l  < 2co+Lc?,
j : 1

(see (36) and assumption (2)) for any ? € R', t > 0. Using the hypothesis (38) we notice

ll l> 2Co + IF, C? ,- l lr(V,f)l for any k € {1, ...,n} andi € R', t }- 0. Therefore, the

diagonal matrix D.r(?,t) has a bounded strictly positive inverse

(48)  D; ' ( ; ; t )  :  d iae{ ( l -y l  -  t r ( i , t ) ) - ' , . . . , ( l "y l  - -y , (? , t ) ) - t } ,

and it allows to take square root of the positive definite and bounded matrices

I F",ftt| : lQr@;t)l'/' : fiQ;t)lnr(?;t)lL/2fi-'(2;t),
ue\ {

| fr"fa il: F;'(v;t): fre;t)lor(?;t)l-r/zfie;t).

Using (49) we rewrite (a3) as follows,

l-vq + r(dl(v(t, r);r) : - l l \@ft , r);t)?(t, r) - R @(t, r); |F 66, r); t) l l '
r50) lft\ - - l  

+ l l f l (? ( i , r ) ; f lF@(t , r ) ; t ) l l r+ I l l / r ( r ( t ) ) l l r , t>0 .
j : t

Inserting (50) into (42) we get the integral equation (39) and the proof is complet. tl

Remark 2.3. The conclusions of the Lemma (2.2) lead us to a positive answer for the

following problem:

Fi,nd, a constant 7 < 0 such that 0r1t,*1:: exp(ryt)p(?Q,r)), t )- 0, i,s bound,ed, from

aboue by a marti,ngale

rn ^t

(51) fur(t,r) :  Kr(r) + t l" @"r{zls,u)), f i(?G,r) +v(s); 1-r,(s))}dw5(s), t 2 0,
j : t r o

where p(z) : llzll2 and 0 < Kr(n): llrll' * C, i,s a constant.

13



Answer: If l.y > 2co i- DT:rCll and, lt > ttl (see (38)) then the conclusion (39) is

valid, where the continuous and bounded plocess {b.,(t,r) : t ) 0} satisfi'es (40)' It implies

directly

(52) exp(1t)e(?(t,r)) ( Mr(t,r),

for any t>Iand each r € ]R',, where the martingale {M.,(t,n):t ) 0} is defined in (51)'

Remark 2.4. There is a particular situation when the asymptotic behaviour of the continu-

ousprocess{ t ( t , r ) : t }0 , r€R. " }canbedescr ibedwi thoutus ingaLyapunovexponent

"y<0. In th is respec t 'assumethehypothes is (2)and ' inadd i t ion '

I r,trt'll : o, 'i € {o' 1' " ' 'm}' t > a'
(53) (\ - '  

[  ( [ao(a |  + A[(?; t ) ] r ,4 <27la ' ,  t  ] -  o,?e R"

with the same notations as in Lemmas 2.1 and 2.2 we state

Lemma 2.3. Assume the cond,,iti,ons (2) and, (53) are fulfi,Iled, where the constant p < 0

sati.sfi,es

rn

(54)  l7 l> lc i
j : r

and.c i  >  0 ,  i  e  {1 , .  . . ,m} ,a re  g , iuen i ,n (2) .  Thenthe  cont inuous  process  { , ( t , r ) : t )  0 }

ueri,fi,es the following scalar integral equat'ion

p t ^ f '

l l?( t , r) l l ' :  l l r l l '  *  P J, l lZ(s,r) l l 'd ' -  /  
r /p(s 'r)ds

(55 )  
+2 i  [ 'Q ( r , r ) , f iQ (s ,z ) ;p (s ) ) )dw i4 ) , t>0 '

";:1 J o

where

(56) l[B(t, r) :: ({Qp(t,r) + lzBt* - (AT + A0)(t, ?(t,r))]}?(t,t),7(t,r)) > 0,

and, QB(t,r) :: lPlI" - A(t;V(t,r)) > 0 for ang t ) 0 and r € R'' '

I4



Proof. We apply the standard rule of stochastic derivation associated with the continuous

process {?(t,r) : t ) A} and using the functional 9Q): llrllt, z e lR'. It implies

(57) d,1lp(?(t,r)) l  :  L1($@(t'r);t)dt +i@"v(2(t 'r)) '  f  i4(t 'r);p(t)))dwi(t), t  > 0,
J:L

where the second order differential operator Lt(p)(2;t) satisfi.es

(bB) Lr(d@;t): (A@;ilr,4 +z(F@;t),4 +i tt t , t^tr)) l l '
J : I

Here, the symmetric matrrx AQ3) and vector fiela F(?;Xi)) € lR.'are defined in (36)-

using conditions (53) we rewrite the drifb in (57) as follows,

(5e) Lr(p)(?;t):6Q;0t,4:0p@) - (QB(I;2)V,4 - ( l2pl"- (AT + Ao)(2;t))7,4,

where QB(t,?) : lBlI, - A(,;t) and the symmetric matrix A(,;t) is defined by

TN

(60) A(2; t ) , :  I  e l  @;t)AiQ;t ) .
j : l

using an orthogonal matrix H(?;t) (H' : H-') we get the diagonal form of- A(z;t)

satisfying

( e@tfi :  H (2; t) D(?;t) H-r (?; t),
( 6 1 )

I  l ia t)  :  diae(y(2;t) , '  . ' ,n(?;t)) ,

where 0 ( rr(Z;t) < DF, llAiQ;t)ll'< DT:tCl for anv t ) 0 and 2e R'provided the

hypothesis (2) is assumed. using (61) into (59) we rewrite (57) as the scalar equation

d,xle(?(t,r))l : gpQ\,r))dt - ,n[B(t, r)dt

+ i{a,v(?Q, n)), f i Q$,r) ; p(t) )) d wi$),
; - l

,p(?(0,r)) : l l" l l ' ,

where NBU,r)>0 is def ined'  in (56) andthe matr ix QB(t ' r ) : lPV"- A(2; t )> '0 for  anv

t > 0,? € R', provided IPI > LTrCl ' Wenotice that integrating (62) we get the integral

(62, 
I

equation (55) and the proof is complete'
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3 Main results (Problems P1-P3)

Here we shall present those conclusions which are more or less direct implications of Lem-

mas 2.1, 2.2 and 2.3 regarding Lyapunov exponents, admissible strategies and convergence

in L2(f l ,P) of {z(t,r): t  I  x) satisfying the integral equation (1)'

Theorem 3.L.  Assumethat the uector  f ie tds fnQ; t t ) ,  i  e  {0 ,1, . . ' ,  m} ,  andthe p i 'ecewi 'se

continuous process {l(t) : (a\),p(t)) ' t > 0} fulfi,Il cond'iti,ons (2) and (3). Let 1 < 0 be

a constant such that

(63) ltl > zco" 
E 

cl, ltl > ,,

where{co,cr, . . . ,c^}  are g, iuenin (2) and,u>0 i ,n (3).  Then lz l  < 0 sat i ,sfy ing (63) zs

a LEapunoa erponent for the pi,ecewi,se conti,nuous solut'ion {z(t,r) : t ) 0} ueri,fyi'ng (7)

and the followi,ng est'imate i's uali,d,

(64) (Ellzr(t,r)l l ') ' / '  ( exp('yt)( Ellz(t,")l l ') ' / '  ( exp(at)tr r(r), t 2 0,

whereo:max( l  , t - l l l )  <0  andLr ( r )  )  0  zs  a  cons tan t '

Proof . By definiti on, 2.,(t,r) : exp(?t)z(t, r), t > 0, satisfies

zr(t, r) : exP('Yr)?( t, r) + exP(7t)g(t)

and

(65) llllz.,(t,*)ll'l '/'( exp(ryt)l nll?(t,*)ll']'/' + r/K[exp fi - n]l, t 2 0,

where K > 0 and, u ) 0 are given in the hypothesis (3). Assuming (63), the conditions of

