
iW
INSTITUTI]L DE MATEMATICA

.,SIMION STOILOW'
AL ACADEMIEI ROMANE

PREPRINT SERIES OF THE INSTITUTE OF MATTIEM.{TICS
OF THE ROMANIAN ACADEMY

rssN 02s0 3638

by

Entwined Bicomplexes

Florin Felix Nichita and Calin Popescu

Preprint nr. 6/2009

BUCURESTI





Entwined Bicomplexes

by

Florin Felix Nichita and Calin Popescu

May, 2009

Florin Felix Nichita, Institute of Mathematics "Simion Stoilow" of the Romanian Academy, P.O.Box 1-764, RO-014700,
- Bucharest, Romania

E-mail: Florin.Nichita@imar.ro

Calin Popescu, Institute of Mathematics "Simion Stoilow" of the Romanian Academy, P.O.Box 1-764, RO-014700,
Bucharest, Romania
E-mail: Calin.Popescu@imar.ro





BuIl. N.Iath. Soc. Sci. \,Iath. Roumanie
Tonre 52(100) No. 2,2009, 161 176

Entwined Bicomplexes

by
FloRrN Fni,rx Nrcrrrre AND C.LLTN poppscu

Abstract

\\G a"ssociate with each (co)algebra a bicontplex b.v encocli'g the
(cci)rnultiplicatiori irr <.inc of tho cliffcrcritials, and thc (co)u1it irr thc othcr.
Akin to the (co)bar construction, the construction enables us to encode a
nrorphism eutwining an algebra vgith a coalgel-rra as a l.ricornpiex rnorphism
errtrvinirig the associatecl biconrplexes.

Next, u'e consider a related simplicial construction which associates a
simplicial module with each (co)algebra. In this case, adr entwining struc-
ture yields a sinplicial rnap entwining the associated constmctions. on one
hand, and a chain map entwining the chain cornplexes on the constructiols,
on the other. F\rrthermore, the components of the simpiicial entwining com-
bine to yield another chain map bet*,-een the chain complexes on the en-
twitted proclucts of cottstructions. The two cliain maps tlms obtaiirecl turn
out to be compatible (they commute) up to chain homotopy with anv pair
of naturaj chain transformations for thc Eilcnbcrg-Zilbcr thcorcni u,hich arc
the respective identities iir dirnension zero.

Key Words: (co)algebra, entwining str'ctnre, (co)bar constmction,
simpliciai module, bicomlex.
2O00 Mathematics Subject Classiffcation: primary 16W30, Se-
condary 18G30. 18G35.

Introduction

Attemps to constntct tr unifying theory lbr rLlgebra and coalgebrtr stnctlres lecl
to Yrr,lrg-Ba,xtcr opcril,tors rlcrivctl frour (r:o)a,Igct;ra stnrr:turcs [9]. Applic:r,tions
of thcsc cnrrstnrc:tit>ns o(,clrr in Quarrtrrrn Grt>u1;'llhcory [6], [10], Krrot T]rcory
[8], Theoretical Physics [3] etc.

In this paper, r.ve consider another approach. Thus, rn'e associate witir any al-
gebra structure a bicomplex by encoding the multiplication in one of tlie clifferen-
tials, and the unit in the other. Dually, we associate with any coalgebra structure
a bicornplex by encoding the comultiplication in one of the differentials, and the
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counit in the other. Akin to the (co)bar construction, the construction enables

us to encode a morphism entwining an aigebra with a coalgebra as a bicomplex

morphism entwining the associated bicomplexes.
Next, rve consider a related simplicial constrllction which associates a simpli-

cial module with each (co)algebra. In this case, an entwining structure yields a

simplicial ma,p entwining the associated constructionsT on one ha,nd, and a cha'in

ma,p entwining the chain complexes on the constructions, on the other. Further-

more, the cr:mponents of the simplicial entwining r:ombine to yield trnother chain

mtr,p between the r.;hrLin complexes cln the entwined prodrtr.:ts of r:onstructions.

Thc two chairt mirps thus olitairrctl turrr cxrt to t>c t:ornpirtit>lc (tlrcy c;orttrrtrttt:)

rrir to c:hain lrorrxrtopl' with arry prrir of rrirturir,l cltain tri:,nsforrrti.r,ticxrs fcir th<:

Eilenberg-Zilber theorem which are the respective identities in dirnension zero.

The constructions considered in this paper easily lend thenselves to extensions

to modules over (co)algebras, (differential) graded objects and the like. Part of

the ingredients have been considered in r,arious setups [1], [2], l4j. Details on

Hopf algebras and entwining structlrres can be found in [3], [5], [11].

