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Functionals associated with gradient stochastic flows

and nonlinear parabolic equations

I. Molnar and C. Varsan

I. Two problems for stochastic flows asociated with noniinear
parabolic equations

1 Introduction

Consider that {ir(t;)) : i e [0,"]] is the unique solution of SDB driven by complete

vector fields f e (Co n C; n C')(lR";1R") and g € (Cl .C')(lR";lR"),

, .  r \  |  ar t :  p(^) f  ( i )d t+ g( t )  "dw( t ) ,  t  e  [0 ,7 ] ,  r  €  IR" ,
| '1 . r , ,  1

I e(0) : ,\ € ]R',

where e e (Cl )C')(IR.") and w(t) e lR is a scalar Wiener process over a complete filtered

probability space {Q,F ) {Fr},P}. We recall that Fisk-Stratonovich integral "o" in (1.1)

is computed by

g(r)  o dw(t) :  g(n) .dw(t)  * f ,a,n61 .s@)dt,

using Ito stochastic integral ".".

We are going to introduce some nonlinear SPDE or PDE of parabolic type which de-

scribe the evolution of stochastic functionalsu(t,r) :: h(rb(t,r)), or S(t,r) :: Eh(io(T;t,r)),

t  e  [ 0 , T 1 , ,  € R ' ,  f o r a f i x e d  h e  ( C ] n C ' ) ( l R " ) .  H e r e  { ^ : ? h ( t , r ) : t  e  [ 0 , 7 ] , r  e  l R . " ]  i s

the unique solution satisfying integral equations

(I.2) iq(t; )) : r € IR', t e [0,1"].



The evolltion of {S(t, r) : f € [0, Tl,n e R"] will be defined by some nonlinear backward

parabolic eqlation considering that {fr,tG;t,r): s e [t,Tl,r e R"] is the unique solution

of SDE

(  
' ^  /  l

J d, i : ,p(|)( t ,r)) f  ( i )ds + s( i)  o d'ur(s),  s e l t ,Tl ,
\

I a t t )  : u€ ]R ' '

2 Some problems and their solutions

Problem (P1). Assume that g and f commute using Lie bracket, i.e.

(2. I )  ls ,  f l ( " ) :0,  r  € 1R' ,

where lg, fl@) p l7,s(r)lf (r) - l0"f (r))s(r),

Q . 4 r V K : p e [ 0 ,  1 ) ,

where I/ :  sup{ld,e@)l: r e IR}' and K : sup{l/(r) l ;r e IR"}'

Under the hypotheses (2.1) and (2,2), find the nonlinear SPDE of parabolic type sat-

i s f i e d b y { u ( t , n ) : h ( r h ( t , n ) ) : e  [ 0 , ? ] , r € R " ] ,  h e  ( C ] ) C ' ) ( l R " ) , w h e r e { ) : t l t ( t , r ) e

R" :t € [0,?],r e 1R'] is the unique continuous and ft-adapted solution of the integral

equation (1.2).

Problem (P2). Using {tr: $(t,r)} fbund in (P1), describe the evolution of a functional

S(t,r) ,: Eh(iq,(T;t,r)) using backward parabolic equations, where {i4,G;t,r) : s €

[t,f)\ is the unique solution of SDtr

(  , ^  t

/o a\ J d, i  :  e(Ih(t ,r)) f  ( i )ds + s( i)  "  dw(s), s € [ t ,7]
\ L . o  )  \

I a ( t )  : r € ] R D '

2.L Solution for the Problem (P1)

Remark 2.1.  Underthehypotheses(2.1) and(2.2) of  (P1), theuniquesolut ionof integral  ;

eqnations (1.2) will be fbund as a composition

(2.4)  +( t ,  r7 : '$  Q,2(t ,  r ) ) ,



where 2(t,r):: G(-,u(t))[r] and ̂  : $(t,z), t e [0,7], z € iR', is the unique cleterministic

solution satisfying integral equations

(2 .5)  )  :  F ( -g ( t ; ) ) ) l r l  : :  ? ( t ,  z ; \ ) ,  t€  [0 ,7 ] ,  z  €  R" .

Here F(o)[z] and G(r)lz], o,r €.IR, are the global flows generated by complete vector fields

/ and g correspondingiy, and 0(t;)) : fp()). The unique soiution of (2.5) is constructed

in the fbllowing

Lemma 2.L. Assume that (2.2) i.s fulfi,lled. Then there erists a un'ique smooth deter-

mi,n'isti,c mapp'ing {) : $(t,r): t € [0, Tl,r e IR."] soluzng i,ntegral equati,ons (2.5) such

that

/ ^
I  F@(t ;d( t ,  

" ) ) ) l rb( t ,  
t ) l :  z  € R' ,  t  € [0,  r ] ,

(2.6\  I  * .F - \\  /  
|  l$ ( t ,z )  -  z l  <  R(? ,  z ) : : ' : : : : -1 , ,  €  l0 ,T) ,  wherer (T ,z ) :TKIqQ)1 ,
( " . , /  

|  ,  /  
I _ p '  

r r  r t

,  (  arSQ,z) +a,$ft , ' ) f  ( ' )p($Q,4):0, r  € 10,?1, r  € 1R',
(2.7) (  ^

L / ( o ' z ) : z € R " '

Proof. The mappmg 7(t, z;.\) (see (2 5)) is a contractive application with respect to .\ e

R', uniformly of (t, z) e [0,7] x iR' which allows us to get the unique solution of (2.5)

using a standard procedure (Banach theorem). By a direct computation, we get

Qq P^3Q,2 ; \ ) l : l f  0 ( t , z ; \ ) ) 09 ( t ; ) ) l  (  TVK  - -  pe  [ 0 ,  1 ) ,

for any , € [0, Tl, t € R', .\ € R.', where 0$(t; )) is a row vector. The corresponding

convergent sequence {)*(t, z):t € [0,7],2 e R"]r2e is constructed fuifilling

(2.9) )0(t, z) : z, )r+,(t, ,) : t (t, z; ),1,(t, z)), t > 0,

f

I  l)**, (t,  ,) - ),e(t, z)l  < p* )1(t,,  z) - )o(r, z)1, k 2 0,
/ t  1 n ' \  t

t ^

I  l ) t ( t ,  z )  -  \ s ( t , z ) l  <  l v ( t , z ; " )  -  
" l  {TK leQ) l : ,  r (T ,z ) .

Using (2.10) we obtain that i)6(t,z)I*>o is convergent and

(2.11)  $( t , r ) :  *u3 ) ,1, ( t ,z) , ls( t , r ) -  z l  (  
H 

: :  R(T,z) ,  t  e  [0," ] .



passing k ---u oo into (2.9) and using (2.I1) we get the first conclusion (2.6).On the other

hand, not ice that  {7(t ,  z; \ ) : t  € [0,7] ,2€1R'" ]  of  (2 '5)  fu l f i ls

(2.12) t1t ,g1t , ) ) ; ) )  :  ) ,  t  € [0,7] ,  where 0Q,^) :  F(0( t ; ] ) ) [ ) ] '

This shows that all the components of 7(t, z;A) e IR'are first integrals associated with

the vector fie1d fi(z) : p(\)f (z), 
" 

e R'', for each ) € JR'", i'e'

(2.i3) 0,? 1t,0(r, )); x) + fl"t (t,t(t,r); r)l/(0(t, ,\))rp()) : 0, t € [0, 7]

i sva l id fb reach, \e  IR ' .  Inpar t i cu la r ,  fb r  ̂ :6€A weget  $ ( t ,$ ( t , t ) ) :  zand '  (2 '13)

becomes (H- J)-equation

(2 14) a,t 1t, r; $(t, z)) + p,t 1t, r;0(t, r)lt Q)e@(t, z)) : 0,, € 10, ?1, z € R''

Combining (2.5) and (2.I4),by direct computation, we convince ourseives that ) : $1t,")

fulfils the fbllowing nonlinear (H-J)-equation (see (2'7))

,o 1 K\ | 
u,$(t, z) + 10"$(t, r)lf(")p($(t, r)) : 0, t€ [0,?], z € lR'',

\ L , t r )  \  ^

| . , i ( O , z ) : z € R ' ,

and the proof is complete. n

Remark 2.2. llnder the hypothesis (2.1), the stochastic flow {ir(t;)) : t € 10,7],) e R'"}

generated by SDtr (1.1) can be represented as fbliows

(2 .16)  i , ( t ; \ ) :G(w( t ) )oF(0( t ; ) ) ) i ) l  :  H( t , ' ,u ( t ) ; ) ) '  t€  [0 '? ] ,  )  e  IR ' "

where 0(t; \) : tP(\) '

Lemma 2.2. Assume that (2.L) and, (2.2) are sati,sfied, and, consi,d,er {), : $(t,z) : t €

[0, f], z e R"] Jound" in Lemma 2.1. Then the stochastic flow generated bA SDE (I.l) fulfik

(2. I7)  { i r ( t ; , \ )  :  t  € [0,?] , )  e R"]  canbe represented as' in(2 '16),

,lt(t,") : $(t,t(t,r)) i,s the uni'que soluti,on of i,ntegral equati'ons (1'2),
( 2 . i 8 )

where 2(t, r) : G(-u(r))[r].



Proof. Using the hypothesis (2.1), we see easily that

(2. I9)  a(0,o)[) ]  : :  G(o) "  F(6)) l^1,  0,o € JR, )  € IR'

is the unique solution of the gradient systern

( *ra@,o)hl : f  @(0,o)[^]), 0oa(0,,o)[)] :  g@(0,o)hl),( )  rn \  I  " " '  '
\ - ' - " /  I

I s'(o' o)[)] : )

Applying the standard ruie of stochastic derivation associated with the smootli mapping

p(0,o) :: A(0,o)[I] and the continuous process 0 : e(t;\) : tp()), o : w(t), we get that

0*(t;  ̂ ) : y(0(t; )), tu(t)), t e [0, 7], fulf i ls SDE (1.1), i.e.

(  . ^ , .  r \

( )11\  )  
drqr ( t t ) )  :  p( ) ) / (qr (Ur) )d t+ g(qv( t ; . \ ) )  odu(r ) , te  [0 ,7 ] ,

\ - ' - * . /  I

[ 0'(o;)) : '\ '

On the other hand, the unicity of the solution satisfying (1.1) lead us to the conclusion

thatir(t;\): jr(t;)), t e [0,7], and (2.17) is proved. The conclusion (2.18) is a direct

consequence of (2.I7) combined with {.\ : $(t,z) : t € [0,f],2 e IR"] is the soiution

defi.ned in Lemma 2.1. The proof is complete. n

Lemma 2.3. Under the hypotheses'in Lemma 2.2, consi,der the conti,nuous and, Ft-adapted

process?(t,r): G(-w(t))1"1, t e 10,7], r € IR". Then the followi,ng SPDE of paraboli,c

tgpe i,s uali,d

(  . ^ , .
( ) ) , ) \  )  

d$(t , r )+0,7( t , r )9@)6dw(r)  :0,  r€ l0,Tl ,nn € R' ,
\

I  a(0 ,  r ) :  r

where the Fi,sk-Stratonoa'ich'integral '6" 'is computed by

h(t, r)6d,w(t) : h(t,, r) . d,w(t) - !a.n1t, r)s(n)d,t,

using Ito stochast'ic 'integral "." .

Proof. The conclusion (2.22) is a direct consequence of appiying standard rule of stochas-

tic derivation associated with o : w(t) and smooth deterministic mapping H(")lr) ::



G(-o)[r]. In this respect, using H(o) o G(o)[^] : r € lR" for arly r : G(o)[)], we get

( a"gg1[r] ]  :  - \"{H(o)["] ] '  g(r),  o € ]R, r  e 1R',
I

(2.23) 1 O?,tn@ [r]] :  0,{0,{H(o)lr l}} -- 0,{-0,{H(o)["]] 'g(r)]
t " '
[  :  0 . {0 . {H(o) t t ] } '  g ( " ) } 'g ( r ) 'o€1R' '  z€ lR ' '

The standard rule of stochastic derivation lead us to SDE

(2.24) drl(t,r) : a"{H(o)[r]]":, 1t) ' d,w(t) *tua',g1o)lrl]":.rt1d't, t e [0, ?],

ancl rewritting the right hand side of (2.24) (see (2.23)) we get SPDE of parabolic type

given in (2.22). The proof is complete. tr

Lemma 2.4. Assume the hgpotheses (2.I) and" (2.2) are fulfi,tled and cons'ider {} :

, h l , r ) : t €  [ 0 , T l , r e F t ]  d ' e f i n e d , i , n L e m m a ( 2 . 2 ) '  T h e n u ( t , r ) : : h ( c l ) Q , r ) ) , t  €  i 0 , T ] ,

r € IRn, he (C| nC2)(R"), sati,sf,es the fotlowing nonli'near SPDE oJ paraboli'c type

( arult,r) + \o,u(t,r),, f (r))p(rh(t,r))d't + \a,u(t,r), s(r)l6du(t) : g
(2.25) (

[ ' (0 ,  r )  :  h (n ) , t  e  [0 ,  T l '  *  €  R ' '

where the Fisk-Stratonou'ich i'ntegral '6" 'is computed bg

h(t, r)6 dw (t) : h(t, r)' d,w (t) - lO,n 1t, r) s (r) dt .

