Multigrid methods for variational inequalities
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Abstract

In this paper we introduce four multigrid algorithms for the con-
strained minimization of non-quadratic functionals. The algorithm in-
troduced in [L. Badea, Convergence rate of a Schwarz multilevel method
for the constrained minimization of non-quadratic functionals, SITAM J.
Numer. Anal., 44, 2, 2006, p. 449-477], has a sub-optimal comput-
ing complexity because the convex set, which is defined on the finest
mesh, is used in the smoothing steps on the coarse levels. The first
algorithm we introduce in this paper is a standard V-cycle multigrid it-
eration which improves the algorithm in the above cited paper, having
an optimal computing complexity. This algorithm can be also viewed as
performing a multiplicative iteration on each level and a multiplicative
one over the levels, too. The three other proposed algorithms are com-
binations of additive or multiplicative iterations on levels with additive
or multiplicative ones over the levels. These algorithms are given for the
constrained minimization of non-quadratic functionals where the convex
set is of two-obstacle type and have an optimal computing complexity.
We give estimations of the global convergence rate in function of the
number of levels, and compare our results with the estimations of the
asymptotic convergence rate existing in the literature for complementary
problems.
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1 Introduction

The multigrid or multilevel methods for the constrained minimization of func-
tionals have been studied almost exclusively for one-obstacle problems. Such
a method has been proposed by Mandel in [19], [20] and [8]. Related methods
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have been introduced by Brandt and Cryer in [5] and Hackbush and Mittel-
mann in [11]. The method has been studied later by Kornhuber in [13] and
extended to variational inequalities of the second kind in [14] and [15]. A vari-
ant of this method using truncated nodal basis functions has been introduced
by Hoppe and Kornhuber in [12] and analyzed by Kornhuber and Yserentant
in [17]. Also, versions of this method have been applied to Signorini’s prob-
lem in elasticity by Kornhuber and Krause in [16] and Wohlmuth and Krause
in [24]. Evidently, the above list of citations is not exhaustive and, for fur-
ther information, we recommend the review article [10] written by Gréser and
Kornhuber.

Regarding the convergence study of the method, an asymptotic conver-
gence rate of 1 —1/(1 + C.J3), J being the number of levels, has been proved
by Kornhuber in [13] for the complementary problem in the bidimensional
space. For the two-level method, global convergence rates have been estab-
lished by Badea Tai and Wang in [4], and for its additive variant by Badea in
[3]. Also, a global convergence rate has been also estimated by Tai in [21] for
a multilevel subset decomposition method.

In [2], we have introduced a projected multilevel method for constrained
minimization problems where the convex set can be more general than of one-
or two-obstacle type, for instance. The main drawback of this method, is its
sub-optimal computing complexity because the convex set, which is defined on
the finest mesh, is used in the smoothing steps on the coarse levels. Also, the
global convergence rate we found there in R? for quadratic functionals was of
1 —1/(1 + CJ%) which is weaker than the asymptotic one given in the above
cited papers. We introduce in the present paper four multilevel algorithms
which have an optimal computing complexity. The first algorithm is a stan-
dard V-cycle multigrid iteration which improves the algorithm in the above
cited paper. This algorithm can be also viewed as performing a multiplica-
tive iteration on each level and a multiplicative one over the levels, too. The
three other proposed algorithms are combinations of additive or multiplica-
tive iterations on levels with additive or multiplicative ones over the levels.
These algorithms are given for the constrained minimization of non-quadratic
functionals where the convex set is of two-obstacle type and have an optimal
computing complexity. We also give estimations of the global convergence rate
in function of the number of levels. We found, for instance, that, in R?, for
the minimization of quadratic functionals, the first algorithm has a global con-
vergence rate of 1—1/(1+CJ3), like the asymptotic convergence rate existing
in the literature for complementary problems. The methods are described as
multigrid V-cycles, but, evidently, the results hold for W-cycle iterations, for
instance.

The paper is organized as follows. In Section 2, we state four algorithms in
a general framework of reflexive Banach spaces, and prove their convergence
under some assumptions. In Section 3 we show that these algorithms can be
viewed as multilevel methods for the constraint minimization of non quadratic
functionals if we associate finite element spaces to several level meshes and
consider decompositions of the domain at each level. We prove that the as-



sumptions made in the previous section hold for convex sets of two-obstacle
type. If the decompositions of the domain are made using the supports of the
nodal basis functions we get, in Section 4, the multigrid methods. This partic-
ular choice of the domain decomposition allow us to obtain better bounds for
the convergence rate of the methods. Finally, in Appendix, Section 5, we show
that the multilevel method in [2] can be viewed as a particular case of the first
algorithm introduced in this paper. We also correct an error in Proposition
5.1 in that paper.

2 Abstract convergence results

We consider a reflexive Banach space V and let K C V be a nonempty closed

convex set. Let ' : V — R be a Gateaux differentiable functional, which
F(v)
[[v]]
v € K, if K is not bounded. Also, we assume that there exist two real numbers
p, q¢ > 1 such that for any real number M > 0 there exist aps, Gy > 0 for

which

is assumed to be coercive on K, in the sense that — o0, as ||v|| — oo,

(2.1) ayllv —ullP << F'(v) = F'(u),v —u > and
| IF'(w) — F'()l |y < Busllo — ul]o~!

for any u,v € V with [|u]|,||v]| < M. Above, we have denoted by F’ the

Gateaux derivative of I', and we have marked that the constants aj; and Gy

may depend on M. It is evident that if (2.1) holds, then for any u,v € V,

lull, llo]] < M, we have

ay|lv —ul|lP << F'(v) — F'(u),v —u >< Bal|v — ul|?

Following the way in [9], we can prove that for any u,v € V, ||ull, ||v|| < M,
we have

55 < F'(u),v —u> 42y —ul||P < F(v) — F(u) <
(22) <F’(u),v—u>+%]\v—u\|q.

Also, using the same techniques, we can prove that if F' satisfies (2.1), then
1<g<2<p

We point out that since F' is Gateaux differentiable and satisfies (2.1), then F’
is a convex functional (see Proposition 5.5 in [7], pag. 25).

