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Open discrete mappings having local AC L" inverses

Mihai Cristea*

Abstract. We consider open) discrete mappings between domains from R* satisfying condition

(N), having local ACL' inverses on D\By, so that p, ,(81):0,H.( ' ' " f )  < oo on 81 and Kr(f)  €

t!",|1n1 por tnis class of mappings (or even for larger classes of open, discrete mappings) we generalize

thl"important modular inequality of Poleckii. Using also the modular estimates of the spherical rings

from [S], we continue the work from [5] of genera]izing some basic facts from the theory of quasiregular

*uppirrgr. We give equicontinuity results, Picard, Montel and Liouville type theorems, estimates of the

rnodulus of continuity, analogues of Schwarz's lemma, eliminability results and boundary extensions

theorems, Together with the multiple extensions of Zoric's theorem from [5], we estab]ish strong

generalizations of one of the most important theorems from the theory of quasiregular mappings' We

also extend similar results given in some recent classes of functions larger than the class of quasiregular

functions, as the class of Lappings of finite distortion and satisfying conditio.t ("4), or the class of

mappings of finite dilatation with dilatation in the BMO class'

AMS 2000 Classi,ficati'on NO: 30C65.

Keyword,s: Mappings of fini,te d,istortion, Poleck'ii's rnodular inequality, equ'icont'inu'itg results,

boundary extension results.

1. Introduction

Throughout this paper we shall work with domains D from Rl and mappings f : D ---+ R!

and we denote av ai - 
{, e Dll is not a local homeomorphism in r}' such a map is said to

be of finite distortion (diatation) if / e w,l;)(n,R") (/ e W!YQ:R')),- lr 
e ri""(D)' and

there exist s K : D -* [0, oo] measurable and finite a'e' so that l/'(r)1" < K(r)J1 (r) a et i1-f

I f K e L o , " . ( D ) f o r s o m e p > n - l , w e s e e f r o m f r o ]  t t r a t / i s o p e n , d i s c r e t e a n d i f K e L * ( D ) ,

then we obtain the known class of quasiregular mappings. It f : D -* R' is a'e' differentiable

with Jy(r) l0 a.e. we define the outer dilatation /{0(/), the inner dilatation Kr(f) and the

diratation r((/) bv Ko(il(d: H#,Kr(/)( ') 
: ##, *,\:!:4#,,^ror r € D so that

Jr@) *0. Here, we put lAl : tJprnr:t lA(h)1, J(A) :1n1'nr:r lA(h)1.'i.A t f(R''n1'
If f : D ---+ R' is of finite dilatation'and there exists Q e BMO(D) so that mar{Kt(f)("),

l(.(/i(")) s Q(r) a.e. in D, we say as in [19] lhat / is a Q-map- If f : D --+ R' is of finite

distortion and there exists -4 : [0, oo) - lb, *) smooth, strictly increasing, with "4(0) 
: 0'

Iimt*"o A(t1 : oo, exp(,A " 
fo(/)) e L!,.(D), Ii *at: @, and there exists to ) 0 so that

the function t ---+ t 4'(t)'incr"*"r'io infinity for f > ti, we say as in [14] that / is amap of finite

distortion and satisfying condition "4.
Two modular inequatities are important tools in the weli known theory of quasiregular

mappings:

iul lZtf tr)) < Mx,u1(f) for every path famill f fto* D (Poleckii's inequalitv)'

io l  , *u,"_, iap(J, ' , )1, 'c87*,n i , (n1*,R)\B(r , ' ) ) ) ) -0whenr---+0andR>0iskept
fixed if r € D and B(r, R) c D.

Here, if I. is a path family in D we define F(f) : {p,R" - [0,oo] Boreimtpt 
16 

p.dsll

f o reve ry f€ f l oca l l y rec t i f i ab le land i fp )0andw:D- [0 ,oo ]  i smeasurab leand f i n i t ea 'e ' '

*'l*Lt \RSeareL is s*pprtf'f- Lg ceirx ?w*l"'^ Ta"{* * z- CEex*lo/'L't'c}'e



we put Mfl(T): infp6r(r) [^^f(")r(r)dr. I f  p: r, ,  we put M](f) :  M,(l),  and for u):I,
we obtain the usual modului M(f).If f1,f2 are path families in R", we say that f1 > f2 if
every path from 11 has a subpath in f2,andas in the classical case, we prove that if f1 ) f2,

then M",(ft) < M-(fr). Also, M,(yrfr) < 
_E, 

M,(To) and if u1 I u2, then M,,(f) S M,,(l).

We say that E : (A,C) is a condenser If C C A C R", with C compact and A open, and
we define caf,E : infJ lvule(r)o(r)dr, the c..r-capacity of .8, where u € Cf(A) and u ) 1

o n C a n d  p >  I .  I f . p : n , w e s e t c a p . E :  c a f t " ( E )  a n d i f  P : n  a n d a ; :  l  w e o b t a i n
the usual capacity capE. If u is a test function for cafiE, then p: lVu| € F(fE), hence
M ! , ( l n ) t c a f l ( E ) .  H e r e ,  i f  g : [ 0 , 1 )  - + R ' i s a p a t h a n d r  €  R " ' ,  w e s a y t h a t z i s  a l i m i t
point of q if there exists to --+ I so that q(tp) -- r and tf. E : (A,C) is a condenser, we set
fe : {t : [0, 1) --+ -4 path l.y(0) e C and'y has a limit point in 0A]. We see from Prop. 10.2,
page 54 in [23] that capE : M(te) for every condenser E : (A,C). ff C cR is compact, we
say that capC :0 if. cap(A,C) : 0 for some open set C c A C R', and from Lemma 2.2, page

64 in 124], we see that the definition is independent on the open set A so that C C A C R'.
I f  C  c  R ' i s  a rb i t ra ry ,  wesay  tha tcapC:0 i f  capK :0 fo reve ryK  C  C  compac t .  I f
u: D --- [0,oo] is measurable and finite a.e. and AC D, we say that A is of zero a,'-modulus
(we write M,(A): 0) if the c..r-modulus of all path having some limit points in A is zero. If.
u ) I ,  then M(l) < M"(l),  hence, rt M,(A): 0, then capA:0.

The modular inequalities (a) and (b) are first systematically used in [19], [20], 125], [26],
l27l for Q-homeomorphisms, but in a non explicit form. In [10], [25], [26] are considered some
classes of non-injective Q-mappings for which the modular inequality (a) holds (the so cailed
FLD - mappings), basically open, discrete mappings ,f : D --- R' and path families f from D
so that m1(Iman Bf): 0 for a,e. paths 0 : f  oa with a € I-

The methods and the techniques of the modular inequalities (a) and (b) were also later
considered in [12], [13], [14], [3], [4] for mappings of finite distortion and satisfying condition
("4), and in [1a] is shown that (a) and (b) hold in this class of mappings.

The basic result from this paper is Theorem 3. We show that if f : D --- R' is continuous,
open, discrete so that there exists K c D ciosed in D so that pl"(K) : 0 and

(ot) tt"(B):0, / satisfies condition (,n/) and has local ACL" inverses on D\ (KU Bf).
("r) K,(f) e Lrt""(D).
(a3) There exists E c K U81 sothat /(E) is of a- finite ("- 1) - dimensional measure,

F c KU By so that rn1(.F) : 0 and for every r € (KU Br) \ (Bu F) there exists o, ) 0,

H* ) }so that lims;rp ffi I H*.

Then / satisfies the modular inequality of Poleckii (a) for every path family f from D.
Here we say that / satisfies condition (l/) if p"(f (A)): 0 for every A C D with F.(A) :0

(we denote by pn the Lebesgue mea,sure in R'). We say that / is open if /(A) is open for
every Q C D open, we say that / is discrete if /-t(g) is empty or discrete, and we say that /
is light if for every r € D and every V e V(r) there exists [/ e V(r) so lhatUsubsetV and
AU n f 

-r(f(")) : O. If f is continuous) open, discrete, then di,mBf < n-2, di.mf (87) < n-2
and let U(",f ,r) be the component of f-'(B(f("),r)) containing r. Then, for every r € D,
thereexis tsr"  )  0sothat  f lU(r , f  , r ) :U(r , , f  , r )  -  B( f  ( " ) , r )  l i f ts thepaths,  f  (0U(r , , f , " ) )  -

,9( / ( " ) , r )  and d( f  , tJ ( r , f  , r ) , f ( " ) ) : i ( f , r ) .  Weusedherethenotat ionsandthenot ionsf rom
the topological degree theory from the book of Lloyd [15]. Also, lf U C D is a domain so that
V : f (U), 0V : f @U) (such a domain is called a normal domain), m: d(f ,U,V), the map



fv : V -* R' defined bV fv(fi: 
,.rI,(r)^ u# 

for g € V is called a quasiinverse of /, and

we know from [24] that fy is continuous on I/.
If. E,F are Hansdorffspaces, f : E --. F is a map, we say that / Iifts the paths if for every

p a t h p : [ 0 , 1 ]  - - - F a n d e v e r y r € E s o t h a t p ( 0 ) : / ( r ) , t h e r e e x i s t s a p a t h q : [ 0 , 1 ]  - - - E s o

t h a t q ( 0 )  : r a n d  f  o q : p .  I f p , [ 0 , 1 ]  - - - + l r i s a p a t h ,  r € E  i s s o t h a t  f ( r ) : p ( 0 ) ' 0  < a { I ,

w e s a y t h a t t h e p a t h q : [ 0 , o ) - - + E i s a m a x i m a l l i f t i n g o f p f r o m r b y t h e m a p , f , i f q ( 0 )  :

r, f o q : pl[O, o) and q is maximal with this property'

We say that / : E -F locally lifts the paths if for every r e E,there exits U eV(r),V e

V(/ ( " ) )  sothat  f lu :U - -+ T l i fbsthepaths.  I f . f  :  D C R"-- -R ' iscont inuous,  open and

l i g h t . t h e n / i o c a l l y l i f b s t h e p a t h s a n d f o r s u c h a m a p , i f 0 ' 1 0 , 1 ]  - - + R ' i s a m a p a n d r e D

is so that f (r): B(0), we can always find a maximal lifting of p starting from r.

If  A C", pr,t > 0, we set  ̂ '"(A): inf Dd(Ao)',  where the infmum is taken over ai l
i':l

cover ingsAC el  A;  sothat d(A;)  ( t  for  everyi  €N andweput  ̂ ; (A): l t13mi,A)-  Then
; - 1

rni is an outer measure on R" and we obtain the class of p - Hansdorff measurable sets, which

coiitains all Borel sets from R'. Wesay that aset A c R'" is of o - finitep- dimensional
co

mea,sure tf. A: [J Aa and mi(A) < oo for every ? € N'
i : I

We see from Prop. 1 in [S] tnat condition (a1) implies that / is a.e. differentiable and

Jf@) * 0 a.e. in D. An important condition which ensures that a continuous) open) discrete

, .nup 'hus ACL' inverses on b181 is  that  7  eW|;1n \Br ,R")  and Ks( / )  €  LT; t (p \Bl )

(see Theorem 6.1 in l8]).
We denote by L*-(r,f ,r) 

,.Jrrllr,,,lv 
- *l', l(',f ,") : ,.ufri,r,nl, 

- rl and we define

the inverse l inear dilatation of / in rby H*(n,f): l imsouP ?H*. If V": pr",(B'), then

limsup #m. #H.(r,/) for every n € D. Here B' : {r € R'l l" l < 1} and 5n : {t €
_  . ^  

-  
l a n \ v  \ & t J t '  ) l

R'l l r l  :  r ) .
We conjecture that condition (a) (the modular inequality of Poteckii) holds only if conditions

(o1) and (a2) are satisfied. However, condition (o3), with K: d, can hold in some important

cases:
3.i) /(BJ) is of (n - 1) - dimensional measure'

3.2) m1(Br) : O.
3.3) l1-(r, /) < - on B7'
if / is quasiregular, then / is either constant, or open, discrete and -I1*(r,/) is locallSr

boundld in D (see Theorem 4.4, page 37 in [24] or [18]), hence our class of mappings extends

the known class of quasireguiar mappings. We also see from Theorem 3 in [6] that a noncon-

stant map / is quasiregular if and only if is open, discrete and there exist a, P > 0 so that

ttTjo"o ffi## < P for everv r € D'
' 

ti t is a e-map or a map of finite distortion and satisfying condition ("4), then / satisfies

conditions (a1) and (a2) (in fact Kr(/) e LT,.(D) for every p > 0). It resuits that at least in

the class of open, discrete mappings satisfying conditions (ot), (or), (o3), we can strictly extend

the similar results established in the class of Q-mappings or in the class of mappings of finite

distortion, and satisfying condition ("4). An exarnple showing that our extension is sharp even

in the class of homeomorphisms was given ini [5]. Since our c]ass of mappings is a large enough



class of continuous) open, discrete mappings satisfying condition (a1) and (42), it results that

many of the assumptions from the theory of Q - maps, or from the theory of mappings of finite

distortion and satisfying condition (.4) are redundant in order to extend some basic properties

of quasiregular mappings. The classes of Q mappings and of mappings of finite distortion and

satisfying condition ("4) were intensiv_ely studied in the last 10 years.