Proof.  By def in i t ion (see Lemma (2.2)) , rhQ,r) : ' , l t ( t ,2( t , r ) ) ,  t  e [0,7] '  where ?(, ' ) :

G(-rr(t))[r] ancl {$(t,r) € Rn : t € [0,7],2 e R"] satisfies nonlinear (H-J)-equations

(2.7) ot Lemma 2.1. In addition {2(t,r) € R" : t e 10, Tl,r € R"} fulfils SPDE (2.22) in

Lemma 2.3, i.e.

(2.26) dr^( t , r )  +0,7(t , r )6dw(t) :0,  t  e [0,7] ,  r  € R".

Applying the standard rule of stochastic derivation associated with the smooth mapping

{) : $(t,r) : t e [0,?-],2 e R"] and stochastic process 2(t,r) :: G(-w(t))["] ::

H(w(t))lr], t e [0, ?], we get the fbliowing nonlinear SPDE

t., q.7\ | orrb(t,r) + 0,1-t(t,*)J@)p(b(t,r))dt + 0,1h(t,r)s(r)6d,w(t) : 0,
\ L ' L ' )  

\ t l ( O ,  r ) : r , t e  [ o ' ? ] '

Ct



In addition, the functional u(t,n) : h(Ib(t,r)) can be rewritten u(f, r) : A(t, i(t,r)),

where AQ, z) ,: h($(t,z)) is a smooth deterministic functional satisfying nonlinear (H-J)-

equations (see (2.7) of Lemma 2.1)

{ arap, z) + @"a(t, z), f (z))e($Q, r)) :0, r € [0, ?], z € 1R',
/ '  ?R\  J\

L a(0, z) : h(z).

Using (2.26)and (2.28) we obtain SDPE fulfilled by {u(t,r)},

,^ ̂ n \ | aru1t, n) + (0"i(t,?(t, n)), J eQ, "))lp?h|, 
r))d,t * (o,u(t, r), s(r))6d,tr(r) : 6,(2.2e) (

[ , (0,  r ) :  l t ( r ) ,  t  e 10,7] ,  r  e 1R".

The hypothesis (2.1) allows us to write

(o,t(t,?(t, r)), f (?(t, r))) : a,fr(t,?(t, r))1a,2(t, r)110"?(t, r)l-1 f (?(t, n))(2.30)
:  (0,u( t ,  r ) ,  f  ( r ) ) , t  e [0,7] ,  r  € IR",

and using (2.30) into (2.29) we get the conclusion (2.25),

( Aru6,r) + (O,u(t,r) ,  f  (r))e?h(t,r))dt * (O,u(t,n),  s(r))6du(r) :  g,
( 2 . 3 1 )  {  

" \ /  /

[ "(0, 
r) : lt(r), t € [0, T], r € 1R",

where the Fisk-Stratonovich integral '?' is computed by

(2.32) h(t,r)6dw(t) : -+O,h(t,r)s(r)dt + h(t,r) .dw(t),

using Ito integral ".". The proof is complete. n

Remark 2.3. The complete solution of Problem (P1) is contained in Lemmas 2.7-2.4. We

shall rewrite them as a theorem.

Theorem 2.7. Assume that the uector f i,elds f e (Cunct aC2)(JR";JR"), 9 € Gl a

C')(R";JR"), and scalar function,p e (Ctnc')(R") /uffi l  the hgpotheses (2.r) and, (2.2).

Consi,der the cont' inuous and f1-adapted process {\: rh(t,z € R") : I € [0,?],r e IR"]

sati,sfy'ing 'integral equat'ions (1.2). Then u(t,r) :: h(rlt(t,r)), t € [0,?], r € IRr,, fulfi,ts
nonlinear SPDE of paraboli,c tgpe (2.25) (see Lemma 2.0, for each h e (c| n c2)(lR").

7



2.2 Solution for the Problem (P2)

Using the same notations as in subsection 2.1, we consider the unique solution {tl'G;t,r) : :

s e  [ r , ? ] ] s a t i s l y i n g  s D E  ( 2 . 3 )  f b r e a c h 0  < t  < ? a n d r  € R ' 2 .  A s f a r a s s D E  ( 2 ' 3 )  i s a

non-markovian system, the evolution of a functional S(t, r) :: Eh(i,1'Q;t,r))' t € [0'?]'

r € 1R', h e (C| n C2)(lR"), will be des*ibed using the pathwise representation of the

cond.itional mean values functional

(2 .33)  u ( t , r ) :  E{h( i+ (T ; t , r ) )  l rh1 ,d} ,0  <  '  Z \T ' ,  r  €  R ' " '

Ass*ming the hypotheses (2.1) and (2.2) we may and do write the fbliowing integral rep-

resentation

(2.s4) i , t (T; t , r )  :  G@Q)- ?lJ( , ) )  o r [ ("  -  t )p( 'b\ ,")) ] [ ' ] '  0 < t  {T '  r  € R' '

fbr a soiution of SDE (2.3), where G(o)lzland F(r)lzf , o'r € IR, z € iR', are the global flows

generated by g, f e (C!C\(]R";lR"). The right side hand of (2.3a) is a continuous mapping

of the two independent random variables, z1 : lw(T) - r(t)] € IR and z2: lt(t,r) e IR'"

(Fs-measurab le )  fb reach0<t<T, r€ lR" .Ad i rec tconseq l renceof th is remark is touse

a parameterized random variable

( 2 . 3 5 )  a ( t , r ; I )  :  G ( t r ( r ) - w ( t ) )  o F [ ( " - t ) e ( r ) ] [ r ] , 0  (  t  < T '

and to compute the conditionai mean vaiues (2'33) by

(2 .36)  u ( t ,n )  :  lEh(y ( t ,  / ; ) ) ) lQ ' :  l ; ( t , r ) ) .

Here the ltinctional

(2 .gT)  u ( t , r ; ) )  : :  Eh(s ( t , r ; , \ ) ) ,  ,  €  [0 ,? ] ,  r  €  R ' ,

satisfies a backwarcl parabolic equation (Kolmogorov's equation) fbr each ) € lR' and

rewrite (2.36) as follows,

( 2 . 3 8 )  a ( t , n ) : u ( t , n ; { ( t , r ) ) , 0 < t < ? , r € R ' " '  
;

In conclusion, the functional {S(t, r)} can be written as

(2 .39)  S( i , z )  :  E IE{h( t , r , (T ; t , " ) )  |  ' h \ ,d } :  Eu( t , r ;$ ( t , r ) ) ,0  <  t  <  ? '  r  € lR ' '



where {u(t,r;)) :l € 10,?],:r € R'}} satisfies the corresponcling backward paraboiic equa-

tions with parameter ) € lR",

( 1

|  } tu( t , r ; ) )  +  (O,u( t , r ;^ ) ,  f  ( " ,^ ) )  +  ,@TuQ,r ; \ )s( r ) ,g( r ) )  
:  0 ,

(2.40) 
{ I
["(r, r;\): h(r),, f (r,.\) :: e1.).)f @) + ,10,s@)]g(*).

We conclude these remarks by a theorem.

Theorem 2.2. Assume that the uector fields f ,g and the scalar function tp of SDE (2.3)

fulf'l the hypotheses (2.I) (2.2), where the continuous and F6-adapted. process {tlt(t,r) e

R' : f € [0, 7]] i,s deJined i,n Theorem 2. 1. Then the euoluti,on of the Juncti,onal

( 2 . 4 1 )  S ( t . , r ) : :  E h ( i o ( T ; t , r ) ) , t €  [ 0 , T ] , r € R " ,  h  € ( C l  n C 2 ) ( R . " )

can be desribed as i,n (2.39), where {u(t,r): t e [0, T),r e IR"] sadzslies I'inear backward,

parabolic equations (2.40) for each ) e R'.

Remark 2.4. Consider the case of several vector fields definine both the drift and diffusion

of  SDE (1 .1 ) ,  i .e .

(2.42)

We notice that the analysis presented in Theorems 2.1 and 2.2 can be extended to this

multiple vector fields case (see next section).

. , f^I c (Ca n Cl n C')(lR";R") and

ique solution {ir(t,)) : t e [0,7], A e

3 Multiple vector fields case

We are given two finite sets of vector fields {/r,..

{gt,. . . ,9*) C (Ci nC2)(lR';JR") and consider the un

lR") of SDE

( rn rrL

,o 1\ | o,r: iI e{^)f,(i)ld, + I gt(i) o dw6(t),
\o. r /  

1 
, : r  i : r

I t ( 0 )  : ) € R "

f € [ 0 , T l , i € R ' ,



where  e :  (e t , . . . ,g^ )  C (CtnC ' )  a re f i xed  and ?r , r :  ( t r1 ( t ) '  " ' 'w* ( t ) )  €  R ' -  i s  a

standard wiener process over a complete filtered probability space {Q,r ) {Ft}'P}'

Each Fisk-stratonovich integral "o" in (3.1) is computed by

(3.2) si(r) o dwi(t) : gn(r) .dwo(t) +L;@,onlt)ls5(r)dt,

using Ito integral "'" '

Assume that {) : $(t,r) e IR." : t € [0, T],n e R"] is the unique continuous and

f1-adapted solution satisfying integral equations

(3 .3)  i r ( t ; ) )  :  
"  

€  R ' , ,  €  [0 ,?1 .

For each h € (q n C2)(R"), associate stochastic functionals {z(t, r) : h('h(t,r) : t €

[0,T],r € 1R")] anddeterministicmappings {'S(t,r) : Eh(i 't '(T;t 'r)): t € [0'?]'r e R'"] '

where {i,t,G;t,r) : s e ft, Tl,r € R''} satisfies the fbliowing SDE

Problem (P1). Assume that

( U -- { /r , . .  . , !* ,9r, . . . ,g^} ate muttualy commuting using Lie bracket i 'e '
(3 .4)  (\ / 

[ [xt, xr](r): o fbr anY Pair x1,x2 € M

(3.5) TViKt: Pie 1O' l ) ,
t t L

where  [ : : sup{ l } ,po(d l : r  e  R ' }  and '  Ka:  { l Ju( r ) l : r  €R ' } ,  i -  1 , "  ' i r r l '

Under the hypotheses (3.4) and (3.5), find the nonlinear SPDE of parabolic type sat-

isf iecl  by {u(t , r ) :  h(rh(t ,n)) , t  e [0,7] , r  e iR"] ,  h e (c[  nc2)(R"),  where {) , :  t ! ( t ,n)  e

R' : t € 10,?],r € R") is the unique continuous and F1-adapted solution of integrai

equations (3 3) :

problem (P2). Using {^ : '$(t,r) e R' : t € 10, Tl,r e IR"} fbund in (P1)' describe

the evolrrtion of a functional S(t, r) : Eh(i,p(T;t, r)) using backward parabolic equations,

10



where {itG;t,r) : s e [t,7]] is the unique solution of SDE

It,Tl,(3.6)

3.1 Solution for (P1)

Under the hypotheses (3.4) and (3.5), the unique solution of SPDE (3.1) can be representecl
by

(3.7) ie(U )) :  G(w(t)) o F(0(t;))) [) ]  : :  H(t,u(t) ;))

where

G(o) lz l  :  G{o t )o ' . '  o  G*(o* ) l t l ,  o  :  (o r , .  .  . ,  o* )  €  R- ,

F ( o ) l z l :  F . ( o t )  o . . . o  F * ( o * ) l z l , 0 ( t ; ) )  :  ( t t p 1 ( ) ) , . . .  , t p * ( \ ) )  €  t R -  a n d

{(p,(oo) lz l ,G5(oa)[z]) :  o6 € 1R,z € R"]

are the global flows generated by (fo, g), i e {I, . . . ,m,).
The arguments for solving (P1) in the case of one pair (/, g) of vector fields (see sub-

section (2.1)) can be used also here and we get the following similar results. Under the

representation (3.7), the unique continuous and -F;-adapted solution {): {(t,r) : t e

[0, ?], r € IR'] solving equations

(3.8) ee(r ; ) )  :  z € IRn, t  € 10,?]

will be found as a composition

(3 .9)  $ ( t , * )  :  $ ( t ,2 ( t , ,n ) ) ,2 ( t , r )  : :  G( -w( r ) ) [ r ] .