Now, let we assume that we have J closed subspaces of V', V4, ..., V;, and
let Vj;, i = 1,...1; be some closed subspaces of Vj, j = J,..., 1. The subspaces
Vi, 3 = J,...,1, will be associated with the grid levels, and, for each level
j=4J,...,1, Vi, i=1,...1;, are associated with a domain decomposition.
Let us write

I = max I
j=J,.1



In certain cases, the second equation in (2.1) can be refined, and we assume
that there exist some constants 0 < B;, < 1, B = B, J, k= J,...,1, such
that

(2.3) (F'(v+vjs) = F'(v), o) < BBl |vgal | 0w

for any v € V, vj; € Vi, vy € Vig with ||v]], [[v+vsll, [lou]| < M,i=1,...,I;
and [ = 1,..., ;. Evidently, in view of (2.1), the above inequality holds for

(2.4) Bik=1, 4 k=J...,1
We consider the variational inequality
(2.5) weK: < F'(u),v—u>>0, for any v € K,

and since the functional F' is convex and differentiable, it is equivalent with
the minimization problem

(2.6) ue K : F(u) < F(v), for any v € K,

We can use, for instance, Theorem 8.5 in [18], pag. 251, to prove that problem
(2.6) has a unique solution if F' has the above properties. In view of (2.2), for
a given M > 0 such that the solution v € K of (2.6) satisfies ||u|| < M, we
have

(2.7) a—MHv—quSF(U)—F(u) for any v € K, ||v|| < M.
p

The algorithms we introduce will be a combination of additive or multi-
plicative algorithms over the levels with additive or multiplicative algorithms
on each level. First, to introduce the algorithms, we make an assumption on
choice of the convex sets where we look for the level corrections. The chosen
level convex sets depend on the current approximation in the algorithms.

ASSUMPTION 2.1. For a given w € K, we recursively introduce the conver sets
Ki,j=J,J-1,...,1, as

- at level J: we assume that 0 € Ky, Ky C{vy € V;:w+wvy € K} and
consider a wy € K

- at alevel J —1> j > 1: we assume that 0 € K, K; C {v; € V; : w+
wy+ ...+ wjp1 +v; € K} and consider a w; € K;

We can easily check that if we take, for j =J —1,...,1,
(2.8) Kj C {Uj € V] Wi+l v € Kj+1}.

then K; C {v; € V; : w4+ wy+ ... +wji1 +v; € K}. Evidently, the optimal
convergence of the algorithms depends on the effective choice of these level
convex sets Kj.

We first introduce the algorithm which is of the multiplicative type over
the levels as well as on each level.



ALGORITHM 2.1. We start the algorithm with an arbitrary u® € K. Assuming
that at iteration n > 0 we have u™ € K, we successively perform the following
steps:

- at the level J, as in Assumption 2.1, with w = u"™, we construct the convex
set Kj. Then, we first wmte w’ =0, and for i = 1 ., Iy, we successively

calculate wJ Levy, w; I" + w”Jrl € Kj, the solution of the inequalities

+
(2:9) P+, 7 ) v - 20

nti=L nt n+i=

I . I I
forany vy € Vi, w;, 7 4wy € Ky, and writew; 7 =w, " —i—w”“.

-atalevel J—1 > j > 1, as in Assumption 2.1, we construct the convex set
n+1 n+1

K; with w = u" and wy = w} see Wil = Wi Then, we write w3 = 0,
n+i71
. n+1 1; n+1
and for i =1,...,1;, we successively calculate wi € Vi, w7 Fwy €

Kj;, the solution of the inequalities

-1
(2.10) (u" + Z witt " + i) v — witt) > 0
k=j+1

n-+ 'L;.I
for any vj; € Vj;, w;

. -
J ; n+[ij n+z[j n+1
+vj; € Kj, and write w; =w; +wg"

- we write u" T =y + E w;-"H.

The algorithm which is of the multiplicative type over the levels and of the
additive type on each level is written as

ALGORITHM 2.2. We start the algorithm with an arbitrary u® € K. Assuming
that at iteration n > 0 we have u"™ € K, we successively perform the following
steps:

- at the level J, as in Assumption 2.1, we construct the convex set K j with
w = u". Then, we simultaneously calculate w"'H eVpnNnKy i=1,...,1;,
the solutions of the inequalities

(2.11) (F'(u" + wiih), v — wiih) > 0
r o
for any vy; € Vy; N Ky, and write w"'H 7 w?jl
i=1

-atalevel J—1 > j > 1, as in Assumption 2.1, we construct the convex set

K; with w = u" and wy = w3+1, Wi = w?jfll Then, we simultaneously
calculate wnJrl e ViinKj;,1=1,...,1;, the solutions of the inequalities
(2.12) " Z wptt  with), vg = witt) > 0

k=j+1



for any vj; € Vi N K, and write wn"'1 Z w"H.

. n+l _ . n n+1
- we write u =u —|—ij .
Above, r is a constant in the interval (0, 1].

The algorithm which is of the additive type over the levels and of the
multiplicative type on each level is written as,

ALGORITHM 2.3. We start the algorithm with an u® € K. Assuming that at
iteration n > 0 we have v € K, for j =1,...,J, we simultaneously perform
the following steps
- we construct the convex set K; as in Assumption 2.1 with w = u" and
wy=...=w; =0,
- we wm’te w;? =0, and fori=1,...,1;, we successively calculate w;‘H €
n-‘rl

‘/ji7 ’U)j

4 wnH € Kj, the solution of the inequalities

1’L+i_.1
(2.13) (Flu" +w; 7+ wlith), o —wptt) 2 0

1

i nt nti=L »
for any vj; € Vj;, w; 4w € Kj, and write w; 7= w; I —i—w;-‘i ,

s
Then, we write u" Tt = u"™ + = Zw’”l, with a fixed 0 < s < 1.

Finally, the algorithm which is of the additive type over the levels as well
as on each level, is written as,

ALGORITHM 2.4. We start the algorithm with an u® € K. Assuming that at
iteration n > 0 we have u™ € K, we simultaneously perform, for j =1,...,J,
the following steps

- we construct the convex sets K as in Assumption 2.1 with w = u™ and
wy=...=w; =0,

- we simultaneously calculate, for i =1...,1;, w?fl € Vi N Kj, the solu-
tions of the inequalities

(2.14) (F'(u™ + w05 —wiit) >0

for any vj; € Vi N K, and write wnJrl Zw"Jrl, with a fixed 0 < r < 1.

Then, we write u™ =

k‘\%

J
Z ”+1, with a fired 0 < s < 1.