We denote for E,]7 subsets from D by A(E, F, D) : {r , [0, IJ -- D path l7(0) e 8,1(1) e
F), and we set for r € D and 0 < r { a |, , , ,o,p : A(B(r, r) n D,CB-(r,a) n D,(B(r 'o) \
B ( r , r ) ) n D ) a n d i f D i s u n b o u n d e d a n d 0 < r < s w e s e t f - , ' , " , D : A ( B ( 0 , r ) n D , C B ( O , s ) n
D,(B(0,s)\ B(0, r)) n D). We see from Lemma 7 that If Kilf) e Lt""(D), then M11,11(r) : 0
if and only if 

|g(f",,,",o:0 
for r e D and o > 0 kept fixed. We also see from Lemma 10 that

Mx,O(*):0 i f  and only i f  gg Mx,U)(T*,r,s,D):0 for tr:  oo and r > 0 kept f ixed' We

shall use a more general form of (b), namely we say that / satisfies condition (.) io a point

r € D i f
(4 

l t$ 
Mx,U)(1,,, ,o,o):0 i f  r € D,0 < r < a and a is kept f ixed'

"\gM"rtfl(l-,',",o) 
: 0 if ,t : oo' 0 < r < s and r > 0 is kept fixed'

The condition (c) in r : oo (i.e. the condition M6,61(oo) : 0) was systematically used

in [5] for proving Zoric's type theorems and eliminability results. We see from Lemma 2 and

Lemma 3 in [5] that condition (c) in oo holds if
(".) D is unbounded and there exists 0 ( c <n- 1 so that

Iimsup(r'l(tnr)') t 
*',\{)!') 

o3l < oo
r*o 

cBtJ;,lno 
lal'"

(...) D is unbounded and there exists 0 ( a <n- l so that

I imsup t  ryU)?)ar<oo.
' *o^ ' to ' / 'norn\ Inr )e

Theorem 2 in [5] shows that condition (c) holds in some point r € D C R' if one of the

following conditions holds:
(c1) There exists a ) 0 and an Orlicz map -4 so that I exp(.  o K1(f))dz < oo for

B(r,r)nD

0 < r 1 a .
( c2 )  The reex i s t so  )  0 ,0  (  a  <n -  l  and  M >  0  so tha t  t  K1 ( f ) ( z )dz  <  M '

B(r,r)nD

t "(B(r,r))(ln(f ))" for every 0 < r < a.
(.r) r, ) 3 and there exists o > 0,M > 0,0 { a < n- 2 and Q e Lr(D lB(r,a)) with

Kru) ! Q and fB@,,)nplQQ) - Qn6,,poldz < M(Ini)" for every 0 < r ( a, where r e D is

ap-point  in D, wi th p:  (0, f )  *  (0,oo) decreasingandso that t r : f - f f i .  oo'
,h:L

( "n)n:2 and there ex is ts  I  €  Lr (D^B(r ,a) )  wi th  K7( / )  Sq a\d M > 0 so that

f  IQQ)-Qn6,4noldz{  M forevery0 <r  <4,  and r  is  tp-point  o f  D,  wi th  V-c.
B(r,r)nD

If / e Lt(A) for every bounded set ,4 C D, we set " t' r(r\dz
fe : |trffi 

and we write /a :

f f (r)dr. We say as in [9] and [10] that / is of finite mean oscillation in a point r € D tf.



limsup f lf (") - fa6,4nnldz ( @, and we say that / is of bounded mean oscillation
r*o B@,r)nD

(we write f e BMO(D)), if there exists M > 0 so that f V@ - fBld" { NI for every ball

B cc D. If  r € D,o ) 0, and g, (0,f) * (0,oo) is a map, we say that r is a cp-point of
D if p,-(B(r,er) n D) < p(r)p"(B(r,r) nD) for every 0 < r < t. It p(t) : c for t > 0 small
enough, we say as in [10] that D satisfies a doubling condition in z. If r € IntD, then z is a
p-point of D, with g : en.

We remark that if E c D is at most countable and in each point of E is satisfied the
condition Mx,ol@) : 0 (and this happens if one of the conditions ("r), ("r), (ca), (ca), (c.),
(c.*) holds in r), then M6,6)(E) : 0, and this thing can be elementary proved. We shali need
the condition"M6rlll(E) :0" for some "singular" sets E C D in some theorems from this
paper.

We could have used the method from [5] and [22] to extend the definition of continuous,
open, discrete mappings satisfying conditions (ot), (or), (a3) to R' valued mappings. This
meansthatsuch amap f : D --, R'wouldhavethepropertythat for every r e D would have
existed U eV(r) and aMobius map g:R'--* R" so that g.(/ lU) :(J - R" would havebeen
continuous, open, discrete and satisfying conditions (a1), (or), (or) and also the set /-t(o")
would have been closed and discrete in D. We prefer not to impose any condition around the
points r € D so that tyt,f  @): oo. A motivation is that i f  f0: {r, [0,1) --+ D path 17 has

some limit point in /-t(*)), then M(f (fo)) : 0, and (o) holds for every path family f from
D if and onlyif  i t  holdsfor every pathfamily f in D so that f nf0: @. In fact, i f  E c D
is so that capf (E): 0 and | : h : [0,1) --+ D path lf h* some limit point in E] then
M(/(f)) : 0 and (a) hol{s for every path family in D if and only if it holds for every path
family f in D so that lO f : d.

I f  D c  R' isadomain,  weshal lsaythat  amap f  t  D - -R"  iscont inuous,  open,  ( l ight )
discrete i f  there exists aclosed, discrete set M C D so that / lD\,M , , \  M -+ R'is
continuous, open, (light) discrete and lim f(A) : co for every r € M. If we consider the

chordal metric on R', we see immediately that f , D -- R" is continuous) open) (light)
discrete and the construction is similar to the extension of the class of analytic functions to the
class of meromorphic functions. It results that If f : D -r R' is continuous, open) discrete and
satisfies conditions (ot), (or), (o3) on D \ /-t(*), then M(f (f)) < M*,O(t) for every path
family f in D, i.e. "f satisfies condition (a) on D.

If D c R" is a domain, /lD \ {r} : D \ {r} - R" is continuous, open, (tight) discrete
we say that r is an essential singularity of / if the limit lim /(g) does not exists in R'. We

shall say that a closed set "E C D with p.(E): 0 is eliminable for a continuous, open, discrete
mapping f  ,  D \E *  R 'sat is fy ingcondi t ions (a1) ,  (gr ) ,  (or )  on D\(gul - t ( * ) )  i f  there
exists a continuous, open, discrete mapping F : D -- R' satisfying conditions (o1), (o2), (a3)

on D \  F- ' ( * ) .
We continue in this paper the work from [5], where we proved (a) for local homeomorphisms

f : D -- R" satisfying conditio" (l/) and having local ACL" inverses (the case By: Q,K: d
in conditions (o1) and (o3)) and we gave multiple extensions to the known theorem of Zoric from

the theory of quasiregular mappings. In the light of our new improvements of the hypothesis

for which the modular inequality of Poleckii (o) holds, v/e see that the theorems from [5]
concerning the extensions given to Zoric's theorem, or ragarding the eliminability of the sets

of null Ky(/)-modulus for local homeomorphisms) can hold now for some larger classes of



local homeomorphisms f , D C R' -- R' satisfying condition (l/). Indeed, we can have a
' 'S ingu la r ' '  c losedset  KC Dwi th  p , " (K) :0so tha t  /  has loca lACL" inverseson lyon, \ / (

and so that condition (a3) holds for the set K and Bf : d. Also, we don't need in the points

r e  / - l ( o o ) t h e e x i s t e n c e o f  a n e i g h b o r h o o d [ /  e V ( r )  a n d o f  a M o b i u s m a p g : R ' - - . ' R ' s o

that g 
" 

(/lU) : (J --+ R' is a local homeomorphisms having local ACL' inverses.

Wu gi* now in the class of continuous, open, discrete mappings f : D -- R' satisfying con-

ditions (or), (or), (a3) on r\/-t(*), equicontinuity results, Picard, Montel and Liouville type

theorems, analogous of Schwarz's lemma, estimates of the modulus of continuity, eliminability

results, boundary exbension results.
We shall, in fact, enounce the results for continuous, open, light, mappings / : D -- R'

for which conditions (a) (and sometimes (c)) hold. Also, in Theorem L4,17 and 18, we shall

need the condition Mx,<n(l) : Mx,6(l') (which is satisfied It nff) e LI."(D)), and we

shall presume that / is a.e. differentiable with Jt@) * 0 a.e. in D, in order to define the inner

dilatation Kilil a.e. in D, even if this dilatation can be defined for mappings tromW|)(D, R')

with the distributional jacobian Jr@) *) a.e. in D.

Here, if f is a path family in D, we denote by f' : {f e f lf is rectifiable }.
We shall have in mind that ali these theorems are given for continuous, open, discrete

mappings f , D -- R' satisfying conditions (or), (or), (a3) on D \ /-t(co), if / satisfies

condition (o) on D and that one of the conditions ("r), (tr), ("t), ("n) or (c*), (c..) holds in

some points b from D where the condition M1a,61(b) : 0 is satisfied'

2. Preliminaries

We denote by W,f (D, R') the Sobolev space of ali functions f : D ---+ R' which are

locally in -LP together with their first order derivatives. We say that / is ACL if for every

cube Q C D with the sides parallel to coordinate axes and every face ̂ 9 of Q, it results that

f lP; ' (y) nQ: P; l(a)nQ --+ R' is absolutely cont inuous for a.e. U € S, where Ps: R'---+ S

is the projection on ,9. An ACL map has a.e. partial derivatives and if p > 0, we say that /
is ACLp if the partial derivatives are locally on U. We see from Prop 1.2, page 6 in [24] that

1 f p >  l a n d  f  e  C ( D , R ' ) , t h e n / i s A C L p i f  a n d o n l y i f  f  e W { " ( D , R ' ) .  I f  A c D a n d

9 € R',  we put N(y, f ,A) :  Cardf- t(y) n-4 and l / ( / ,A) :  
iH" 

N(y,f ,A)- I f  E c R" and

r " t r € R ' , w e s e t  M ( E , w ) : { z  € R ' l  t h e r e e x i s t s  y e  E  a n d t ) 0 s o t h a t  z : r L ) + t ( y - u ) } .

If a : [a, b] ---+ R" is a rectifiable path, we denote by so : [a, b] --+ [0, l(a)] its length function,

and if a0 is the normal representation of a (see [30], page 5), we have a : do o sa. If / is

c o n t i n u o u s a n d l i g h t , a : l a , b l * D i s a p a t h a n d B : f o a i s r e c t i f i a b l e , w e d e f i n e t h e p a t h
a* : a o sp and the definition is correct due to the lightness of /. We also have B0 - f o ,*,
( a * ) o  :  a " '

I f .b e 0D, we set C(f ,b): {tr € R'l  there exists b, e D,bo#b,b, -+ b so that f (b) ---> u}
and for B c 0D, we put C(f ,b): 

P"tff ,U).
I f  K  c D  a n d  b e K ' , w e d e f i n e  F : D  - - 2 ( R ' )  b y f ( r ) :  f ( r )  i f  r €  D , F ( r ) : C ( f , r )

if r € 0D, and rf (U*)*..y,r is a fundamental system of neighborhoods of b so that [/-*1 C U,n

for every m € N,we put C(f,b,*) :  
f lrF(U*n 

(/(\  {b})).

If D C R" is a domain and b e 0D, we say that D is locally connected in b if there exists
U, a, furtdamental system of neighborhoods of b so that U o D is connected for every U e U.
Foliowing [30], page 54, we say that D has property P2 in b if for every h f b, b1 € 0D, there
existsd > 0 and F C D compactsothat M(L(E,F,D)) > d for every E C D connectedso



t h a t  b  e  E , b t  €  E .  I f  b e  0 D , 7 :  [ 0 , \ - - +  D  i s a p a t h , i g i r ( t )  : b a n d t u  e  R ' i s s o t h a t
, : 

ItS f 0(t)), we saythat tu is an asymptotic value of / in b, and we set A(f ,b): {,u.r € R"l-
is an asymptotic value of / in b).

wedeno tebvs thechorda lme t r i c i "F 'g i venby  q (o ,b ) :  l a -b l (1  +  l o l r ) -L ( r+ lb l r ) - *
r f a l b , a , b € R ' , q ( a , o o ) : ( 1  + l o l r ) - * i f a € R . , w h e r e l " _ b l i s ' t h e ' e u c l i d i a n d i s t a n c e
between a and b if a,b e R'. We denote by Bn(r,r) (So@,r)) the ball of center r and radius r
(the-sphere of center u and radius r) for r e R'and 

" 
> O and we consider the chordal metric

on R'. rf A c R', we consider q(A) the diameter of ,4 in the chordal metric.
H X is a separable metric space and A : (Au)oq is a collection of sets, we define lim sup A; :

{r e Xl every neighborhood of z contains points from infinitely many sets Aa} and lim inf Ai :
{t e Xl every neighborhood of r contains points of all but a finite number of sets Ao). lt
lim inf At : lim sup At : A, \I/e say that the sequence of sets (Ao)oq is convergent and we put
A : lim At.

If W is a family of mappings f : D'- R', we saythat i4l is boundecl if for every K C D
compact there exists M(K) ) 0 so that l/(r)l < M(K) for every r e K and every f e w.
If X,Y are metric spaces andW is a family of mappings f , X -- y, we say that IzZ is
equicontinuous in a point r e x if for every 6 ) 0, there exists d. > o such that a(i@),/(g)) se if d(r,y) I 5,, for every f e W. We say that the family W is equicontinuous if it is
equicontinuous in every point r € X.

I f  ] ) c R ' i s o p " l , . w - : D  - r [ 0 , o o ]  i s m e a s u r a b l e a n d f i n i t e a . e . , c . . r ) 0 a . e .  a n d p > 0 , w e
seI  U. :  { . f  ,R ' - '  R l  /  u(u) l f  ( r ) lndr  < oo} .

Lemma L. Lo.i" u ffunr"h space.
Proof. The proof is standard, and the norm is I l/11". : ( I ,@)lf (")1, a")i .

Rn
Lemma 2. (Ziemer'slemma) Letp ) 2, D C R'be op"o,, : D -- 10,*] be measurable

and finite a.e. so that c,,, ) 0 a.e., and let f- be path families in R" so that f_ C 1.-..1 for
every m e N and let f : U. f-. Then MIe): jr35 MIe^).

Proof. we follow tn* ff*i"ul proof from [36]. we see that M!,(T^) s lv:,(l,,nr) ( MIF)
for every rn e N, hence there exists I : 

lTL MIE; and I ( MIg w",r.#ir, at Mf,(l) < t,
and we can suppose that_/,_1_oo 

: L"t.plilfu ---+ [0, oo] be Borel mappings so that p* € F(t^)
and / w(r)p^(r)edr { M!,(l*) + * for every rn € Ar.

Rn

I-Ising Clarkson's inequality, we have:

ut&4ftmp + (l lPn - o" I ') + 1ro,1r)p)2 ,,u/ , \ 2211:.)'s ;((llp,llr.)r) + \lp,lli)\ (1)

Also, if i > j, then a{i € F(fj). Using (1), we have

MIF) + [,611tL*1,(,)d* < [,@ttu4tttf@)d' + [,@)1L+Iite(r)d.r <
J  

' "  
2  

-  
J  

\  / r r  
2  

t t  \ - - / - -  
J  

- \ * r t t  
2

Rn Rn Rn

*( I,Alo,@)ed,r + t,@)p1@)ed,r) < |Wrcl * + + lqe ) * *l
Rn Ra

f o r i > j .



Since Mfl(f j) < I ( oo, we have

f llpn - p jll:,lo < zp-t (M:"(ru) - Mf.,(T i) * I* * |l {2)

l o r x > J .
Since Mfl(f ) I t { 6, we see from (2) that (pa)6E7y is a Cauchy sequence from the

Banach spie Le,, hence there exists p e I?, so that llp6 - pllfl -_0. As in [30], page 94,

we can find (pro)rcN a subsequence of (p;),er,r an{ a path family ! c f with Mi(f) : 0

and so that / lpu*- plds -- 0 for every ? € f \ f .  Let 1€ f \ f .  There exists m, € N
.Y

so that |lpur_ plds < efor k ) rn,. Let k,) rrl,- be so that'y € f;n for k > k,. Then
" t _

I  pd, t> [  oood,s-  f  lp-puld,s  > 1-e,  andlet t ing e *  0 ,  weseethat  /  pds21.  SinceT € f  \ f
1 " v l  1

was chosen arbitrariiy we proved that p € F'(f \f). Then M\F) < M\(l \.f) + M|Q):

MJ(f \f) s I a(r)f (r)d,r: ( l lpl lS)o < (l lpoll"" +l lp- pl lo") '  S ((M\(f;)+ ]); + l lp- p,l l i lo.
Rn

Letting i -- oo, we obtain that Mfl(l) < l. We therefore proved thaX Mr,(l) : I.