Here ) : $(t, z), t e [0, ?], z € lRn is the unique solution satisfying deterministic integral

eqations

(3.10) \ :  F(-l(t;  ))) lr l : ,  t1t, t ;)), r e [0, ?], z e IR".
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Lemma 3.L. Asume that (3.4) and, (3.5) zs fulfi'lted,. Then there eri'sts a un'i'que smooth

mappi,ng {^: $Q,z) : t € [0,?],2 € R"] solui'ng d'etermi'ni,sti,c'integral equati'ons (3'10)

such that

( r1e1t; $Q, r)))l$(t, r)l : z e lR^, t € [0, ?],
( a . t t ;  (  ^  y ( 7 " \\ " ' - t l  

I t r l t r ,  
r ) - r l<R(?,  11 , : f f i ' ,€  [0 ,7 ] ,  z€IR ' ' ,

where  p :  p t+  " '+  P*  €10 ,1 )  and ' r (T ,z ) :TLLTK ' lpuQ) l '

In ad,d,iti'on, the following nonli'near (H-J)-equati'on is uali'd

( ^ m

I a,|tt,z) + a"$(t,r)l|,po($(t,"))f,( ') l:0' t € [0,7], z € R"'
(3.12) (  o: '

t ^

|. /(o' z) : z'

The proof is based on the arguments of Lemma 2.1 in subsection 2'1'

Lemma 3.2. Assume that (3.4) and, (3.5) are sati'sf'ed, and, consid,er {)': $(t,z) e R'' :

t e i0, Tl, z elR') /bznd i,n Lemma (3 1) Then the stochasti'c fl'ow generated by SDE (3'1)

tulfils

(3.13) {ir(t;)) : t € [0,7], ) e R'"] can be represented as in (3'7)'

,h(t,r) : S(t,2(t,n)), i 's the un'ique soluti 'on o/ (3'B)'
(3 '14) 

where ?(t ' r ) :  G(- tu( t ) ) [ r ] '

The proof follows the arguments used in Lemma 2-2 of section 2'1'

Lemma 3.3. (lnd,er the hEpothesi,s (3.4), consid,er the contt'nuous and F1-adapted process

?(t,r): G(-w(t))[r], t € 10,?], r € R". Thenthe followi'ng SPDE oJ paraboli 'c tvpe'is

uali,d
( *

I arz1t,") + t 0*?(t,r)si(r)6dwo(i) : 0, r € [0,7], r € R''
(3 .15 )  I  t : t

I
I a(0, r) : r,

where the Fi'sk-Stratonoui'ch i,ntegral '6" 'is computed bE

hi(t, r)6d,wo (i) : hi(t, r)' dwi(t) - la,"nult' r) s6(r)d't

using lto stochast'ic integral "'".
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Proof. The conclusion (3.15) is a direct consequence of applying standard rule of stochastic
derivation associated with a : w(t) € IR- and smooth deterministic mapping H(o)[r] :

G(-")[e]. In this respect, using H(o) o G(o)h] : ) € R" fbr aly r : G(o)[)], we get

( a",u 1"1lr l  :  -0,{H (") l" l}go(*), o : (or, .  .  . ,  o*)€ R*, / € lR,,
I

(3.16) 
\  o ' " , {H(o)kl i  :  loo{ lo,{u (o) l " l } }  :  0"u{_.0,{H (o)[n] ]s1(r) ]
I
L : 0,{0,{H(o)l*l}gn@)}gt(r), o € JR*, r € lR"

for each i e {1, ...,n'L}. Recall that the standarcl rule of stachastic derivation lead us to
SDE

n'I

/ o  r t \  l ^ / t  r  \ . -

( J . 1 / )  d , 1 z l t , r )  :  )  . d o , l H ( o ) l r l l r , =
2 

""0 trr \u / Lr' J I lo:u(t))

for any i € 10, Tl, , € R.n. Rewritting the

SPDE of parabolic type given in (3.15).

1 r n
. dw;(t) + : I a'z,, {n @)lrl} 6:.1q1 d,t,

2 z-r uL

i : r

right hand side of (3.17) (see (3.16)) we get

tr

(3 18) 

{

where the

Lemma 3.4. Assume the hypotheses (3.4) and (3.5) are fulfilled and consider {\ :

t ( t ,n ) :  I  €  [0 ,7 ] , r  e  R]  de f ined, in  Lemma s .L .  Thenu( t , r ) : :  h ( th ( t , r ) ) ,  t  €  10 ,? ] ,
r € 1R', h e (C| n C2)(R"), satisfies the followi,ng nonlinear SpDE

dru(t, r)+(0,u(t, ,), I pr\h(t, r) f {r)))dt
i:1,

3
+ /,(O"u(t, r), sa(r))6dwo(r) : 0, r e [0, ?]

u(0,r)  :  l r (*)

nonstandard Fisk-Stratonouich i,ntegral '6" ,is computed, by

h6(t, r)6d,w,(t) : hi(t,, r) . d"wi(t) - 
I1,no(t, r) si(r)dt.

The proof uses the same arguments as in Lemma 2.4 of section 2.1.

Theorem 3.3. Assume that the uector field,s {f ,,. . ., f^} c (cu n ct a c2)(lR";lR"),

{g ' . , . . . ,9 ,n}  C (CtnC' ) (R" ;R")  and,  sca lar  funct i ,ons {pr , . . . ,p* }  c  (CtnC2)(R.)  fuu i t
the hypotheses 3.f and 3.5
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consid'er the cont'inuous and' f1-ad'apted process {^: $(t'r) e R'" : i € [0' ?]' r e R"]

satisfEr,ng'integral equations (3'8) (see Lemma 3'2)' Then {u(t'r) :: h('b(t'r)) : t e

f0,r],r € R') Jutltls nonli,near LPDE of paraboli,c tgpe (3.18) (see Lemrna 3'D for each

h e (c! nc2)(R")'

3.2 Solution for (P2)

As far as sDB (3.6) is a non-markovian system, the evolution of a functional s(i, r) ::

Eh(i,1,(T;t,r)),t e 10, Tl, r €1R'', for each h e (Cl nC2)(R") will be described using the

pathwise representation of the conditioned mean values functional

(3 .19)  u ( t , r )  , :  E{h( i , t (T ; t ,n ) )  l ' h ( t , t ) ) ,0  <  t  1T '  n  €  R ' '

Here 3a,(?;t,r) canbe expressed using the following integral representation

(3.20) io(T;t,r) :  G@Q)- ?'( ')) o Fl(" - t)p('b(t '")) l(") '  0 <' < ,r '

where G(o)lz]and F(o)lrf, o: (or, " ',o*) € R-' r € 1R'' are defined in (P1) (see (3'7))

|or q . ' : |9t,...,9*). The right hand side of (3'20) is a continuous mapping of the

two independent ranclom variables, q : w(T) - w(t) € R'- and' z2 : 'h(t'r) e R" (F1-

measurable) fbr each 0 < t < ?, r € R'''

Using the parameterized random variable

(3 .21)  a ( t , r ; I )  :  G(u( " )  - 'u ( t ) )  oF [ ( " - t )e ( r ) ] ( r ) '  0  (  t  < r

we may and do compute the functional u(t, r) in (3'19) by

(3.22) u(t , r )  :  lEh(s(t , r ; , \ ) ) l ( . \  :  ( ) ( t , r ) ) ,  0 < '  < T'  r  € R'" '

Here, the functionai

(3 .23)  u ( t , r ; \ ) :  Eh(a( t , r ; ) ) ) '  t  €  [0 ,T1 ,  r  e  R ' " ,

satisfies a backward parabolic equation (Kolmogorov's equation) fbr each '\ € R" and

rewrite (3.22) as fbiiows,

(3.24) u(t , r )  :  u( t ,n;4)( t , r ) ) ,  0 < t  < 7,  r  € R'" '
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In conclusion, the f'unctionai S(t,r) : Eh(i,b(T;t,r)) can be reprezentecl by

(3 .25)  S( t , r )  :  E [E{h( i , r , (T ; t , r ) )  l  rb f t , " ) } ] :  Eu( t , r ;g ( t , r ) )

for any 0 <, {7, n € R', where {u(t,r;)) : t e [0,?],r € R,?] satisfies the corresponding
backward parabolic equations with parameter ) € R',

(  ' , r n

|  
} tu( t ,e; . \ )  + (0,u( t , r ; ) ) ,  f  ( r , ) ) )  + * I (a;u( t , r ; \ )gu(r) ,gn(*)) :0,

( 3 .26 )  {  
24 ' ,  *

l rrr ,r ;A): 
h(n), f  (r)) :  i  pt(^)ft(r) *| i1,gi(n)lg,(r)

\  ,=t . i :L

We conclude these remarks by a theorem.

Theorem 3.4.  Assume that the uector f ietd,s { f r , . . . , f^}  C (ConCul n C2)(R";R,) ,

{ 9 r , . . . , 9 * }  c  ( C l  n C 2 ) ( R " ; l R " ) ,  a n d  s c a l a r  f u n c t i o n s  g :  ( e t , . . . , p ^ )  C  ( C l n C 2 ) ( R ' )
of SDE (3.6) fulfi,l the hgpotheses (3.4) and, (3.5). Then the euolution of the Junctional

(3.27) S(t , r ) , :  Eh( i , t , (T; t , r ) ) ,  r  € [0,  T] ,  r  €R' ,  h e (C; nC2)( lR")

canbedescr ibedasi ,n(3.2b),where{u(t , r ; . \ )  : te [0,?] , re R"]  sat isf i ,esl , inearbackward,
parabol,ic equati,ons (3.26), for each ) e lR.'.

Final remark. One may wonder about the meaning of the martingale representation
associated with the non-markovian functionals h(i,1,e;t,n)), h e (C| nc2)(R"). In this
respect, we may use the parameterized functional {z(t,u;)) : / e 10, Tl,r eR."} fulfilling
backward parabolic equations (3.26). Write

(3. 28) h(i,1, Q ; t,, n)) : u(7, i,1, (T ; t, r) ;\ : E 1t, r))

and apply the standard rule of stochastic derivation associated with smooth mapping

{u(s,r ; i ;  ,  r  € [0,7] , r  e IR"]  and stochast ic process { fa,(s;  t , r ) :s € [ f ,?] ] .  we get

h(i,1,(r;t, r)) :y11, 
"; 

i) * [" {A" + L;)(,rr)(", i,t(r;t, n);T)d,s
J t

3 r r
+ /" | (O"u(s ,i,t G; t, r); \) , g5(r)) d,wa(s) ,,

; - 1  J L

(3.2e)
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(3.30) h(ia4;t,*)) -- u(t,r; ' ,b(t,*))... i  [ '  \u.ut', io4;t ' r); i) '  g{r)l 'd'wi(s)'
-4:1 Jt

where t i(u)(s, r; i ; , :  (a*u(s,r; l),  /(r,1)) + +DLr(*u(t,r;\)si@),, gt(r) l  coincides

with parabolic operator in PDE (3.26). Using (3.26) for 1 : 'hQ,d, we obtain the following

martingale rePresentation

which shows that the standard constant in the markovian case is replaced by a Fr

measurable random variable u(t , r; ,,,Q, r)) . In addition, the backward evolution of stochas-

tic functional {Q(t, r) :: h(i,1,Q;t,r)) : t e [0' T)'r e IR''] given in (3'30) depends

essentially on the forward evolution process {rh(t,*)} for each t € [0,?] and r € iR'"'
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II. Functionals associated with gradient stochastic flows and
nonlinear SPDEs

Introduction

The investigation of evolution equations with stochastic perturbations serves a large va-
riety of areas of applicability, among which mathematical finance as well. Pardoux and
Peng (see, e.g., 111]) are dealing with systems of quasiiinear backward parabolic stochastic
partial differentiai equations driven by a stochastic It6 integral, and they provide a prob-

abilistic representation for its unique ciassical solution via a system of backward " doubly
stochastic" differential equations (BDSDE for short). Conversely, the solution of the latter
is completely determined by the solution of the former (see the proof of Theorem 3.1).

It is weil known the applicability of backward SDEs (BSDEs) in mathematical finance,
for instance in the analysis of dynamic risk measures, as in Barrieu and E] Karoui ([1]), in
contingent claim valuation problems with constraints or in the theory of recursive utilities
(see El Karoui et all [4]), or in term structure problems (as it is mentioned in a series of
lecture by Josef Teichmann). Nonlinear SPDEs have applications in modelling of interest

rates, in stochastic control with partial infbrmation (as it is specified in Lions and Sougani-

dis [9]) etc. Other applications of SPDEs (including finance) may be fbund in Da Prato

and Tubaro ([3]).