2 Conventions, Notation, Main Results

Fix it cornrnutativc ring K ttrrcc a,rxl for all. Unlcss othcru,isr: statcd, thrttughortt

this pE>cr, rrrrirhik:s ilnrl tcnsor tr)ro(hrcts aro ovcr K. Wc also lrsc tlic followirrg

standard conr.entions on identitv morphisills and tensor polvers: For any module

X. the identitv rnorphism on X is also denoted bv X,

w8n -

fo r in tegern<0.
f o r  n : 0 ,

X A ." 8 X., for integer n > 0.\-'-
'tL

a n d i f / : X * Y -- Y&n is given by

f o r n < 0 ,
f n " - - O
r v !  , ?  -  v '

f o r n > 0 .

Givcrr rrrr algcirra (A, y,,ri rvith irssociittivc unilti1>lic;atiorr p' ; Aez --+ A ilrxi

nnit 17 : K '- A, define irrductively

0l: na" -- 48(n-1) ancl }ii,: Ae" --+ ,{a(nrl)

by

and
0,
- } ' , i , - r aA+  Aa*811 ,

fl

K,

0,
T/

l \ ,

0,
-A,& 0'*-t -l 1t 6; 1.e(n-27

is a, morphism

t
/8't : 

{

l.

of modules, then /a' : Xa"

oL: 
{

o I :  
{

f o r n < 2 ,
{ h r m } 9

for n. ( 0,
for n. ) 0,

( i )

(2)
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respectively. It turns out that

4-r0L,: a, dldl-r: g, ancl Ai:-rA'".: 0',,+fi',1,. (3)

Wbrnaythere foreassoc ia ten i th .4ab icor r  '  i  / t  "  " ' \ 'rplex ,4 : (Ar,c, don,di,n) by settirrg

Ar,n : Aa(p-q) , dlo,n: }L-n and {i,r: (-L)r\'J_n.

The rows (respectively, columns) of this bicomplex are shifted copies of one an-
other. In addition, each row is eventually acyclic: for each q,

hp,q: ry8Ae(p-q) :  Ap,q: Aa(p-q) -  Ap+r,q* 4tc(r>+r-q)

is a contracting homotopy in the range p ) g. The cotstruction is easily nade
functorial: With every algebra rnorphism f : A -- A/ associate the bicomplex
morphism .i , A --,4' given by

.io,o, Ar,o -- A'o,0, jr,o: /8(r'-q).

The fact that / commutes with the respective differentials is tr routine verifica,tion.
Dually, given a coalgebra (c,a,e.) n'ith coassoc.iative conurltiplication A :

C -- Caz ancl counit e : C - I{. dcfinc inductivcly

V|r: Ca" + C8(n-1) ancl V'lr: Ce" + (;6(n+r1 .

b)'

- t  I  a ,  f b r n < l ,v; :  
t  -c ev'^-ra,6 6;0e( '-r) ,  i " .  , ;  > i ,  ( l ' )

ano

v i ' : [  o ' _ - "  f o r n 1 l '
i -oii-, a c + 6"&(n-r) 6 4, io. ', > i; Q')

respectively-. As expected,

Vl,.-rV'*:0, viYii,-, :9. and Yii,_rV^:V'*+ry'1,,. (3,)

W-e rrray therefore associate with C a bicornplex O : (e,.,r,,i!,,",r!i,") by setting

0r," : ga(r-s), d'r.,, : Y'r-, ancl dl!,, : (-f)tvii_".

The rows (respectively, columns) of this bicornplex are also shifted copies of one
anotlr.er'. In this case, each column is eventuali;' acyclic: fbr each r.

l ,o," :6 'ob(r-s-r)  &e:0r* -  g€r(r ' -s) + Ar,s+t -  gog(r-s- l )

163
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is a contracting homotopy in the fange s ( r. Again, the construction is easily
made functorial: With every coalgebra morphism f : C "+ C' associate the
bicomplex morphism , 

:" 
--^C' giren by

ir," , e ,," -- e 'r,u, ./'," : /a(''-").

The fact that I commutes with the respective difl'erentials is also a routine veri-
fication.

Next, consider an algebra (A.p,,4) entn'ined with a coalgebra (C,A, e) ui,a
t! : C * A ---+ A&C; that is, I is a module rnorphism satisfying the follon'ing fbur
conclitions:

(a) rlt(C ai p) : (p s C)(Acl d)(r,r o A) ;

( n )  t a ( C 8 q ) : n E C ;

(^') (A s A),rp : (1, e C)(C s r"-XA s,4) ; and

(b') (A ai e)t7' : e rii A.