Lemma 3 .  Le t  D  c  R 'beopen ,  p22 ,a  e  L ! " " (D )  and f  apa th fam i l y inD '  Then

M\F) : MT(t',).-Proof. 
L,et D,n cc D be open, D,, ,/ D and f* : {1 e tllm'Y C D*} for rn. € -ly'.

W e f i x  n x e  N  a n d l e t e  >  0 a n d p  €  F ( | ; ) .  L e t p , n :  R ' - - - +  [ 0 , - ) ,  P * :  X p * a n d

p,,^ : (f + {f,,)to fo, *€ l/. If 'y €l;,then 1 S I pd's S I p,*ds and if 'Y e l,n\ f[ is

locally rectifiable, then 1{ oo: eI p^d.s 3 [ p,,*ds. This shows that p,,^ € F(f-), hence

MIFA< [r(r)p,,, .(r)ed,r: I  u(r)p(*)od*+ro I a(r)dr. Lett inge --+0andusingthefact

T R n D n

thar / a(r)d,r < oo and p € F(l;) was choosed arbitrarily, we see that MTF; < MIQ;)
Dn

We also have that M'"(t;) < Ml(t*), hence M\Q,; : MTQ;) for every m € N '

Since f- ,/ t,t; / l" and using Ziemer's lemma, we have that Mfl(t) : J{Il M:,(t,") :

j '*t'Ctrk): M|Q').
i " n * "  4 . L e t D C R " b e o p e n ,  a e  L ! " . ( D ) , p >  1 a n d f  a p a t h f a m i l y i n D .  T h e n f o r

every € > 0 and everyp € F'(l), thereexists p<qlowersemicontinuoussothat I a(r)Tte(r) <
R4

I w(r)p(r)Pdr * e.
R-n 

oo

Proof. We write f : D ciXsi, where ci 2 0 and Ei are measurable and bounded for

every j €.1{, and the sets ir,...,E4,... lll not necessary disjoint.
Since the sets E3 are bounded and a e Ll."(D), we can find Ei C I/i open sets so that 0 <

Iw( r )d , r -  [ u ( r )d r< f f i ,  f o reve ry  i e  N .Le t r i p : l , c iXv i .  Then  p<n  and4 is lower
i j E j - J i : t

semicontinuous and o = 
J 

a(r)rt@)ed."- 
{w(r)p(r)ed." 

: f ci I u(r)d.r- 
E"t [,a(r)d'r 

:

6 6 @

! ' r ( f  w(r )dr -  [a( r )dr )  Stc i ; f is :e .
j--r Vi E5 i:l



Remark 1' The proof of the preceding lemma follows the classical proof of vitali -Caratheodory theorem (see [2g], Theorem 2.24, page ST).
Lemma b' Let D c".; bL open, p > r, p > 0,G a.a D, Gopen, I a path family in Gso that l(y) 2 d for every 7 € | and iet- a':'D ---'10,m] measur"ur" 

""a 
nnite a.e. so thatf a(r)dr < oo. Then ry91 S # t ,A)d,r < n.

u ^

Proof' Let p,X 
: t0,f)j olt.) :$ for r e G, p@): 0 if r / G.Then p e F(r), henceMTF) S _[ w(r)g(r)dr : i,[,(rja, . *.

Rn

Lemma 6' Lu! c:,.c] be"closed, disjoint sets in R", so that d,(cs,cr) : r > 0 and theset G : R' \ (Co U Cl) is bounded , D C G open, w e. Ll".(D), ;;' ii,, : A(Co, Cr, D),fa: A(Co + dBn,Ct* lBn,D) for o. a < ;. ite' u[g1''!'tgfofrr;i'
Proof. Let G^: {r € Gld,(r,ctuc) > *t for-rn e //. Then G* arecompact setsand G* ,/ G. Let t- : {p nalhl tlrqr".;{; T : [0,1] ___ D,r-Ll"to"alty rectifiable,0 ( o" < 0, < 1 so-that g : lllat, g-,1,t@r) e ac),1fu.,) e 0G,, uni I^7 c G,') form e  N .  T h e n p > f , , + i  ) f _ i o r ' . r r . r y  m e  N , h " : : . ! { ( T ) < M I ( f _ + r )  S M S e _ , )for every m € N, and it results that there exists tim uge,,) > Mse). Let e > 0. using

Lemma 4'we can find 4 e F(f) lower semi.ontirnKlso that f,u(r)rr(x)oa" < MI€)+ iLet )-: sup{) > 0l/r1d.s} )for every? € f_} for m a #. Then )-_p1 > )_ for very
m € N, hence there eJsts ) : lim )-. We show that ) > 1.

^  Indeed,  suppose tha t . \ .1 : ; f r le t  0  <  )  < ) ' .  r .  w .canf ind  pa ths  -y*€ l *so tha t
I  qdt  < ) ' for  every m e N- Let 0* e r ,0*:{Lbeso that -ym:0^f ioo, ,p,^ l  forevery

T^t!,,n"-i'*i".i?:f: t:"3i:ll'11" fne rolowi.is-y:{'. Let 0 { dm S sq l tn,n 4t;:; 'l:9::"'* *#'""j-t;'*1':"I1t t1'' l'"", f . lo',ib"]lr il;ht.h Tiai'Z *' 
',':;

il;j: il'T':.Y" *l"i': l^':l|'*:t^':l ::!',: i' 'o"'iu"t "" io,',-1iYl ;H;,;i
1.".1^::t:;..,m1n1,e .^/. We see thaf gr_ ts a subpatil'or ;,;-;;";;i"ln? *""iiiri?,,subpath of -y^ for k : 1,...,, m € ly'. & m I S a

The family (0r, ),..u is a 1*lipschitzian family, hence it is an equicontinuous family, andsince it is also an uniforrnly bounded family, *" ur* Ascoli's theorem to obtain a sequence(?t'-,)i'u converging to apath F ,l0,oo] *br: Trr.:ns a subsequence, we can presume thatstmj + arttbni ---+ br and pl is constant outside lor,brl.we set Jl:  {m'1,*r,. . . ,TTLjt.. . t  }.  Thefamily (?rirct, is equicontinuous and uniformly fo,rnded and using again Ascoli,s theorem, weobtain a set J2 c { of increasing natural numbers so that the family (gz)rct, converges toa path-l2 
-: [0, oo] -' Gz' we can suppose that the first number from -I2 is the first numberfrom -I1, that s27 --+ a2ttzt - b2 for, -* oo, I e J2, *lth o, < al < b, S brand that p2is constant outside lor,brl. we continue the pro."r, at infinite. At Step k, we find a setJrC Jnq c " '  c  JzC h of  increasingnatura lnumberssothat  thef i rs t  k- r  numbersf romJP arc the first k - l numbers from Jr-r and so that the family (\nt)rcto converges to a path0k , [0,oo] - C*. 

{u can also suppose that s7.1 + ak,tr"t ---+ ba for 7 ---+ oo, I e Jp,that p& isconstant outside lor.,brl and that ak { an_r
Let ln be the kth term from Ji, and J: {1r, i , . . . ,Tr, }.  Then"i a i for every k e l / ,?xt 'pe uniformly on every compact interval-l c -l"r,u*j for r --, oo, r € J 

'and 
g*ll : pr*tll ,k  e  .n / .  We can correct ly  def ine, ro1.p :  [0 ,oo]" : 'b ,  | Ian,bel  : -0* l lor ,b6]  for  k  e N.Then p is 1 - lipschitzian, hence l7'(t)l ( I a,e.' and. B is absolutely conrinuous an6 hence



I nd,t : I n@QDIP'(t)ldt for every compact interval I c [0,oo]. We see that ak + a,bl"---+ b
P V I
a n d l e t  a < a '  < b ' < b .  W e c a n a l s o s u p p o s e t h a t a r  < a  < b ' < h f o r e v e r y k e  l / .  T h e n
g,"tullo' ,b'] : gilo l[o', b'] - F llo' ,b') : plfa' ,b'] and since every path 9s1o is the restriction on G6

of  apath "yr r tweseethat  [  , ld t< [  ndt  ( , \ ' foreveryk€.0/ .  UsingFatou 's lemmaandthe
9nlx "Ytr

iower sernicontinuity of the maps 4, we obtain:

b' b' b' b'

f r f f .
I q@(t))10'Q)ldt < I n@(ilat : / a{"ti* 97"1)dt < tim.i$ | n@,"'o(t))dt :

I  
' -  " "  J  

'  
J  k+@ rc -co  J

a ' a ' a

a

Letting a' --- a,b' -, b, and using the fact rhat p € f we see that L < 
fqds 

:

(B(r))lp'(t)ldt < )' ( 1, and we reached a contradiction'
We showed that ) 2 1.
Let now compact sets Dn C D so that Dn / D, Dq : Dqnc*,lq^: {1 e t^llm'Y c Dq}

for m,g € l/. Let pq,n e 
'F(fn-) 

be so ihut 1 u(r)pn @)pd'r I M\€q,.) + fr for every

m,e e lf. Since * e F(1, ), we see ihat fr € F(fq-), hence i(*+ Pq*) e F(fq-) for everv

e,m € /f. We ruppor" that fi < i for every rn € .l/ and using Clarkson's inequality, we have:

Itrtt*xry + i) + MI(rq,-) * hl

b

I n

r  1  n  f  . . 1 , n  
' l  1  f  . .

J 
,@lZf** pnil'@)ar + J 

,@til*- pq*llp(r)dr = itnJ u(r)r1e(rldr+
RN RN RN

I

I u(r)oq*(r)edr) <
J

Ra

for rn € lf.
Then

for rn e .l{.
We see from Lemma 5 that M:,(1q,,) < GY 

J"u(r)d't 
( 6, hence O = 

J "@lil* 
-

po l lo@)a, S i(h(uXf) + i) - MSF\ ) +#) ro' every m,e e.lf. Let rn€ € N be so that

# S Tfrfor m) m,.Then ̂ ?*M\(tq^) < Mr"(l) *e for every rn) rnu and every q € l/.- 
We'frx Trr'2 rrle and we let q ---+ oo. Since in- / T^, we see from Lemma 2 that

^?,^M:,(t*) < M',(f) * e for every rn ) rn,-

Mx(r q*) * l,axll* 
- pq,,lle (r)d'r s | "oxlt* * pq^)lo (r)d'r+

RA RN

| "axl{- pn.no(r)* =!rthw:;|)+ il + M:(rq,-) * L*l
Rn

or ^ r
Iiminf I n@|,,QDdr < lim inf I nds < l' < 1.

k + a J - r c + o o J

r0



Letting now wL ---;' oo, we see that lim MI$*) s Mfl(f) * e, and letting € ___+ 0' we see
that lim M|F,; < MIQ).

We therefore proved that lim MIe;: MBe).
Remark 2' The preceding lemma generalizes Theorem 37.1, page 123 in [30] and Lemma

6 from [3]' If Ao: a(G, (cr + 68")n D,D), then we also have inl rye) : 
]r$ 

Ml(La)
L e m m a  7 .  L e t D c R ' b e o p e n ,  u e  L ! " " ( D ) , p )  2 , r € D a n d 0 < a .  T h e n M f l ( u ) : 0

if and only if 
l*milf ",,,o,D) 

: 0.
Proof. We take Co: {r}, Cr: CB(r, a) and we apply Lemma 6 and Remark 2.
Lemma 8. Let D,D'be open in R!, g: D --_, D'-conformal, f a path of family in D,, , ?' - [0, oo] measurable and finite a.e., i' : g(l). Then. M.(1,)' : *""rt lProof.  Let  p '€ r( f ' )  and p:  R'__+ [9,o"] ,  p l ( r ) :  ptg; : ) ) tstr) l  ; i " ;  e D,p(r) :0 i fr / D- rhen p € r'(r), hence M,"n(r) 3 {_w(s(rli,rl"t"lai:'j 'i;ti(rllr1all{jr('r)ldr:

I p'"fu)'fu)da S J-rfu)i"@)dry' Si.r""] e r'(f') ** .hooo.ud arbitrary, it results that
D' R2

Yy.n\l) -S M.(l') Since g-1 : D' -- D is also conformal, we have M.(l') : M,onon_,(f,) <M,"n(g-'(l')): M,"n(f) we proved that M,(t'): M,"g(t).
Lemma 9. Let Co,Ct be closed and disjoint sets in R'so that IntCo + O, D C R'\(C.UC')

19  o len ,  u  e  L ! " " (D ) ,  f  :  A (Co ,  C r ,D ) ,  f o :  A ( (Co  +58 . ) f iD , (C1 i i g ; ) .D ,D)  i o ,  a  >  O .Then ll1.(f) : 
l'$ M,(til.

Proof' Let G : 
1" \ (Co u C). I! G is bounded, we use Lemma 6. If G is unbounded,

w e  t a k e  r  e  I n t c o  a n d r  >  0  s o  t h a t  B ( r , r )  c c g  a n d  l e t  9 : R "  - *  f f ,  g e ) :  r * r 2 f f i ' ,
' fT Then g isconformal, g(Co) and 9(C1) are closed., disjoint, GnB(r,r):6and hence
G' : g(G) is bounded. We use now Lemma 6 and Lemma g.

Lemma 10. Let D c R' be open and unbounded, w e L!..(D) and 0 < r. <s < oo. Then
M,(x): 0 if and only if 

"15[(l_,,",",D) 
: 0 for r > 0 kept fixed.

Using Theorem-6'3, page 107 in [11] and Vitali's covering theorem, we have the following
change of variable formulae, which is valid in our class of mappings:

P ropos i t i on  1 .  Le tn>  2 ,  D  C  R 'beopen ,  f  ,  D  _+  R 'becon t i nuousandsa t i s_
fy ingcondi t ion ( l / ) ,  E c  D c losedni  D so that  p , , (B)  :0  andlet  f  e  Wi ; !1OqA,n; ; .
Then, if g : R' --' 10, m] is measurable and finite a.e., it results that / gttffllri*)l:,d., :

I g(ilw (a, f , A)da for every A c D measurable.
Rn

3. Poleckii's modular inequality

Theorem 1' Let f : D '-+ R' be continuous, open, discrete and satisfying conditions
( o t ) , ( o r ) , ( o t ) , u  c c  D  a n o r m a l d o m a i n a n d  v :  f ( u ) . T h e n t h e m a p  f v : v  - - -  R ' i s
ACL^.