Evidently, inequalities (2.10), (2.12), (2.13) and (2.14) are equivalent, re-

spectively, with the following minimization problems
i—1

n
n+1 . I; n+1 )
— find wi € Viis w; +wy € K;,

i—1

n+-—7-
F(u™ + Z wptt + s w;-"”fl) <
k= ]+1
(2.15) i
F(u" + Z witt + T + v;i)
k=j+1
n+i7.l

for any v;i € Vi, w; 7 + vy € Kj,

— find w}?l e VinNKj,

k=j+1 k=j+1
for any v;; € Vj; N Kj, _
n+1 THJ;l n+1
—find wi;™ € Vi, w; 7w € K,
n+i7,1 n+i7‘1
(2.17) Fu"+w;, 7 +wi™) <P +w;, 7 +uvy)
TL+7';1

for any Vj; € Vji, w; T+ Vj; € Kj,

- find wj™ € VN K;,
2.18 F(u" —l—w"+1 < Fu" +wvj

J

for any v;; € Vj; N Kj.
In order to prove the convergence of the above algorithms, we shall make
new assumptions. First we fix a constant o satisfying

p

pgr1-7=7
and assume that there exists a constant C such that
J I J I
(2.19) 13> wiill < 0wyl
j=1i=1 j=1i=1

for any wj; € Vi, j = J,...,1, 4 = 1,...,1;. Evidently, we can take, for
instance,

(2.20) Cy = (1))

but sharper estimations can be available in certain cases. For Algorithms 2.1
and 2.3, we assume



ASSUMPTION 2.2. There exists two constants Co, C3 > 0 such that for any
w e K, Wy G‘/ji, Wil + ...+ Wy GKj,jZJ,...,l,i:1,...,Ij, and u € K,
there exist uj; € Vi, j=J,...,1,i=1,...,1;, which satisfy

Uj1€Kj andwj1+...+wji,1+ujiEKj7 iIQ,...,Ij,j:J,...,l

J 4
u—w:E E Uj;
j=1i=1
I;

J J I
S gl < CSllu—wl|” +C§ D w7

j=1i=1 j=1i=1
The convex sets K, ] = J,...,1, are constructed as in Assumption 2.1 with

the above w and wj = Zwﬂ, j=dJ,...,1, for Algorithm 2.1, and with w and
wy=...=w; =0, for Algorithm 2.8.
For Algorithms 2.2 and 2.4, we assume

ASSUMPTION 2.3. There exists two constants Co, C3 > 0 such that for any
we K, w; e VinNK;, j=4J,...,1,i=1,...,1;, and u € K, there exist
uj € ViiNKy, j=4J,...,1,i=1,...,1;, which satisfy

J I
T
j=1i=1
J 1
Do lugll” < CSllu—wl||” +CF ZZ [wjal |7
7j=11i=1 j=11i=1
The conver sets K;, j = J , 1, are constructed as in Assumption 2.1 with
the above w and w; = Zwﬂ, = J,..., 1, for Algorithm 2.2, and with
weK andwy = .. —w1—0 for Algorithm 2.4.

The convergence result is given by

Theorem 2.1. We consider that V is a reflexive Banach space, Vj, j =
1,...,J, are closed subspaces of V, and Vj;, i = 1,...,1;, are closed subspaces
of Vj. Also, let K be a non empty closed convex subset of V, and K;, j =

.,J, be non empty closed subsets of V; given by Assumption 2.1. We
consider a Gateauz differentiable functional F' on V' which is supposed to be
coercive if K is not bounded, and which satisfies (2.1). Also, we assume that
Assumption 2.2 or 2.3 holds if we refer to Algorithms 2.1 and 2.3, or to
Algorithms 2.2 and 2.4, respectively. On these conditions, if u is the solution
of problem (2.5) and u™, n > 0, are its approximations obtained from one of



Algorithms 2.1-2.4, then there exists M > 0 such that ||ul], |[u"|] < M, n >0,
and the following error estimations hold:
(i) if p = q = 2 we have

™) — F(u Gy u®) — F(u
(2:21) F(u") F()S(C*lJrl) F(u”) = F(u)],

n 2 l él n 0y _ U
(2.22) [[u" — | SaM(él—i—l) [F(u”) = F(u)],
where Cy is given in (2.45), and

(ii) if p > q we have
(2.23) F(u") — F(u) < PG~ Flw) .
1+ nCo(F(u) — F(u) i1

e21)  fu-wps L PO

OM (14 nCy(F(u0) ~ F(u))o-t]=
where Cy is given in (2.49).

Proof. Step 1. We first prove the boundedness of the approximations u" of u

as well as of the corrections w;"H obtained from the above algorithms. For

Algorithm 2.1, from (2.15), we get

J
n+t 4=
F(u +Zw”+1 ) < F(u" + Z w"+1+w ")g
k—]+1
n+
u+2w"+1+w <FU+Z n+1
k=j+1 k=j+1

forany j=J—1,...,1and i=1,...,1;. Also, from (2.9), we have

7L+ @ +z] 1
Fu"+w, 7)< Fu"+w, )<Fu")
J

for any i = 1,...,1;. Since u" ™ = u" + Z w;-“H, from these inequalities, we

j=1
get

F(u™) < +an+1 < F(u" + Z w4 17) <
(2.25) k=itl
u + Z n+1 n) < F(UO)

k=j+1



foranyn >0,j=J,...,1and i =1,...,1;. For the writing simplicity, above,
as well as in the following, we make the convention that the sums Zi 41 are
Zero.

For Algorithm 2.2, form the convexity of F' and (2.16), we get

u _|_an+1 u + Z n+1+ an+1 <

k=j+1
I.

(1_7 noy Z n+1 Z u™ + Z wn+1+wn+1)<

k=j+1 i=1 k=j+1
u + § : n+1
k=j+1

Consequently, we have

Fu™™) < F(u +Zw"+1 < F(u™+ Z wpt! 4wt <
(2.26) w=i k=i+l
n Z n+1 )S F(UO)
k=j+1

foranyn>0,j=J,...,1andi=1,...,1;.

For Algorithm 2.3, form the convex1ty of F' and (2.17), we get

w; <
j=1
s J
(1= )P + 530 P +ufth) < Fur)
j=1
Consequently, we have
n—i——

(2.27) F(u™') < F(u") < F(u°) and F(u" +w; 7)< F(u")

foranyn>0,j=J,...,1andi=1,...,1;.
For Algorithm 2.4, form the convex1ty of F' and (2.18), we get

J

F(u™th) %Z Wity < (1 - 8)F(u")+
S J - S Ij
S ) = (1) ;z N

j=1 1 z:l

J I
n rIj n+1 n

(1= ) F(u") + (1 = =) F(u U;g u" +witt) < F(u™)

10



Consequently, we have
(2.28) F(u™™) < F(u") < F(u®) and F(u™ + w?fl) < F(u™)

foranyn>0,j=J,...,1andi=1,...,I;.