Lemma 2.2 are fulfilled and from the conclusion (39) we obtain

(

I  E[exp(7t)l l?(t, ') l l ' ]  < Kr(r), t ]-0,
(66) (\uu'/ 

\ i"tlatr, *)ll'l '/' < exp(]t) {It("), t> 0,
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provided lll>, (see (39)), where Kr(r) > 0 is a constant and,?r(t,r) ": 
exp(1t)V(t,r),

t>0. Using (66), write (65) as follows,

(67) lEllzr(t,r)ll ')'/ ' ( r"(") exp(at), t > 0,

where Lr(r): JK + JKffi > 0 and a:max(; ,t-l 'yl). The proof is complete' n

As is mentioned in Remark 2.1, the construction of an admissibie strategy (90(t),0(t)) e

lRr*1 uses the value function YoQ,r) and the piecewise continuous process zr(t,r),

(  VrG,r) : :00(r) + (g(t) ,  zo(t,r)) ,  t  € [0, r l ,  (Vr(t ,r)  :  exp( -pt)Vo$'r)) '

(68) (\""/ 
[ ,r(t, r) :: exp(-pt)z(t,,) :Zr(t,r) + ap(t), t e [0' T]' p 7 0'

where {z(t,r) : t } O}isthe solution of the integral equation (1)' Write Vr1t,11 :tr(t' ')+

(0(t),E\ft)), where the conrinuous scalar process {?r\,r) :: Ao(t) + (0(r),zoQ,r)) : t e

l0,T]) must satisfy the so called "self-finnancing equation"

(6e) tr1t,"1 --toq,d + [ (9(r), d'";r(s,r)], te [0,71,'  
J o

where the constant Q(0, r) : 9o(0)+ (g(0), z) and the continuous process i0(t) : t e [0, 7-]]

are determined. such that (usingfo(t,r) as in (69))

(70) Vo(t , r ) , :30(t , r )  + (g(t)  ,arQ)) )  exp(11t)  v?p(t , r ) ) ,  t  € [0,?] '

w h e r e p ( z ) : l l r l l ' , l r : " Y + p a n d 7 < 0 ( s e e 7 1 < 0 ) i s n o t f i x e d ' A n a d m i s s i b l e s t r a t e g y

{go(t) ,  0( t ) : te [0,7] ]  must sat isfv (69) and (70) '

Theorem 3.2.  Assume that f i (2, t r t ) ,  i  € {0,1,  " ' ,n) ,  and'  the process {Xt)

(y(t), p(t)) ' t > 0) fulf i i l  the hvpothesi's (2) and' (3)' Let' 'a : "Y + p < 0 (see 1 <

be fired such that
TrL 

Tn

(21) lr, l > L,c| ( seel < o, lr l > P-tLc1l),
j : r  i : t

w h e r e c i > 0 a r e g ' i ' u e n i ' n ( 2 ) ' T h e n { a ( t )  
: 2 e x p ( 1 t ) ? ( t ' n ) : t e [ 0 ' T : j ) a n d ' 1 a o i t ; ' t e

f0,"]) futfi,ili'ng the i,ntegral equati'on

, , : ,  .  . ,  ' l o  f t  , ; ,  ,

(72) go(r) + (0(r),  tp(t ,r)) :  do(o) +2l lr l l2 + 
/  

tai t l  ,d"?o(s,f)) '  '  e [0'7] '

n )

LT



i,s an ad,missible strategy sati,sfgi,ng (69) and (70) proui,ded the constant 06(0) e R.a zs taken

such that

(73) 0o(o)+ llrll' >- K + C.y, (K > 0 i's si'aen zn (3)),

where th,e constant C, ) a^,, and

sr 
rn

a.r, :: I exp(1fl tll&, (?o(t, r);t)F('|(t, r);t)ll' + t ll/j()(r)) ll'?ldt
Jo  j : t

i,s d,efi.ned, in Lemma 2. 1 comesponding to 7y 1 0 and {?r(t,r) : t } 0).

Proof. By hypothesis, the conclusions of Lemma 1 are valid and write the conclusion (16)

as follows,

(74) exp(-y1t) l l?o$,") l l '  < l l r l l '+ dr,(r)  + ["  2exp(71s) (?r(r,r) ,d,Vr(s,r)1, t2 0,-  J o

where

pt
(25) Gt ,(r) : :  /  e*p(71')t l l&, (?r(t,r);s)F(?r(s, r);s)l l '+ I l l /r(r( ')) l l ' ldr, ,  € [0, ?]

Jo j : r

is increasing and bounded for any r € R'. Notice that the right hand side of (70) fulfils

(76) exp(71t)tp( zo(t,r)) :  exp(ryrt) l l l?r(t ,") l l '+ 2(Vp(t,r) ,sp(t))  + l lar(t) l l '1,  ,  € 10, ?1,

and using (7a) and (69) we replace (70) by the following inequality

0.tol + (a(0), *) + [ ' (0(s), d,Zr(s, r)) + @ft),sr(t)) : Vo(t,r)'  
Jo 

'

(77) >- llrl l ' +Gt ,(r) + [" 2 exp(71s) (2o4,r),d",?r(s,r))' '  J o

f 2exp(71t)\Vp(t,r),sp(t)) * exp(71t)l lao(t)l l t, t e [0,"].

Choosing i(t):2exp(1fi)ir(t,r):2exp(1t)?(t,r),t ) 0, from (77) we get the condition

tor 0o(o) € R+,

(Ts) 0r(o) + zll*ll':- ll"ll'+il,,(r) * exp((7 - dt)lls(t)ll', t € [0,"]

which is satisfied provided (73) is fulfilled. Using the constant 0o(O) ana {d(t) :

2exp(1t)?(t,r): t e [0,"1] we get the continuous scalar process {Orit l :t € [0,7]] as

the solution of the integrai equation (72) and the proof is complete. n
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Theorem 3.3. Assume the hypothesi,s (2) and cond'iti,ons (53) are sati,sfied for some con-

stant p <0 ueri,fgi,ng

rn

(7e)  lg l> lc ; ,
J : I

wltere Ci > 0, j  € {I, .  .  . ,m}, are gi 'uen i 'n (2). Then

(80) Ell?(t,") l l '  < l lzl l2 exp(Bt), Vt 2 a, r € R',

uhere {2(t, r) : t ) 0} i,s the conti'nuous process fulfiUi'ng (5).

In addi,tion, assun'Le liml*- Aft): U* i'n L2(f);P). Then

I [a z(t,r): Jl* E(t) :: u* Q L2(fl, P),
( s l )  { ' - " "  ,  

' ' *  
f\  /  

|  ! -  I  , ! / ) r ( t , r ;d .z) :  |  , t t@p*(d,z) ,Y$e C6( iR") ,
\ r+oo JRn "/lRn

where P(t,r;.) and, P*(') are the probabi,titg n'Leasures on IR.' generated by {z(t,r)) and

corresponding {g*}.

Proof. By hypothesis, the conclusions of Lemma2.3 are valid and usig (55), (56) we get

the corresponding integral deterministic equation satisfied by h(t,r) : EllA(t,*)ll', t > 0-

A standard representation formula lead us to (80) and (Bi). D

4 Gradient representation of cad-lag

solutions for SDtr

The main part of the SDE under consideration is driven by a standard Wiener process

w( t ) :  ( r r ( t ) , . . . ,u - ( t ) )  €  R- ,  t>0 ,over  a f i l te redprobab i l i t yspace { ( - ) , {4 } t  c  r ,P) .