The entq,ining morphism 'er gives raise to a doubly indexed collection of module
morphisms

4)rr.rn I C&" g A&* -- A&u' &C*n,

entrn'irrirrg the tersor powers of A and C. The '*n,m a,te clefilred irrductively as
follows: If either index is rregative, set t/,rr,rr, : 0; set fr.rrther \in,o : C&, , '*o,rr, :
Ar&,,t , i)L,r: ,tl tr,nd define

1b,,,,rr: (-t.o,rr,-r &$tl {ir;-r-r,o)(-tj1,rn-1 8?o,r {id,'-r,o)('dr,o 8$n-t,rr.'8?o,o),

lor m) I and rz ) 1; in a slighily less cumbersome notation,

$,, .^:  (aer-- t l  & g I  Cstu-\)  ( ,1,r , , , - l  E A r.9 6et"-r l )  (C ,& ( :^-t^) .

R.ecall norv the bicornplexes O: (oo,r,d!r,n,di") ancl C : (C,,",tJi,., d(") asso-

ciated with A and C, respectively, and consider the tensor product bicomplexes

/ r  .  \  / t ^  ^ \  \
e ,*n: (  @ s A) ,5' , . , . ,5h.,1 and A&e : (  (A a c) ,5'*.n,5'L,"1 .

\ \  , l n n  " " /  \ \  , / r t , r t  " ' " /

Explicit\'.

and tlie dift'erentials a,r-e given by

61,,,,,. : t (4," * Ar,n-r (-1)'G," s a,!o") ,
r+P:m..s+q:n'

(o * A) ̂.^: II 0,,08 L',
' ' 

r'*P=m' slg=17

6'1,,,,, : t (t-r)"aii" & Ar*+ (-r;"+"g,,"8 d!i,.,,);
r+p:nl. s+q:n
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similarly"

and

6!!,,^ : I ({-t)"0!i,n 8 0,,, + (-ga+t 2o" e di,,) .
'P+T:nr. q+s=n

Tbe tlrr,rn definecl above fit together to yiekl a,rr overall entrnirring rnorphisnr

$ , 0 o o 4 - - A e 0
of bigrnrlcd mrtrlulcs whosc courpuncnts

i65

simpli-
to [7].

$,n,,, , (e * A) ,,,,,,* (a o e) ,,,,,,
are given by

rvhere

Yln ,n  -

rpr.s,7t,q : '$r-",p-q t 0r,, & Ar,o - 6'a(r-s) E A's(p-s) -*

Ar' I e,," : A8(P-s) 5 6r8(r-s).

\Mc a,rt: rrow irr a, positi<ln to sta,tc our first rcsult.

Theorem A- it ls a morTtltism of b,icomplere.s:

6tn,rrri*,n : th^*t,n6'*.r,. and \k,,,.$rnp : $rn,n._t5,Jr,n.

lve now mo'e in a slightly di{ferent direction ancr consicler a related
cial cronstruction. For standard definitions, notation and results. we refer
Written explicritl;', the 0f,, 0'.:, V; and Vrl have the form

A/  -  \a / - r  t in r
" n .  

-  
Z 2 \  

' l  v n . , i , t

x t L

V'  :  \ - f -1) tv l  and' 11 .  -  
/2 \  

' /  
"  n , i ,

z t L

(-l; 'o+"n ,fr,.",o,n ,
r+p=rn, s+q:n

Ar ,  _  \ - r ,_ t  \n+ iA t r- f 1 .  
z / \  " 7 t r , X 1

I t L

fZrr  _ \af  r \zr* i -1vl /'  , r .  -  
, / I - \ - t )  Y n. . i :
xt:!)

dn,i.: Aai 8 p, & A&Ot-i-2) .
7il,, i .: Aei & ?t E Aa(72-t),
V'n,t: Cat Se 6 f,a(n-l-r;, a.rrd
Y'l.t : C&t E) A g Ca(r,-i- l)-

rvhere

\ tn,o: Aan ---+ {8(n-1)

t i * ' .0,  A*^ -1 4a(n+1) '
Y'n,o : Ce"' ---+ f,a(z-l)
Y!,1.a: C&" --+ 6la(n*r)
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It. turns out that $'e may associate with / a simplicial module SA, by setting

SnA:  /& (n+2 ) .  n :0 ,1 , - . ' , l v i t h  f ace  ope ra to t s  d ,2 .4 :0 l r+2 , t ,  i : 0 ,  " '  , ?? '  and

degeneracy ope,rators srr;.i : 0'/r,0, i : 0, ' ' ' , n. Similarl;', we may associate with