If K is not bounded from (2. 25) (2 28) and the coerciveness of F, it
follows that there ex1sts a M > 0, such that ||u||, ||u"]], Hw”HH < M,n>0,

jg=dJ,...,1,i=1,. , for the four Algorithms 2.1-2.4.

Step 2. Now, we evaluate Zj:1 Zi:l ||w;li+1||p for the four algorithms. For

Algorithm 2.1, in view of (2.2), (2.9) and (2.10), we have

n+z ‘1
aMHwn-HHp<Fu + Z wn+1+wj Ig u + Z wn+1
k=j+1 k=j+1
fori=1,...,1y, ie.,
Z|‘wn+1‘|p<Fu + Z n+1 u +an+1
k=j+1
forj=4J,...,1, or
o < i
(2.29) IS P < Fut) = Futt
p j=1 i=1
For Algorithm 2.2, in view of (2.2), (2.11) and (2.12), we have
Oé;\/[H n+1Hp<FU + Z n+1 u + Z wn+1+w?i+1)
k=j+1 k=j+1
But,
I;
u + Z wn+1 +wn+1 U + Z ,wn+1 Zw?;rl) <
k=j+1 k=j+1 z:l
I;
(1—— "4 Z ntl) Z (u" + Zw”+1+w;.g“)

From the above two equations, we get

ro
S i < P S ) - P+ S
=1 k=j+1

11

i
n+I

’)



1, or

) )

for j=J,...

J 1

(2.30) mMZZHw”*al<F( ")~ F(u™)

7j=11i=1
Similar equations are obtained for Algorithm 2.3. Using (2.2) and (2.13),
we get,

ZII PP < Fut) = Fu® + wi™)

and, in view of the definition of u"*!, we have,

J J
F(un-‘rl) _ F(un + %Zw;z-l—l) < (1 32 u” +wn+1
Jj=1 Jj=1

From the above two equations, we get

Ij

S )\ TL—l—l n n+1
2.31 - PLF —F
(2.31) 7 ;:1 7,:1| P < Fu®) = F(u")

Finally, using (2.2) and (2.14), we get for Algorithm 2.4,

1

T«

P S g < P - G+ )
=1

and ;
Fu"™1) < (1-s) %Z u" Wit
From these two equations, we get
s Tay n+1p n n+1
(2.32) —f—ZZHw P < Fu™) = F(u)
Jj=11i=1

Therefore, the above equations (2.29)—(2.32) can be written as

J I
(2.33) S P < F) — Ft)
p Jj=11i=1
where
1 for Algorithm 2.1
r for Algorithm 2.2
_ T
(2-34) t 5 for Algorithm 2.3
%% for Algorithm 2.4

12



Step 3. We now estimate F(u""1) — F(u). First, we evaluate F(u"*!) for

each algorithm. Evidently, for Algorithm 2.1, we have

1

J
(2.35) Fur™) =F"+> Y wlith

7j=11i=1

Using the convexity of F', for Algorithm 2.2, we get

J I
n+1y __ n r n+1
Fu"™)=F(u —l—TZZwﬂ ) <

Jj=11=1
(2.36) . ; J I
(1= DR + 2R+ 30w
j=1i=1
Also, for Algorithm 2.3, we have
o 1
F(u"t!) = F(u" + 5 D> with) <
j=J i=1
(2.37) . . J I
(1= D@ + P+ 303w
j=11=1
Finally, for Algorithm 2.4, we have
5T &
F( n+1) F<un + 53 Z nglz-‘rl) <
(2.38) j=J i=1 L
sr s
(1= S PF@") + 57 Fu" + SO with
Jj=11=1

From the above four equations we conclude that

J 1
(2.39) F(u™) < (1 - )F @) + P + 30wt

Jj=11=1
where ¢ is given in (2.34). Therefore, we can write

Fu™") - F(%)S(l—t)(F( ") = Flu)+
J

(2.40) s Z nt1) )

j=11=1

With u, the solution of problem (2.5), w = u" and wj;
J,...,1, I =1,...,1;, we consider the decomposition wuj;, j = J,...,1,

13



., 1j, of u —u" as in Assumption 2.2, if we apply Algorithm 2.1 or 2.3, or
as in Assumption 2.3, if we apply Algorithm 2.2 or 2.4. In view of (2.2), we
have

J I J I

FO 303 ufi™) = Flw + e + 323wt —ulp <
j=11=1 p 7j=11i=1
J Ig J I]

(241) (P + D> wi) Y 0y it —u) =

7j=11i=1 J=11i=1

J J 1

S S YY) - )

j=11i=1 7j=11i=1

For Algorithm 2.1, in view of (2.3), (2.9) and (2.10), we get

—F'(u" —i—ZZw”H s Uji — W nH) < A(F'(u" + Z Zw"“—&-Zw”H -

_7 lz 1 k j+11=1
(u +ZZU}"H S — wiith) <ﬁMZﬁij||wZ+1Hq_l||Uji wi|
7j=11i=1 k=1

Above, we have added and subtracted the missing terms between F’(u" +

Zk—j—i—l Zz qwptt Zz 1 wnﬂ) and F'(u" + Z] 1 Zz 1w nﬂ)-
For Algorithm 2.2, in view of (2.3), (2.11) and (2.12), we get

J 1
Fur 303 Jwfith), uji = wiith) < (F/(u” + Z ZW”“W%“)—
j=1i=1 k J+1 =1
J 1
P30S ) g — ) <2ﬁMZﬁkJZHwk“Hq ! fugs — wH|
7j=11i=1 k=1

Here, we have added and subtracted the missing terms between F’(u™) and

F'(u"+% Zk i1 ZI" 1 ijl—l—w;LiH), between F'(u") and F'(u ”—l—Z] 1 ZZ 1 nH),
and used the fact that 7 < 1.
Similarly, for Algorithm 2.3, using (2.13), we have

J I
1 n
<—F’(u”+22wﬁ+l),uﬁ— LY < (F'(u” +Zw"+ —

j lz 1
(u +ZZw”H s uji — wiit) <25M25kg2|lw”“||q Hlugi — |
j=11i=1 k=1
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Finally, using (2.14), we get the same inequality for Algorithm 2.4,
J I
(—F'(u" + Z D iy — i) < (F/(u” +with) -
J
un+zzw"+l Juji — wiith) < 25MZﬁij|lwkH||q Mg — wiH|

Consequently, in view of (2.41) and Assumptions 2.2 and 2.3, we can write
for all the four algorithms,

J I]

J I J
u”+ZZw"H (u) + aM]|u +ZZw —ullP <

Jj=11i=1 j=111=1

J I
QﬁMZZ kD w1 12\!%1— wit| <
1h=1 =1

q—1
P

I
o Y zﬂjkznuﬂ— W) Zuwk“np) <

k=1 \j=1 i=1

Q\»—A

J
QﬁMI 7 Z Zﬁ]k ZHuﬂ_ n—l—lH ]
k=1 \j=1 i—1
1

J Ik g 1 —
(Z S gty 7 ) < 2l T Zﬂm
k=1 I=1

J
>

Jj=

I I

J
l
||u]z_ n+1 U Z | n+1||P

=1 7j=11i=1

<.