Proof. We can suppose that the set K from conditions (o1) and (a3) is so that K : Q.
Let e1 ,...,€n be the canonic base from R' and let Q cC V be an open cube with the sides
parallel to the coordinate axes and of side rs. We fix a face 8o of the cube e and suppose that
Qs is perpendicular on ei. we define for y € es the path p, : [0,1] --- e by \n(t):'g *trsei
for t € [0,1] and re! Ju. - I^gr. Let P be the projection-o"-Oo and let Eo"J p-i@)iq
for A e B(Qo). We define a set function cp t B(Qo) --* R+ bV p@) : p.(f-t(nd'nU\
for A e B(Qo). Then there exists K0 C Qs with m,_r(Ko):0 so that p'(y) <; f* every
y e Qo\Ko. Since /(E) is of a-finite (n- l)-dimensional measure, we use a theorem of Gross (see

l 1



Theorem 30.14, page 103 in [30]) to see that Jr af (E) is at most countable with the possible

exception of a set Kt C Qs with \*-{K) 
: 0' Let g : ld(f ,U,V)l' Using^Besi:1*ittg:

theorem, we can cover Q\/(AinD) with domains% so that every point z € 8\ f @f nU)

betongs to at most l/(n) sets V; and f 
-t(V) : t Uoi with t{7 cC tl disjoint domains so that

j :r

f@Uo): AV and f lU6i:(J6i "-V6is ahomeomorphism for every z e /f  and j:1," ' ,q'  Let

h)i, i--(JU be their- inverses for i  € N, J: L,.. . ,Q, Ati {z eVlhti  is not differentiable

i i  z \ ,  Zt j : " {z  e V\Aoi lJn, , ( r )  :0}  for  i  e  . l { ,  i  :1 , . . . ,Q.  We see f rom [23] ,  page 110

that p,*(Ai) :0, and from [i ]  we see that p^(h,i(2, i ,)) :0, i 'e_N, i  :7," ' ,q'  Since /

satisfies condition (l/), we see that ,"(Prl)r(AuiU Z,i5u f (Br n D))) : O' Let A : {01 '

c o q

[0,r(0r)] -- Qla € Qo and *,,({t € [0,,(ps)]l 03U) e (gg z;5u A;iu f (Br n t))i) > 0] we

see f romTheorem33 . l , page l l l i n [30 ] tha tM(A) :O*? . "wecan f indase tKzCQowi th

m.-{Kz):0 and so that *r({ t  € [0,](py)] lgl( t)  e (gg A't iuZi iu f  (Bt nt/)) ]) :0 for

every U e Qo\ f<r. W" also see that rn1(/(Bf n0) ff Jr) :0 for every A e Q'\ Kr;

We define now a Borel map p : R' * [0, -] bv p(il : 
rjll,n 

lh'ui@)l fot g € V\Ur(AaUZ4)'

i e l{, p@):0 otherwise and the definition is correct and does not depends on the domains

% so thai a € V,since p(s) : 

".r1yt)n 
ulf'(")-tl 

if s e Q \ /(gr n t)' Since h6i are ACL

homeomorphisms, are a.e. differentiable mappings satisfying condition (,V) and we see from

the change of variable formulae in Theorem 5.23, page 132 in [7] that

r 6 r c n q f c o q f

I p"@)dv< t I n'fu)d'u< tY, I lh'oi@)lda: t r, I Kt(ilU-1sDlr71(u)lda :

d, u=, {/, i:l i:l k i:r i:r ir

Let A6 : {0olA e Qo *d 
lpds 

: oo}. Then f € F'(40) for every k e l/, hence

M(Lo) < t-* I p"@)dafor k e ,,til l"ttirrg k -+ oo, we see that M(As) :0, hence we can find
R2

aset K3 C Qo with m-a(Ks):0 and so that I pdt < oo for every g e Qo\Ks.

Let now Ttj :  {gnlA e QolJa)V + O {iathere exists, € {1,.. . ,q} and an interval

J c Jrn% so that hiioBo is not absolutely continuous on "i) for i € N,i : I,...,Q. Using

Fuglede's theorem (se" Th"otem28.2, page 95 in [30]) and the fact that hii are ACL, maps'

1a7u r"" that M(f;i) :0 for i € l/ and j : I,...,q. Il results that there exists a set Ka C Qo

with rn,,-1( Ka) : 0 and so that hii o p! is absolutely continuous on every interval J C Jo nVi

for every i € -|y', j : 1,.", g and every a e Qo\ Kn' r'et Kt : 
L)oK*

We flx A € Qo\ K5 and let a : [0,1] --+ U be a path so that /_o q,: 0o.We show that a* is

absolutely continuous. Let .Fo : Ju o f (B t n Ima.) and E6 : (0t)-t (fo). Then F6 is compact

and rn1(F6) :0 and also E6 is compact and znr(Eo) :0, hence (0,1(0o)) \Eo: t3 r,, *t'n
l - l

o o g f f

t t I N,(f)(,)dr < N(n) I N,(f)(")dr < x.
- - J  J
r : t  J : L I ) . .  u

1 . r
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11c (!^,1\0a)) openintervalsfor/ e l / .  Let I e 1/and1c 4 be amaximal open intervalsothat plQ) C %. since f "*::  (1 .*ucan_find7 € {1,.. . ,q*o that a*l l :  horo Bll l ,hence a*is absolutely continuous on 1 anaiht implies that a* is absolutely continuous on every interval
{ f o r l e . n / .

r(Fu)
Weshowthat f  la" '( t) ldt{oo. Let B:{t€[0,r(B(a))] l13(t).  ( i3 0 Ai juzi juf (Btno ^  

' , ^ . . , ^ ^  i : l j : t '
4)) ":d ?. - {j € [o,t(g)]lg|':nd a* are not differentiabie in r]. Them mr(Boc): 0 and rett e [0,/(Br)i \ (B u C). Since h C B, we can find i,t e N,i e i l ,...,q] u# rr, #o,r.t;;;;

;:iillJ;J,,:l*;[: (:;i:o;,,r'37",:" ,f,,),l,,,t"hir#?]ifiaii< n;,rBi(4) < p@lu)),
t(9v

0

) I(1s)

la"'(t)ldt< | n@itt))dt: loa,.*.

We show now that m1(a.(A)):0 i f .  A c_[0,](Br)] ir  so that mt(A):0. We denote byF*,p: {r e Ima* l l imsoun d(U(r, f  , iD" lu.(U(", i , ; i"{ ^},by Fr",*,r:  {r € Ima*ld,(U(r, f  ,
;)): < mpt'.(U(r,/,r)) for 0 < r < f) and
(U(r, f  ,r))) for k,m,p e l /  and r > 0.

Let r  > 0bef ixedandtaker l  €  Ima*, r r  - - -+ t r  and 0 <r  < p.  Thereexis ts  16 € l /so
lhat B(/(zr),r) c B(f("),p) for r t  ro, hence u(rt, f  ,r) c (J(r,f ,p) for r ) Lo ancr hence, tLgor"{U(r,,f  ,")) S u^(u(r,f,p)). Lett ing p'\; '*. r.";#'ff i ;"p.(U(",,f ,r)) <
p.(O(", f  , r)) :  p,(U(r, f  , r)) ,  hence the map r --+ p,.(U(r, f  , r))  is upper semicont inuous onIma*' Also, if e € lrna*, rt ---+ r and 0 < p a t; ;; see that there exists 11 € r/ so thatU(r,f,p) c U(r6f ,r) for I ) h and hence d,(U(r,f,p))" S l iminf a1i:1r,, i,r)).. Letting
p ./ r, we see that d(u(r,f ,r)) ' < l iminf d,(u(r1,f ,r))", hence the*map r -+ d,((I(r,/,r)), is
lower semicontinuous on Ima* ' since'd'e sum of two lower semicontinuous mappings is a lowersemicontinuous mapping, it results that the -T , _n d,(u(r, f ,;))^ _ ^1r.e(r, f ,r)) is lowersemicontinuous on Ima*, and hence the sets F[,, are.o*pu"foo fma* ftr'every rn,p e Nand every r ) 0' since F;',-,o : 

ol* 
Ffi,o, it-{es,lts that F*,^,o are compact in Ima* for

k,m,P e ly'' Now Fr,^,o / ,^,o, and thls implies that F-,oare Borel subsets of lrna* for everyrn,p e N.

.L:t 8.r,,",o : (o-)_t(Fu** 
?Br), E*,p : (*.)- '(F,,on B) for k,m,p e N. Then

a-(81,,x,).: Fk,*,o, 
Pr,*o ,Z g*,o En,,r,p C Eo are'"o*pu.t for &, rn,p e l/ and hencemt(Er-,p) : 0 for k,m,p € l tr.  Let us f i t  k,m,p e N-. Let e, t '>'0. we show thatmr(al(81^,r)) : 0. we denote by B"-'(a,)) the ball of center g and radius ,\ from es if

a € Q o . u s i n g L e m m a 3 l . _ 1  p a g e 1 0 6 i n [ 3 0 ] , w e f i n d 0 < d < f s o t h a t f o r " , r " r y 0 < r < d , t h e
subset f (Fx,*,o n Br) of J, is covered by open intervals nn € lo of length !'uoa centered. in
some pointsat: f(ro) e Jr, with r.;e F6,a,,p)Bf , so that everypoint froi Jo belongs to atmost two intervals Li, ' i :  t ' . . . , ,  and f < mt(f (Fr",,_,enBf))+e. Let B,i:  B(gi, i) , ; .  J t, . . . , t .

T h e n / ( F r , * , e n B f ) a " U B . a n d w e c h o o s e 0 < r < d s o t h a t l o - ( t ' ) - o . ( r " ) l  ( t f o r e v e r y

t',t" € l},l(pr)l so thar lBi;O'l - BiQ)l < T.
L e t W ; : U ( r o , f , i ) n I m a * , Q o : t l ( " i , / , r )  f o r  i : I , . . . , 1 .  T h e n  d ( W o )  ( t f o r  i . : L , . . . , 1

a

by FL,o:  { r  €  Ima. ld . (U(r , f  , ; ) ) .  {  rnFn

13



and we show that Fn,*,pnB7 C l)wt. Indeed, let z € F*,,, ,rnBr.Then z € lrna* and
t:l

f ( " ) :we  f (Fp , ,  , onB ic  Jsn ( r l ru r l .  Le t  i  €  {1 , . . . , 1 }  beso tha t  u r  €B i ) f  (Fn , * ,unBt )

and let Ji c [O,](pr)] be an interval so that Pi@: Bt)I*B&. Take now ti € Ji so that

Ar:|;(tr).  SinceBf : f  orr*,/ isinjective onlm'u* andy;: f  (rn) ,Uu7_(1.(to): f  (a.(to)),*"

see that r;: a*(tr), and since /(o.(J,)) : glQ) : Btf\I*PI, a1d a.(-r;) is connected so that

ra e a*(Ja),i'i, resuits that a.(-r,) CWr'Since tr.' e B;nImBl: /lQu) : f (a"(J)), we can find

aa€ J isothat  ry :  f  (a . (a1)) .  Now zre.  Ima*, f  ( r ) :s :  f  (a*(ar) )  and/ is in ject ive onl rnd" ,

hence z : a*(at) € CI.(Ji) CWt C U W* We proved that o*(,87.,,no) : Fr,**o 81 c U W,

Since the Ualls |Br are disjoint for i,: L,...,1, we see that every point from Es.-t(s,r) belongs

to at most 6p balli pBri: 1,...,1. Now, every value ru € 7 is taken bV flu : U - V by at

most q times, hence every point from Rl belongs to at most 6pq sets Qt,'i : 1'".,1' Then
l l

L p*(Qu) < 6pqpt^(U Qu) < 6pqp^(f-1(EBn-'1n,,)) n y) :6pqp(Bn-t(g, 
"))' 

We have
^ ' - 1  ; -  l

l l

(m\(a.(r,1",*,o)))" < (t d(wo))'< l"- '(t  d(wr)) S
i :1

I

i :7

Tn-L

6f qmV*-t(*t(f  (Fr,*,o) n Bl)) +.)"- '

; - 1

p(B"- t (a , r ) )
pn- t (Bn- I  (a , r ) ) '

Letting first r ---+ 0, then e --- 0 and then t ---+ 0, we find that (rni(a*(Ex,^,r)))" I

6p"qmW-tp'(il@rt(f (Fr,,n,rn Br))"-t S 6p"qmW-p'(ilmt(Fo)'-l : 0'

We found that rni(o.(8r,,-,r)):0 for every k,m,P € l/ and since E;.,-,p./ E^,p, we see

that rn1(4. (E*,)) : 0 for every m,P € N '
Let G : Irnd* OB;l E, H: (a.)-1(G). Since Jyaf (E) is at most countable, the sets

G and H are at most countable and we have that B7)Ima* : 
,_VrF^,pUGUF, 

hence

co

Eo C u E^,oU f1U (a. ) -1(F) .
n,P:1

Fbom what we have proved before, we see that rn1(a*(%)) : 0. Since a* is absolutely

continuous on each interval 1r, we see that nz1(o.(A)) :0 for every A c It with nz1(A) : 0 and

every I € -l[, and this implies that m1(a. (A)) : 0 for every A c 10, l(Ps)] so that m1(A) : g.

Let ai,..., a[ be the components of a*. We proved that the components oi : [0, ](pr)] -- R
t{9y)

satisfy condition (lrl) and I lai (t)ldt < oo for every 'd : 1, ...,n, and using a theorem of Bary

(see f29], page 285) v,," r""lhu, dl,,aiare absoluteiy continuous, and hence a* is absolutely

continuous.
Weprovedthat  i f  a  e Qo\K5 and o:10,1]  - -+ Lr  is  apathso that  f  oa:  gy, i t  resui ts

that a* is absolutely continuous. Let now g/ e 8o \ K5 and Ql,...,on be all the paths so that

f o o": gy,i: 1,...,0. Then fv " 93: ; i a| is absolutely continuous. Since the face Q6 of
z:).