The switchings and jumps of the SDE are determined by a piecewise constant, bounded

and F1-adapted Process

{Xt)  :  (E(t) ,p( t ) )  € Rd x Rr(A) :  . \ ( t )  :  t r ( t r ) ,  t  € l t i , t r+,) , to :  0,  i  > 0} '
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We are looking for piecewise continuous processes which are right continuous and possessing

ieft hand limits in L2((-l;JR.") at each t : ti, i ) 0 (cad-tag solutions) such that the following

svstem of SDE is satisfied,

1 {

dlz(t) :fo(z(t); 1t(t))dt + I foQQ);1r(t))dw1(t)
i :L

d
\---'\

+ Lg*Q(ti-); t-L(ti-))lsk(t) - sn(ti-)1, Yt e [ti,ti*r), i > 0,
Ic:l

z ( 0 ) : r € R . ' .

where a(t-) :: l im"71u(s). Here, the vector f ields lr(r;t) : fr(z;lr), g*(z;p) e R',

? € {0,1, . . . ,  rn} ,k € {1, .  . . ,d) ,  are cont inuous funct ions of  (2, / r )  € R" x lRl  and Lipschi tz

continuous of. z e R'. i.e.

(2) lh(z ' ;1r( t ) )  -  h(r" ;p(r)) l  {  Ct l t '  -  , "1,  Yz'  ,  z"  G R' ,  t  } -  0,

for some constant Cr > 0. Under the assumption (2), u unique (cad-lag) solution of (1)

exists and the first integral representation of it can be described as

{"(t) : zi(t) : t e lt j ,t i+t),, j  > 0}

where {ri$) : t e lt1,tr+r)} is a continuous process for each j > 0 fulfil}ing the fol}owing

integral equations,

(3) zs(t) :  ,  *  [ '  /o(zo(s);p(o))ds.  i  [ '  fotrot i ;1t(0))dw1(r) ,  r  € [0,  r , ) ,
J o  E J o

21ft): z1-r(ti) +b(Ly(t), zi-r(ti), t1,(tj-)) + [' fo(rii)w (rl))ds
( A \  

J t j

\=, /  n 'L nt

+ t l '  nQ,@; p,(t))dwi(s), Vt € lt i ,t i+r), i > r.
i:t J tj

Here, a(tj-) '= lim171, u(t) in Lt(fl;R"), Ag(ti) ,: g(t) - 9(t1-) and

d

b(g, 4, p) ::l,ar(r; tiur,, u € Rd, z € IR", p € Rt.
k :7
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4.I A stochastic rule of derivation and the corresponding

decomposition formula

A p e C;''?([0,oo) x IR") means a continuous function,p(t,z) : [0,oo) x ]R' -+ ,R which is

continuously differentiabie of first order with respect to f and second order with respect to

z € I R " s a t i s f y i n g a p o l i n o m i a l g r o w t h c o n d i t i o n f o r z e R ' , i . e . V z € R ' , t € [ 0 , ? ] , 7 > 0 ,

i , j  e  { 1 , . . . , r r } ,

(5) l,p(t, ")1, l\rp(t, z)1, pie(t, z)1, l\ l ,eft, r)l < C7(r + lrlt),

where the natural number N > I and the constant (depending on 7) Cr ) 0 are fixed.

Proposition 4.1. Let {z(t) : zi(t) : t e lti,t j+r), j > 0} be the (cad-lag) solution uerifying

SDE (I) where the uector fields h : fu, gk fulfill the hgpothesi.s (2). Consider a g €

c ; ' ' ? ( [0 ,oo)  x  R '  and de f ,ne  {9 ( t ,z ( t ) ) :  e ( t ,z i ( t ) : t  €L t i , t i * r ) , i  >  0 ) } .  The fo t low i ,ng
'integral equati,on'is ualid,

(o)

fo,

(7)

eg, z(t)) :  p(0, , )*  
fo '{rd 

(s,  z(s);p(s))ds+M(t).  \ -  r  z ,  / r  \ \+ >_, lp(ti, r(ti)) - e(tj, z(tj -))1,
0<t5 (t

Ur,nang t )- 0, where the parabol'ic operator L i,s defi,ned

1
(Lp)(t, z, p) :: O,v(t, z) + (0"p(t, z), fs(z; pD + ; D,<f*vA,4lfu(z; ti, fr(z; t')|

and the conti,nuous marti,ngale M(t), t > 0 is g'iuen by

TN
I '

(8) M(t) ::  L, l^ \O"p(s, '(s)), fn( '( ') ,p(s)))dlaz,(s),
; - 1  J U

fulfillins EM(t) :0 for any t ) A.

Proof . We apply the standard rule of stochastic derivation on each f e lti,t111) and get

r I
e(t,  z(t))  :e(t i ,  z(t j ))  + I  &dG,z(s),  p(s))ds

(g) nL rt  

r  t i

\----a L ^

+ )  .  I  (0,p(t , r ( ' ) ) ,  fo(r( ' ) ;  1t(s)))dw1(s),  Vt  e l t i , t i+r) ,-  l + .
; - 1  v  L a
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where the parabolic operator -L is given in (7). using (9), we obtain

iim p(t, z(t)) : p(ti+r, r(t i*t-)) € Lz(f) ' P), i > 0'
t / t i + r '  

'

In particular, rewrite

(10) s(t,, z(t,)) : p(ti,z(ti-)) 1- lp(ti, z(ti)) - v(ti,z(ti-))1,

and 
fti

p(t i, z(t 1 -D : gfr, e (t, z(t)) :e (t i -r, z (t i )) * 
J r, _,(Lp) 

(t, z (s) ; p(s) )ds

(1i) 
* i [" (u"r(, '  z(s)), fuQ(i;p(s)))d%(s)

-  J t5_ t

Insert (f0) and (11) into (9) and we obtain

eft, z(t)) :e(ti-t, z(ti-)) * 
I:,_,(Lp)(r,z(s);pr(s))ds

(12) 
" 

i i '  (0,p(s,r(s)), fu(r(r);p(s)))d%(s)- ' -1 J t5-t

+ lp(ti, ,(t)) - e(ti, z(ti-))1, t e lti;,ti+r).

Using the induction argument we see easily that (12) can be exbended to t € [0, tial) by

adding the corresponding piecewise constant components and we get

rt
,p(t, z(t)) :  e(0,2(0)) + I Q',p)(t,z(s); p(s))ds + M(t)

(13)  
* '1  leQ1,z ( t1 ) )  -  p ( t i , ' f t i * ) ) l

0<ti {t

which stands for the conclusion (6) of Proposition 4.1 where z(O) : tr is used. The property

EM(t):0, vt ) 0, mentioned in (B) is a direct consequence of (5) and

l h (z ;1 r ( t ) ) l  <  A(1+ l r l ) ,  v t>0 ,  z  €R ' (h :  f r . ,  sn) ,

which lead us to the conclusion that the integrands

(14) {hu(t) p (a"e(t,  r( t)) ,  fuQ$)w (t))) ,  t  € [0, T]] ,  t '  € {1, '  "  ,m},

under stochastic integration in the martingale part {M(t) : t }- 0} are in L2([0,7]ooar),

!: Elht(t)lzdt < oo, and it impiies EM(t):0 for any t ) 0. The proof is complete. n



Remark 4.1. Using the stochastic rule of derivation given in Proposition 4.1 we obtain the

first decomposition formula of the (cad-lag) solution {r(t) : z(ti) : t e lti,ti*t),i > 0)

satisfying (1) into a continuous process and piecewise constant process. In this respect,

take g i ( t ,z) :  z t ,  ?  € {1,  . . . ,n} ,  and the conclus ion (6)  wr i t ten for  a l l  i  €  {1 , ' . . ,n}  lead

us to the following expression,

(15)

i  f  fueG),p(s))d%(s)-1:1 J o

t > 0 .

z(t) :, n 
I, fo(r(s);Lr(s))ds +

+ | tr(t i) -z(t i-)1,
0<t1{t

Using the integral equations in (3) and (9) we can write

z( t j )  -  z( t j - )  :  z j ( t j )  -  z i - t ( t i )  :b(Ls( t t ) ,21-{ t i - ) ,  t " ( t i - ) )

(  16) : \, sr(ri-'(ri-); p(ti-Dlak(ti) - uk(ti-)), i > r,
1</s<d

which allow to define the piecewise constant component as follows,

za(t) :: t t I or(ri-'(ti-); t-L(ti-D(ak(ti) - ar(ti-))l '
1<lc<d 0<ti (t

I n t h e c a s e t h a t t h e v e c t o r f i e l d s  g t Q ; l i  d o n o t d e p e n d  o n z e i R ' , f o r a n y k € { 1 , ' " , d } ,

thentheequat ions  (15)  s tandfor thedecompos i t ionz( t )  : z " ( t )+zd( t ) , t>A,  where the

continuous component {2"(t) : t } 0} is the unique soiution of an integral equation,

7t 
rn rt

z"(t) : " * 
Jo fo(r,(')* za(s); p(s))ds . 