C a s impl ic ia l  module SC,by set t ing SnC :  Ca( ' / ,+ l ) .  n :0,1," ' ,  wi th f 'ace

operators dn,i, : Ytr+t,,i, i : 0, ' " ,tu, and degeneracy operators 62,1 : Y!lr'r1,;,

i : 0... '  .n. The standard identit ies

dr-y,.;dn,i : dn-1..i-1dn,i , for i, < i,
sn,isn-7,j : riq..i1;lfin-1 ,i, ftlr tl :1 j, arxl

dn+t,iSn,j : Sn-I,j-1dn,' i, fot i 1 j,

identity, for i - i ot i:3 * 1, and
:  sn-L, idn, i - r ,  fo t ' i  >  j  +  7,

are readily checked in both cases. As expected, if A and C are entwined uio

-'ri l , then the -Tl,r.. '1.",a2, fr :0, 1,"', are the components of a simplicial map

SC x SA --+ SA x ^9C between the product simplicial modules (recall that face

operators and degenerac.ies in the product are defined componentwise). Consider

lirrtlrer the associated (positir,.e) chain comlexes (KSA'0'), K,,SA: S",4, and

(KSC.V'), K,,,SC : Sn.C, along with (K(SC x S,4), d) and (I<(SA x SC)' d)'

where
' , t

I<.(SC x .9A) : S,,C I S,A, d,, : f (-r)nY'^*r,oE 0'.*r,0, ancl
' - "

I {^(SA x SC) :  SnA& 5,,C, d" :  t (-DiA:, ,+2.. i8 Vl,*r ,u '
t =0

By thc Eilcrri>r:rg-Zilbr:r thcorcrrt, thorc a.rc ttttttrrtrl t*ru,iIr oclliivalcrt<:t:s

K(SC x SA) = I<SC e I{SA and I<(SA x SC) e I<SAe I<SC.

The standard natural cirain transformations t'hich do the job are Alexander-

Whitney's (rightwards) and Eilenberg-Zilber's (leftu'ards); both are the identity

iIr dirnerrsiort zero' Now' if A arld C are erttwirted uio rp', theri the doubly inclexed
'rf 's cornbine together to yield tu'o rrtorpltislns of graded rllodules:

tl : I{(SC x .9A) --+ I{(SA x ^9C), dn: t itnyt.naz, and

p : I{SC a .r(.9A ---+ r{SA8 tr(SC, 4,, : I (-t)no11, q+1.r)+2.
QIP:tt

Theorem B. Both ti, and,4t are cha'in transformat'ions compat'ible up to chai'n

Itorrrcto'py'utitlt urtg puir of rtutru'ul clmirr, trunsforrrtutirtrrs for tlt"e Eilert'berg-Zilber

tlrc.orern,
gr;''t t g15g x SA) e I<SC & I{SA: ((:'A rut,rl
gAs : I{(SA x .9C) = ItSAs I{SC , eA'c,
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which are the respect'iue i,d,enti.ties 'in d'imens,ion zero; thgc,A = eA,c 0, so (A,c 111 -
d,P'e as well

' The remainder of the paper is devoted to a cletailecl proof of Theorerns A and
B. Related f'acts are also considered.

3 Proofs, Formulae, Lemmas

The Morphisms A'", y;, V/" and Vfl

In the previous section we stated ,,vithout proof relations (3) and (3r). our
purpo$e here is to fill in the details.

We begin with an a.lternative description of the A,r, 0,;, V; and Vrl.

1. Lemma.

b) A'" : }'n-r e A + (-t1"axt"-2) {i /-r;

b) a';: A& o', i-r+ (-t)"tt8 /8"' ;
( . ' )  Vi .  :YL-. , .qC +(-1)%-16'1i(n-1) g e; antr l ,

(b ')  V' ; :  C I  V:I_L+ (-r ; ' - tO I  Cs(n- l) .

Proof- With refe,rence to the definitions, trll relntions foilorv by incluction on n.
As iln cxarnl>lt:, wc provc (a). Clt:a,rly, thc statcrrcrrt holrls for n ( 2. For n,) 2,
usc (1) im<l thc indur:tion h;4rothcsis to gct

0'. : -,1, I 0L-, * p A Aa(n-z)

- - A* (4-, a' A + (-i)n-1As('-s) I p) + p,6 4's(rz-z)

: - A & 0'._, & A + (-t)" A8(tz-2) g p * p g Ag(n-z)

:  ( -a  * -0 ' , . -z l -  1 t , .&As(n-s ) )  &A+( - r )n4* , ( ' -4  & t ,

:0 , ,_ t .&  A+ ( - t ) ,4o l t ' -4  &  t , .