Q *as arbitrarily chosen, we proved thal fv is ACL.
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. d:, :,:,':'_*:"w 
that the map fy is ACL,. Let e and U,i =ty' as before. Then fv(y) :

i  L.hni\ i l  for every y e U,f € /y' ,  ht - q
:nce lJy(y)," S ir_E, lhii(a)l^ for y € U,i. e t/. Let k e

{tl '-t rhen 
/ l01,fv(z)l"d,z s Iv;a)lnd,z { ttv;t,ll.d,z { *i i J lhoie)l,dz :

r S . {  " - . , ^ , , o  
a  i : t v  v \ / t * - - o ' ? r L o u

;P,F_{Kr(f)(f-'(z))lry-,e)ld,z: *"8 E.l *,tn@)dr< r/(,,) [ Kr(f)(*)d.r < n.
We therefore p_roved that the *", ii!i\L, o^ v. 

u

""oTI?Tl ?;#Lt-;i,o*ffi""""'i""o"' 
uoa u*t'*, satisfving conditions (a1) and (a2)

1) There exists f0 c f so that M(f (lo)):0 and for
path B: f oa is rectifiable, c* is a.e. differentiable and 

'ri 
r*J,rirt*:t:. 

it resuits that the

2) If rr : {o e llg :.f o a is rectifiable and, m1(Irn&..n.1r, u K)): 0}, it results that&I({(frU S_Mx,6y(t), whlre K is the set from .orrJitior, 1or,1.Proof' we can suppose that K : $' Let Dr, c D be domains so that Dr l D and letf6 : {a et l lmae_ D* fork  e N.  Letusf ixke l / .  us ingv i tar i ,scover ingtheorem, wecanf ind d is jo in t . f r t * ,  and aset  t r  c  R 'sothat  p . (L) :0  and f  (Dn)  \ ( Iu l (BJnD*))  :  J ; - ,
l t z t  i = l

: 

t'n 

:,yr'rt, 
f luoi , u;i n r\ arehomeomorphisms having AcL,inverses hri : v --- (Jrj

f o r i e  N '  j : r , " ' , i ( i ) - L e t A i i : { ,  e v l h ; i i s n o t d i f f e r e n t i a b r e i n z }  a n d  z r i :  { ,  eV\Aot1Jn,,k) : 0) for z € N, j :'r, .., j\i)ana.tet , : U:Jij yi;;i;;;'", since h1i areACL" mappings, they are a'e. difierentiubi. una satisry Jiorrior, (l/), and using sard,s lemma

l'"* 
't]: 

: 
*:tl;l r",(A): 0. since / satisfies 

"or,aitior, (t0; ;; see that'p.(/(,4)) : 0,
hence' if 'B :,!rrg Aiju zij and c : B u f(Br a Dr) utr, it resurts that p,(c): 0. Let
fi : f* n 11' *",t"^'^5: : 

Jy a rrll:-.f o a is rectifiable and there exists an intervalJ c [0,t(B)] so that B,(J) c 14 and ii, 
" B; i" 

"rr1ur"i"tely contin.,.or* on-J1 for z € .y',j  -  1'" ' ' i ( i) 'using tr 'uglede's theorem, we see that M(f (t ; i) . :  0 folf  € r/, i  :  1,.. . ,  i( i) .  Letff : {a ernlg : f oa is rectifiable and"fr!{r . fr,;ff;;;r-r, € c} > 0) and rf : {a e rrand p : f o cris not rectifiable l for k e .nf. .iil"o h""' ntitffi)) : 0 and M(f(tf)) : 0.
wede f inenowaBore lmapT :R" * [0 ,oo ] ,  q@) : . - r rp , ,_ . ,  l h r i@) l fo rg€  V \ jE (Ao iuzo , ) ,

ir!,T; t?fifJ,":therwise' 
using the change ot ,,u,iu'u]l iifl'"r" rrom rheo,"5'; ;, #

f  @  n  q j t i )  
r  q j ( t )

I n"@)d'us r I n"d'u< r t I w,i@)r^dv- i f t Kru)u-,(a))rrr,(a)rdy :
d. ,=, {ro ,- t- {r, .;=t j:r 

v

j ( i )  
r

D J K1(f)(r)d,r = I o,r1@)d,r < a.
j : l r i

" i j  Dp

oo

\-
Z-r
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Let f!: {a € t*lT: /oa is locallyrectifiable and 
f 

\d.s: oo}. As in Theorem 1, we see

oo i(i)

that M(/(ri)) : o and let r? : rl urf uri, gEtf' Then M(f(r?)) : 0'

Letnowa € fku?andlet B: f oa. ThenBisrecti f iableand let Es: {te l0, l(P)11o(t) e

f (Br n Ima")j, c; L {t e [0, I($]lB'(t) e c] and Bg : {t € t%'(B)ltB' or a* is not

d i f ferent iab le in t ) '  ThenEo Cco,m1(Bsucs) :0and(0 ' l (B)) \Eo:  U I 'w i th l  c  (0 ' l (B))

open intervals sothat t(P): irtt,l, We denote for i,l € l{ by lti, i € { all open maxima}
l . :1 

@

intervals 11 from ^I1 so that go(Ir) c V for i € Jo' Then 'Ir : 
Eryn4i 

and for each such

interval I1i we can find /c e {t,. '.,i(i)} so that a"ll1r: h6oBoll6'

This implies that a* is a.e. differentiable on ealh intervai 4i, hence is a.e-- differentiable

on each interval 11,l e l/ and hence is a.e. differentiable on [0,](B)]- If t € [0,](B)] \ (Bo u

Co) ,  we can f ind i , l  €  l y ' ,  I  e  J r ,k  €  {1 , . . . , i ( i ) }  so tha t  t  e  111 and a . lL j  :  h tk "go l lU '

Differentiating in f, we see that a*'(t)l : Ino*(Oo(t)) o B0'(t)l < lh;q:(t)l {'t@o(t))' It results
t(il 4p)

that lo.'(r)l < ?(Bo(r)) a.e. in [0,](B)l and hence j 1". '(t) ldt < [ q@O(t))dt: I r lds < m.

we alsohavethat a.'(t): niol/,o(t))(Fo'(t)): l/ '(*.(t))l- '(Bo'(t)), hence la"'(t)l l(/ '(o.(t))) <

l/ '(a.(t))(4.'(t))l : lBo'(t)l : 1. We proved also that

l ( / ' (4 . ( t ) ) la .  ( t ) l  <  1 (1)

a.e.  in  [0 , l (B) ] .
Suppose now in addition that a € fl \ f3. Since a.(Eo) C Bt ) Ima*_,. we see that

-r1o-ibo;; : 0 and since a* is absolutely continuous on each interval 11, I € ly', we see that

-ri"-ic)) : 0 for every G c [0, ](B)] with nz1(G) : 0. Let c1,..., ai be the components of a*.

Using b*y'" theorem again, we see lhrt oi,...,al are absolutely continuous. We proved that

if a € fl \ l?, then B - f o o is rectifiable and a* is absolutely continuous'

Let now p € F(fl\f?). We define p' :R'* [0,oo], p'(v) : 
".l i,1l)nur#{s 

1f v €

f (D*)\c, p'(y) :0 otherwise- Then p'(a):r=illr,u p(hoi@))lh'ni(v)l fot evervv € yc\cand

every i  e  l / .  s inceva and c areBore lsets ,  h2 i  and h,  areBore lmaps on%\cfor i  €  N,

j : 1,..., j(i), we see that p' is a Borei map, and let us show that p' e F(/(fl \ fl))' Let

t e fitC?'r"a g: f oc. Since a* is absolutely continuous) we see that also so* is absolutely

continuous and using (1) and a change of variable formulae for absolutely continuous and

increasing real functions) we see that

t(0 t(p) t(B)
r r f f
lp 'd,":  I  p '1Bo1t11at: I  p 'U@.U)))dt> |  e@.QDll( / ' (a.(t)))dt>

J '  J '  J  J
b b o o

t(h I(B)
r f ^

/  p(a. ( t ) ) la . ' ( t ) ld t  :  I  (p  o (o")o o s . " ) ( t )s . "  ( t )d t :
J  

' '  J
g 0
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We proved that p' € lr(/(fi \ f?)). We have now that

I(B) r(a), , r ^ f
| (p 

" a0 " s*.)(t) s'^-(t)dt: I o@o(t11at : I pd,s > 7.J  J  
' \  \ /  

Jo o a

M(f (fL\ f?)) s I i"ulo, : i [ 0,,(i lau <
Rn i:l 

{r,

{1 , x i(t)
>, J 

p' @ti@Dlh',i|r,)l' da: t >, t d U-' (s)) K r(f)(f- (il)lr r_,(illdy :
i:r h o:, i- {r,

oo

\-
/-t

i ( i )
\ - /
L 1. .
; : 1  r  U i i

oo

\-
LJ

p"(r)Kili l@)dr < [ p"@)K1ff)@)dr.
J

Rn

Since p € F(fl \ f!) was arbitrary chosen, we see that M(f (fl \ f?)) < M*,ff1(ti \ f?)) <
Mx,O(l).We take now f0 : 

,Q 
t? Then M(f (To)): 0 and since f| \ f? ,/ f, \ fo, we use

Ziemer's temma to see th"t, I;a;(f' \ fo)) : 
I* 

M(f (trk\ f?)) < M*,$)(T). We have now
that M(f (f ' )) < M(f (r '  \  fo)) + M(f (roD: Mug'\ fo)) < Mx,o(t).

Corollary 1. Let D c R2 be open, f , D -*'R) continuous ,"ii"iight so that / satisfies
condition (N), Kr(f) e L!""(D) and ,f has rocar ACL' inverses on D \ F1. rnu' M(/(f)) <Mo,A(t) for every path family f from D.

Remark 3' If / : D' R'is continuous and light and / satisfies conditions (o1) and (a2)(with 1( : @) and mt(B): 0, then m{Bt fi Imal :0 for every path family f from D.
Remark 4. Let s be a surface in RL or s, and ret p, :{r, , [0,-) r R,lli,r(r) :

a * t e n , t > 0 , E e  ^ 9 ) T f ' : { l r ' [ 0 , m )  * R " l z r ( t )  : ( 1 + t ) a , i > 0 , ' a ' € , g " ] .  T h e n ' i i i r u
line family and let f , D ---+ R' be continuo,tr urrd right u"i satisrying co.riitiorr, (a1), (a2), (a3).
As in Theorem 1, we show that for a.e. paths g e r', every path a in D so that B: f oa is sothat a* is absolutely continuous. If in addition / is open, then / locally lifts the paths, hence
if B: [0,1] t  R' is a path and r € D is so that f(r):  p(0), then there exists a maximal
lifting of p starting from r. This implies that if f'-is the same line family as before and f is
the family of all maximal liftings of the path from l' starting from some ptirrt, ao e D so that
f ( o r ) : A , U € ^ 9 , t h e n f ' > / ( f ) a n d i f  l ' ; . { g v . : [ 0 , 1 ]  - - R " l g e  , S ] , p : 1 o r " ,  l O , c r ) _ _ . ipath l0 s ca 31,4r(0) ._o,f 

o ao.: Brl[0, ir),a , ' .9], then ai is absolutery continuous
for a.e. A e S. Then mt(BtnIma;):0 fo, i ' .u. ,  €,S and from Theorem 2 we see that
M(l ')  < Mo,o(t).

It results that for some special line families f' and paths families f of maximal liftings of the
paths from f', the modular inequality of poleckii ,'M(f') < Mo,,(T),' holds for continuous,
open, light mappings satisfying conditions (a1), (or), (or). Noto ihat a result of Wilson l35jshows that there exist continuous) open, light mappirgs / : D --+ R'so that BS: D, hence
the class of continuous, open, discrete mappings f : D -, R' is strictly inciuded in the class of
continuous, open, Iight mappings /: D -+ ftn.

Theorem 3. (Modular inequality of poleckii) Let / : D ___+ R' be continuous, open)
discrete, satisfying conditions (or),(ar),(a3) on D. Then M(f (f)) < M*,Ul(t) for every iathfamily f from D.
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proof. We can take K : 4! in conditions (a1) and (a3) and we can suppose that / is sense

preserving on D. Let Fl1": {r € BAi(f,r) > k} for k e l{,k > 2- If- r € Br and U cc D

is a normal domain so that o n f-t(f(r)) : {r} and v : f(u_), then d(/, u,v) : k, hence

fl nAr: f-r(f (U nBr)) and this implies that / is injective on OnBr. We cover now each set

B ; "w i thno rma ldoma ins (Jp i so tha tup inBn*@,and le l vp i : f ( ux i ) f o rk22 , i eJn .Le t
I b e a p a t h f a m i l y i n D .  L e i f 6 : { a  e t l p : f  o a i s n o t r e c t i f i a b l e } ,  l r : { a e  f l p -  f  o o

isrecti f iable and ̂ r({t € [0,](B)] lBbU) e f(Br)i) > 0], tY : {a e f lp:!"c isrecti f iable

and there exists un irrtutrrul J c [0,r(B)] so that BO(J) aVxi and fvo, op0 is not absolutely

continuous on J) for k ) 2,i e Jr". Let I : fo u f, u U U fti' Using Theorem 1 anc
k:2 jeJr

F\rglede's theorem, we see that M(f (f)) : O.-Let  
c  e f ' \ f ,  p :  f  oaandletusf ix  k> 2.  Then (a. ) -1(BpnIma.n ln)  C (Po)- t ( / (Bxn

Irna* nUn)) t (Bo)-i(f(Br)), and since -r((00)-t(/(gr))) :  0, we see that nz1((o.)-r(87, n

Ima* nuiil: d fo, j € J; Now, the map fvni op0 is absolutely continuous on each interval

J c [0, l1pji;" that B-o(J) C Vnj, so that if A isa subset of such an interval J and m1(A) -- 0,

it results ILat m1((fy* o pO)(A)) : 0. Since 87, ) Ima* n^Uw : -({r*, 
o /)(Br o Ima* A

tLr" i ) :  ( f r *o; " " ; ) ( ( " . ) - t (B*  o lmcr*  n[ /n i ) )  :  ( fv ,  o00)( (4. ) - t (B*n Ima* oLra i ) )  for

i  l ' -rr j i* implies i t tat nzr(f r")Ima* nUx):0 for every k )-2 and every j  € Jt. Since

Br c U Br c U U (t/r,iOBr), we proved lhatml(?1)Ima.):0 for every path a € f \f.
k:2 k:2 j€Je

Using Theorem 2, we see that

M(/(f)) s M(f (f \  f)) + M(/(f)) :  M(f (r \  {f)) < M*,o(r) '

Proposit ion2. Let D c R" be open, P) I,w e L!,.(D) and E:(A,C) be a condenser

in Rl. Then Mfl(f e) : caf,(E).
Proof. If u is admissible for caf,(E), then p: lvul € F(fE), hence MSQ7) s I

a.'(r)f Vule( r)d,r, and this implies thar IUI!(Y B) { catr (E)-

We show now that caf,(E) A MSFy).We can presume rhat M[,(t") <-- and let e > 0'

Using Lemma 4, we can nna p e F'(fg) lower semicontinuous so that lllpllS]' < Mfl(lB) + e'

we take  Ap  CC Aopense tsso tha t  c  C  An  fo reve ry  k  e  l { and47 .  I  Aand  wese t

px : m1n{pX1o,k}for k e N. We define u6 : A-- R by ue(r) : inf- [ prds,where the infimum

is takenovera l l r ec t i f i ab lepa thsa : [0 ,1 ) - -+Aso tha tc (0 )  : rand l r r *a t l eas ta l im i tpo in t

in 0A, for r € A and k e l/. We see from Proposition 10.2, page 54 in [2a] that lVual < p6

a.e.
Let d"1": 

ltL"r@) 
for k e .l/. We see from the proof of Proposition 10.2, page 54, in [24]

that liflintd;;1. Then on:t is admissiblefor caf,(E) for every k €.1[, hence caf,(E) !

rrginr-/-L(z)lVu6le(z)d, < I'n'Sf fr_[ ,@)op@)edr S f w(r)g(r)dt S M3€s) * e. Let-
1s+oo 1in 

rc+F " R. Rn

ting e --+ 0, we find that ca'f,(E) S M|€o).
Corollary 2. Let f : D--- R'be continuous) open, light, satisfiiing condition (a) and let

E : (A,C) be a condenser in D' Then capf(E) < cap6,6(E)'

Proof. Since / is an open map, we see that /(E) : (/(,4), f (C)) is a condenser and since

/ locally lifts the maps, *" ,u. that f ylry > /(f"). Then capf (E) : M (t re) < M (f (t 
")) 

S

M1,A(T"): caPxr1(E)'
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4' Geometric properties of open, discrete mappings having local ACL, inverses

Theorem 4. (Schwarz's lemma) Let n > 2, f : Bn -+ B, with /(0) : 0, / continuous,
open, light, a.e differentiable with Jy(r) l0 a.e. and satisfying condition'(a). Suppose that

1 )  The reex i s t s0 (a  <n - Ia td .M >0so tha t  f  X r1g1 r1a r  <Mt * f * ) l * f o reve ry
o c r < l .  