E Jo fot'"{') * z4@);p(s))dw,(s)'

Remark 4.2. We shall focus on the gradient representation of (cad-lag) solutions in (1) as

a source for getting a decomposition of the solution when gn, k e { 1, ' ' ' , d}, depend only

o n z € R t .

4.2 Definition of the gradient representation for (cad-laB) solu-

tions

Denote by Z: Ct(R";R") the space of second order differentiable functions f (z): lR'' ---+

IR, and let C!(lRd;Z) C C2@';R') be the subspace of functionr G(y;z) :1R.d x lR'---+ lR'
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fulfilling

(u) G(0; z) : z and there exists H (g; .) t: IG(A; ')]-1 for each y € B(0, R) c Rd.

Consider a pair of piecewise constant and bounded processes

{(p(t),i '(t)) : (p(t),FU) e B(0, B) x B(0, R) : t e [t,,t,*r), j >- a)

andlet {?(t ,r) : t}A,AQ,r):  r  € R"} be acontinuous process, where {t i } i>ois used in

SDE (1). Here an abuse is done by not mentioning the explicit dependence on parameter

c..r € f) of the above given process. Associate a new piecewise continuous process valued in

the dual space [C!(Rd; Z)]., for each c.., e 0, satisfying

(b)
(  . ,  , ,  ,  1  .

)  { ln ' ( t ) , z r ( t , r ) l : [p ' ( t ) , z r ( t , r ) ]  e  [c ] (Rd;  z )1 .  : t  € l t i , t i+ ) , i  >01) ,
\

[  [ r ' ( t i ) ,  zL(t , r ) ] (G(E; z)) : :  G(F(t i - ) ; r ( t ,d)  + anG(f ; ( t i ) ;2( t i , r ) ) lp( t )  -  p( t j - )1,

for any t e lt,,t i+r), j > 0 and G e Cl(Rd; Z).

Denote {ti@ : ?(t,r) : t e lti,tr*r]} for each j 2 0, where {t(t, r) : t 2 0} is the

fixed continuous process.

Definition 4.1. We say that G € Cl(Rd;Z), a pa'ir of pi,ecewi,se constant processes

{(p(t),O(t)) : (p(ti),f(t iD : t € lt i ,t i*r), i > A} and, a conti,nuous process {i(t,r):
t )- 0,2(0,r): r €R-j defi,ne a gradient representati,on for (cad,-lag) soluti,on {z(t,r) :

z 1 ( t ) : t e l t i , t i * r ) , j > 0 I s a t i s f y i , n s ( t ) r f " i $ ) : l p r ( t ) , z L 1 t , f l l ( G @ ; " ) ) , t e l t 1 , t i + r ) ,

j > 0, where the di,stri,bution ualued process lpr(t), zr(t,r)l i,s defi,ned in (b).

The above given defi.nition is too abstarct for constructing the unknown entering the

gradient representation and we need to mention the real constraints which are contained in

it. First of all we notice that in the analysis which follows only the particular G e Cl (R d ; Z) ,

( . )  A(A;  r ) , :  G- , !Ar )o . .  .  o  Ga(ya) ( r ) ,  A  :  (h , . . . ,8a)€  Rd,  z  €  1R ' ,

is used, where Go(Au)("), g; € lR, z € 1R', stands for the global flow generated by the vector

field 91 € C2(R';lR"). In addition, the basic equation in Definition 4.1 can be separated
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into two parts more suitable to compair the (cad-lag) solution defined in (3) and (4) with

the general definition adopted here in (b).

Definitio n 4.2. We say that G e Cl (Rd; Z) (see (r)) , o pai,r of pi,eceu'ise constant processes

{ ( p ( t ) , i { t ) ) : ( p ( t ) , f @ ) € B ( 0 , J ? )  x B ( 0 , R ) : t e l t i , f i + r ) , j > 0 } a n d a c o n t ' i n u o u s

process {?(t,r): ?i(t) : t € lti,tiat),j >- 0} d,efine a gradie.nt representation for the

(cad-lag) solut'ion {z(t,r) : zi(t) : t e lti,ti+t), j > 0) sati,sfyi.ng (l) ,f

( 1 7 {

(Ei) e(ti) - p(ti-)

On the other hand,

d

z 1 ft) : G @(t, -), ?i 0) + I g * (G @(t i -) ; ri (t ))) (a n(t ) - s n(t i -)),
k:L

d

ao G 161t, -) ; ?i Q ))lp(ti ) - p (t j -)l : I g *(G (f(t i -) ; ?i 0 il) (a r(t ) - a k(t j -)),
k--l

t e l t t , t i + t ) , j > 0 .

Commment on the gradi,ent representati,on. (see Definition 4,2). There are several

constraints which must be satisfied by the piecewise constant processes (p(t),f(t)) €

B(0, R) x B(0, E) and the continuous process {?(t, z) e R' : t ) 0} fulfilling the equa-

tions (17). The second equations of (17) writen for j : 0 will make sense if we assume

that the given piecewise constant process {A(t) : A(ti),t e ltj,fj*r), j > A} (see (1))

and {(p(t), i '(r)) : (o(tj),F(ti)),t e lt i ,t i*r), j > 0} we are looking for verify gr(t) : 0,

t e (-tt,f1), and (p(t),f(i)) : (0,0) e Rd x Rd, for any t e (-h,t). In addition,

the second equations (17) will lead us to the solution lp(ti) - p(ti-)] € Rd provided

f(ti) e Rd and 4ft) € IR' are known and the smooth mapping G e Cl(red;Z) (see (c))

has the property (A1): there eri,st smooth uector fields {q*(p) € R.d : p € Rd}, Qn(O) : e*,

k :  { I , . . . ,d) ,  such that loG@;z)qk(p) :  gx(G@;z)) ,  for  any p € Rd, z e Rn and,

k e {1, ...,d}, qr(p): e1 € Rd. Assuming (A1), we may and do construct lp(t) *p(!i) l

as foilows.

aa /^/,  \ \  r: Lqx(0(ti-Dlan(t) - ar(ti-)1, i > o.
k:1

recalling the definition of a (cad-lag) solution (see (3) and (4)) we
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rewrite the first equations in (17) at, t : t3 and get

, .  . ( t  - r *  $  ^ .  , -  t+  \ \ / , . .-r-t\ .r / ,  ) .  gp(z1t(t i-D(ar(t i)  - uk(t j-)) :

(82)  r : '  

ur  r , - ) ;v i ( t ) ) .  i  gr(c(Ff t i - ) ;v i f t ) ) ) (yk( t j )  -  an( t i -D.
k:1

These equations are solved provided Zi(ti) is known and find f(ti-) : f,(tii € IRd such

that

(m) e(p'(t i-);?1(t)7: 4t(t i-), j  >- r.