Remark. Lt:rruna 1 nctuallv J>rovirlcs c<luiva,l<:nt <lcfinitions fcrr thc At^, A{, V;
arxi Vf . For irrstilrrcc, htrtl wr: <lcfi.nc<l 0|: !a9* --- Aai(",-1) by

n , : [ 0 ,  f o r n < 2 ,-17 
[ al'-t a A + (-11nna<n-" I t,, far n t 2,

then (1) would have followed in the same wa),.

Relations (3) and (3/) lbtlow by induction on n from the lemma below.
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2. Lernrna.

(a) } ' "- tA'" :  A I  0 ' . -r0Lq;

(b) 0';0';-r : \'i-&|l-z a A ;

(c) 0;a0i - a'l_raL - -Ae (0;d;4 - al-ra'"-);

(a/) Vi-rV;: C eYt"-2Y'--t;

(b') vTvT-t : v'l-tY',l,-2 & c ; and

(c') v',*rv*-vi-rv"- -c s (v;v#-1 -vi-rvh).

Proof. We prove the first three statements: the la,st three erre established in the
sarrrc way.

(a) Usc (1) to writc lxrth 0"s irr tht: lcft-irartd urcnrbor ur<l gct

aL-taL:Ae }i,-z)Lt - tte 0',,-r-

(, * r*,'-',) to * o,-r) + u@* z.1B Aa('l-3).

Finally-, use (1) ttgtr,in to write dl-1 in the thircl summa'nd trbove a,long with
associativity of multiplication, trr(,A8/r) : p(pE A), to obtain the desirecl result.

(b) Usc (2) to writc both 0//'s in thc bft-han<l rrcrnbcr along with c<prality of

the compositions K J- L 3. l,s/( 49 Ag A ancl K 3. N g y't&! Ag A
fo get

aii}',.-, : ail,-r}i!-r8 A - \ii-, & \ - 0','-zB A a rt + Aa(n-r) & q & q'

Finally', use (2) again to write Df-1 in the second sttmmand above to obtain the
desirecl result.

(c) Begin n'ith the left-ha.rrd rnernber: Use (1) to write the 0/'s, ancl Lerrtrrta
1(b) to write the 0"'s, to get

\L*rd,i - - A,s A;0';4 + (-l)"+lq a Ai+ 
(L\

(,, * a*,'-',) {, o 0!,!,-r) + (-L)'u}te A) e 48(n'-r), 
\r'r

0'i,-r0'". * - A & 0';-2d,-r + p, e 0'l-2*

(- i ) 'q,3Aa 0'*- t+(-r)"- ' ( ry e A)t614a("-z; .  
(5)

In the right-hand rnember of (4), use again (1) to write Bl in the seconcl summartd,

ancl Lernrna 1(b) to write 0f-, in t l ie thircl, along with p(Aeq) : A: p(qeA)

to gcf,
a|,+fi \ ' , :  -  A& 0:"a::4+ (- l)"tt  a A I 0', ,-t* re\

(-1)"+trl 8 p 6,1 4oi('-2) + p,8 y',i-r. \u/
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Firrally, since the cornpositions A& A:. X [i A g A'&t A* A ancl -4. S, A L,
A:- I{'& A're! 48 A are equal, subtraction of (5) from (6) yields t}re tlesired
result.

Remark. In any tensor product in Lemma 2, factors can be swapped. The above
proof works through mutatis mutand,'is.

The Morphisms t/,.-

As stated in the introduction. the definition of the $n,u, rnay seem far-f'etched
and unrvieldy. our purpose here is to ma,ke it more tra,ctable by clescribing an
alternative, bnt equivalent approach.

To begin with, Iet $n,,n : 0, if either inde-x is negative, 1bn,o : Car. and
t[6,* - r44*. Set

, t i ) ! .n, :  (aet--r l  *$) @tr, , ,_r a A) ,  (T)

for rn > 0, and check by induction on rn that

ror a, m> 0 ,., "n,"))"i,, 

':,:;':;'(o'6 aetm-r)) '

,rhn,m : (,,hr,^ e,gai(,,-r)) (C & t!t,_1,,n) , (9)

fbr all n ) I and all rn, and check by inducrtion on (n. rn) that

$n,m : (ri,n-r,^S C) (Cat"-r) 6r.*nr,,,) , (10)

for all n and all m, (r"lr ui,ce uersa).
we corrld equally well hnve sta"rted by first filling in the rows in the first

clrtir<lrartt. I\{orc prcciscly, <lcfirtc 'tiirr,.* as l;cfor<; if cithcr inrlcx is rnrr-positivc.
Now. sct

169

(B)