—_

We have used above the inequality (see Corollary 4.1 in [22])

(2.42) Azl < (max Y 7 | Ay )|zl 1o
i
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(A;j)i; is a symmetric matrix. In view of (2.19), we have

where A =
J 1 1 J I J I 3y
1 1 1 1
O Mg —wit 1) < Q0D Muill”)e + Q2D Ml 17)7 <
j=1i=1 j=1i=1 Jj=li=l1
J I )
(ClJu —u™||” + C3 ZZIIw"+1 + Q> g7 <
Jj=11i=1 Jj=11i=1
J 1 .
Collu—u™([+ 1+ C3)O D " |lwi|7)
j=1i=1
J 1 p L I; .
Collu —u"™ ZZw"H |+ (1+C1Cy + C3)( Z n+1||p P
j=11i=1 j=111=1
Therefore, we get
J 1 o J 1
P+ 303w~ P + X+ 30 S wg -l <
7=11i=1 7j=11i=1
9 ILIJFP g+1 JL—l_ﬂ J
o o P 2.
Bm (k:Hll:’ﬂ}XJZ;ﬁkg)
J 1 J 1
Collu —u" = ZZw"“HZZHw"“Hp
=1 7j=11i=1
p—o J b q
(14 C1Cy + C3) (1) #e ZZHw”“HpE
7j=1 =1
11 yﬁ-

But, for any ¢ > 0, p > 1 and z,y > 0, we have zy < ez + ——
ep—1

Consequently, we have

J J I
PO+ 303 w5 = Fluy+ R + 303 Su —ulp <
7j=11i=1 p j=111=1
J
g=1_ p= q+1 o—1_g—1
20pm I 7 J o (kiTllfi”).(J;/Bkj)'
J I I
Coellu —u™ =Y > witt|P ZI L |P) T+
7=11i=1 7j=1 =1
p—o L a
(L+C1Ce + C3)(1) 7o (30 D w7
j=111=1
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for any € > 0. With

1
(2.43) e= M -~
p p—q+1 q+1 o—1 g—1
2C ITJr K ;
28 P (k:nllf{?i J;ﬂkg)
the above equation becomes,
am
+l 4
P+ 33 ) - P < e
Jj=11i=1
C J I o J I .
20 S I I 4 (14 i o)) (3D Il )
5p_1 j=11i=1 j=11i=1
From this equation and (2.33)
J IJ oM 02 1
P+ with) = Flu) < - | " (F(u") = F(u"™ )=+
7j=1 =1 2 Sp_l(tTM)p_l
.
1 1J) v a
( +0102+03;)( J) P un) F(unJrl))Z
(t230)?

with ¢ in (2.34) and € in (2.43). In view of the above equation and (2.40), we
have

XM

— Fu) < HL(F W) — Fu"h)) + &=
CQ g—1

F(u™t!)

—————— (Fu") = F(u"*"))r14
(2.44) gpl(tagf)pl( (u") = F(u"77))
B Clc(i;??ﬁ)(u)w Fu") = F(u™)»

Step 4. We prove error estimations (2.21)-(2.24). First, using (2.7), we
see that error estimations in (2.22) and (2.24) can be obtained from (2.21)
and (2.23), respectively. Now, if p = ¢ = 2, then ¢ = 2, and from the above
equation, we easily get equation (2.21), where

~ 1—1¢ 1 Cy .
Cl—T C12t|:+1+0102+03 with
(2.45) e = 3

7
QCQﬂMI(k:Hllf}XJ Z Br;j)
9 9 j:l

17



Finally, if p > ¢, from (2.44), we have

(2.46) Fum+Y) — F(u) < Cs(F(u?) — F(u'+1))51
where

~ 1—1¢ pP—q i C

Gy = ——(F(u) = Fu)r= 4+ g |t

t Coe | et (tour)pr

(2.47) s

L+ G+ CIUI) ™ 0y _ ()t

(1230’
with ¢ in (2.43). From (2.46), we get
F(un—H) . F(u) + 371 (F(un+1) _ F(u))% < F(u”) _ F(U)a

~ 7{1_1

and we know (see Lemma 3.2 in [22]) that for any r > 1 and ¢ > 0, if z € (0, 2]

and y > 0 satisfy y + cy” < x, then y < (% + xlf’")ﬁ. Consequently,
we have F(u"t1) — F(u) < [Cy + (F(u") — F(u))%}%, from which,
(2.48) Fut) = F(u) < [(n+1)Cy + (F(u®) — F(u) i,
where
(2.49) Cy = i =
(p = DF () = Fu)) o=t + (¢ = 1)C5"
Equation (2.48) is another form of equation (2.23). O
3 Multilevel Schwarz methods
We consider a family of regular meshes 7, of mesh sizes hj, j =1,...,J over

the domain Q ¢ R?%. We write Q; = UTefth and we assume that 7j,, is
a refinement of 7, on Qj, j =1,...,J -1, and & C 2 C ... C Q; = Q.
Also, we assume that, if a node of 7j,; lies on 9, then it lies on 9€2;1, too,
that is, it lies on 0€2. Besides, we suppose that dist, ;. node of T, (xj41,95) <
Chj;, 3 =1,...,J — 1. In this section, C denotes a generic positive constant
independent of the mesh sizes, the number of meshes, as well as of the overlap-
ping parameters and the number of subdomains in the domain decompositions
which will be considered later. Since the mesh 7, , is a refinement of 7y,
we have hji1 < hj, and assume that there exists a constant v, independent of
the number of meshes or their sizes, such that

(3.1) l<y< 2 <Cy, j=1,...,J—1.

hjt1
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Since hjy1 < 641, we also have

(3.2) %SC% j=1,...,0—1.
Jj+1
At each level j = 1,...,J, we consider an overlapping decomposition
{Q}}lgig ; of ©, and assume that the mesh partition 7, of {); supplies a
mesh partition for each Q;, 1 <4 < I;. Also, we assume that the overlapping
size for the domain decomposition at the level 1 < j < J is ¢;. In addition,

we suppose that if w§+1 is a connected component of Qgﬂ, j=1....J—1,
1= 1,‘..,1]', then

(3.3) diam(wéﬂ) < Ch;

Finally, we assume that I; = 1.
At each level j =1,...,J, we introduce the linear finite element spaces,

(3.4) Vi; ={v € C() : v|r € Pi(7), T € Tp;, v =0 on 0},
and, for i = 1,...,I;, we write
(3.5) Vi ={v € Vy, s v=01in Q;\Q}}.