In Buckdahn and Ma ([Z]) the authors consider a system of nonlinear SPDEs clriven

by Fisk-Stratonovich integrals with the diffusion term independent of the gradient of the
solution, for which they prove, under weak conditions on the coefficients, the existence (and

the uniqueness in a latter paper) of the so called stochastic viscosity soiution, introduced

by Lions and Souganidis for a general class of SPDEs in [9]. The approach is based, on the
previous work of Lions and Souganidis, by transforming the SPDE in a PDE with random

coefficients, via a Doss-Sussman type transformation, which can be solved pathwisely. They

use a perturbation method by considering the stochastic flow associated with the SDE
(the so called stochastic characteristics, see also [9]) generated by the Stratonovich integral

appearing in the SPDE. Similar techniques were used by Iftimie and V6rsan (see [b]) in
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the study of some evolution equations with stochastic perturbations of the same form as in

[2], and where Doss-Sussman transformations given by Langevin's smooth approximations

of Brownian motion were considered, and not the usual ones obtained by moilifi.cation of

the Brownian motion or piecewise linear approximations'

In this paper we are dealing with the initial value problem associated to the nonlinear

SPDE, considered in the classical sense

( auft,r) : (Vu(t, r), so(r)) u(t,r)dt +D!r(Vz(t, n), si(n)) o dWi(t) '
( 1 . 1 )  {  

'
\ * ' ^ /  

I  u (0 , r )  :  P( r ) , ,  €  [0 ,? ] , r  €  IR" ,
\

or equivalentlY

(1-2)

where the stochastic integral is understood in the Fisk-Stratonovich sense'

A main assumption is the commuting property of the vector fields 9*i : 0'"''ffi

with respect to the usual Lie bracket (see Assumption (A'a)), which is also known as a

compatibility condition ( i2], Remark 3.3) concerning the mentioned vector fieids' This

ieads us to a gradient representation for the stochastic flow associated with the stochastic

difl.erential equation obtained by means of the (stochastic) system of characteristics defined

by (1.1) (which is defined in analogy to the deterministic PDEs) and the corresponding

funclamental solution ,,,Q,d of the same SPDE'l,J (t,r) will be described as the composition

between the fundamental solution of deterministic nonlinear Hamilton-Jacobi equations

(see LemmaJ.Abelow)and the fundamental solution of a reduced SPDE (see equation

(3.g)). we cannot expect that the property of unicity holds for this SPDE' and this is

due to the strong nonlinearity nature of the probiem. Notice that the drift function is not

Lipschitz with respect to (u,Vu), as it was the case in 111] and l2]' An example is also

provided, tbr a model of Navier-Stokes eqnations with stochastic perturbations for which

constant vector fieids, both in the drift and difiusion part, are used in order to derive the

existence of a global classical solution'

We are next interested in computing expectations of functionals involving the solution

of some SDE, which is naturally related with the SDE obtained by writing the system of
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characteristics associated to system (1 1). This is accomplishecl by considering an appropri-

ate conditional expectation, which satisfies a parameterized backward parabolic equation.

Preliminaries

Let {W(t),t}- 0} be a nz-dimensional Wiener process on a complete filtered probability

space {Q,F,{fr},P}, where the filtration {fri stand,s fbr the augmentation under P of
the naturai filtration {Fy} generated by ihe Brownian motion. ? is a fixecl time horizon.

We shall make use of the following assumptions

(A1) the vector f ields 9r,...,9* belong to cf (lR";lR"); go e cu1(JR";lR") and is bounded.

(A2) the initial condition p € C2(lR") and admitts bouncled first order partial derivatives.

(A3)  p : :TMK (  1 ,  where  M; :  sup{ lVp( r )1 , ,  e  IR" }  and K: :  sup{196( r ) l , r  e  lR" } .

Throughout this paper we shall use the notations (, ) for the inner product and Vh fbr

the gradient with respect to r of some function h(t,r).

If y(r) and X(l) are continuous one-dimensiona] semimartingales, the Fisk-Stratonovich

integral of Y(t) with respect to X(t) is defined as

f t f t l(r t) 
Jo 

Y(s) o dx(s) ,: 
Jo 

Y(s)dx(s) + ;(y, x),,

where the stochastic integral entering the right hand side is the usual It6 integral and
(Y,X), stands for the quadratic variation of the processes(y(t)) ancl (X(t)). If Y(r) is

d-dimensional, we can still define the integrat f; tr(s) o dX(s) ,: (,.ff %(r) o dX(s))1g;ga.

We state the lt6's formula involving the Fisk-Stratonovich integral (see, e.g., [7], Problem

3.14, page 156 or [12], Theorem 34, page 82).

Proposition 1. LetY(t) be a d-di,mensi,onal cont'inuous sem,imartingale and, f : IRd --+ lQk

a uector functi,on wi,th the components belonging lo C3(Rd). Then

j  
r t  A f

(2.2) f(y(r))  : / (r(0))  +)]  |  * t rvrs))  ody6(s).
E Jo ort

We shall also need the following result
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Lemma L. Let X(t),Y(t) be conti,nuous sem'i,martingales wi'th decompos'itions x(t) :

X(0) + A(t) + fi tw6i)awG) and'Y(t1 : x(0) + B(t) + fo''n'r1s;aw(s)' where A(t)'B(t)

are ad,apted,, conttnuous processes wi,th bound'ed, aart'ati'on and the processes defined by the

stochasti,c i,ntegrals are (tocal) marti,ngales (thls decomposi,tion holds for any cont'inuous

semimarti,ngale, si,nce the filtrati,on (f) stand's for the completi,on of the natural fi'ltrati'on

generated,bAW, see [12], Theorem 13, Chapter IV)' Then

(2.3) [ '  * ( r )  .  o (  [ '  Y(r)  o dw("))  :  
[ 'x(s)Y(s) 

o dl ' r (s) '
Jo \Jo  /  Jo

Proof . The first term of the left hand side of the formula can be written as

1 t  . / f '  \  r t  / f '  ! / " l , r f " t a " )

J , " *Ur .o ( / ,  
Y ( r )  o  dw@) :  Jo "G) "u ( / ,  

Y ( r )dw( r )+ tJo  "v ' / - '  )
t t  r  f s  1  f "  - - ,  r  1  1 t

: l"x(s)d ( l" nt low(,) * ; J, 
N(r)dr) * ; J, 

M(s)Y(s)ds
J O  \ J 0  p r t )

p t l r t l f r

l "  x@v(s)dtaz(s) *;  I  x(s).^ ' r(s)d'+; l  M(s)Y(s)ds
J o  

' l J o  L J o

7 t  1 .
: 

J, 
,G)Y(s)dw(s) + ,(xY,w),,

where the integration by parts fbrrmrla (fbr semimartingales) was also used' n

The correspond"ing system of characteristics (see, e.g', [8], Chapter 6) is given by

(2.4)
I aa(t;.1) : -fr(t;,\)es(3(t;)))dt + t3'(- g)(i(t;'\)) o dw6(t);
I

1 e(0, ^) - ,\;
I aa1t,,l; : o, o(0, )) : p());) € IR'",

Remark L. Noti,ce that the i'ntesrals Iieil@(s;))) o dW6(s) and

- Ii go@G;))) o alv,(s) are not equal'

We deduce A(t' )) : tp()) and i is the solution of the SDEs

?( t ; , \ )  - ) -  e (x )  [go( i (s ; ) ) )ds . f  I f -nSf ' t s ; ) ) )  oa%(s)' '  ' J o "  '  
7 : r r o

(2.5) - ) - l,' pt^lno(3(,; ))) - f;v so@G;l))gz(i(s;^))] o

T, I o' no{'l"^) ) dr'rz' (s)



According to the formula (2.1) the (local) martingare parr of IJed(i(s;))) o cll,[(s) is
given Uv - .fi g4i(s;,1))aft(s), which is aiso the (local) martingale part of the process
e(t;)) (see (2.a)). Hence, by virtue of It6's Lemma, the martingale part of (-g)(e(t;)))
ts f iVs1(i(s;A))s6(i(s;)))dla{(s) and it implies that

G d)(i(.; ))), wo(.)), : f (v s1(i(s)))ea(f(s; ))))r ds,
J O

f o r j : I , . . . , f l .

The assumptions imposed on the coefficients gr,i:0,...,rn ensure the existence of a
unique soiution ir(t; \) of the system (2.5). Under the same assumptions, the vector fields
gt,i :0, 1, . . . )n'L are complete, i.e. they generate globally defined flows G1(t, r) : Gi(t)(r),
satisfying

)Gr , .  \
6 ( r , r ) :  

g {Gt ( t , r ) ) , fo r  a l l f  €  R. , r  €  JR ' ;  G{0 , r ) :  r .

It is well known that for each t, Go(t)(.) is a diffeomorphism, the map (t,n) e lR. x IR' p+

Gi(t,r) is smooth and Gi(fi * t2,n) : Gt(tr)(Ga(t2,r)). Last property implies that
(cz(r))- ' ( . )  :  G,(-r)( . )  : :  Hdt)O. We def ine G(p)(*) ,  p:  ( f r ,  . . . , t* )  € R-,  r  € tR, as
the composition of the flows associated to gt, . , . , g*, i.e.

(Z .A)  G( f l ( r )  :  G(p , r ) : :  G1( f1 )  "  . . .G, - ( t ^ ) ( r ) .

We assume from now on that the vector fields go, . . ., g?n commute, i.e. the Lie bracket

(Aa) lgn, gil@) :: V si(r)si@) - Y si@)s6(r) : 0,

and this means Go(tn)oGi(t) : Gi(t)oGi(ti,), for 0 ( i,J ( ra. As a consequence, G(p,r)
is the solution of the gradient system defined by the original vector fields, i.e.

AG

d@'n):  s i(G(P'r)) '

Set  a lso  H(p , * )  : :  G( -p , r ) ,  fo r  p :  ( t r .  . . , t * ) .

Gradient representation of stochastic flow and con-

struction of a solution of nonlinear SPDE

Next lemma provides a gradient representation for the stochastic flow ir(t; )).
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Lemma 2. The stochasti,c fl,ow generated, by the soluti'on of the sDEs (2'5) can be repre-

sented as

(3.1) i*( t ; \ ) :  G(-W(t))  o Go(-t tp( ' l ) ) ( ' l )  :  H(W(t))  o / I 'g( t tp()))()) '

proof. set u(t, a):: G(-i lo Gs(-ttp())x)). It is obvious that u € c1'3(R x iR'*;R'')

and a slightly modified version of Proposition 1 leads us to

f t f l t t  g  f r 0 u ,
u(t,w(t)): .\ * J, KU,w(s))ds. t J, u"(s,l4z(s)) 

o dl4z2(s)

I - e(r) [ '  no(r(r,raz(s)))ds * i [^'?n,)(u(s, vv(s);) o dw,(s)'
Jo  f r Jo

T h e r e s u l t f b l l o w s b y u n i q u e n e s s o f s o l u t i o n s o f S D E s . n

Ttre next step consists in finding the inverse mapping of the diffeomorphism ) --+

ir(t;\), i.e. we solve the equation

(3.2) i r ( t ; ) )  :  
"

with respect to the unknown .\. Taking into account the form*ra (3.1) and the properties

off lowsGi(whicharepreservedbyG)' th is isequivalentwith

Gs(-tP(, \ ) ) ( , \ )  :  G(W (t))(r )  : :  z( t ,  r )

consicler first the equation Go(-tp(r))()) : z'for arbitrary t € l0'?] and z € 1R'' which

can be rewritten as

(3.3) co(tp()))(z) : .\ '

Se t  I / ( t ,  z , \ ) : :  Gs( tP( ) ) ) (z ) .

Lemma 3. The equati,on (3.3) ad,mi,tts a uni,que soluti,on gi,uen by a (determi'ni'sti'c) smooth

mapptng 0(t,t) e Cr'r([0'"] x R"), such that

l$(t,,)- zl ( ffitrrat
In ad,d,i,tion, $(t,z) i,s the uni,que soluti,on of the Hami,lton-Jacobi equat'ion

tn  ̂ \  I  *Q,r) :vi \ ,z) so?) e(O(t,")),
\ . r . T /  \  ^ .

[  / (0 '  z )  :  z '
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Proof. Notice that the mapping ) e lR' ,- V(t,2, )) is a contractive mapping, unifbrmly
with respect to (t, z) e [0,7] x IR.", since

(3.5) lV)y (t, 2,, \) l : lso(V(t, ,, A))l lrve())l ( p.

The sequence (.\a)(t, z) defined by

),s(t,  z) :  z, \4+t(t, ,  z) :  V (t,  z, Ap(t, z))

satisfies

l ) r+,(r,  z) -  ) ,p(t ,z) l  < pkl^{t ,z) -  )6(t , ,2) l

and

l )n(t, z) - lo(1, z)l :  lV (t, z, 
") 

- 
" l  { T Klee)1,

and a standard procedure leads us to the first part of the lemma. Furthermore, using the
properties of flows we get

$e, r) :  v(0, , ,0(o,z))  :  Go(g, z) :  z

and

V(t ,Go(- tp( ) ) , I ) ,  f )  :  Ga( t ,p( \ ) ,Go(- tp0) ,  ) ) )  :  ) .