This algorithm requires a precise order in solving equations and on the first place is situated

the construction of the continuous process {?(t): t e [0,t1)] satisfying (17) for j:0 and

we get zs(t) :  io(t), t  e [0,t1) (see O(0-) :  0, G(0; z) :  zand s(0) : g(0-) - 0). Then

find {?1(l) : t  e [tr, tr),?r(tr):  ?o(tr)] such that

d

(84) z1(t):t (r) + t gr"(a(t))ar(tr), t €ltt,t2) ( see (a) for j : 1;.
/c:1

Actualy, (Ea) is the first equation we must solve in order to get a solution of (E3) for

j :2, f r ( t r - ) :$( t t ) ,  and then f ind [p( t2) -p(t l ) ]  f rom (E1) for  j :2 (wherep(r1) e tRd

is known).

4.3 {gt, . . . , ga} C Z cornmute and the gradient representation

of (cad-lag) solutions

Assume that the piecewise constant process {A(t): A(tj) : t € ltj,ti+rl, j ) 0} and the

vector f ie lds g7. e C!(R";R"),  k € {1, .  . . ,d\ ,sat isfy
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where Cz ) 0, p ) 0 are some constants, and }ig : #, O?ig : #f, In addition, for the

time being consider that

( 1 9 )  { g t , . . . , g a }  c  C f r ( R " ; R . " )  a r e c o m m u t i n g ,  i . e . L i e b r a c k e t r  [ 9 0 , 9 i ] : 0 ,  1 < i , 7  ( d .

Associate the reduced jumping system

( a

I  a,n1t;a:  I  sn(h(t- ;?))ds1,(t) ,  t>0,
(20) { *: '

I
I  n to . ' \ : 2  €  R ' .
\

The (cad-lag) solution of (20) is constructed as a piecewise constant process satisfying

h(t;2) : h(t i ;2), t  e l t i , t311) and

( a

I  n(t , ; t ) :h(t i - ;z) +I s1,(h(t i - ; t ))(ur1) -ar( t i -D, i  20,
/ o r  \  )\zr  )  1 

* : t

I  n ro ,  i \ : t  €  IR ' .
\ '

Using (19) we prove easily that a gradient representation is valid for the piecewise constant

process in (21) and in this respect associate G e C|(nd;Z) (see Definition (4.2))

( 2 2 )  G @ ; " ) , :  G r ( s r )  o ' . . o  G a ( a a ) ( z ) ,  U :  ( a r , . . . , a a )  €  R d e ( 0 ,  z ) :  z  €  R ' ,

where Gn(Ar)(t) for gp € R., z € R', is the global flow generated by the vector field

ek € C|(R';R') (see (18)).  Using defini t ion, fr@;') , :  lG@;') l- t  :  Geot ')  and

(23 )  \oG(u ;z ) :  (g t (G@;r ) ) , . . . , ga (G(a ; r ) ) ) ,Ya  €  Rd ,  z  e  R ' .

The assumption (A1) associated with Definition 4.2 of a gradient representation is satisfi.ed

w h e n ( 1 9 ) i s a s s u m e d a n d u s i n g ( 2 3 ) w e e e t q n ( A ) : e k t k e { 1 , . . . , d } , w h e r e { t t , . . . , e a } C

Rd is the canonical basis. It implies that the piecewise constant process {p(t) : p(tj) €

Rd: t elt i , t i :r), i  >0\ which solves the equations (E1) must satisfy

(24 )  p ( t )  -p ( t i ) : a ( t j ) -a ( t i - ) ,  p ( t ) : a ( t ) ,  t  €  ( - t r , t ) ,  i  ) 0 '
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It shows that p(l) : g(t), for any t > 0, and taking ? e lR' as a continuous process

{V(t,2):?:t > 0}, we need to define apiecewise constant process {0(t): f(t i) e lRd:

t  e f t , , t i * r ) ,  j  > 0\ ,0( t )  :0,  f  € (- f r , t r ) ,  such rhat

d

(25) h(ti;2) : G(1ft,-);?) +lsrtG{ttti-);4)@r(t) - yr,(ti-)), j > 0,
k:r

where h(ti;Q € IR?? defined in (21) replaces the continuous process {zr'(t) : t e [t5,ri*t)]

in the first equations of (17) from Definition 4.2. The unique solution i(ti-) : i(tj_) of

(25) is given by solving the corresponding equations

(26) G1g1ti_r);2) :  h(t j_t;4, j  2 r,

which imply t(0) : 0 and G(i(tt)t?) : h(ti;}) for any j ) 1. As far as

h(t1;?) : v * i sre)ur(tr)
k :1

and

e @(rr),t) : ? +(ft) [' url(rttty);t)d,0 : ? *Lrdrrl [' nrtG{efu1);t))deJo ra Jo

we need to assume that each gr e C3(R";lR") has the following structure which agree with

(18) and (1e),

(27)  7x(z )  :  ap(z )bp ,  k  e  {1 . , . .  . ,d } ,

where{br , . . . ,ba}  C Rd are f ixedandor ( . )  €  C3( re" ; / i )  sa t i s fy ing0 <  d< * * ( r )<  M,

z e JR', agree with the commuting property in (19), i.e.

a1Q)(O,a ; ( r ) ,b i l  -  a {z ) (0"a iQ) ,bu)  :0 ,  z  €  IR ' ,  i ,  j  e  {L , . . . ,d } .

If the hypothesis (27) is assumed, then the expression in (26) for j : 1 and h(t1;i) :

? +Df,:r(a1,(?)ge(t) )bs will allow to solve the equation

(2s) G(0(tr);2) : h(tt;?), V? e 1R"



using a nonlinear contractive mapping. In this respect, rewrite G(0;4 as follows

d d d

(2e) G @;z) : ? * \("n|)ir)bt + D "r?)trll, lri@;Tiilbr
k:I k:I  i : I

where

t r r p r
0 * i (i; t) :: **, J r 

t t 
J r r*, (C @ rrli ; 2)) 0 "a 1"(G @,0i ; 2)), b il d0 |

is a continuous bounded function of (f, ?) e Rd x R' fulfllling

{  lgr i@;?)l  < e ,0 elRd, t€ R',
(30) 

I lB-,tt,  2): g*i(/ ') l  < i l l  - i ' l ,vl,t '  € Rd, ?e R'

k,  j  €{ t , . . . ,d} ,  and d > 0,  i>O are some constants .  Wr i te  / , :  max( i ,e) ,  pr :  p#

(for p > 0 see (1s) and tor ffsee (27)) and define Lo,,: (l+2p)L Take p > }sufficiently

smail such that 

,, L l
( 3 1 )  A p r L p , : 7 (  i , t l g n i @ ; a f u l  <  i , o t e  

B ( 0 , 2 p ) c f t d , 2 € R ' ' '  k e  { 1 '  " ' ' d } '
j : r

Define a mapping f  @),  B(0,2p) --+ C(R' ;R') ,  ? :  (Tt ," ' ,?a),  by

d.