,$,t : (,,t2 6 6oc"-1)) (c I dl",_i,r) ,

for n > 0. and check b.v induction orr n that

itnJ = b!,,-t,t A C) (Cef'-tl Ao d,) ,

for n ) 0 (or ui,ce uersa). Finall)', ss1

(7')

(8',)

tn,,n : (a*t--tl e'f,,r) (*,,,^-ta A) , (9')
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for all n and all m) l, and check by induction on (rz,m) that

\ i )n , ,n:  (A&iu,*- t )  ( ' { , * ,16 /* im-r) )  ,  (10 ' )

fbr all n and all m (or z,'ice. uersa).
The two clefinitions a,ctqally ilgree, tlii can be checlkeci by a, ra,ther lengthy

indncticrn on (n,m). Altogether, they combine to yisld

tn,- : (a*t--tl I d, ro 6a<"*rl) (ri,r,-.-r* A,:i 6*t'r-i)) (C a $^-t,^)

: (,4n_\*e C) (Cai"-r) I .A e,pr,,,-i) (C*t"-tl &,lt aae(nc-r)) ,

for all n and all nz.

Our next t.r"sk is to show that the frr,,r, commute with the differentials -

Lernrna 3 below , and witli face operators a.rtcl degerreracies Lerrrura 4 in the

sequel.

3. Lemma.

(") (di" ai C8') *n,,-, : 4,n,,-.-r (C8" w 0'*);

(b) (dfi c} c8') $,,.,,,.: $n.,,,,,+r (ce" a 0'a);

(a') (4'a* s V1') '{n,,. , , : '*n-r.m (V;8 Ae*): uncl

(b') 144-' 8 Vi{) 'thn,,n:'()n+t,m (V; S Ae-').

Cormrxytc.n,tl4l,

(e) (.4,, * 
",,") 

' { , , ,",r,r: '4),. , ,p-t.q(*," * ar,n);

Gi (d!;,r* e,") i,,,.,,r,' : e,,",p.q-t (e,," * al,r) ;

(a') (ao,o * d,|,")'e,,",r,n : ,!,,-.r,,,r,, (ol" * Ar,n) ; or.a

/ ^  . . \ ^  . t  f , , ,  ^  \
(b') (Ar,u e di,") $,.,,,p,q : Qr.,s-!,p,q (a;." * A'p,q 

) 
'

Proof. Onl;' the first trvo staternents will be proved' The next two a,re proved

m,tttati,s rnutandi,s, and the last four are obvious rephra.sings of the first fcrur' Tlie

proofs arc bv induction on (ri,, m,).

(a) The statement holds triviall), if either rz ( 0 or rn < 2, and is easily

checked for any pair of the form (0,n2). Consider first a pair (n,rn) with n > I
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and transform the left-hand member successively as follows:

(0ks Can) ti,,,,,n

: (O'^s, Cs") (,(),,-t,u,O C) (Cet"-t, * 
"r,*) 

(Uy (rO))

: ((u;u 6ort"-rl) l)n-,t,,ne c) (ccot',-r) I ,1"r,*)

: ('*,,-t,,,-' (c*t"-'l 
" 

a;) o c) (cer'-r) er,,/,r,",)
(by the incluction hypothesis)

: (.$n-t,-,-r ai C) (Ce{"-rl s,0,*eC) (Cet"-tl O -o}r.,,)

: (ritn-r,,n-r oi c) (c*t"-tl e @L,* c)r\rn 
)

: (t,,-t,,u-r 's C) (Cot"-tl & 1br,,n-tQ x ai,))

(by the induction liypothesis)

: ({,,-t.,n-r I C) (cor"-tl a t7,r,,,-r) (cs" o ai)
:,$,r,m-1(ce" e u*) .  (try ( i0))

Thc casc (1,m,) is dcalt s'ith by inchrction on rn. As rcmarkccl at thc bcginling
of the proof, the statement holds trivially for rn < 2. so, letr m ) 2 ancl use (1i
and (B) to get

(a; s c)'h"n : 
i,::*,, 

": 
:); ;:;;:]lir:J;-]i (11)

Now, deal with each summand in (11) sepa,rately, The sign lefb a,side, the first
summand tra,nsfbrms successively as fbllows:

(A a a,,,,_, e c) (A & i\,,n_t) (,rl ,r aer-,-rl)

: (a o<, (ak_, w c) {y-,-) (+ oo 1et--rl)

: (a e tbt,*-z(c e ai-,)) (d, e aet--' l;
(by the induction hlpothesis)

: (.4 a '{t ,u,-z) (a* c s i l*-t) (. ,1o aet'"-t l ;

: (AE,th,^_z) (rtt X l*_r1

: (a {i ti\,,n_z) (* * au,--r)) (c o}.4 ai li,_r)