A straight differentiation with respect to t leads us to

AV
*(t ,Gs(-te\),  )) ,  I)  -  v "v(t ,Gs(-te\),  )) ,  ))go(G6(_teQ), )))  cp()) :  6,ctt

and in particular, for ,\: 0(t,t), it yieids

nr/
(3.6) f '(t, z,$(t, z)) - v "V(t, r,$ft,z))so(z) e(O(t,z)) : 0.ot

On the other hand, differentiation with respect to f, ) in the equality V(t,2,$1t,11|:

$(t, r) yields

{ a, 4 : X (t, z, $(t, z)) + Y sv (t, r, $(t, ")){ tr, r)(

and

V rlt Q, z) : Y,V (t, z, $ (t, z)) + y 1V (t, r, $ (t, ))V $ Q, z) .
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Taking into account the estimate (3.5), it is easy to see that the matrix I^-V sV(t, z,l;(t, z))

is invertible (here .I,, stand,s for the (n x n)-identity matrix) and it holds

A;i r_ t-r 0V r. - ir+ -\\
#Q,r)  :  I  I ,  -  Y >V(t .  z . t l - , f t 'z \ \ l  i ( t ,  

z , t l ' t l t ,  z)) ,
d t ' - ' ' /  L t u  " )

and

v$(t, 11 : 16- V1v(t, z,$Q,,))] v "v(t, ",$1t, t11'

Finaliy, cornbining the last two formulas with the equation (3.6) we obtain the PDE (3' )

n
satisfied Ay $(t,z).

Next result is straightforward'

corrolary L. The flow equation (3.2) allows aun'ique soluti,on\:th(t,r), whr'ch canbe

represented, as r!(t, r) :: $1t, ,1t, r)) , where recall that z(t, r) : G(W (t)(") ' Moreouer, the

mapping rh|,*) i,s smooth with respect to (t,r) and i's (F)-adapted' for fi'red r'

Notice now that the composition of flows G(p,*) is the solution of the following

Hamilton- J acobi equations

A G ,
(3  7 )  # (P, r ) :YG(P, r )s i@) ,  

G(0 , r ) :  a '

For notationally convenience, let us prove this formula only f.or m: 1' Obviously G{t,Gt(-t,r)) :

r and difl'erentiation with respect to t yields

Ya,G,(- t , r))  -  vcr(t ,  Gr(- t , r))s{G{t,r))  :0 '
dt

Replacing r with G{t,r) we get the desired result. since z(t,r): G(W(t),u), by virtue

of Proposition 1 and fbrmula (3'7) we obtain

m rt  qr t

z( t , r ) :n - r t  /  # (w( t ) , r )  od l4z , (s )
?t lo dtt ' '
rn rt

(3.8)  : r t r ,  I  VG(l ' I2(s) , r )s i ( r )odi4{(s)
' *  " " ,

:  r  I t  I  V z@,r)g i@)o d l ' { r , (s) .
7 J o
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Recall that 96 commutes with gi,,i: L,. . . )nL) which implies

Go(to, z(t, r)) : z(t, Gs(ts,, r)).

Differentiation with respect to le yields

go(Go(to,  z( t ,  r ) ) )  :  y z( t ,  Gs(t ,  r ) )ss(Gs(rs,  r ) ) ,

and replacing r by G6(-16, r) we get

(3.9) 96(z(t ,  n))  :  Y z( t ,  r )go@).

we are now in position to state the main result of this section.

Theorem L. Assume (A.1)-(A.4) and setu(t,r) :: ,p(Ih\,r)). Thenu(t,r) i,s a class,ical
soluti,on of the nonl'inear SPDE (1.1)

Proof' The stochastic rule of derivation stated in proposition 1 applied to u(t,n) :

e($(t, z(t, r))) reads

du(t , ,  r )  :  (v e($(t ,  z( t ,  r ) )1,  *  f t ,  z( t ,  r ) ) )  dt" "  d t '  
'

+ (v e@(t, z(t, ,))Drv|(t, z(t, r)) o dz(t, r).

Taking into account the system of PDEs (3.4) satisfied by $(t,r) ancl the formsla (3.g),
notice that the first term from the right hand side is equar to

(v ,p ($( t ,z ( t , r ) ) ) ,v "$( t ,z ( t ,n ) )ss (z ( r , r ) ) )  ,p ($( t ,z ( t , r ) ) ) :  (vu( t , r ) ,sq( r ) )  u ( t , r ) ,

while by virtue of Lemma 1 and formula (3.8), the second term from the r.h.s. is rewritten
AS

Kv e($(t, z1t, n))))rv$(t, z(t, r))V z(t, *), gr(r)) o dWie)

: (Vu(t, r), g,i(r)) o dWi(t).

The proof is complete. n

Remark 2. The random smooth uector function{(t,r) i,s a fund,amental solution of SpDE
(1'1), bee'ing constructed ui,a n linearlg independent solut'ions. It i,s obta'ined, as the composi-
t'ion between the determini,sti,c smooth mappi,ng $(t, r) (whi,ch uerifies the Hami,Iton-Jacobi
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equat?,ons (3.4) ) clnd z(t, r), the fund,amental solution of the red,uced 1PDE (3'8)' It fulfi'lls

the nonli'near SPDE

( arhft,*) : \v1bft,r)', s1(r)) e\h\,r))dt +DLr(V''i (t ' n)' si@D o dWi(t)'
(3 .10)  (  '
\" '^"/  

[  
, i  io '  t )  :  t r , t  € [o'  7"] ,  r  € R'" '

Remark 3. The assumpti.on (A,.4) *oy be relared, tn the sense that i't i's sufficient to

assunle that the uector fietd$ 9r, . . . , gm are i,n tnuoluti,on oaer R', i' e'

Lgn' gil@): i ansn(n)'vr € R''
k:l

with tlte scalars a1, d"epend,i,ng on gt,9i' In thi,s case a globat gradi'ent representation zs

ualzd, of the forrn

Y oG (p ,  r )  :  (g t (G (p , , r )  ) ' ' ' ' ,  s * (G (p , r )  )  )  A(p) '

where A(p) ,s a nonszngutar (m x m)-matri,r, for euera P € R-, and does not depend on

th,e o,igi,n r . It g1eld,s the erzstence of the smooth uector fi,eld,s qi(d , i : 7, ' ' ' ) rrl such that

yoG(p,n)qj(p) -- gi(G(p,r)), whi,ch i 'mpli 'es YoH(p',r)qi(p) : -0*H(p'n)si(r) ' Consi'der

the stochasti,c dift erenti,al system

m 7 t

aft):)+t I  l - i l {u{s)) odl4r,(s) '
/: ro

whi,ch is obtai,ned, bg taki,ng onlg the "d"i'JJusi,on part" of equat'ion (2'4) when soluing the

aurilzarg SDE TrL rt
p(t) :- t J" o,tnlD o dwi$),

J :  l

notice that the d,,iffusi,on field,s are not Li,pschr,tz and' d'o not haue linear growth' Defi'ne a

Cf; lunction p(p) whi,ch i,s equal to 7 on the closed' batt {p € R*llpl ( M}, where M is

an arbi,trary pos1tiue number. set Qi@) :: p(p)qi(p). The sDE p(t) : - DLr# aik(t)) '

d,wi@) sati,st'ies the cond,i,ti,ons of eri,stence and, uni'queness of the soluti'on and let B(t) be

it,s soluti,on. Define now the stoppi.ng ti,mer:: inf{t € i0,?] I lp(t)l > M)' It Jollows

that the stopped, processf;(t) :: Fft Ar) takes aalues in Btt and sati,sfi,es

m ptAr

oft):-t I  nt(o!\odwiQ)'
oi Jo



If we assume that gs commutes with each gj, j :1,..., m, ,it, is easy to check that the
gradient representation for the stochastic flow i*(t; A) i,s g,iuen by ir(t;)) : G(-O(r)) "
Go(-tPQ))(^), fort e [0,r]. The results stated,'in lemma 3 and, theorem I rema,in uali,d,,
but the di,fferenti'al equat'ions appearing there are sati,sfi,ed, only for t ( r and, we d,et'ine now
,bft,t) : $(t,G(O(t),r)), for r e 10, rl.

4 An application: pathwise solutions of Navier Stokes

equations with stochastic perturbations

Consider the following system of SPDEs

I  
dut(t,r) :  l ]nuoft,r) + (yua(t,r),u(t,r))] dr

(4.1)  {  +D7:r*(r , r )dw1,( t ) , te [0,?] ,I
I  z i (0 ,  r )  :  g { r ) , r  €  IR , ,  , i :  l ,  .  .  . ,n .

Herc (W(t)) is a standard n-dimensional Brownian motion delined on a compiete filtered
probabilty space {Q, F , {ft}, P}, po € C2 (lR") with bounded first order derivatives and the
stochastic integral is the usual It6 integral. We are looking for smooth solutions u(t,,r)
which are (fx) adapted for fixed z. Differentiation with respect to rl yields

out " Y(z) + i / '  l ! o3uo t. -\ , o"u t. -\^, t  ̂  -\or\t,*) 
: 

or\,/ 
-r 

k J, L, ai4\s,r) * 
ffi{t,r)up(s,r)

7 u r ,  . 7 u o .  -  n  n t  o 2 r , .r ffi(s,.) a,,(',').Jo' * 
I J, ##_@,r)dw1-(s),

where the derivatives with respect to e; have to be unclerstood in the .L2 sense, and since

the mapping u(t, ') is smooth, they coincide with the classical ones. We deduce

, 0 u 0 ,  \  - - -  .  . .  f t  0 2 t n(d(, r),wt(.)), : 
J, ffi(s, 

z)ds.

Hence, it is easy to see, via formula (2.I), that the system (4.1) can be rewritten as

I auu(t, r) : (yui(t, *),D!:rue(t, r)e1,)dt
I

(4 .2)  {  +L7: r (Y"o( t , r ) ,e1, )odW1,( t ) ,
I
I  q(0,  e)  :  pt(r) ,



where the system {rr, . . .,elru} stands for the canonical basis of R"' Associate the stochastic

system of characteristics

(

/  ̂  o\ f aalt',11 : -D|:rt1,(t;\)e1dt -LT:re1, o dW6(t), e(0' )) : '\ € R";
\'+''rl 

\ aa{t, r) : o, t € [0, ?], ai(o' )) : P'(])'

admitting the solutions ai(t, )) : pa(,\) and 3(t; \) : ir(t;)) : .\-tp()) -W(t)'Assume

rhatTK -  p  <1 ,  where  K: :sup{ lVp i ( ' \ l ; ' \  e  iR ' ' , i :1 ' " ' ' n } '  Hence '  the  equat ions

i*( t ; \ ) :  r  have a unique solut ion given by. \ :  ,bf t , r ) : i f t , r+W(t)) ,  wi th $(t , ' )

satisfying the equati on z * ilp($$, z)) : 0(t, ")'

$ft,") is the solution of the Hamilton-Jacobi equation

I Wo,,l : v$Q, z)p($ft, z)),
) .7ro. rt : z.
\  ' '

These remarks and computations lead us to

Theorem 2. (Jnd,er the assumptions from aboue, u(t,r) r: v(rb(t,r)) i's a solution of the

N aui,er- Stokes equati,ons (4'2)'

We ommit giving the proof since it fbllows the same ideas with those in Theorem 1'

5 A filtering problem for sDEs associated with pa-

ramete rized, backward parabolic equations

In the setting of Section 3, we consider the (slightly modified) stochastic system of char-

acteristics (2.5) (associated to sPDE (1.1))' i.e, we replace hby -Saand by an abuse of

notation we denote again its solution by ir(t,.\). The goal of this section is to compute

the expectation E(h,(irQ;t,*))),which involves the non-Markovian solution of the sDE

(b .1 )  e (s )  :n* ,p ( ,h ( t ,d )  [es ( f ( r ) )d r * i  [ , "  ou@?))odw6( r ) ,s€  [ ' ,? ] '
J t  i : r  r t

Recall that {(t,r) was obtained as the solution of the flow equation ir(t, }) : ' , with

respect to the unknown .\. Using a constants variation type fbrmula, by replacing the



parameter,\ with the random vector function ,h(t,r) in the SDE (2.b) we are lead to the
equation (5.1), whose solution is described by the stochastic flow fr(s; t,r),t ( s ( ?.

These type of expectations are usually computed via the backward Kolmogorov equa-

tion, fact which is no longer possible if we take into account the non-Markovian nat're

of the process which is involved. We achieve our goal by obtaining a nice formula for the
conditional expectation Elh(ir(T;t,r))lrbft,")1. Here h € c2(lR") and has bounded first

order partial derivatives.