(32 )  r r@)Q) :  1  *  l \ r i@; r ) j i ,  k€  {1 , '  . ' , d }
J : I

and associate the foiiowing nonlinear operator U(f) : B(0, 2p) c R'd -* C(B(0, p) x

R t ' ; R d ) , ( J  :  ( t , . .  . , U a ) ,

(33) Un(i)(a, z) '-- anlrn(0)(2r11^44 , z : ("r, 
") 

€ R'2''
dnlzz)

using (30) and the second inequality in (31) we notice that

( VXOIQT)I-'I < 2, vf e B(0, 2pr) cRd' zz € R',
I

(34) { ttr-talt ,r)l-' - Vr(i')l-'l < alr*(d11zz) - ru(t')Q)l

| < 4(1 + zpt)Llt - t ' l : aL^lt - i '1, vt ,t ' e B(0,2p),
l.
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for each k e {1,...,d), where -Lr, ' : (1 +2p)L. Using (34) and (31) we get that

the continuous nonlinear operator {U(fi):Q e B(0,2p)} is Lipschitz continuous with a

constant AprLp, : 'yr, (pr: p{) and

,^ y\ lu*(t)@, z) - un(f ')(s, ,)l ( lsk | fflrrttlt'r)l-' 
- W@)('r)l-'l

(35)
{ n(ALo)lt - t ' l : "Ylt - t ' l '

Vt, t 'e  B(0,  2pt )  eRd,  9  € B(0,  P) ,  z  :  ( r r , " r )€  lR2 ' ,  k  e  { t ,  " ' ,d} ,where O < ry  (  i

(see (31)). In addition, the equation (28) for the unknown ii(tr) e B(0, pt) € Rd, will be

replaced by functional nonlinear equations

(36)  0n:  Un(g) ,  k{1,  - . '  ,d} ,  for  {  €? ' :  C(B(o,  p)  x  R" ;  B(0 '2p)) '

The unique solution for (36) is constructed as the limit of a Cauchy sequence {f}ir-o c?

in the complete metric ,Pu." ?,

(  ^  ^1 . ,  o . (zr )  aa(z: \

,^E\  [ t :  {0} ,  t ' : :  u(0)  :  { (E,?f f i , . . . ,a , f f i ) 'a  e B(0,p) , (z t ,zz)  € R2' } ,
( r / J  1  .  ; \  , M  r  . 2 M , ,

Ign ' , :U ( t i l ,  l l i J * '@) l l  <  l l 0 ' (g , ) l l ( t+  t * "  + f r )  <  l v l71 - ,  (  -13 / l '
\

for any y e B(g,p) c R', where ll0(g)ll :: sup,.o,. l0(g' z)l' Using the metric d'(y',y'') ::

sup(y,z)eB(0,p)xrR2. lt(g,r) 
-/'(g,z)l and the induction argument we prove that

l /*t @, z) - f  (u,r) l  < lg'(E, z)l"Yj, v j  >- 0'

AS a consequence the foilowing estimate is valid

| f* '@)il < i l t '(g,)i l(r+7+ .. +-yr- #*wt<ffwt.
Denote f  (A,4:  l im3*- f r (a ,4,E c  B(0,p)  e  Ro,  z :  (z t , , r )  e  IR '2" ,  the corresponding

continuous and bounded function f (A,z): B(o,p) * R" -t B(0,2p1) C IR'd. The above

given computations are restated as

Lemma 4.L. Consi,d,er the mappi,ng G(U;) : Rd x IR' ---+ R defined in (22) where the

uector f i ,e1d,sgl, e c3(lR"; lR"), k e {1, . . . ,d) fulf i . I l  (L9) and (27). Associ,atethe fol lowi'ng
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equatlons

d

(E) G(0; rr) : zz *lw?)ar,
k:r

f o r a - - ( y r , . . . , U a )  e  B ( 0 , p )  c R d ,  2 1 , 2 2 € R "  a n d f  e  B ( 0 , 2 p ) c R d , p r : Y p w h e r e p

uerifies (37).

Then there eni,sts a un'ique cont'inuous and bounded functi,on i : f (A, zt, zz) : B(0, p) x

lR.' x R' --+ B(0,2p1) sati,sfyi,ng (E) and

l l / (s) l l  :  sup l f  (a,"r ,rr) l  (  Ut t  {  2h, s € B(0, p).
zt,zz€R- 7

Proof. By hypothesis, the equations (E) of Lemma 4.1 coincide with the functional equa-

tions (36) for which a unique solution f (A, ,r, 
"r) 

: lim3-- f (A, ,t, z2) is constructed using

the Cauchy sequence {f,}i>o c ? described in (37). The proof is complete. n

The equation (28) is a particular case of the equation (E) in Lemma 4.1 and define

(38) i ( t r )  :  f  @(tr) ,  zr ,  zz),  a|r)  e B(0,  p) ,

(see V, ( p in (18)) and p is sufficiently small such that the inequality (31) are fulfiIled.

Using an induction argument we prove that (26) are solved and in this respect, assume

that Q(ti) : i(ti-) fulfils

(3e) G@ftt-);2) : tr(ti-;?), Y? € R',

where lt(t*) -0$r-)l < Tla(tr) - a(tk-)l for any 1 < k < i - 1, and i > zis fixed. It

implies that

(40) G(0(t,),2) : h(ti;2)

can be solved (see f(t3) :$(ti-) + Ai(ij)) and

(41) l^'(ti) l,: l\Qi) - i(ti-)t < fftn a(ti)|.

in this respect, rewrite (a0) as follows

(42)
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d

G@U),t): G(i(t)- i7i-; l ;h(t3-r; 2)) : h(tyr;4+D,se(h(t i-r;4)lar(t)- 's*(t i)J-
k:L

Now replace the equation @2) for the unknown t: t(t) -t(ti) and h(t7-r ;i) ::fr e lR"

by the following one

d

(43) G@;i) :i +l v*6)lur(t) - ur(ti)1, fr e R",
k :1

where LA(t) :: g(tj) - AQi) e B(0, p) C Ro. Using hypothesis (27) we construct the

unique solution of (a3)

(44) i :  f  (La(t j), i , i) ,

where the continuous and bounded function f (A, tr, z2) : B(O,p) * R" x IR' -* B(0,2p1) C

Rd is the unique solution of the functional equation (36) (see (E) of Lemma 4.1). Write

tU) :$(ti) + f (Ls(t),h(ti-t;2),h(t1-t;2)) and it satisfies the equation (40) and the

inequalities (a1). The above given computations for the reduced jumping system (20) will

be reviewed as

Theorem 4.1. Assume that the p'iecewi,se constant process {A$) : a(t) € Rd : t €

I t i , t i * r ) ,  j>0j  and, the uector f ie lds 9k € C3(R' ;R') ,  k e {1,  . . . ,d} ,  fu l f i 'Uthehgpothesi 's

(18), (1e) and (27).

Then there eri,sts a p'iecewi,se constant and bound,ed process {t(t) : 0Q) e Rd : t €

Iti,ti*), j 7 0,t(0)) such that the piecewi,se constant solut'ion of (20) {h(t,?) : h(ti,2) e

R' : t € ltj,tj+L), j 2 0,h(0,7) :7\ def"ned, i,n (21) can be written as follows,

d

h(t i ;2) : G (t(t, -) ; ?) + | o rt? tt(t i ) ;2))la r(t ) - a r(t )), i > 0,
k:1

(the gradi,ent representati,on i,n Defini,ti,on 1.2 of (cadJag) soluti,on (21) is uali,d by taki'ng

p(t) : y(t) and, f(t) : g(t), t ) 0) where G e C!(md ;Z) i's d,efined, i,n (22) and'

s , ^ ,  2 M , ,  , 2 M  6vs ; : \10 ( t ) - i ( t i - ) l  <  d  %<fn :2p t
j : I

(see (18) and (27)).
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Proof. (Sketch) By hypothesis, the conditions of the fixed point theorem proved in Lemma