B ( o ' r )

Then there exists g : (0,1) --+ (0, 1) continuous, increasing) so ihat liq p(t) :0, 
1g1 

pU) : t
and l/(r)l < e(lrl) for every r e 8".

P roo f .  Le tu , . :  ( 0 ,1 ) - -+ (0 ,1 )bede f inedbyu , ( r ) : cap (B" , [0 , re1 ] )  f o r0< r (1 .  Wesee
from Lemma 1'2, page 60 in [24] that un is strictly increasing'an d'h#;;6: o, 

]rj];(") 
: oo.

Let  r  e  Bn,  E:  (Bn, [0 , " ] )  ?"d E :  f  (E) :  ( f  (8 . ) , / (O,r l ) ) . '  S ince /  is  anopen map,  E,
is also a condenset,:o9_ Ielr' : {r ' [0,1] -+ /(8") path-17(o) € /([0,21; "na 7 has at ieast
a limit point in Af (F")j. Then M(f') : capt' and let f be the f"-iiy oi all maximal lifbings
o f  t hepa ths f romf ' s ta r t i ng f romthepo in tso f  [ 0 , r ] .  Then l ' > / ( f )andeve rypa thTe  f
has at least a limit point in ^9'. Using condition (o) and Theorem 2 from [5], we have that
"^(lf (x)l) { capE' : M(r') < M(f (r)) < Mrc,o(r) S (##)),, where Cj"; i, a constant
depending only on n. We take now p : (0,1) -* (0,1) defined bV p(t): z;1(6ffi) for
r  €  (0 ,1 ) .

Remark 1. Condition 1) from Theorem 4 is just condition c2) for r : 0 and. a : 1. We
can replace this condition by one of the conditions c1), cs),cq) for r:0 and a:I, obtaining
a different function g: (0,1) --+ (0,1) wiih the properties from Theorem 4.

Theorem 5. (Modulus of continuity) Let n ) 2,r, e D, 16 ) 0 so that B(r,rs) c D,
f : D '--+ R' be continuous) open, light a.e. differentiable with Jt@) # 0 a.e. in D, saiisfying
condition (a) and suppose that one of the conditions c),cz),"u),in) ilold in r for a: rs, Then
V(a) - /(")l < d(f(B(r,"0)),p(#) for every a e B@,rs), where cp is the function from
Theorem 4.

Proof. we apply Theorem 4 to the function g : Bn ---+ Bn defined by g(") : 
Hffif.or z e Bn.

, Theorem 6. (Liouville's theorem) Let n > 2, f : R' ---+ R' be continuousT open, light, a.e.
differentiable with Jr@) * 0 a.e. in D, satisfying condition (a) and suppose that one of the
condit ions ct) ,cz),cz),cq) holds for r :0 and every a > 0. Let M(r):  s lp l f  (")  _/(0)1,

.\: (0,oo) - (0,*) be so that r < )(r) for every r > 0 urrd jltrfu :'f:"? suppose that
lim M(,\(r))r(;5) : 0. Then / is constant on R', hence, if / i; boundecl on R', it results
that / is constant on R*.

P roo f .  Le t r  €  R 'be f i xedandr  )  0so tha t  l r l  < ,  <  X " ) .  Then  l / ( r ) - / (0 ) l  <
M(^(r)),p(#i < M(x(r))9(fi) * 0 if r -+ oo. It resuits that /(r) : /(o) for every r, € R..
If / is bounded on R', we take )(r) : 72.

Theorem 7 .  (P i ca rd ' s theo rem)  Le t  n>  2 ,  E  C  R 'bec losed , , f  :R ' \E  *  R*  U"
continuous, open, light a.e. differentiable with Jil{ * 0 a.e. in D, satisfying condition (a)
and so that Ma,6 (E u {-}) : 0. Then cap(Cf (R: \ E)) : 0.

Proof. Suppose that cap(c/(R'\ E)) > 0 and let K c R- \ E be compact so that
CardK ) 1. Then A : (/(R" \ E), /(K)) is a condenser and we see from Lemma 2.6, page 65
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in f2a] that there exists d > 0 so that 6 < capL.. Let f' : L(f (K),(/(R'\ E),R:) and let ter
I be the family of all maximal lifiings of the path from f' starting from 1{. Then f' > ,f (f),
M(t') : capL and every path 7 € f has at least a limit point in Euioo). Then My,1/l(l) :'0
and since / satisfies condition (a), we have d { capA,: M(t') < M(/(f)) < M7,O(T) : 0,
and we reached a contradiction.

Theorem 8. (Equicontinuity result) Let n ) 2, M c R' with capMl > 0 and let w
be a family of continuous, open, light mappings / : D --+ ff \ M, r.u. differentiable with
Jr@) * 0 a.e. on D and satisfying condition (a). Suppose that there exists cu € L!".(D) so
that K7(/) ( cu for every / €W andlet r e D be so that M.(r):0. Then the family I,Z is
equicontinuous in r, and we take the Euclidian distance on D and the chordal distance otr ff.

Proo f .  Le t  e  )  0besotha t  B( r ,e )  c  D.  Supposetha t thereex is ts  p )0 ,  rp  +  0  and
f, eW so that q(fo(B(t,"o)))_) p for everyp € l{. Since lrnfo)M : / and Imf, are
open sets, we see lhat Imfo) M : f for every p e N,hence fr(B(r,"o)) n M : 6for every
p Q N. Let fo :  A(/o(B(r,rp),0fr(B(r,e)) , fo(B(r,e))  \  /o(B(r,rrDj and fo the family of
all maximal liftings of the paths from fo starting from the points of B(r,ro) for every p € l/.
Then fo > ,f(fo)_and we see from Lemma 2.6, page 65 in [24] that there &irt" d > 0 so that
5  !cap(CM, fo(B( " , r , ) )  fo reveryp  €  l / .  Le t  Ap:  A(B( r , rp ) ,S( r ,e ) ,  (B( r ,e ) \B( " , ro ) )  fo r
p € 1/. Since every path 7 € Ao has at least a limit point outside B(r,e), we see that lo > Ao
for every p € ly', and since M-(*): 0, we see from Lemma z that 

Jg3 
t (op) : 0. we have

6 < cap(CnV, fo(B(r,""))) < cap(fr(B(r,e)), fr(B(r,r))) :

M(re) s M(f (tr)) < Mrc,ct(fo) < Mx,o(L) < M.(Lr) --+ 0
for p --+ oo.

we reached a contradiction, hence the family l,tr/ is equicontinuous in r.
Remark 6. The preceding theorem extends a classical result from the theory of quasiregular

mappings (see Corollary 2.7, page 66 in [24]), and brings something new even in the case when
all the mappings from the family W are quasiregular mappings, since the exceptional set M
which is avoided by every map ,f e W can be chosen at most countable and so that capftt > 0.

Theorem 9. (Montel) Let n > 2, W be a bounded family of continuous, open, light
mappings f , D --1 R', a.e. differentiable with Jr@) l0 a.e. on D, satisfying condition (a)
and so that there exists r..r e Lrr".(D) so that Kr(f) ( c,., for every / € lztrz. Then , If. M,(r) : g
for every r e D, it results tbat W is a normal family.

The following eliminability result extends a classical one from the theory of quasiregular
mappings (see Theorem2.9, page 66 in [2a]) and a result from [3] established for mappings of
finite distortion and satisfying condition (.4).

_Theorem L0. (El iminabi l i tyresult)  Letn)2, E c D beclosed in D,r € E,f  :D\E --+
R" be continuous, open, light, a.e. differentiable with Jr@) * 0 a.e. on D \ -U, satisfying
condition (a), so lh,at K1(f) e L!""(D \/-t(-)) and My,61(E) : 0. Suppose that there exists
r , ) 0  s o t h a t  B ( r , r , )  c  D a n d  c a p ( C ( f ( B ( r , r " ) \ Z ) ) )  t  O .  T h e n w e c a n e x b e n d / b y
continuity in r.

Proof. Suppose ihat / is not continuous in r. Then r / f-r(n) and we can find r; _-
r,Aj + r, h * b2 so that f(r) - h,f(A) -- bz, rj,yj € D \ g for j € .n/, and let
r i :  max{21"-r j l ,z ly-"^} for j  e l / .  s ince capE - 0,  i t resultsthat E is nowhere
disconnecting and let Ci be compact and connected joining ri with yi in B(r,ri) \ E for
j  € ,N Let  E i :  (B(r , , r , ) \p . ,9 i ,8 ; :  f (E) :  ( f (B(r , " , )  \g) ,  f  (C ib, f , :  { i ,1o, r ;  _*
f(B("," ' ) \E) pathlT(0) ef(c) andThasatreastarimitpoint in0f(Ei@,i")\b)), ' "oj l" t



f, be the family of all maximal liftings of the paths from rr.starting from the points from cr,for i e,^/. Let 
f,f : 1.r. e rAl r,urut GT1 

" 
ri*i, p"iri," 

{}.T9 r.ri : {r e fifT has at leasra rimir point outside ^g(r,ci r*- j e w Then ["ii; : M(r';),ri', flrr.), f, : f1, U f2i,Mo,o(r'):0 and we.""'fro- i"TT:2.6; ;"s.;d," trn)'i l"i i i,/","**rs d > 0 so that5<capE,foreveryTe ,A/.  LetAj:  
f^\Bf": , i . r i , l6l t i ,  (B(r,r ,) \B(2, r5))for j  €N.Then

il;^r#:ir";t ""ati"u-uir,rn@):0, we see from Lemrna i trrui Mo,o(ai) * 0 for

5 < capE,: M(f) < M(f e) < Mrc,u) (ti) : Mo,o)(lriufzi) <
M*,rn(lt) * Mrc,Ul (lrr) : Mx,6) (fzi) S Mx,ol(Li) * oif j + s6.

we reached a contradiction, hence*we can extend / continuousry in r.Theorem 11.  Letn> 2,  E c  D c losed i "  t ,  i : ,ua l ,  D\A _*  n-  be cont inuous,open, light, a.e. differentiable with Jr(d f O u... on A \ E, saiis$ring condition (a), so thatKt(f) e L!""(n \ /-'(-)) and M6,17''(a)': 0. sr;;;" that tim/(y) does not exists in ff(i.e. r is an essential singularity of /).{hen ,op(C(f @(r,r)\ E)) : O_for every r ) 0.Theorem 12. Let n > z, p a, 
? "1":"d il-;,';': D'\.8,___ n" u" conrinuous, open,discrete, a'e' differentiabie wiih lr(") + 0, a.e. on'D\ E, satisfying condition (a) and sothat Mv,6l(E):0. Suppose that'for every r € E there exists f, ) dso that B(r,r,) c D,Kr(f) e L!""(B(r,")l\ /-'(-)) "a 3ne^f(B(;,;,i\ ;)) >.0 Crr* 1 l**ends continuouslyto a map F : D -, y and if I"^(F(ED: ol in*'r i, fo.rr, discrete on D.Proof' we see from Theor"* io that / extends to a continuous map F : D_, F. sincecapE : 0 and (', \ E) n F-1(oo) is at most countable, we see that F' is a light map, thatl ) \  (EuF- l (m))  is  a  domai 'ar rd i (F, . )  i r .or , r i "n i  o \D\  (EuJr- r (* ) ) .  we use nowTheorem 1 from [2] to see that F is open and discrete on D.Theorem 13' Let n) 2, Eo C D,b".tosei in-;, ' ; ,  ,  \  I ;o --* f f  be continuous, open,discrete, satisfving conditions (oi),(or),(rr) *l\rgrr.1r-'r"")i 

""j; 
i iut ruo,61(go) : o.Supposethatforevery r € Eo,thereexistsr" ) 0so.thlt B(r,r. ,) c D, K1(f) € Ll,.(B(r,r,)\/-t(o")) and cap(cf (g(r, r'j\ E )t t 0. Then / extends continuously to a-map ,fo : p __., ff,and if p"Uo(Eo)): 0, then 7o ir opurr, discrete and the set E6 is eliminable fbr /.Proof. We see from Theorem 12 that there exists fo : D _--+ R- 
"orrtinuous 

so that/olD \ E0 : /, and. if Lr,(fs(Es)) : 0l then /6 i, op"r-u.rd discrete on D. If K and F, arethe sets from conditio"s (;;)'u"A'1ory for the _rp fl rfr.rr,.since rn1(Eo) :0, we can replacethem by the sets 
{ ! Itl.t"sp""ti""ty F u F,6, uni r"" u.u ttrut the map /6 satisfies conditions(or),(az), (a3) on D \ /-t(-j with tiese reptaced sers.

Remark 7' The eliminability of the ;singular" 
set E6 implies that /6, the continuous

lili}T:tr"Lffi i;:l|'j:s 
the modurar inequaritv pi eo[ckii " *t]rni's Mx,(r)(r), ro,

we begin now to study the boundary behavior of our new class of mappings satisfying themodular inequality of Poleckii' we shalL see as in the classicar theory that this is an importanttool in establishing.some basic properties of this type. we first give an extension to a resurtproved by M' vuorinen in [32] for closed quurirug.rtur mappings and by M. cristea in 13] formappings of finite distortion and satisfyingcondiii;;i;j:
Theorem 14. Let n ) 2, D, D' be domains in R", / 

': 
D __. D, be continuous, open, light,a'e' differentiable with Jr@) * 0 a.e. o: D, satisfying condition (a) and so that Kr(f) eLl".(D).Let b e 0D be,L'ttui D is iocally connectea i, A, Mo,r,e):0, C(.f ,b) c D, and
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C(f ,b) has property Pz in at least one of his points, and suppose that there exists p ) 0 so
rhat A(f ,r) c 0D' for every r e B(b, d n 0n. Then / extends continuously in b.