: il,)t,,n_t (c ,* ,l,q a'*,_r). (t,v (a))

777
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Next, transform the second summand in (11) as follows:

(u.o our'"-4 's c) (A w h.*-)

: (, * Aat*-4 6 g)

(aa ta &(tun-z)(, *rot"'-")) (, 64ortrn-t)) (uv (s))

: (" * +e,(m-z) s c) (A e A a $\,,,-z) (a *'-,1'6 4etnz-z))

(ti * aot'"-ti;

: (p I ,i,r,*-.z) (a e 1,6 4*(rn-z)) (+ o aet--'l;

: (A n titt,-z) (r * c * 4'*r''-zl) (a o rr 6 Aai'"-z))

(tr e aet--ri)

: (A & ,!n.*-z) (0r s c)(As ,r)(ei s A) s ao(rn'-4)

- (A ai \ttt,,n-z) (+tc * u) a aa{*-zl)

(by condition (a) in the deflnition of t/)

: (A ai itt,*-z) (ri * o*'*-") (" 'a ir I 4e't^-zl)

- , i ) t , n - t ( c * r6  l a im-z ) )  .  ( r , v  (g ) )

Finally, phrg thc outcomc of both calculations into (11) lo gct thc dcsircd lcsrtlt

bv (1) :

@'", e C) r/tt,* : r|t,*-t

: , t ! ) r , *_t

(b) The statement holds trivially if eitirer index is negative, and is easily
checked for any pair of fhe form (0, -). For a pair (n,n) with n > 1, use (10) to
proceed inductir,ely as in the first step of the proof of (a). Por a pair of the forrn
(1,rn) with m) 0, use (2) and (7) to get

(0ke c)r!,r,n,: - (oii,-rs ,4 {i c) (nx<^-t, o U) (4\,,n-ta} ,4) + (rz;
(A&',' & 11x C),0t,^.

(',,r A a*t--tl;

(-" * Ae at*-.+ c I u& A*un-zt)

Q*a i - ) .
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The sign left aside, transform the first summancl in (12) as follows:

(ok_ra,4 an c) (txr,"-t, o p) il\,,,t & A)
: (a,,L_18{,) (,pr,__r 8,4)
: (,+4", e 1b) (a,;4a c a A) (h,a e A)
: (A&"' x v) ((d*-ro c) drr,,,,-r I A)
: (Aa* x',b) ('(n,* (A*-t e C) e a) (by thc induction hvJrothcsis)
: (A@* a tlt) Qh,* s A) (c a o,[,_, x A\
: t!;t.-,+t (c * a!,!"_rao A) . (t y (z))

Next, transfbrm the second summand in (12) a,s fbllows:

(au- ,* n I c) *t,^
: (Ae" ,& rl, (C g q)) h,* (by condition (b) in rhe ctefinition of .4))
: (A&',n g rlr) (a*'" a c a n) $t,,,
:  (Ax* e',) ( 'h,,,srt)
: (AIe"' x$) (ttt,*e A) (C,& A8"', & ri)
: vjr,rn+r (c,s,48"" ,a 17) , (b"r.' (z))

Finally' piug the outcome of both calculations into (r2) to get the clesirecl result
by (2):

(Ak e C) i,t,* :'th t,*+t (-C a di._, I A + C E As,' I ri)
.  :  $r,^+1(C * 0,i , ,) .

Rgmark. Part (a) of Lcmma 3 can cq'ailv wcll bc pror,'cd by 'si'g Lcmma
1(a)' (7) and (9) instcacl of (1), (s) and (10), rcspcctivclv. similarly, parr (b) of
Lemma 3 can also be established by resorting to Lemma 1(b), (g) ;d (9) instead
of,(2), (7) and (10), respectively.

4. Lemma.

(") (0*,a cE') l)n,,n: i),,,,n_r (cen & a,*,n);

b) (a,",, g c8"),()n,,n :,*n,m+t(ce' a a,L,o) ;

(a') (A*"' * vi,.,o) 1i)n,,n:'{n-r,* (vi,o g Ae"') i and,

(b') (a*- a9 vii,;) {n,m: i)n+r.m (vii,o e A&*) .
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The proof is similar to that of Lemma 3 and hence omitted. Recalling that face

operators and clegeneracies in the product are defined componentn'ise, Lemma 4

shons that the gi",1r,r,+2, ft :0, 1,.", are the CompOnents Of a Simplicial map

SC x SA - SAx SC betrveen the product simplicial moclules, so i clefined at

the end of Section 2 is a, cha'in transfbrmation.

\\'e now pr<-rceed to pr<.rve the theorems.