4.1 are fulfilled. As a consequence, the equations

(45) G(o(t,-)tV) : h(t i-;?), j  > 0

fo r theunknownp iecewisecons tan tprocess  { t ( t ) :0 ( t )eB(0 ,pr ) : te l t1 , t i * r ) ,1>-Oy

will be solved using the induction argument (see (39) and (a0)) and the solution i :

f (A,rr,z2): B(O,p) x R" x lR'---+ B(0,2p) C Rd of the functional equation

d

(46) G(i ;  r r )  :  zz * \Sr(r)uk,  U :  (ar , .  .  .  ,Aa) e B(0,  p) ,  21,  22 €Rn
k:l

given in Lemma 4.1 such that

(47) l l / (s) l l  ' :  .  s1p-^ l f  (a,rr,zz)l  (  '#r,
(21,22)€R2n

Define t(ti) :!(ti) + Li(tj), where L|(ti):$(ti) -t(ti-) is given by

(48) Li( t i )  :  f  (La(t i ) ,h( t i - ;2) ,h( t i - ;2)) ,  j  > t

and it implies (40), (41) are satisfied for any j > 2. The proof is complete. n

Our goal is to show that, under the hypothesis (18), (19) and (27), the gradient repre-

sentation of the (cad-lag) solution in (1) is valid when Definition 4.2 (see equations (17)) is

used. The commuting property assumed in (19) lead us directiy to the foilowing equations

(4e)  \ re (a ; " ) : lg t (C@;" ) ) , . . . ,ga(G@;r ) ) l ,Ya  €  Rd,  z  €  IR ' ,

which allow to take the piecewise constant process p(t) € Rd verifying

( 5 0 )  p ( t ) : y ( t ) , t ) 0 ,

where  {a$) :g ( t j )eR.d : t  e  l t i , t i+ t ) , i> -0}  i sg iven in (1) .  I t reduces theunknownsof

the equations (17) and we must find a piecewise constant and bounded process

( 5 1 )  { t ( r ) : 0 Q )  e  B ( 0 , R )  e  l R d :  t  e  V i , t i * r ) , i  2 a ; g ( t ) : 0 , t  €  ( - r r , t r ) }

.),f



and a continuous process

(52 )  { i ( t , r ) :Z iG) : t  e l \ , t i * r ) , i  >  0 ,? (0 , r ) :  r  €  lR ' }

such that
d

(53) , i(t):G@$,-)t2i(tD+I sk(e(0(t j-);vi$i l) lur.(r i) - uk(t i-)1, te l t , , t1:t),
k:1

for  any j  >0,  where {z( t , r ) :  z i ( t ) : t  e l t i , t i+r) , i  >0} is the (cad- lag) solut ion (see

(3), (4) satisfying (1)). The pair (f(t),2(t)),t>0, of apiecewise constant process and a

continuous one fulfilling (53) are verified for any i > 0.

Step 1.  Asfar as t$) :0,  t  € (- t r , t r ) ,  ana G(O; z) :  z,using (5a) for  j  € {0,1},  wef ind.

(
| Zo(t) : ,o(t), t e [0, tr], a(tL) : zo(tr-)
I

(54) I d\  /  
| , ,(r) :  i( t)+ I gt ( (tr))an(tr), t  e l tr, tr).
(  r : r

Step 2. The fi.rst significant equation for unknown i(ti) e Rd in (53) appears f.or j :2,

$(tr-): f(tt), and using 2r(tr):/(tz-) (see ?1(t), t e [tt,t2) defined in (5a)), we write

for j :2 atd t : tz as foilows

d

(55) z2(t2) : G (0(t r) ; }r(tr)) + I g r(G (iQ ) ; 22(t2)))la k(tr) - s k(tz-)),
k:r

where (see (a) for j :2)

d

(b6) z2(t2) : h(tz-)+ t sk(zr(t2-))lar(tr) - ak(t2-)1.
k:1

Both equations (55) and (56) are fulfilled provided |ftr) e IRd is found such that

( ^
I c(f(t');2(tr)) : h(t2-) where (see (54) fort € lt',tr))
I

( 5 7 ) <  d  d\  /  
|  a(tz): i ( tz)+t gn(a(t))a*(t , ) :  ?r( tr)+I st(a(t))st( t) .
l. *:t k:1

One may notice that (57) are solved if we get the solution of the following equation

d

(5s) G(0; ,r) : 22 tl nQ)ur,(t,), y(t) € B(0, p) C Rd, 21, 22 e Rn ,
k :L

4 A,)+



for the unknown t€ Ra By hypothesis, the equation (5S) fulfils the conditions assumed

in Lemma 4.1 (see (E))  and let  f  :  f  (A,4,zz):  B(0,p) *  R" x lR'--  Rd the unique

continuous and bounded solution for (58) such that

(  ^ '  '  h / ^ ^  r  m r r  -  M

I  f  @,4, zz) € B(0, 2p) c lR',  vg € B(0, p),  4,22 € IRn, or:  
' f  

o,
(5e) 1 ,n,

I  l l / (u)l l  ' :  sup l f  (a,rr,rr) l  (  ' f lul ,  
u e B(o,p) c Ro.

( zr,zz €lRn

Using (59), define the solution for (57) by

(60) fi(t1) :: f (a(tr),Vr(tr),ir(tr)) € B(0,2p1) c )Rd

which satisfies lf(tr)l < #ly(t1)l for s(t1) € B(0,p).

Step 3. With f(tt) e B(0,2p1) c lRd found in (60) and solving the equations (57) we

return to the main equation (53), for 7 - 2, and frnd {?r(t) :t elt2,tr),?r(tr):/(tz-)}

as a continuous process fulfilling (53) for j :2, t.e.

t e ltr,tr)
(61)

Itz,ts),

where cer,.): [G@;.)]-1 and z2(t) ::  ,r(t)_Ll:rst (G(0(tr);?r(tr))) lsn(tr)_an(tr_)],

for t € ltr,tt) are used.

Step 4. We are in position to stipulate what is necessary for getting (53) proved, using

an induction argument. A verification of (53) for j : 2 was done into Step 2 and for

some j > 2 the algorithm requires as known the following items: a continuous process

{V(t,r):Zn(t) : t  € l tn,t*t),0 < k ( 7} and a piecewise constant process {i(t) :  t(t*) t

t e lte,fr+r), 0 < k ( f - 1) fulfilling

).4/t
( 6 2 )  l A 0 ( r * ) l  <  d  l A s ( t , , ) l , o < k < j - 1 ,

where Ao(tp) ::u(tk) -u(tk-), such that (53) are vaiid for t eltp,fr+i), 1( k ( f.

In particular, the following equations are fulfilled

(63) G(0ft*-);?n-{t.)) : zr,-t(tn-), 0 < k ( 3.
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Assuming (62) and (63), we must find Li(t) :: t(t) - $(ti-) and a continuous process

{?i *r(t) : t € lt i ay t i +r), 7i +{t i +) : Vi (t i +r)} such that

2.M(64) In'(ri)l < u las(ti)1,

and

(65) G(0(ti);7i(t i*)) - zj(t i+t-), see $(ti):0(rr*,-))

Using the equality 0(ti+r) :0(t) : i(ti-) + Li(tj) found in (65), define {Vi,aft) : t e

Iti+r,ti*)\ as the solution of the following equation

d

(66) zi+t(t):G(i(tt);?i*r(t))+t gr(G(0u);vi(t i+))) lar(t i*r)_ ar(t i*r-)1,
k :1

for any t €ltj+I,ti+r), (see (53) for j * 1). We restate the above given remarks as

Lemma 4.2. Let the pi,ecewise constant process {y(t): y(t) , t e lti,ti+r), j 2 0} and,

the aector f ields {gugz,...,ga} c cfr(R";1R') are gi,uen such that (1s), (19) and, (zT) are

ful f i l led.  Consi ,derthep, iecewise constantprocess{ i ( t ) : iUr) , t  e l t r , t*+r) ,0 < k < j -1}

andthe  cont i ,nuous  process  {? ( t , r ) : in ( t ) : t  e  f tp , tn+ t ) ,0  <  k  {  j )  a re  cons t ruc ted ,

such that they sati,sfE (53), (62) and (63). r'hen there erist!(t) : i(ti+r-) e Rd szch

thatthe equat'ions $\ and (65) are satisfied (seelLg(t)l < p) and,the cont,inuous process

{?i*t(t) : t € ltial,ti+)} defi,ned 'in the formula (GG) whi,ch fulfits ?i*r!i*) : ?i(ti+).