It is easily seen that the gradient representation of the stochastic flow tr(T;t, z) is
given by

(5 .2)  te ! ; t , r ) :  GWg) -W(t ) )  o  Gs((? -  t )p( rh f t , r ) ) ) ( r ) .

Set  o( t ,  r )  : :  E lh( ieT; t , r ) ) l , ,h \ ,d l  and gr(s ;  t ,n , \ )  : :  G(W(s)  -W(t ) )  o  Ge((s  _

t)e()))(r) ,  for l  (  s (  ?. since $(t,d: $(t ,G(-w(t),r))  and $(t,r)  is determinisr ic
(recall Lemma 3), it follows that the random variables ,hft,*) and, yr(T;t,n,\) are inde-
pendent. clearly i*(T;t,r) : u,p(T;t,r,rl.t(t,r)). Therefore, the Indepenclence Lemma
(see [13], Lemma 2.3.4, page 73) leads us to the representation

u(t, r) : E lh(ar(T ; t, r,^))l 
|  ̂ :r,,,,,.

Define u(t,r ;))  : :  E[h(yrQ;t,r ,))) ] .  Obviously, A,p(s;t ,r , \)  is the solut ion of the SDE

s (s )  :  r+ee)  [  so1 ly ( r ) )d "+ i  I  nn@(r ) )odw i ( r ) , s€ [ r ,? ] .
J t  E  J t

and u(t, r;)) satifies the Kolmogorov backward parabolic equation
( ^
I  ou (+  * ' \ )  + (Vu( t ,  r ; ^ ) ,g ( r , \ ) )  +  +DLr (D2u( t , r ; \ )g i ( r ) , g r@) )  :0 ,

(5 .3 )  |  
o t  \ " '  * '  " '

I  u(T,r) : h(n),t e l0,T),
where g(r,)) ,: go(r)p()) + * DTrysi(r)s6(r).

The analysis from above can be summarized in the next statement

Theorem 3. Letthe assumptions (A.L), (A.4) . Thenthe cond,i,t i ,onal erpectationu(t,r) :

E[h( iag; t , r ) ) | lb( t ,*) ]  can be represented, as u(t , , r )  :  u( t , r ; ) ) [=,1(t ,1,  where u(t , r ; \ )
i,s the soluti,on of the backward parabolic equat'ion (5.3). In ad,d,iti,on, the eipectati,on
E(h(ie!;t,r))) can be computed, as

E (h(ie! ;  t ,  ")))  
:  E (u (t ,  r)) .
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III. Functionals of sDE with jumps associated with nonlinear
parabolic equations

1 Problems

Let {ir(t)) : t e [0, ?], ) e R"] be the stochastic flow generated by the following SDE

with jumps

( d

I aft : [I ei(r)/r(t(r-))]di + po())/o(i(t-))6a(t) + g(i(t-)) o dtu(t)'
(1 i) 1 ,-:'

I  t to l  :  )  €R", r  e [0,7],  s(0) :0,  dE(t)  :a(t)-a(t-) , i ( t -) : { f f f (") '
\

where {E(t) e [-f,f] : t € [0,?-]] is a piecewise constant scalar process defined on a

probabil ity space {d)2,F2,P2} satisfytng y(t, 'r) : a@u('r),u2), t e l0o(")'?u+t(az))'

i  :  0 , 1 , . .  . , 4 r  -  1 .  H e r e  0  -  0 s  {  h

@o(ar)': y(0i(az),uz),0,i@z)) are f2'measurable' In addition, {(tr(t) 'g(t)) ' t e l0'T]}

are independent processes on the filtered probability space {f)' f : {F),P} where

O : O r x O 2 ,  F : F r x F z , 7 t : f r , x F r ,  P :  P t S P z  a n d { r ( t )  e  l R : t  e  l 0 ' T ] }

is a scalar Wiener process over a cornplete filtered probability space {f,)t,fi > {fr},Pt}'

The vector f ields {g,fo,...,fa} C (Cu n Cbl n C')(IR';R'") and smooth scalar functions

g -- (po,et,. .-,pa) C (Cl n C'?)(R'") fulfll the fbllowing hvpotheses'

(1.2) {g, fo, fr,..., fa\ mutually commute using Lie bracket'

(1.3) lvsKg: po €t0, #),  
TVKr,:  Pr € t0,  #),  

' i :1, ' ' ' ,d,

w h e r e t l s ( r ) l  < ? : f e 1 0 , ? l ) , v 3 : s u p { l } , , p i @ ) l  : r € R " } , K i : s u p { l l ; @ ) l : r ' I R " } ,

j : 0 , 7 , . - . ' d '

problem (R1). (a) under the hypotheses (1.2), (1.3), a unique F :: {4" f2} adapted

solution ),: *(t,r) will exist such that

Q.a) i ,*(t;)) :  t ,  t  € 10, Tl, 'bg,r) : r € R',

[ {ytlr,r):t e lgu(uz),0r*r(rz)),r e 1R"} is a continuous mapping fbr each u'r € f)z'

(1 .5 )  (\  /  
[  sat isfy ing a nonl inear SPDE, ' i  :0,1, '  '  ' ,1[  -  1;

e o
\,t L



(b) Describe the evolution of a functionalu(t,n): h(1b(t,*)), h e (ClnC2)(R"), r e [0,?],
r  €  IR ' ,  inc lud ing  u i ( t , r )  t :  p i ($ ( t , r ) ) ,  j  €  {0 ,1 ,  . . . ,d " } .

Problem (R2). Using the unique solution {^: $(t,r)} of (R1), describe the evolution
of the conditioned mean values

(7.6) ui( t , r )  : :  E1{h(2,1,Q;t , r ) )  l  rbf t , r ) } , ,  t  e 106(, ,2) ,O+t(wz)) ,  r  € JR' ,

f o r  e a c h  a 2  € d 1 2 ,  h  e  ( C ! a C r ) ( R " ) ,  i : 0 ,  1 , . . . , l y ' -  1 ,  w h e r e  { " t , G ; t , r ) :  s  e  [ 1 , " ] ]  i s
the unique solution of SDE with jumps

( d

,1 -7\  J 
o,r :  t t  pt(rh(t , r ) ) fa(z(s-)) lds + po(th(t , r ) ) fs(z(s-))ds(r)  + s(z(s-))odw(s),

\ ' ' ' l l  
I  

o : t

[ , ( t )  : r , s € l t , T ] -

Recall that {'u(t),a(t): t € [0,7]] are independent processes on the complete filtered
probab i l i t yspace {Q, f  )  {F } ,P} ,  wherec^u : f , ) r  X  c )2 ,  F :  F txFz ,5F:  {8  "  

r r }
and P:  Pr& Pz .

2 Solutions (hints)

R1 (a): Using (1.2), write the integral representation

( 2 . 1 )  i p ( t , ) )  :  C ( w ( t ) )  o F s ( r s ( r ; ) ) )  . r , ( 1 ( f ; ) ) )  o . . . o  F a ( r a ( t ; ) ) ) [ ) ] ,

where G(r)lzl and f;(a)lzl are the global flows generated by the complete vector fields 9
and fi respectively. Here we use the notations

(2 .2)  rs ( t ; . \ )  :  e6( ) )a ( t ) ,  ro ( t ; \ )  :  eu( \ ) t , ,  €  [0 ,  T ] ,  ̂ €  R ' ,  1  <  ?  <  d ,

and integral representation (2.1) help us to replace tr(t;\): nby the following integral

equations

(2 .3)  )  :V( t , r ; ) )  : :  F ( - r ( t ; ,1 ) ) [G( - t r ( t ) ) [ r ]1 ,  r  :  ( ro , r t , . . . , rd ) ,

where  F(o) lz ] :  F0(c r0)  o  Fr (o r )  o . . .o  Fa(oa) [ r ] ,  o :  (oo ,  o r , . . . ,oa) .  App]y ing  (1 .3 ) ,  we
compute 

d
(2.4) l }^V(t , r ;^) l  a 

I  
p j  :  p€ [0,  1) ,  for  any r , , \  € R' ,  f  € [0,?] ,

Z:V

J,f



which allow us to use Banach fixed point theorem for solving integral equations (2.3)' In

this respect, the unique solution of (2.3) will be found as a composition

(2.5) $(t , r1 :  $Q, zs(t , r ) ) ,

where 20ft,r): G(-w(t))[r], t € 10,?]' r € IR', is a continuous and f]-adapted process'

Here, the piecewise continuous {'tl(t, z) : t € [0, ?]] and F2-measurabie mapping is the

unique solution of the integral equations

(2 .6)  I  :? ( t ,z ; \ )  : :  F1- ;1 t ; ) ) ) . f t ( - ro ( t ; , \ ) ) l z ) ,  t  e  [0 ,T ] ,  z  €  lRn,  ? :  ( " '  " ' ' rn ) '

w h e r e  F ( a )  : 4 ( o r ) o " ' o  F a ( o a ) , G :  ( o t . , " ' , o a ) '  A s  f a r  a s  { )  : 0 ( t ' z ) : t  €  [ 0 ' T ] ]  i s  a

piecewise continuous mapping, notice that it satisfi.es integral equations with iumps (2'6)

as fbllows,

( 0a, r) :  t( t ,  z;$ft-,  z)),  t€ lo,7l,  $Q, 4: z € lR' '
( 2 . 7 )  { ^  . . : .  , > ,\ -"  ' /  

[  , / (ro, 
") : t(00, 

z;0@i- ,r)) :F0l- po(rh@r,z))5u@,)1(r l t(0u-,2)) '  0 < ? < l /-1,

where {^: $@o-,2)} is the unique solution of equations l: t(gu-,2;))' In addition,

the corresponding approximating sequence {)1(t, ")}n>o 
is constructed with the following

d

where R(.y,T,z):ilpo(")lKo+ T t lpiQ)1K1. Using (2.10) into (2.9), we obtain
j : r

.  . ' : ' ,  1
(2 .11 )  l $ ( t , r ) - z l  (  

t ' 1n0 ,7 ,2 ) , te  [0 ,7 ] ' ze  IR" '

properties

(2 .8 )  )0 ( t ,  z ) :  z ,  ) r+ r ( t ,  4 :3 ( t , z ; ) ' 1 , ( t - , 2 ) ) , k>0 , t  €  [0 '? ] '  z  €1R ' '

{ $U,r) : Jil ),1,(t,z), $(t-,') : JI3 )'P(t-'z)'
/r o\ t rc--'x
\ " ' " )  

t  l r r * , ( r ,  z ) - ) , 1 ,Q , r ) l  <pk lh ( t - '  z ) - ) , 6 ( t - , " ) l , k>0 , t  e  10 ,? ] '

Notice that,

( ^ 1 r

I  l , ( r- ,  z):?(t- ,2,2) :  "  
_U, l^ f i@(er(t- ;z)) lz l)r1(t- ;z)dq'

( 2 . 1 0 )  {  , : o " u

I l ^ , i r - ,  z ) -  As ( t - ,2 ) l : l t ( t - , 2 ; z ) -z l  (  / ? (u ,T ,z ) ,  t  e  10 ,? ] '  z€R ' " '



Hete {tl.'(t,z) : t e 106(w2),0,i+r(az)),2 € R"} is a first order continuously differentiable
mapping satisfying a quasiiinear (H-J) equations with jumps

( a

I  u, iT, z) + 0"$Q, r)[I pi($Q, r))f ie)]: 0, , e l0i(w2),00+r(wz))I
(2 .12)  {  .  ^ i : t

|  ,h(en, z) :  Fo[-po(rh(Ir ,  z))6y(06)]($@o_, r)) ,
t ^
I  t i ( 0 ,  z )  :  z €  R ' ,  i  :  0 ,  1 , . . . , 4 / -  1 .

The evolution of functionals u(t,") : h(rb(t,*)), t e 10, Tl, , € R', will be fbund con_
sidering ,bQ,r) : 0(t,zo(t,r)) (see (2.5)) and {$Q,z) : t € [0,f],2 e IR,] is the unique
solution of (2'6) which ful{ils (H-J) equations with jumps (2.t2). As a consequence, the evo-
lution of lt(t, 

") 
: $U, zo(t, r)) can be obtained by applying the standard rule of stochastic

derivation on each interval t e 106(w2), 0,i+r(az)) associated with f]-adapted and continuous
process zy(t,r) : G(-w(t))[r]. It leads us to a piecewise continuous and F : {q, x Fz}_
adaptedprocess {r l t ( t , r ) : f  e [0,7] ] , t  €R' ,sat isfy ingthefol lowingparabol icSpDE

(2 .13)

d

0 :da{(t,r) + 0"$(t, zo(t,r))tI  pi?b(t,,r))f 1eg(t,r)) ldt
j :1

+10,1b(t,r)s(n)l6dw(t), t  e l0o(rr),Ln+r(rr)) ,0 < ? < t /-  1, a2 e {)2,

th (1a , r ) : : t L (? r , zo (0 r , r ) ) :Fo l -po ( rh (0 i - , r ) )6y (0 ) l ( rh@r- , r ) ) ,  1< i<N_1 ,

tbQ, r) : t €JR"( see (2.12)).