Proof of the Theorem A. Bclth relations are provecl along the $ame lines, s0

onlv one of them .ivill be dealt *'ith in full detail. As an example. let us show that

tk.*ir*,, : ,$n 
,n- t6,ln . To this cnrl, rccall thc rlcfinitions rtrr<l trsc parts (6)

ana (6') of Lemna 3 Lo rewriLe the left-hand member successively as follows:

6h.nd,,,,,,,: t (-r;b+r)"+a' (u;,r* 
",,") 

t,,.,",o.r*

With rei'erence
io get

p+r:m, q+s:n

t (-1;r("+r)+o("+1) (re,q e,l,i,,)',1,,,,,r,0
p*r :m,q*s=n

:  t  (-1;b+r1'+n' i), ,",p,q-,r(*,,  * , ; ,r) *
,p+r':,rrl, tl+s:TL

D (-t;r( '+r)+o("*t)d","-r,n,n(a1:,,*an,o).
p+r :n7 t  q+s :n

again to the clefinitions. write the right-hand member explicitly

9ttT' t , t7-7r)rr t t t ,  
- (-1;n("+r)+q("-1).0,, , -r ,p 

"  
(O|,"e {  o) +

P+r=rn, q+s:n

t  ( -1;(r+r l"+'r 'v i r . . r ,p,rr- t  (*"  o di ,r) .
p+r=m,q+s:n

Comparison of the two yields the desired resnlt.

proof of the Theorem B. \\re alreacly nciticed after Lemma 4 that f is a chain

transformation. To shorv that q', is a chain transformation, recall the definitions

and proceed as irr the proof of Tlteorern A we orrrit the cletaiis'

Tq prove the second pa,rt of the theorem, rectrll [7] that fr-rr trnl' simplitia,l

rrro<lrrlcs X :r,nrl Y tlx-.rc cxists ir nnturirl cltain trrursfortttr,tiort I{(X x Y) -

KX & I(Y u,hich is thc i<lcrrtity irr <lirncrrsion zcto, arr<l ir,rr5' trvo suclt arc chairt

homotopic uio a natural chain homotopy. Siurilarl-r', there exists a natural chain

transfonnation f(X n KY - K(X x Y) which is the identit)' in dimension

zero, ancl aIIV two such are chain homotopic uzo a chain lionrotopy natural in X

and Y. Finally, there is a natura,l chain homofoP), behveen any two natural chain

transforrnations l((X xY) = K(X xY) which are the identity in dirnension zero.
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The standard chain transformations for the Eilenberg-Zilber chain equivalence
theorem a^re Alexander-whitney's, AWX'Y , and Eilenberg-Zilber's, EZx'y :

AWX,Y : I{(X x y) e KX e Ky : EZY,Y ;

both are the identity in dimension zero. Explicit fbrmulae for Arff x ,Y a.nd, E zx ,Y
can be found in [7]. Back to our carse, it sufifices to shr.iw that

i, Al4rt"'to : AW'sA'sc ii,,

where a147tsA'sc - 4yys'n',sc is an Alexancler-whitney-like natural chain trans-
formation which is the identitv in dimension zero. To this encl, recall the clefin!
tions of d, *.1 .if , write A14tsc's"+ explicitly,

trVys{;'sA - 
D y'o*r,n*, ... Vl"+r,,, gDi,*r,n ... 4r+z,o t

Q*?=rt*t+ -/-'r'

;rrxl usc parts (a) rrnrl (a') of Lcnrna 4 to grx

,i , , ,Awf.c,sA : D (-t)on (di*r,o ., .O,n+rpE Vl*r,o*, . . .y,n*r.n) r l ,u,.
Plq:n

: AWlf A'sc',1,u,

rvhere

'1,rtsA'sc : 
oF:.,- 

t )'n zL+r,o' ' '0',*r,o & Ytq+z,q+r' ' 'v'n*r,n -

Compare

a14tsA,sc -  
D a,r*r , r*r . . .  o,n+r,n,g v l*r ,o. . .v l*r ,0,

p+q--n

to notice that in enefi summand in AWt , the first tensor factor is (simplicially) a
birck face, and the secclnd a. front fbce, while in ea,r.h summa,nd in AW, the ijist
tcrrsor factor is a frorrt fa,cc, antl thc st:tnn<l tr back fil,cc. Birck 1,n 4147rsA,:irj, it is
dcfinc<i by facc o1>crators, so it is rratural. It r<xlrrct:s t<l tlx: i<lcntity irr tlinrcrrsiou
zero' And it is a cirafur map bv the standard identities for face operators - the
lengthv verifications are omitted.
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