The functions in Vj, j =1,...,J — 1, will be extended with zero outside (2;
and the spaces will be considered as subspaces of W7, 1 < ¢ < co. We
denote by || - ||o,» the norm in L7, and by || - |[1,, and |- |1, the norm and
seminorm in W17, respectively.

We consider the two sided obstacle problem

(3.6) uwe K: < F'(u),v—u>>0, forany v € K,
where
(3.7) K={veV,: p<uv<y},

with ¢, ¥ € Vi, ¢ < 1. We shall prove that Assumptions 2.1-2.3 hold for this
type of convex set, and explicitly write the constants Cs and C'5 in function of
the mesh and overlapping parameters. We can then conclude from Theorem
2.1 that if the functional F' has the asked properties, then Algorithms 2.1-2.4
are globally convergent.

We first introduce the operators I,; : Vi, ., — Vi, j=1,...,J—1, defined
as follows (see [2]). Let us denote by zj; a node of 7y, by ¢;; the linear nodal
basis function associated with x;; and ﬁlj, and by wj; the support of ¢;. Given
av € Vp,,,, we write [;v = minge,, v(z)” and Ijtv = mingey,;, v(z)*, where
v(z)” = max(0, —v(z)) and v(z)" = max(0,v(x)). We notice that, since v is
piecewise linear, Ij_iv or I;gv are attained at a node of 7, ,. Next, we define

I}?jv = szinode of Tp, (Ijzv)gﬁji(x) and Iht-v = Zl'ji node of 7j,; (I;-U)qf)ji(x), and
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write Iy, v = I}ZU—I,;U. It is simple to check that if v(x) = 0 at a point x € €,
then Iy v vanishes in a neighborhood of x, composed by the elements 7 of 7,
containing that point. Also,

0 < Ipv(z) <wv(z) if v(r) > 0 and

(38) 0> Ihjv(x) > v(x) if U(l?) <0

at any point z € . Consequently, the function

b,(@) = { e (@) #0
0 if v(z) =0
is well defined, continuous and satisfies
(3.9) 0<6,(z) <1 forany x € Q
Also, for any v, w € V,,_,, we have
(3.10) v < w in € implies [, v < Iy, w in €

We shall use these properties of the operator I, in the following. We also
recall the estimations of Lemma 4.2 in [2]: for any v € V},.,,, we have

JH13
(3.11) [n,v = vllo,e < ChjCag(hj, hjt1)|v]ie
and
(3.12) [ 1n,;v[lo,6 < [[v]lo,¢ and [In;v]1,0 < CCa(hy, hjt1)[v]1,6
where

1 fd=oc=1
orl<d<oc<

(313)  Cug(H,h) =

4+ 1T ifl<d=0<oo
(H)%5" if1<o<d< oo,
It is proved in Lemma 4.2 in [2] that ||,,v|0, < Cl|v][o,s, but in view of (3.8),
we can take C' = 1.

Now, we define the level convex sets K; C Vp,;, j = J,..., 1, satisfying
Assumption 2.1. Let K be the convex set defined in (3.7), and a w € K. For
the level J, we define

’ Kj=[ps,vs], and consider an arbitrary wy € K

At alevel j=J —1,...,1, we define

(3.15) i = In;(pjr1 — wjt1), Vi = In; (Y41 — wjt1),
’ K; = [¢j,;], and consider an arbitrary w; € K;

We have
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Proposition 3.1. Assumption 2.1 holds for the convex sets K;, j = J,...,1,
defined in (3.14) and (3.15), for any w € K.

Proof. Evidently, 0 € K;. Also, in view of (3.8), we recurrently get that
0e€ Kjfor j=J—1,...,1. Form the definition of K, we have w +v; € K
for any v; € K. Finally, we prove (2.8) for j = J —1,...,1. Let v; € Kj.
Using again (3.8), we get

@j+1 — Wit1 < Iny (i1 — wir1) = @ < vy <
V5 = In; (Vi1 — wit1) < Vi1 — wjp
ie., w1 + U5 € Kj+1 L]

Now, in order to prove that Assumptions 2.2 and 2.3 hold for the convex
sets defined in (3.14) and (3.15), we consider u, w € K and some w; € Kj,
j=4dJ,...,1. First, we define

(3.16) vy =u—wand v; = I (vj41 —wjp) for j=J —1,...,1
and then,
(3.17) uj = vj —vj-1 =vj — Ip,_ (v; —wy) for j = J,...,2

Uyl = v = Ihl('UQ — UJQ)
With these notations, we have

Lemma 3.1. If K; are defined in (3.14) and (3.15), and vj and u; are defined
in (3.16) and (3.17), respectively, then vj, u; € K;, j=J,...,1, and

J
(3.18) u—w:Zuj
j=1
Proof. The writing of u —w as in (3.18) is evident from (3.16) and (3.17). We
prove that v; € K, j = J,...,1 by induction. First,
pr=p-—wsu—w<YPp-—w=1y

and therefore, v; € K;. For a j = J —1,...,1, assuming that vj4 1 € Kj41,
from (3.10), we have

05 = In; (i1 — wjt1) < I, (Vi1 — wi1) < In (Pj01 — wjt1) = Py
or vj € Kj. For j = J,...,2, using (3.9), we have
uj = v; — Ihj_l(vj —wj;) = (1— ij_wj)vj + Oy —w;wj
and therefore, u; € Kj. ]

Another result we use is given by
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Lemma 3.2. If u; are defined in (3.17), then