Recall that the Fisk-Stratonovich integral "6" in (2.13) is computed using Ito integral ,,."

as follows,

h(t,r)6dw(t) : h(t,r) .d,w(t) - la,n1r,r)s(r)d,t.
R1 (b): The evolution of a functional u(t,r) : h(t!(t,r)), t e l0i(a2),0,i+t(rz)), r € lR' is
governed by a SPDE induced from the fundamental equations (2.13) as follows

a :d,xu(t,r) + 0,6(t, zo(t,")) i I  upft,r)f1,(zo(t,r)) lat + (O*u(t,r), g(r))6dw(t),
k :7

t e 106(w2),00+r(rr)), Aft, z) t: h($(t, z)), u1,(t,r) :: pn(th(t,rr)), 1 < k < d,

fo r  i  :  0 ,1 ,  .  .  . ,1 {  -  1 ,  where  u(O, r ) :  h (z )  and

u( \ i , r )  :  u (L r - ,  d  +  [  @"h(1h(0 . -  , r )  +  od l t (0 . i , r ) ) ,5g(0 i , r ) )d ,o .
J O

(2.14)

t)L,



Remark 2.1. Notice that due to the commutation property (1'2), we may and do replace

the second term in (2.13) and (2'1a) using

0"0Q, zo(t,r))f j(zo(t,r)) : A,$(t, zo\,r))10"20(t,r)ll}*zs(t,r)l-r f 1(zs(t,r))

:  f l , t h ( t , r ) f  i @ ) ,  j  :  r , . .  . , d
(2' i5) 

\  u"r1r,  z.( t ,r)) fk(zo(t,r))  :  a" i ,( t ,  z.( t ,r)) la,zo(t,n) l l l ,zs(t ,r) l -1f t(zs(t ,r))

:  \ 0 , u ( t , r ) ,  f n @ ) \ ,  k :  I , . .  . , d -

Inserting (2.15) into (2.13) and (2.14), we get the complete nonlinear sPDE satisfied by

.F-adapted process ,bft,r) € R'' and u(t,r) € R, ' € [0, ?]' r € Rn'

R2: Using the unique solltion \ : tb(t,r), t e l0u@),0+r(wz)), r € IR'", fbund in (R1)'

we compute the evolution of the functionals

( 2 . 1 6 )  u i ( t , r ) : E i h ( z , t ( T ; t , r ) ) l r l t ( t , " ) j , , t e l 0 i ( a 2 ) , g u + , ' ( u , ) ) , r € l R ' ' 0 < , z < I t r - 1 '

for each a2 € {12. Here E1 stands for expectation with respect to Pr and {29(s; t,r) : s e

[t, ?]] satisfies sDE with jumps (1.6) and (1.7). we get the following integral representation

(see (1.2)) ,

(2.17) z,t(T;t,r) :  G@(\-,r(t)) " Fo(po(d(t,r))WQ) - s(t) l) 'F161'1'1t 'rDg - t)) l ' l '

where  F1a;1r1  :  F r (o r )o" 'o  Fa@a) l r ) ,6 :  (o t , " ' ,oa)  and @ :  (P t '  " ' ' 9a) 'Not ice  tha t

",t(T;t,r) 
in (2.I7) and h(2\(T;t,r)) in (2.16) are continuous mappings of the fbliowing

independent random vectors 21 t: wg) - tl(t) (see z1 is independent of F) arrd 22 
":

,h|,d e IR' (see zzis F-adaptecl). It suggests to compute the conditioned mean values

in (2.16) using a parameterized functional ui(t,r;'\) given by

(2 .18)  u6( t ,n ; . \ )  :  E lh (  ,x (T ; t , r ) ) , te l0 i@2) ,00+t ( rz ) ) ,  r  € lRn,  )  e  R" ,

where zx(T;t, r) is obtained from (2.17) by replacing the random vector zz: tb(t,r) with

.\ e R". Using (2.18), we write (2'16) as follows,

(2.19) ui( t , r ) :  u ' r ( t , r ;*( t , r ) ) ,  t  e 106@2),gn+'(wz)) '  r  € IR' '

f b r e a c h  w z € . { ) z a n d i : 0 , 1 , . . . , 4 / - 1 .  I n a d d ' i t i o n ,  { u o ( t , r ; ' \ )  : t e l 0 i @ 2 ) , 0 i a 1 ( a 2 ) ) ' r e  :

R') fulfils a backward parabolic equation (Kolmogorov's equation) and for i' -- l/ - 1 we

36



get

I

( r , )^ \  )  
u*- r (T, r ;  ) )  :  h( r ) ,  r  €  IR ' ,

)

[  Otz r ' r - i ( t , r ; ) ) *  L t (uy-1) ( t , " ; ) )  :0 ,  te  l0x r -1 ( rz ) ,7 ) , r  €  ]R ' .

In general, ut(t,z;)) satisfies a similar Kolmogorov equation

( arrolt,r; .\) + L{u6)(t,r; \) :0, r € l0o(rr),0+t(az)), r € IRn,
I

(2.2I)  
\  ur(Ln*r- ,  / ;  ) )  : :  E1h(27(T; g6a1-,  r ) )
I

I  where zx(T; 0+r_ ,  r)  :  Fo(6A(00*r)po(\)) l r^(T; g+t,  r)1,, i  :  0,1, .  .  . , ,^/  -  1.

The corresponding parabolic operator (0t+ Lx) acting on each interval t e l0i(a2),1u+r(ar))
is associated with the fbllowing SDE

d

(2.22) d4z: ll,ni})tiQ)ldt + g(z) o dw(t).

This lead us to a standard tr1 given by

d

(2.23) L>,(u)(r) :  (0,u(r), \ ,v,{X)f,("))  +
j : 1

Remarlc 2.2. In the case we assume

|{@, lu,utd, g @))1, g (r)) .

(2.24) {er , . .  . ,ea} c (CanC} acr)(R") ,  eo e (c}  n c2)(R")

is fulfilled, then the hypothesis (1.2) of (R1) and (R2) can be replaced by

,^  ̂ - \  (  g  e4 tn  c2) (R" ;JR ' )  commutes  w i th  { fo ,  f , . , . . . ,  fa }  c  (conc  nc2) (R, ;R" )(2.25) { 
"

I and /s commutes with {fr, fr, . . . , f a} using Lie bracket.

Both problems (R1) and (R2) get a positive answer under the new conditions (2.24), (2.25)
and a detailed analysis of this issue will be given in the next section.

3 solutions for (R1) and (R2) under relaxed

conditions (2.24), (2.25)

With the same notations as in section 1, consider SDE with jumps (1.1) and its stochastic
f low { f r ( t , . \ )  :  I  e [0,?] , )  e IR' ] .

c n
d r



3.1 Problem (R1)

(a) Under the hypotheses (2'24), (2'25) and

F : fr x f2-adaPted solution {'\: t l ;(t,r):t

(  i , , ( t ; ) )  :  r ,  t  €  [0 ,  T) , t19 ' r )  :  r  €  R ' '
I  v \

l
(3 1) { {tl(r, r) : t € l0o(rr),0u+r(ar)),r e IR'"} is a continuous mapping

|  *Hi l ing a SPDE for each ' i :0,1," ' '  / {  -  1 '  a2 € Q2'
(

(b) Describe the evoiution of a functional u(t, r) : h$!(t,r)), h e (ctnc2)(R'"), t € [0, ?],

r € 1R', using SPDE with jumps (see (2.I4) and Remark 2.7).

g.2 Problem (R2)

Under the conditions (2.24) and (2.25), describe the evolution of a functional (conditioned

mean value) ui(t,r) : Et{h(z+(T;t,r)) l rh(t,r)}, t e l0i(a2),0*r(wz)), r € 1R', fbr each

z e  { 0 , 1 , . . . , I f - 1 }  a n d . a 2 € f } z , w h e r e  h e ( C l n C 2 ) ( i R " )  a n d { ' \  - - ' h f t ' r ) : t € 1 0 ' T l ' r e

R') is found in (nr). Here {29(s;t,r) : s e [i,7]] satisfies the foliowing sDE with jumps

d

d,, z : lL, e,?l' (t, r)) f i(z (s- ) )l dt + p o(tb Q, r)) J s(z (s -) ) 6g ( t )
i :7

+ g(z(s-)) o du.'(s), s € [t, ?],

z l t )  :  n , .

3.3 Solution for (nf) (hints)

(a) Consider the global flows G(r)lz], Fs(o)lzl and' F(t;))[']' r'o't € IR' z € R'' generated

by the complete vector fields g,16 and {fi(t) : 
re 

pi})fi@): r e R'"} respectiveiy' for

each ,\ € lR". Using (2.25), we write the first integral representation

(3.3) f r ( t ; I )  :  G(tu(t)) .Fo(E(r) ,pO(I))  oF(t ;^)hl '  t  € [0,?] , r  € 1R',

andthishelpustoreplacei , ( t ; \ ) : f r€R'bythefbi lowingintegralequat ions

( 3 . 4 )  ) : V ( t , r ; ) )  : : F 0 ( - , p 0 ( I ) s ( t ) )  " F ( - t ; ' \ ) [ G ( - t u ( t ) ) [ " ] l ' f e [ 0 ' T ] ' z e R ' ' '
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A unique sol'tion \: th(t,r) of (3.a) will be found as a composition

(3.5) 4)(t,n1 : $1t, zs(t,n)), zs(t,r) , :  G(-w(t))Lrl,

where {tr : $(t, t) : t e [0, Tl, z e JR"] is the unique solution of the following integral
equations

(3 .6 )  )  : t ( t , z ; ) ) : : ro ( - ,po(A)aQDoF(- t ; \ )L r l , r  e  [0 ,? ] ,  z  e  JR, .

Here {7(t , z; ̂ ): f e i0, T]} futfils ODE with jumps

( d

I  a z\ ) o,t :  - {I er(^) fr(t (t-, zt \)) dt+ po ())/o ( ? Q_, z; \))6s (t)},
\ . ) ' / /  

1  ̂  
i :L

I  Y(0 ,  z ; ) ) :  z  e  iR ' ,  6s ( t ) :  a@ -  aG-) ,

Notice that /6 commutes with {fi, . . ., fa} (see (2.25)) and it implies that Fo(o) commutes
with -F(t; tr), a, t € lR, ) € lR". This allows us to write

(3 .8)  y( t ,  z ; \ ) :  ro( -eo() )a( t ) )  
"  F( - t ;A) l r l :  F( - t ;^ )  o  Fo(_p6() )e( r ) ) [z ]

and to get {V (t, z; \) : ) e R"} as a Lipschitz continuous mapping uniformly with respect
to I € 10, T] and z € iR" satisfying

(3 .9)  l7( r ,z ;^" )  - t ( t ,z ;^ , ) l  <  p l^ , , -  ) ,1 ,  \ , , ) , ,  €  R, ,

where p €10,1) is a constant, provided 7,7 > 0 are sufficiently small. In this respect, by
a direct computation we get

?1t,";^") - t1t,r;) ') :  Fo(-,po(),)s(r))[F(-r; ),,)(r) - F(-t),)(r)]

+ [Fo(-po()")s(r)) - Fo(-po(),)s(r))](r eU ^,,)(r)) : Tt * Tz.

Rewrite the two right hand side terms as follows,

T1: z( t ) ' )  -  z( t ,A')  + [ -vorx '" t "  /o(ao( o)[z( t ) , )  -  z( t , \ , ) ] )do
J o

where z(t , \ )  :  F(- t , ) ) [z] ,  and

f r
Tr: { l  /o(ro(-l ,po(^)a?)+01e6(\") -po(\ ') laft) l)(z(t,\")))d,0}leo()")- po(^,) la|).