Proof. Suppose that there exists bt,bz € C(f ,b), b, * bz, and D' has property p2 in b1. Let
rj * 0, Ui eV(b) be so that Ui+t c Ui C B(b,ri) and uj n D is connected for every / € |tr.
Let F C D' be compact. since c(/,b) c 0D', we 

"u,tr 
ioppose that /-t(F) n B(b, p) + O

and we can suppose that f(uinD)nF : S for every j  e N. Let r, :  { l :  [0,1) ---+ D
path f'y(O) e f (Ui n D) and 7 has at least a limit point in F) and lei ti be the farnily of
all maximal liftings of the paths from f, starting from the points of Ui n D for j e N. Let
l1r : {f e filf has at least a limit point in B(0, p)alD) and f2r. : {l e lsllmlnS(b, p) # 0}
for j e 1f. Then fj : ftj U fzj, f, > /(fi) and since D' has property P2 in b1a"d /ffip1
is connected, we can f ind t > 0 so that 5 S M(f) forT €,4/. Let now ? : 10,1), D,"y € f i i .
Since'y is recti f iable, there exists 

": lrgT(r) € B(b,p)nAD, and let I  e A(f,r).  Since
A(f ,r) c aD'for every r e B(b,p)n0D, we see that I € aD'. on the other side, /o7 is
a subpath of a path from fr, hence I e D' and we reached a contradiction. It results that
fI, : Q t_or i € -|y', and from Lemma 3 we see that M*,tfl(lr) : 0 for every j e N. Let
A i :  A (B (b , r )n r ,S (b ,  p )nD, (B (b ,p ) \ (B (b , " i ) )nD)  fo rs  €  t t r .  Then  l z i>  A1  fo r  j  e  N
and since Mo,ol(b): 0, we see from Lemma z that 

]*M*,rn 
(Ai) : 0. we have

6 < M(t'j) < MUQil < M*,g(rr) :

Mx,U)(lri Ufzr) < M*,A(tu) + M*,r1(fzi) : M*,V)(Tz) { Mx,(n(Ar) - 0
if j ---+ oo.

We reached a contradiction. it results that / extends continuously in z.
The following result was proved for plane meromorphic functions by K. Noshiro [21], for

quasiregular mappings by O. Martio and S. Rickman in [17], and for mappings of finite distortion
and satisfying condition (.4) by M. Cristea in [3].

Theorem 15. Letn> 2, E C AD, f ,  D - ' f f  becontinuous, open, l ight, a.e. differ-
entiable with Jy(r) t' 0 a.e. on D, satisfying condition (a) and so that M*,rn(E): 0. I,et
r  e (AD \E ) ' and  z  e  (C ( f , r ) \ (C ( / ,  r , 0D  \E )u ( ] ^ l  / (B ( r , r )n t ) ) ) .  Then  e i rhe r  r  €  E

andz€A(f , r ) ,  or thereexis ts  r r  €  E,rx  - - -+t rso that  ze A( f , r l , )  foreveryk e l / .
Proof. we can suppose lhat z € R'and let 16 \ 0 be so that,S(2, r,)nE: Qfor every

k e N-  Let  Fr .  :  c ( f ,B(r , rp) ) (@D \E) \ { r } ) )  for  k  e } / .  Then f1"+r  C Fr .  for  every
k e 1t /  and C( / ,  r ,OD \E)  :  I  n  Since 2c :  d( r ,C( f , r ,ar \E))  )  0 ,  we can suppose

tha tc  <d ( r ,F ; ) f o reve ry f  .F l r c ,  pn :d (2 , / (S ( r ,  r1 , )nD)  fo rk€ l / .  Le tke  l / be f i xed
and suppose that pn:0. We can find o7,; € ,9(r, rp) n D so that f (ani - z and. extracting if
necessary a subsequence) we can presume that there exists a76 € S(r,rp) so that axj - ap. If.
ape s(r,rp)n0D, then a7" € s(r,rp)n(0D \E), hence z ec(f ,o*) c f '6, which contradicts
the fact that d(z,Fd > a > 0. It results that aa e S(r, r1,)nD) and hence f (on): z. since
z /€ ) f (B(",r) n D) and a6 --+ u, we see that there exists k6 € l/ so that pn ) 0 for every

r>O
k ) ko, and we can suppose that h > g for every k e N. Since z € C(f,r), there exists
a p Q 8 ( r , 1 6 ) n D  s o t h a t  f ( " r )  -  z , a n d  s i n c e  / i s a n o p e n m a p ,  w e c a n f i n d  0  a r * <  p o ,
Cv c s(z,r*) a cap of the sphere s(z,r'*) and Q7, C B(r,r1")nD connected so that f (ei) : Cr
f o r k e N .

Let us fix k e l/. we denote for g € cr an{ i e N by -ys;: [0, I - \] --+ B(z,ru) the path
d e f i n e d b y % r ( t ) : ( 1  - t ) y * t z  f o r t € 1 0 , 1 - | ] .  L e t  A t : { a e C n l t a ) c a n n o t b e l i f r e d f r o m
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every point from Qrj' l'o: {lvrly , a} and ]et f; be the family of all maximal iiftings of thepaths from f, starting fr;* th;;;iot, or Qa, f.orl L .nr. wu see 
_that a path 7 e Ttcannot haveany limit point in (D n S(r,reiu B(a,"li.if'i_iayj, rr-"o"u Im. c B(r,rr) fr D andhencez has at least a rimit point in'"b J':": y:,rtrpi:'6, *ni, ,*oriJ.l#*i**,ur(ro) : 0, andsince f, > ,f(fo), *"j." ,nu uf;-s < M'(i,b;t'. ii*,ur(ro) : o. in* _ ._t(A;): 0 for? € I/ and let Ar: A,Ao.

Let vp e c i"  \  a* l"a 'ys1, :  [0, t )  
:  " ,?, i ) , l ro- f t ) : - ( l  

-  t )ar+t-z forr  e [0,1).  s inceyn tsA*, thereexists qr, ;o i i1 _, ' r i@,: ! )nD".ap;;h;"rn1r*( , i f€0_;; ;  
f  oqr, : . tsn.Let86 be the set of ail limit point. 

"f; 
f" ,.u *nriif-r_ e B.1n BJr,rr"jn D, then f (_,") : ,,hence, since z F 

lrf 
(?(",r1n D1=,"there exists a, €;; so that & c 0n i e6,rn) foreveryk ) ko- If there 

""irtr 
k ) k, so that ca rlBn r 1, then, since Ba is connected and capE : Q,we can find a point b6 € (B*\ E) n ao n a(i,r*), rr.#', 

S c(t,o;. 4.-o" the other side,a < d(z'F6)' and *" '"u"hed u 
"ontrudi"tion. Ii results ta^t borliBr:'r io. r > ko,hencethere exists ro : 

ls 
q*Q) e B(r,rjnE for k ) /ro. If in"r. exists 1, > ko,so that r4 : r, then

; : . f "# i  
'e rA( f '4 '  and i f  r t " f  r fo reverv  7x>ko, then, ,6  +r , rke  -Eand z€A( f , re )

Remark 8' Using Remark 4, we see that condition (a) can hold in Theorem 15 if con_ditions (ot),(or),(or) *" satisfied and.f 
-': *ru r rorrt map, since the modurar inequarity

;Y"t{$,i ir#f;:titt;)" 
from rt'"o'u* 15 remains iaricr for light mappings which are not

we extend now,a result which for plane meromorphic functions is known as rversen,s theoremand cartwright's theorem' our resuli also extend, ;o;"-;;"orems from f17] and 1241, page rr0,;:1tTffi**'":ru*lhT ::ruff iii;;;; ;"n' ? "- r3i "*t ri.'i #',"; ; ;;pi" s; ;i
Theorem r-6.  Letn> z,  E c  rc tosua inD,  f  :  D\E ___,  f fbecont inuous)  open)iight' a'e' differentiable wiih it("r * o a.e- on 

?, 
rl*.tur:*.condition (a) on , \ E, so thatKr(f) e Ll'"(D \/-'(*)), u*,rob):0, and i"t 

" e E b" ur, *r"rliiliringurarity of /.Then, if r is an isorated por"t oi E, it results that fr i n rrrc, 
") \ 

E) c A(f ,r) and in thegenerar case, there exists r* € E, rx # r, rk --+ trrna ro?tlu, R-\ n f (B(r,r) \E) c A(f ,re)for every k e ,n/. 
'"tb " ' \--1' /

Proof.  Since r e IntD, we see that B(r,  r))0D: $ forr  > 0 sma"l l  enough, hencec(f ,r,aD\E) : d. Since r ir.r, 
"rs"rrtiar silgularity of ,f-^we r"" *ir"i.op (cf (B(r,r)\E)) :0 for every r ) 0, hence c(i,;;" ' : '  #:TJ*,'. R, \ n /(s(r,,) \ E). Thenz e C(f ,r) \ (C(/, r,0D \ g) u f-Lf (B(r,r) \ E)) and we upply 

"", 
i[n*rem 15.

The next theorem extends t ?"3t tt of o. Martio and s. Rickman from [17] concerning thedensity of the points b e S. at which a. quasiregular map f : Bn _* n; *i,i, 
'laee 

y @^)) > 0
[j X"-nfiiili# il:"*J:T.';" 

ro' ''uppi,,g. or n,'ii" distortion ."i ,*riJrriog "o,,dtio,,T h e o r e m  1 2 .  L e t n > _ 2 ,  B :  { , b  e  O D l  t h e r e e x i s t s T : 1 0 ,  l )  n  D a p a t h s o t h a t
Hiz(t): b), let f t D -- ff'b" 

"ont\r,no,rr, "p",r, 
iigrrrla.e. diilerentiabre with Jy@) r 0a'e' on D' satisfving condition (a), and l:l 

{.: {b e Bf there exists 7 : [0, r) _- Da pathso that 
]gir(t) : b and there exisis lim/(7(i)l j , i nai. Srp;;; ,a^i" x,Ut € Ll""(D)



and My,11(b) : 0 for every b e B \ E, that capcf(D . B(b,.)) > 0 for every b e B \ E
andeverye  >  0and tha t  M* ,a (BnB(b ,u ) )  >  0 fo reve ry  be  B  andeve rye  >  0 .  Then
Mx,a(E n B(b,.)) > 0 for every b e B and every 6 ) 0, hence E is densely in B.

Proof .  supposethat thereexis ts  be B and e )  0sothat  Moro(En-B(b,e)) :0 .  s ince
Mx,a(BnB(! , i ) )  >  o,  wecanf ind apgi"J  y  e (B\E)n B(b, ; ) , . ' i " t '8 ,  [o , i ; ' - *  B(y, ] )nD
be a path so that 

|ii0(t) 
: s and 

|g/(0(4) does not exists.' Let 
" + ; and. s", / !'be so

tt 'at#* f(gGz*)): r,  jr jL f(gGz^+)):u and let F*: f(g(l"r*,sz-+i l)) for nz e .t / .
Let r^ -+ 0 be so that t([tr*,sz-+r]) c B(y,r*) for every n'L € r/. we can suppose that there
exists r ) 0 so that q(Il,) ) r and 0 { r^< f for every rn € /y'.

Let  r * :  { ry ' [0 :1) - - -+ R.  path l7(0)  e1,7(1)  L  Cf(B(y, ; )nD) i  and le t  f " "  be the
family of all maximal lifbings of the paths from f- starting ftor" iiru poiotu of B([s2), sr**r])
fot m e l/. we see that f- > .f(f-) and from Lemma 2.6, page 65 i; [24], we can find d > 0
so that  5  < M(t ' * )  for  every m e N, .  Let - f_1 :  {7 ,  1O, f )_-  nhf i6 ,6) l l  e  t_  and
7 has at least a l imit point in 0DnB(y,i)\ , . t^r: {ry e [ '* l lml nS(i; ; i  + Ol uod l"tL* : L(B(y,r-))!,Sq,ilnD,(B(y, )\bfu,111n'nS for rn e 1/. Then l- : r_r \rt^2,
l*z ) A- for m e N and since M*,Ofu\: 0, we see from Lemma T that lim M6,6s1in,,,) :
0. 

111+6

L e t n o w ? : [ 0 , 1 ) - + D n B ( y , E ) , t  e f i r .  T h e n t h e r e e x i s t s  0 . , : ! y g  t ( t ) e 0 D  a n d s i n c e

|g+ /(r(t)) obviously exists, it results that 8., € .u. we see that n n Biii;> c E nB(b, e) and
Mx,U)(EaB(b,.)) 

^ 
0, hence. My,6(En_B(r,;)):  0 and this implies that M6,111(lt ,) :  O.

We use now Lemma 3 to see that Mx,U)(l*) j O fo, every rrl e Iy'. We have

6 < M(t'^) < M(f (t*)) < Mx,ol(f_) :

Mx,u)(f nul-z) < IvlKro(l-,)* Mr,u)(l^z): Mx,rn(f-z) ( Mx,olL*) - 0
if m -r co.

we reached a contradiction. we therefore proved that M6,61(En B(b,e)) > 0 for every
b e B a n d e v e r y e ) 0 .

We say that a domain D c R" has the continuum property if for every two compact,
disjoint subsets K and M so that K is connected., Cardi > t and capM > 0, lt results that
M(L(K,M,D)) > o.