J

(3.19) 4196 < C(J = 1)7 " Cag(hy-1,ha)°[Y_ lwrl] 5 + |u = w[{ ]
k=2

for j =J,...,1, where we take hog = h1 for j =1, and

;1185 < llw;ll§ 5 + C(J = )7 AT Cao(hys ha)”
J

520, D wrlfy + lu—wl ], forj=J,....2, and
: k=2

luillf e < C(J = 1) HJu —w

Proof. With v; in (3.16), we write
Vj — Wj :—wj+Ihj(vj+1—wj+1), j=J—-1,...,1

and, using Lemma 5.1 in [2] for v; — wj, we get

01 5 = [In; (V1 —wit1)l], < CWJ —5)7 "

J—1
[ Caolhy hw)|wil{ , + Cao(hy, hy) s — wil],]
k=j+1

Consequently, we have

J

(321)  |vjlf, < C( =) Caglhy, h)7( Y |wilfy + |u—wlf,)
k=j+1

forj=J—1,...,1. Since u; = v; —v;_1, for j =J —1,...,2, we get

(322) ‘uj‘la < C(J J +1)U 1Cd0'( Jj— 17hJ Z’wk|1a+ ‘u ’U)|1 0')

k=j
Since uq = v1, we have
J
(323) |u1|flr,o' < C(J - 1)U_lcd,0(hla hJ)U(Z |U}[€H’U + ’u - w’ia)
k=2

Also, from (3.16), (3.17) and (3.12), we have

|UJ|1,U = |u_w_IhJ71(u_w_wJ)|1,U <

(1+CCho(hj-1,hy))lu—wlie+CCqu(hj—1,hy)|wi|ie
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ie., we have
(3.24) luslle < CCao(hy1,hy)(lwilT 5 + |u—wl7,;)

From (3.22), (3.23) and (3.24), we get (3.19). Now, for j = J,...,2, from
(3.11) and (3.17), we get

wjlloo < lJvj —wj — In,_, (v; — wi)llo,e + |[wlloe <
Chj—1Caq(hj-1,hj)lv; — wjli,e + [|[wjlloe <

where we have used (3.1) and the definition of Cq(H,h), (3.13). From this
equation, we get the first equation in (3.20) for j = J. Also, using (3.21),
in view of h; < hy, j = J,...,1, we get the first equation in (3.20) for j =
J—1,...,2. For j =1, from (3.12), we have

l[utllo,e = [[h, (v — w2)llo,0 < [Jv2 — walloe <

10y (03 = w3)llo, + |[w2llog < - < lloslloe + Y llwslloo
j=2

ie., the second equation in (3.20) holds. O
To prove that Assumption 2.2 holds, we associate to the decomposition

{Qé}lgiglj of €, some functions 0} € C(Qy), 9}-|T € Py(r) for any 7 € Tp,,

i=1,---,1;, such that

0< 9} <1 on €y,

. I. l . . . I. l
0;=0o0n UL, Q\Q, 0, =1on Q\UL,_ , Q

(3.25)

Also, for Assumption 2.3, we consider a unity partition to each domain de-
composition {Q}}1§i§1j7 ji=J...,1,

I
(3.26) 0<6 <land » 0 =1o0n,

i=1
with 0; € C(Q;), 9;]7 € Py(7) for any 7 € Tp,;, i = 1,- -+, I;. Such functions 9;-
with the above properties exist (see [2] or [23] p. 59, for instance). Moreover,

since the overlapping size of the domain decomposition on a level j = J,... 1
is d;, the above functions ¢ can be chosen to satisfy

(3.27) 0,0 < C/5;, ae. inQy, forany k=1,...,d

Ik]

Finally, we recall some interpolation properties. For a v € Vj, and a
continuous functions 6 which is of polynomial form on the elements of 7 € 7,
we have (see [6] and [25]),

|0v — Lp,; (6v)[lo,c < Chy|0v]1,5 and Ly, (0v)|1,0 < C|0v]1,4
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where Ly, is the Pj-Lagrangian interpolation operator which uses the function
values at the nodes of the mesh 7j,,. Therefore, we have

(3.28) 1L, (00)l10 < Cll00]]1,0
Now, we can prove

Proposition 3.2. Assumption 2.2 holds for the convex sets K, j = J,...,1,
defined in (3.14) and (3.15). The constants Cy and Cs3 are given in (3.34) for
Algorithm 2.1, and in (3.35) for Algorithm 2.3.

Proof. Let us consider u, w € K and wj; € V,fj such that wj; +...+wj; € Kj,
j=4dJ,...,1,i=1,...,1;. In the construction of the convex sets K;, we take
w; = lejzl wy; for Algorithm 2.1, and wy = ... = wy = 0 for Algorithm 2.3.
Then, from Lemma 3.1, there exist u; € Kj, j = J,...,1, defined in (3.17),
such that (3.18) holds. Now, for each uj, j = J,...,1, we define

Ujl = Lh (Hlu] (1 — Hl)wﬂ)

uﬂ—Lh 91 Zuﬂ )wﬂ) 1=2,...,1;

with 9; in (3.25). Like in Proposition 3.1 in [2], where we take v = u; and
w = 0, we can prove that

UJZEVh, wj1+...+wji_1+uji€Kj,izl,...,Ij
Z“ﬂ

for any j = J,...,1. We point out that here, the condition wj; +...+wj—1+
uj; € K can be proved by verifying that it is satisfied only at the nodes of 7y,
From (3 18) and (3.29), we get that the first two conditions of Assumption 2. P
are satisfied.

(3.29)

We estimate now the constants Co and C3. The above uj;, j = J,...,1,
i=1,...,1;, can be written as
i
(3.30) wji = Ly, (0%u; + > Ohwir), i =1,..., I
k=1
where

0% = 0}, 91 —1—91 and

o, — g (1 — 07 (1—0)), 05, =105, 0% = —0i(1— 07" (1 - 0F
jz‘*j( ) (_j)7 ji — - Yy jz‘*_j(_j )(— ')7
for i = 2,. ],k:—l,...,z'—l

In view of (3.25), we have

10%;] <1 and |0,,0L] <C(I; —1)/6;, i=1,...,1;,1=0,....i, k=1,....d.

Tk g1
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It follows that

I —
165:0ll00 < [10llog,  1850a < C(lvf10 + —llvlloo)

and therefore, using (3.28), we get

-1
1Ln, (050)] 11,0 < C(lvh,o + (1 + =—)llvllo,0)
J

for any v € Vp,, j = J,...,1, e =1,...,[; and [ = 0,1,...4. We use this
inequality to estimate the norm of the terms in (3.30).