In addition, the solution giuen in (65) and (66) agrees wi,th the bas'ic equati,ons (53)

written for t € lti*1,ti*2), and

, A/t
(67) l\|(t)l < d lLuQ)|, fo, ans j ) r,

whi,ch lead us to the conclusi,onVg:: tp, l\|(ti)l { YVo < Tp

Proof. Using the group property of G(g;.), g e Rd we get

/ ^ ^ \  A r ^ r .  t  t(68) G($(ti); z) : GlLg(t); G(g(ti-); r)), vz € R'.
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On the other hand, using (53), we obtain, for t € ltS,tiat),

d,

(6e) r i$i+r) : G(t$i);?ift i*))+ t gr(c@(ti-); 4(t i)))Ayx(t).
&:1

In order to solve (65), we use (68) and (69) and rewrite (65) as

d

(70) G(t(tt)tvz) : r, +>,sk(?)Lst (t),
k:1

where ?2::  G@(tt-) ;2 i ( t i+))  and ?1,:  G(t( t i ) ; r i \ ) ) '

By hypothesis, the functional equations (70) fulfill the conditions of Lemma 4.1 (see

(E)) and let f : f (A, rr, z2) : B(O,p) 
" 

R' x lR' ---r B(0,2p1) be the unique continuous and

bounded solution of (E), i.e'

d

(71) G(0, 
"r)  

:  zz * lor})uk, Vzt,  z2 € IRn, A € B(0,p) c R'.
le:I

Define L?,l) p 7(LEftj),2t,22) and Lu(ti) :: a(t) - a(ti-) € B(0, p)' In addition,

(72) lAg(ri)l ( l l /(ay(ti) l l  : 
,,r,rpu *lf (La(ti),vr,2r)l * '+lAE(tr)l

and (64) is verified.

Define a continuous process {ri*r&);t e lti",1,ti*)) such that (66) is satisfied' For

t : ti+r we get

d

, i+r(ti+) :-- zi(t ia1-) + t gn(zi(t i+t-))[g*(ti*r) - an(ti+r-)1

(73) 
:G(i | ,) ,r ,- i-r . i  sn(zi(t i+t-))[s*(rr* ')  -ax(t i+r-)] .

,k:1

Therefore, ,i(ti+r-) : C(g(tr)tti*r(ti*) holds and this combined with (65) gives

2i|i*) : ?ia1(tia). n

s t e p 5 ' T h e c o n t i n u o u s p r o c e s s { ? ( t , r ) : ? i ( t ) : t e [ t i ' t i * ' ) ' i > a ) w a s c o n s t r u c t e d

such that the equations (53) are fulfilied, for any i ) 0, where $(ti-) : $(ti-r), j l I, ts

known and {z(t, r) : zift) : t e lti,tr+r), i > 0} is the (cad-lag) solution of the SDE (1)'
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Using (63) for k: j andti(ti) : fi-r(t) we rewrite (53) as

d.

(74) zi(t): G(g(t i);vj(t) +l,or(r i-r(t i-Dla*&) - ar(t i-)1, t e Vi,t i*)
/c:1

Set

(75) zj(t): zi(t) - b(Ls(t), ri-r(t i-D, t € lt i ,t j+'),

where b(g,r):: Df:r gn(")un, u : (at,az,...,ua), z € R."' Using the inverse mapping

[d(y;.)]-t : Gevr.) and the formula (75), we rewrite (74) as follows

(76) 21Q): G1-g1t'-r);zi$D, t e lt i ,fr+,),

vrhere {zi(t) : t e lti,ri+t) } is a continuous process fulfilling the following system of SDEs

(see equation (4) for zi(t))

( 7 7 ,  

{

(78)

drz i (t) : f o(z i + b (Ly (t i), z j 1(t j -)) ; 11,(t )) dt

3
+ L f /zi + b(Ls(t), zi-{4-)); 1t(ti))dwi(t), t e lti ,ti ',1),

; - t

zi(t i)  :  zi_t(t i-).

Applying the standard rule of stochastic derivation for the test functi on g(A, ,) : G?A, t),

g€Rd,z€1R' ,andthecont inuousprocess  { (a ( t ) ,z j ( t ) ) :? i ( t i_ l ) ,z i ( t ) ) : te  l t i , t i+ t ) } ,

we get the corresponding SDE fulfilled by {ri@ : t e lti,ti+r)}

t  €  V i , t j + t ) ,

Here t (t, r) :: (|fti), ),(t), z(t,r)) e IRd x A xIR" agrees with the given piecewise constant

process {)(t) : .\(t3) : t elt j,fr+t)} given in (1).

In addition, the vector fields hr(Vi;I3(t, r)) € R', 4 e IR", i : 0, 1, . . ., rrl, ateobtained

by a direct inspection of the applied stochastic rule, when the system (77) is used. We
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(7e)

thus

hr(ti ;i, 1t, r11 : a,e et (t i - ) ; z i @) f uG @Q i ) ; 2 i)

+b(Ls ( t ) , r i _ r ( t i - ) ) ; t ( t ) ) , 1  (  e  (  rn ,

t  r ^  ?  t ,  \ \  ^  
^

ho(zi; ),i(t, r)) :A"Gei(t1); zj(t)) f 0(G(f(ti);7i)

+ b(Ls(tt), zji(tj-)); tt(t)) + he(r3(r, r)).
t  d \  .

,. . . ,ht) is obtained as

i <e e' t-.s g i - ) ; z i g\ f a(z 1 $) ; rrft )), f o(" i ft) ; rt (t ))1,
; - 1

f o r  7  e { 1 , .  . . , n }  a n d  G  :  ( G t , .  . . , C ^ ) .

Theorem 4.2. Cons'ider the SDE (I) where the aector fields {fu(t; tt(t)) , z € IR', t > 0},

t  :  L , . . . ,n 'L  fu l f i , l l  the  hEpothes is  (2 )  and the  uec tor  f ie lds  {g r ( r ) :  z  €  R. ' } ,  k :1 , . . . ,d ,

sati,sfs (18), (19) and (27), whereVy:: tp, l\U(t)l ( p and p is a sufficient smalt

posi,ti,ue constant such that (3I) are sati,sfied,.(see Lemma (+.t)).

Then there erists a p'iecew'ise constant process {t(t) : t(t) , t e ltr,ri*r)} such that

$(ti) b ft,*,-trl€asurable and a cont'inuous process {2(t, r) : ?i (t) : t e lti , rin, )} such that

the (cad-lag) solution of SDEs has the gradi,ent representati,on
d

(81) z(t,r) :  G(0T,_r); i(t ,u)) + \srtG{t(r,_r); t(t i ;r)) lu*(t) - ak(t j-)1,
&:1

for any t e ltt,ti+t), j )- A,
oo  ,A r  *  ,A / t

rR2\ v-': \- tnA(r') l < + )- lnr(t ') l: !!V, <\ " " /  ' A ' -  
L l ^ "  \ - J , / r  \  

5  /  ,  r -  -  . .  O  -
i - l  . i - 1

In addi,ti,on, {2(t,r)) fulfil the SDE (78), for ana j >

t  e  [0 , t1 ) .

Proof. One may easily see that (81) stands for the gradient representation associated with

the cad-lag solution {z(t,n)} of system (t). BV hypothesis, the conditions of Lemma 4.2

stand in force and one may recognize that the conclusions (81) and (82) are obtained via

this lemma. The last statement of the theorem describes the dynamical system satisfied

by each component {Zi(t,r)} of the continuous process {?(t, z)}. n

i',
I

t

get

lL6

ii

Here

(80)

- \

2M
5 0 .

I andis(t1 :  ?(t ,r)  :  zs(t) ,  for
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