J O
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Noticethat l?rl < plzand l"2l < pl2foranvt e [0, T],la(t)l ( rif T"l ) 0aresufficientlv

smaii. A direct consequence of (3.g) is that Banach fixed point theorem can be applied to

integralequations(3.6)usingthefollowingconvergentsequence

(3 .10)  )6 ( t ,z )  :  z ,  \ *+ t ( t , z ) : t1 t , ' ; l r ( t - ' z ) ) '  ' \7 'a1( t - ' z ) :?$- 'z ; \1 ' ( t - ' z ) )

for any k > 0, t e [0, T), z e ]R'' such that

(3.11) $$, r): J5g \7,(t, z), $ $, r) : t (t, z; $ft-, 4), $Q-'') : 3 (t-' '; $1t-' '17'

Notice that

and
o o 1

(3.13)  l$( t , r ) -  z l  (  t Ip* l l ) r ( t - ,  z)  -  z l :  
f r t^ t ( t - ,2)  

-  z l ' t  e  [0 '?] '
&:0

Compnte \1(t, z) ,: t(t,, z; z) : H(?g(t),0t; z)ls:1, where

H (ly(t), 0t; z) : Fs(-TesQ)g'(t)) " F 6et; z)lz), 0 € [0' 1]'

We get

fbr any t e [0, T], z €R''. The following estimates are valid

I l r , (r ,  z) -  z l  (  R(r,  T,z), l ) t ( t - ,  z) - ' l  (  f t ( 'v 'T 'z) '
(3 '15 )  

l t . a t r ,  , ) -  r l a  
* " , . y ,7 ,2 ) ,1$ ( t -  

, " ) - "1<  
1  R(^ t .T .z \ , te  [0 ,? ]

a  
, l  \  

1 _  p ' " r , 1 ' 1 ' / )  
t ' r \ -  1 ' - /  - r  -  

7 -  p

where R(.y,T,z) : t lpo(r) lKo*r f . lpo(, ) lKoand Ki :  
" 'p{ l / i ( r ) l ' re 

R} '  0 < j  < d '
z : L

Define ,h(t ,r) :$$,zo(t,n)),  zo(t,z):  G(-w(t)) l ' l , t  € [0,?' ] ,  r  € IR' '  and using (H-J)

I  l r**,{ t ,  z) -  ) ,1,( t ,z) l  < pkl}  r( t - , ' )  -  z l '  k 7 r '

(3 .12)  {  k
\u!r4l  

I  ^**r(r,  z) -  z: f  hi*r ( t ,  r)  -  ) '1(t ,  z)1, k )-  a

t i:o

l = o
(3.14) ),1(t, z) : z - |  lwoQ)a(t)fs(H(yy(t),0t; z)) + I,ro{r)f i  (H(7v(t),0t; z))1d0,

Jo i : r
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applying the stochastic rule of derivation associatecl with {$(t,t)} and z: zs(t,r),
( a

I arr!(t, r) + 0,1,,(t, 
")[f 

pi(thft, r)) f i@)]dt + [A&(t, r)s(r)]6dw(t) : 0,(3.17) 
1 j: t

lrtt{eu, n) : Fol-po\b@r,, r))|a@t)l(1h@u_ , r)), t e 106, 0;*r), 0 < i < t/ - 1,
where 't(0,r) : rh(}-,r) : r € lR" and h(t,r)6dw(r) :: -|a,tr1t,r)g(r)dt+h(t,r).dw(t).
(b) The evolution of a functional u(t,") : h(rb(t,r)), t e lLi,0o+r), h e (C| aCr)(R") is
determined by the fundamental equations (3.17) as folrows

d

A : d1u(t, r)+0,t(t, zo(t, r))tf r* (,r/( t, r)) f e(zs(t, r))ldt
k : l

+ (0*u(t, r), g(r))6dw(t), t e lLi,I i+r),

u (06 ,  r )  :  u (L t - ,d  +  [  @^h(1b(0r ,  r )  +  o6 t l t (0 i ,  r ) ) ,  6 t ! (g6 ,  r ) )do ,
J o

u ( 0 , r )  :  h ( r ) , ' i : 0 , 1 ,  .  .  . , 1 /  -  1

where t( t ,z)  :  h( , ,b( t ,z)) ,  zs(t , r ) :  G(-w(t)) t r ] .  Not ice that  gcommuteswith { f i  , . . . ,  fa}
and the second term in (3.18) becomes (see (2.15) of Remark 2.1)

(3.19) 0,{ i , ( t ,zo(t , , r ) ) fk(zo(t , r ) ) :  (O,u(t , r ) , fn(r)) ,  r  e [0,  Tl ,  *  € R,,  1< k < d.

using (3.19) into (3.18) we get the corresponding SPDE satisfied by {u(t,n)},
d

0 : d1u(t,r)+(O,u(t,  r) , I  pr,(rh(t ,r)) f  1,(r))dt
k:r

+ (O*u(t, r), s(n))6dw(t), t € lIi,0i+),

u(gi,r)  :  u(r,r ,*) * [ '  @^h(1b@r,r)))d,o,
J O

z(0 , : r )  :  h ( r ) , ' i  :  0 ,1 ,  .  .  . , .4 \ r  -  1

(3 .18)

(3.20)
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3.4 Solution for (RZ) (hints)

with the same notations as in $3.3 (see (nz)), consider the unique F-adapted solution

{) , :  t l l ( t , r ) : t  € [0,?-] , r  e R"} found in (nr)  (see (3.17))  and def ine { , ' t 'G;t , , r ) :  s e.

[t,"]] such that (3.2) is satisfied. Assuming (2.24), (2.25), we are able to describe the

evolution of a functional

(3.21) ai(t,r) ,: Et{h(z,t(T;t,r)) l rbft,*)), t e l0i(a2)',0+r('z)), r € R'n' uz e {lz'

where ,,81" stands for expectation with respect to Pr and h € (Cl nC2)(R")' Under (2'24)

and (2.25) we may and do represent {r,,t(T;t,r) : t e l0i@2)',0*t(uz)),r € R'n} as follows

(3.22) z,t lT;t,n) : G@(r)- .r(t)) .  F0(,p0(d(t,r)) lv?) - s( ') l) o F1r - t;*(t '"))[r] '

where F(o;))[rl, o € ]R' is the global flow generated by ODE

, d

(3.23) + : I.pu(r)/r (z) :: "i(";I), z(0) : r € lR'''
d,o -

The integrai representation (g.22) help us to see rhal 2,1,(T;t,r) is a continuous mapping

of two independent random vectors zt : w(T) - w(t) € R' which is independent of {'F}

and, z2: *(t,r) e lR" which is .F-adapted. As a direct consequence of (3'22), we compute

ui(t,r) in (3.21) as follows

(3.24) u, i ( t , r ) :ur( t , r ;*( t , r ) ) , t  e l0 i@2),1u+t( 'z)) ,  r  € 1R' ' '

where ui( t , r ; . \ )  : :  Ef t (zv(T;t ,*)) , t  e l0 i (a2),0 ' i+r( 'z)) ,  r  € Rn'  Here {21(s; t ' r ) :  s e

lt, 
"]) 

satisfies SDE with jumPs

(3.25)

Using (3.22) fbr the unique solution of (3'25) we write

(3.26) z1(T;t,r) : Fo(po(r)[s(r) - e(r)]) " F1r - t;]) o G(w(T) - u"(t))fzl'
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for any t e l0i(a2),00+r(rz)), r € lRn and .\ € R,. Notice that

{uu(t,r; )) : f ih(2;(T;t, r)) : t e lg6(a2), Ln+r(az))p € IRn}

is a smooth mapping for each a2 € e2, ) € lR", , i:0,1,.. ., ry' - 1, and the corresponding
backward parabolic equation (Kolmogorov's equation) can be deduced using a standarcl
procedure' In this respect, for a fixed t e l0i(w2),0n+t(rz)) and d > 0 sufficientry smal,
rewrite ui(t,r;)) as follows

(3.27) ua(t ,  n ;  A) :  E rh(" t (T ;  t  + 6,  ?^(t  + 6 ;  t ,  n))) ,  t ,  t  + 5 e l0 i (w2),  0 i+t(wz)) ,

where {r^( t ; t ,n) :  s e [ t , f  +d] ]  fut f i ls  SDE

( d

,^ ̂ ^\ | a"2^: lf p{\)fr(?t (s))lds + g(tr(s)) o d,w(s),(3.28) ( -,: ,
I
I

I a ( r )  : r , s € [ r , t + d ] .

Notice that {w(T) - r(t + d)} and {?1(l * d;t,r)} are independent random vectors ancl
computation of the mean value in (3.27) can be done using the conclitionecl mean val*e
with respect to {71(t * 6;t,r)}. We obtain

(  , ,

(3.2e) I "n(t '  
r;  A) :grlE1{h(z{r;t t  6,?^(t + 6;t, r))) l  r^(t + 6;t, n)}l

[  :  E lu i ( t  - t  6 ,?s( t  *  6 ; t , r ) ; ) ) .

Combining (3.29) with {q(t * 5, z; \) : z € R"} is second order continuously differentiable
of z e lR' we may and do the standard rule of stochastic derivation which lead us to

( , v * 6

,^  ̂ ^ \  |  
u r ( t , r ; \ )  : vo1 t  +  5 , r ; \ )  +  f i  |  (0 ,u i ( t  +  d ,  ? ) (s ) ; ^ ) ,  f i ( i ( s ) ) )ds(3.30) I  Jt

' tt*o

I 
n t, 

J, 
(O,ui(t + d,21(s);)), g(2.r(r))) o d,u,,(s).

d

Here fi(z) ,:,f w0)ft(z) and the Fisk-Stratonovich integrar "o" is computed by

(8.31) p(?t!)) o dw(s) : 
|{u,rt ^(r)), g(?.r(r)))ds + e(rr(s)) .d,w(s)

using Ito stochastic integral ((.)). A direct computation allows us to write

(3.32) o[u i ( t , r ; ) )  : :  , r^u( t  + 5 ' 'n ; ) ) - -  w(t , r ; \ )  -
d J o  d  

- - L s ( u i ( t , ' ; ) ) ) ( r ) ,

/l ')
t U



where r1(u)(r) : (a*u(r),/.r(r)) *;A,[(0,r(r),g("))],s(r)) for anv ?r € c2(R'")' In

addition, using uN-1 :: Eft(z{T;t,6),for t € [g,u-r(rr),?), we get the final condition

(3.33) uru-r(?, r;I) : rrwErh(zx(T;t 'r)) : h(r)' r € lR"'

These remarks aliows us to concrude that {zi(t,r;,\) : t e (0i(w2),0u+r(uz)),r e IR'"} is a

smooth function (see Lpi(t,r; )), Lr*ui(t,r;.\) and 0|**,u6(t,r;)) are continuous functions)

satisfying the following parabolic equations

(3.34) Lpi( t , r ; ) )  *  L{u6(t , ' ; } ) ) (")  :0, te (06(w2) '00* ' (w')) '  r  €R'n '  0 < i  < l f  -  1 '

and final conditions

(3.35) ux-t(T,r ;  l )  :  h(r) ,  r  e R'" '

References

[1] Barrien, P., EI Karoui, N. (2004) opti,mat d'esi'gn oJ d'eri'uati'ues under dynamic risk

rneasLlresl Mathematics of Finance. contemporary Mathematics (Proceedings of the

AMS), 73-26.

[2] Buckdahtr, R., Ma, J. (2001) stochastic viscosity solutions for nonlinear stochastic

partiai differential equations. Part I, Stochasti'c Processes AppL93 ' 181-204'

[3] Da Prato, G., T\:baro, L. (2002), stochastic Partial Differential Equations and Appli

cations, Lecture Notes in Pure and Appli,ed Mathematt,cs 227 '

[4] Ei Karoui, N., Peng, s., Quenez, M. (1997), Backward" stochastic dzfferenti'al equat'ions

in funance 7(1), Mathematical Finance' I-77'

15] Iftimie, B., V6,rsan, c. (2008) Evolution systems of cauchy-Kowalewska and parabolic

type with stochastic perturbations, Mathemati,cal Reports 10(60), Nr' 3, 213-238'

[6] iftimie, B., VArsan, c. (2003) A pathwise solution fbr nonlinear parabolic equations

with stochastic perturbations, central European Joumal of Mathemati'cs 3, 367-381'

44



[7] Katatzas, r., shreve, s. (1991) Brownian Moti,on and, stochastic calculus,2nd Edition,
Springer Verlag.

- 
tB] Kunita, H- (1990) Stochast'ic Flows and, Stochasti,c Di,fferential Equations,yol.24,Cam-

r fridge University press.

19] Lions, P.-L., Souganidis, P. E. (1998) Fully nonlinear stochastic partial differential
equations 1, Tome J26, c. R. Acad. sci. paris, 108b-10g2,

110] Marinescu, M', V5,rsan, C. (2004) Stochastic hamiltonians associated with finite di-
mensional nonlinear filters and non-smooth final value, Reu. Rouma,ine Math. pures
Appl. L, ZB-}T.

[11] Pardoux, E., Peng, S. (1994) Backward doubly stochastic differential equations and
systems of quasilinear SPDEs, Probab. Theory Relat. Field,sgg,209-227.

[12] Protter, P. E. (2005) Stochastic Integrati.on and, Di,JJerential Equations,2nd Bdition,
Springer.

113] Shreve, S. (2004) Stochastic Calculus for F,inance II. Conti,nuous-Time Mod,els,
Springer Finance.

[14] VA'rsan, C. (1999) Apptications of Lie Algebras to Hyperboli,c and, Stochastic D,ilferen-
tial Equatzons, Kluwer Academic publishers.

45