Theorern  18 .  Le t  n )2 ,  E  c  D so tha t  r \E is  open,  f  ,  D \E- f f  uecont inuous ,
open, light, a.e. differentiable with Jt@) *_! a,e. on D\,U, satisfying condition (a) on D\6l, sothat M6,111(E) : 0 and Kr(f) e L!."(D\E). Let b e 0'Dn@DiA;t U" so that M6,r,(b) : 0,
* :' 

tof@(b,") \ 
E) o D) and suppose that there exists a ciosed set C so thJFy\ b n*

the continuous property and c(f ,b,ar\E) c c. Then either cap(M\c) : 0, or c(f ,b) c c.Proof. Suppose.that cap(M \ C) >.0-u19 that C(f ,b) f i.Let yr' e C'(f ,b) \ C. Since
* :  y o r t @ ( b , r )  \ E ) n D ) , w e c a n f i n d  M r C M  i i ^ p u t s o t h a t  a t /  M r ,  M t n C :  g ,
capMl> 0 and there exists p > Aso that 

-Mt C Cf(B(b,p) \ E) n D). Now either gr € R,,or 9r - oo and c is compact and in both cases we see that r: q(at,Mruc) > 0. L"i
?^ 

: 
?(b, *). D, K* : P(b,*). aD for m € /y', and tet z^ € K^i ia, {i}; ana r,n € D^be so that f(r^) - !r.  SinceJap4:0, we see that  ̂ .(E):0 for '"reri 

",  
O and from

J-_3mma 7 in [3], we see rh! mo.(M(8,"*)v M(E,r-)): d for everyp > 1 and every rn e 1y'.We can find a point tu- 
S P(b,*)\(M(8, r*))uM(Ei z*)) anda p_ath Q* : f0,tl .- A@,,i,ltg

so that g-(0) : r*, Q*(I) : i,n and. I^q,n: fr*,.*lU[.*,")l for'i a ll. W" take now



t - : sup { f  e  [0 , l J fq - ( t )e  D^ ] , \ ^ :Q^ l [0 , t ^ ] f o reve rym€ l / .  
Le tnowf ,  : 0D_+p(8 , ) ,F(r) : C(f ,") for r € 0D. Then C(f ,b,AD\E): _fi. F6VE u {b}D and ler rno € .t/ beso that F(K^t flr.{a})) c Bn(9,f) for every rrli;,since c(/, s_1t*,lt-'^; :'r&:\ {-ru 1ap I t'arg,_g) p, ^) zn6 and f (r,,) * yr

;$f- 
there exists mt ) mo ro trrui'rmf Li'*i nrtc,;y+ O ̂ ^a jd*l e Bo(yr,i) for

We can therefore find closed subpaths a* of)- so that Ima* C D^\ E, Imf o a,n C

i:9;;;)) f;g::,11J! xr:f:w'n:i':r+**,:ei:T) ;; r.r everv m > *,fr omR'n(B^(u;1",'z;)\",(;;,;i,.lTo*r>,^,i'i6)ib.lf 
,?nr:?fi tj?;"ffiTf 

*:
:il::*"H'1 

page rr i" ['+i"'"u can suppose that there existJ g : "ri,L 
e-. Then e is

. L* " : "rn"il"o#td ,'"*':T)l*#:,#'f!?i"i ;ifi"::3,:i*;ay;r,+,i1has the continuum property, we can find d, o r" in"i-+d < tii1u. since L* lA, we useZiemer's lemma from [io] # r"" G y.r!^) / i(;;,hence we qnd find m2) rnr so that25 < M(a-,) and #'.'o rut i':"A,,ic,di,i;l'ite*,%,#'\ rD'io, * 2 mz. usingLemma 6 in [3]' *" 'iu that ria Me;) :it(,i]"i'li ,", rns ] ^) auso that 6 < M(t,-)and F(K,.\ (Eu{a}) c u #ifr} mt- Let A_ : t(B(b,_,*),?.3., CB(b,*)no,1a(b,fr) \B(b' *))'D) for m) rn3 and ret r- be the fam'y of an maximar lifbings uy fr'" m4p g: -frD\Eof the paths from l-, starting fro_ ,orrr".points of H*, b: 
?> ;; 1; i-, : {l e f;1^,has at least a limit point i" b], i_, : {7 e r;1r 

-i*1.* 
t"usi . ii_ir-poi"* in K,n"\ E},frn3 : {t e rillmlyll, 

fr) i ii^, i, ^, tii,*-ir_f;;'(e\?l r.s(b, fr) andMr c cf (B(b,*)\E)nr'-i.i ^ >'*r;we see that ri : 
f1r.\-rt-aUr-s for rn > rn3, and alsor- ) f (r^) roi",n, T?. Let now r,lb, rt _, r-,ie;i;rl, ;.i;:;;;;, is rectifiable,there exists ?,, : lim 7(r) and u.r e r-.'\ (g , {ril: i;"""",i ,1 ;"'ur"ufrd.-oia path from r_,there exists ' : 

"1rt 
(r)) e cfr. onthe oth". side, / e c(f ,ut,Imu)c F(K-.\( Eu{b})) c uand we r"r"hed'l contradiction. It results that lm2 :6,'h"rr"u lt : l,,"r U l_3 for m ) ms.fil?;i-; i"k'fff.i"fr,Til?il',,i";;i** Yfrf" i):.M7,r,t(friil - ' rn3 using

parh ramilv from , \ E, and / .'ti*n"" 
"oodition ("t;; br{#?kf; jji:* '' ;

6 S M(l'^) < M(f (l*)) < Mx,ct(f_): Mrc,o(tT):
M*,(fl( l*r Uf-s) < Mx,rn(r-r)* Mx,(n(r^z):Mx,rn(f-s) < Mx,(r)(L*) - 0is zn -+ oo.

we obtained a contradiction. we proved that if cap(M\ 
2:0, then c(f ,b) c c.Remark g' we see from Lemma z.o,,pug" os i" trn)',iat ff has the 

"oirirr,_,,r.r, propertv.we also see from r.311 that ir F cff l",atJ ^^a *._'r(i) 
: g,.then r1(A( A, B,T\ r)) :M(L(A'B'F:)) fo' u.,u,v A,B c-r\a air:"i"r r#lrrro *n* implies that if tr c ff isclosed and mna(F). : 0r ,rr"" R* \ ;t iru. th" .orrtirr,ruri propurty. using Lemma 4 in [3],we see that ff \ B has the continu.im propurty for every ball B C R,. Also, if Do ,/D aredomains having the continu'm property r"i uir"rl o i lr, ,r,"" D has tnu 

"ooiirr,rum 
property.Now' if B c R" is a 

lall'-": R"\g"ra f :-D'---+c r".hom.omorfrri.". *rri"r. is locallyquasiconformal' it results that D has the continuum p.op"rty and such an important case hoids



when / is a Cl diffeomorphism. In this way we see that if .F/ c R' is a half space) then R'\ 11
has the continuum property. Let now C c W be a Jordan domain so that there exists a
C] diffeomorphism f : 0C -* ,S' and C is starlike with respect to a point a € C, and let
D:W \d;  Taking.F:  R - -  R ' ,  F( (1 -  t )a+t r ) :  f f  for  t  )  0  and r  €  0C,  we see that
F : R'-+ R' is a diffeomorphism which maps D ono R'\ B, and this implies that D has the
continuum property.

We see now that we can take the set C from Theorem 18 a ball, or a half space, so that
m*t(C) : 0 or so that C : I Do, where D, are starlike Jordan domains so that 0D, is

diffeomorphic to,S'for p € ,Af. An important case holds if m.-{C(f ,b,aD\ E)) :0, and
in this case we extend a result from [3] given for mappings of finite distortion and satisfying
condition ("4). When C is a ball from R' in Theorem 18, we obtain a "maximum principle"
which extends a similar one from [3] given for mappings of finite distortion and satisfying
condition (-4).

If m"-1(C(f ,b,AD \E)) : 0 and the set M from Theorem 18 is so that mna(M) > 0, then
the condition" cap(M \ C(/, b, aD \ E)) > 0" obviously holds, and we obtain that C(f ,b, AD \
E): C(f ,b). Essentially, the result says that if the cluster set C(f ,b,aD\E) is small enough
and the set M is great enough, then we have the equality "C(f,b,aD\ E): C(f,b)". An
important case when the condition " cap(M \ C(/, b, aD \ E)) > 0" holds is when / is bounded
near b andmn-1(C(f ,b,AD \ E)) :0.

In the case n :2, we obtain a special case of Theorem 18.
T h e o r e m  1 9 .  L e t n : 2 ,  E  c  D b e s o t h a t r \ E i s o p e n ,  b e  0 D ,  f  t  D \ g - - - R '

continuous, open, light, a.e. differentiable with Jt@) * 0 a.e. on D\.8, satisfying condition
(a )  on  D \  E ,  so  tha t  M* ,A (E) :0 ,  Mx , (1 (b )  : 0 ,  K r ( f )  €  L \ , " (D \E ) .  Le t  G  c  D
be a Jordan domain so that there exists ?r : i0,1] - D arcs, k: I,2,3 so that Imls C D,
f * ( [ 0 , t ) )  c  D , l i r y1 ; ( t ) :  b ,  C ( f , b , Im l i :  { c } ,  k :1 ,2  and  0G:  I * ( l rVZ iV ,y3 ) ,  l e t
M :C  n  / (B (b , r ) \E )nG)  andsuppose  tha tcapM >0 .  Then  l im  f ( z ) : c .r)o ,23{u

Proof. Since capM ) 0 and C(f ,b,AG\E) : {c}, it results thal cap(M \C(/, b, AG\E)) >
0. We see now from Theorem 18 that C(/, b, G \ E) : C(f ,b, aG \ E) : {"}.

A theorem of Lindelof says that It f : 82 ---+ C is meromorphic and admits two distinct
asymptotic values at some point b € 52, then / assumes infinitely often in any neighborhood of
b all values of the extended plane, with at most two possible exceptions. We use now Theorem
18 to extend Lindelof's theorem and a result from[3].

T h e o r e m  2 0 .  L e t n : 2 ,  E  c  D s o t h a t D \ E i s o p e n ,  b e  0 D ,  f  ,  D \ E  - - E ' z
continuous, open, light, a.e. differentiable with Jt@) # 0 a.e. on D\-8, satisfying condition
(o)  on D\E so that  Mx,<n(E) :0,  Mx,Ul (b) :0  and K{ f )  €  L l , " (D \E) .  Suppose rhat  /
admits two distinct asymptotic values in b. Then there exists M c R2 with capM: 0 and so
that R3 \ M c /((U \ E). D) for every U e V(b).

Proof. We know that the locus of a path is also the locus of an arc, hence we can suppose
that there exists arcs./s : [0,1] -- D with,y7"(10,t)) c D, m$): b, 

]g1/(r*(t)) 
:  bk,

k : 1,2, with bt * bz, and we can suppose that Im11) Im12 : {b). we can also find
an arc tg : 10,1] --+ D and a Jordan domain G C D so that 0G: I*(lrV.yiVfu) Let
M:C  n  f  @(b , " ) \E ' )nG) .  S incecapD:0 ,  we  see  tha t  b  e  0Gn@G \E ) ' and  suppose

r )0
that capM > 0. Since C(f,b,AG\E) : {br, b2}, it results that cap(M\C(/, b, AG\E)) > 0, and
from Theorem 18 we see that C(/, b, G\E) : C(f ,b, aG\E) : {br, b2}. on the other side, since



G is a Jordan domain, is locally connected in b. since -o is nowhere disconnecting, we see thataiso G\E is locally connected in b and this implies that c(f ,b,G\E) is connected. we reacheda contradicrion. It resurts that capM: 0 and we see *rui nr'y-ua 
-h 

7i"rr, r) \ g) n G) c
/((Y\ E). D) for every U e V(b). 

r>o

we extend now another theoiem of Lindelof given for bounded analytic f'unctions and gen-eralized by M' vuorinen in lB3] for quasimeromoiphic functions.
Theorem 21.  Letn>r ,  E c  D b_e_so that  D\ t ;open,  f  ,  D\E_R- necont inuouson D \ -8, open, light, a.e- differentiable with lr@ /.0 u. on D \ E satisfying condition(a)  on r \  

" ,  
so that_M76,rn(E) :0  and N,U) '€ 'L \ . " (D\E) .  r , ! ra  e  En(a, \E) , ,M : c n f @@,r) \E)nDj a"a suppose that capM ) 0 and there exisr)0 / \ / a'u ouvt/UDY trua'b uuplvt > u and there exists lim f(r): o.

Then there exists lr"l /k) and equals a. 
redD\E

c € D \ . 8

Proof. We see that C(f ,b,AD \ E) : {a}, hence cap(M \ C(/, b,AD\ E)) > 0. We usenow Theorem 18 to see that C(f ,u) : bU,i, 5b \ E) : i;t, il:'"rifi" rO) : o
we remarked that if the set c from Theorem 18 is a ball we .otut"T\"arraximum principle,,.we use now this maximum principle to extend a similar one established in [17] for quasiregularmappings and in [3] for mappings of finite distortion and satisfying condition (,4):Theorem 22 -  Le tn>  2 ,  E  c  D  so  tha t  D \E isopen  and  a r \ (E  naD) i s  dense lyin 0D, f t D --+ R' continuous and open on D, iight, a.e. differentiable with Jr@) I 0 a.e.on D\8,  sat is fy ingcondi r ion (a)  on D\8, ,o  inuT Mx,$)  (E)  :0  and Kr( f )e  I , r , " (D\E) .suppose that there exists L > 0 so that li-',-,pl/(yx < L for every r'€ 0D\ E and let

M , : C ) f ( B ( r , " )  \ E )  n D )  f o r  r € 8 .  f " n " r , ,  i f  c a p ( M , \ E ( 0 , r ) ) > 0 f o r e v e r y  r e  E , i tr )0
results that l/(z)l { L for every r e D.

Proof. we see that E.aD c (0D\s)., that c(f ,r, Df E) c B(0, L) forevery r € LD\Eand hence c(f,r,ar\E) c 810,tr) for gvery 
" 

i" 'a'naD. Taking the ser c : B(0,r) inTheorem 18' we see.that c(f ,*,r\E) c a1o,z,; for every r e EaAD. since D\E is denseryin D and / is continuous on D, we seethat i(f,r) c'B(;q il"";;; € aD. we usenow the openness of the map ,f on D and the ru.i tt at / takes finite ,ralrres on D to see thatl f ( " ) l { L f o r  e v e r y  r e  D .
we extend now a theorem which is known for plane meromorphic functions as lversen-Tsuji's theorem' A version for quasimeromorphic mappings can be found in [12] and [33] anda version for mappings of finite distortion and satisfiring condition (.4) was given in [3].Theorem 28. Let n ) 2, E c Dbe so that D\E is-open, b e (0D\E)', i ,r\E'-* fr uecontinuous, open' light, a'e' differentiable.with 

!ilil f 0 2.u.on D\f,'suiiriyirrg condition (a)onD\E,so tha t  Mx,c>(E) :0and Kr ( f )e  r ; " . ( r i1 'g .  Le t  M:C n  f@@,r ) \E)nD)and
suppose that cap(M \ B(0, r)) > 0 for everv r ) 0. Then ltT:yo l/("il': hq (rimsup l/(r)l)

t -b  z+-

Proof. Let a : limsup l/(r)l and tet g : 0D\E * Ra be defined Or"i\i:i^ro lf (*)l
for z € aD \ E. r"i,-i : 

n rb@ Then 0 < aand we show that'" = fr:;;:::;
z€BD\-E

suppose tha t  p  <  oo  and le te  >  0 .  wecanf indd.  t  0 Io  rha tc ( f ,z )  c  B(0 ,13+e) fo re v e r y  z  e  ( 0 D  \ E ) n  B ( b , 6 , ) ,  h e n c e  C ( , f , b : A D \ g )  c  B ( 0 , 0 + . ; . " ' t i U  e  d D \ 8 ,  t h e nc(f,b) c a(0, p + €), and if b e E,we see from Theorem 18 that c(f,a) c-B(o,p l ' . i .T;

27



results that c(f ,b) c B(0, 0 + el and letting 6 , 0, we see that c(f ,b) c B(0, B) andhencethat a < p.
Remark 10' We don't need the "singular" set .O from Theorems 1b-17 , 20-2g to becompact as in fl7], [24], [33]. Also, if we can continuously exbend the map f o,n D rt E to amap F : D --.- ff in Theorems 18, 19, 2a,2L,23, the con"losions of these theorems wiII holdfor the new cluster set C(F, b) insiead of C (f , b) . We can use for instance the conditions fromTheorem 13 to extend / continuously ono D a E.
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