First, since wj; have the support included €2;; and vanishes at least on a
part of its boundary, in view of (3.2), (3.3) and the classical Friedrichs-Poincaré
inequality, we get

hj
||Lh (ejzw]k)Hl o < C(l + (I - 1)57) |w]k‘10 < CIU|w]k‘|1 o
forany j = J,...,2,i=1,...,]; and k = 1,...,7. Now we use Lemma 3.2.
For j = J,...,2, we have

1L, (05u)11S 5 < Clusl 5 + (

I;,—1
=) luslig ) <

- h o e

CW =) L+ (I = )57 Cag(hjo1, )

4 L

D lwnlf g + fu = wlf o] + O+ )l <

k=2 J
J

C(J = 1) 7 Cag (hyr, ha) 1Y [nl] o + fu = wl7 )+
k=2

I-1, -
1+ =)yl
J

Consequently, from (3.30) and the last two equations, we have

HUJZHIUSC(I+ Z‘wjkho

3‘31 g o— (o2 (o2 o
(3:31) 7] = 1)71Ca(hj_1, hy) [erkhﬁﬂu—whﬂh

-1 =
1 ~ o o
1+ 5 sl

for any j = J,...,2 and ¢ = 1,...,I;. At the level j = 1, we do not have
a domain decomposition, I; = 1, and we take u1; = wy. In this way, from
Lemma 3.2, we have

J

(332)  |lunllfy < C(J =17 Caolhr, hy)” (Y llwrllf o + |lu = wl|f,)
k=2
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From (3.31) and (3.32), we get

J I J
D ugllf, < CI7HH (I +1)77 lwjil{ o+
j=1i=1 j=2i=1
J J
(333) (S =17 D Caglhyor,hy) | [ D lwsllTy + llu—wllf, | ¢+
j=2 j=2
J
o—1 I-1 o o
I +1)° 21+ w5,
=2 !
In the case of Algorithm 2.1, the convex sets K;, j = J,...,1, are con-

structed in Assumption 2.1 with w; = ijzl wji, j = J,...,1. Consequently,
we get from (3.33) that the constants Cy and C3 can be written as

J
Cy=CI= (I+1)% (J - 1)%1[2 Caghir,hy))7
(3.34) S
Cs=CI2(I+1)% (J — 1)”7’1[2 Cao(hjor,hy)7)
j=2

For Algorithm 2.3, the convex sets Kj, j = J,..., 1, are constructed with
wy = ... =wy = 0. Therefore, it follows from (3.33) that the constants Cy
and C'3 can be written as

J
Co=CI7 (I+1)% (J = 1) [Y Caolhjr,hy)’]"
(3.35) ~

o—1

C3=CI% (I+1)%

Concerning Assumption 2.3 we have

Proposition 3.3. Assumption 2.3 holds for the convex sets K;, j = J,...,1,
defined in (3.14) and (3.15). The constants Cy and C3 are given in (3.39) for
Algorithm 2.2, and in (3.40) for Algorithm 2.4.

Proof. Let us consider v, w € K and wj; € V,fjﬂKj, j=J...Li=1,...,1;

For Algorithm 2.2 we take w; = %ijzl wji, and wy = ... = w; = 0 for
Algorithm 2.4, in the construction of the convex sets K;. Then, from Lemma
3.1, there exist u; € Kj, j = J,..., 1, defined in (3.17), such that (3.18) holds.
Now, for each uj, j = J,...,1, we define

(3.36) Uj; = th(ﬁéuj), i=1,...,1; for j=J,...,2, and u11 = uy
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with 9; in (3.26). It is clear that

(3.37) uj; € Vhfj NKj, i=1,...,1; and uj = Zuﬂ

for any j = J,...,1. From (3.18) and (3.37), we get that the first condition of
Assumption 2.3 holds.
We estimate now the constants Cy and C3. From (3.27) and (3.28), we get

1
lwsillf.e = Cllusli o + (14 <) Mugllgo)
J

Using this equation, the proof is similar with that of the previous proposition.
For j = J,...,2, in view of (3.19) and (3.20), we have

o 1 o o
lujillfe < O+ )7 llwjl[g o+
J

J

C(J = 1)7 " Caghj1, )7 [> Jwplf 5 + u—wl],]
k=2

and we use (3.32) for the estimation of ||u11|]1,,. From these equations, we get

I;

J
SO ugillf, < CIZ 1 + )7 w;l[6,0+
=11

(3.38) =1 ;
CI(J - 1)”_1[2 Cao(hj-1,hs)’] [Z w7 o + [lu = wl[7 5]
j=2 J=2
The convex sets Kj, j = J,...,1, are constructed with w; = %ZZILI wij;

in the case of Algorithm 2.2. Consequently, the constants C5 and Cs, can be
written as

Cy=CIz ZCda jo1.hg)°]"
(3.39)

Cs=C(J - 1)"%[2 Cao(hj1,hs)°)7

For Algorithm 2.4, the convex sets Kj, j = J,..., 1, are constructed with

wy =...=wi = 0. Therefore, we can take
1 -1 J 1
(3.40) Cy=CIa(J = 1)"7 [Y_ Cao(hj1,hy)°]7 and Cs =0
j=2
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The constants Cy and Bj, j, k = J,...,1, can be taken in (2.20) and
(2.4), but better choices are available in the case of the multigrid methods in
the next section. As we see form the above estimations, the convergence rates
given in Theorem 2.1 depend on the functional F', the maximum number of
the subdomains on each level, I, and the number of levels J. The number of
subdomains on levels can be associated with the number of colors needed to
mark the subdomains such that the subdomains with the same color do not
intersect with each other. Since this number of colors depends in general on
the dimension of the Euclidean space where the domain lies, we can conclude
that our convergence rate essentially depends on the number of levels J.

We first estimate the constants C1—Cj5 as functions of J. To this end, in the

remainder of this section, C' will be a generic constant which does not depend
1

on J. Writing Sq,(J) = [Z}LQ Cd7(,(hj,1,hJ)"]; from (3.1) and (3.13), we
get,

(J-1)7 ifd=oc=1

1<d<o< o

3.41 Syo(J) = or L=
(3-41) a.(J) CJ ifl<d=o0< oo
c’ ifl <o <d< oo,

In this general framework, we take C1, and Bji, j, k = J,...,1, as in (2.20)
and (2.4),

J
o—1
(3.42) C,=CJ% and knllﬁ;c’J;ﬂkj =J

Also, from (3.34), (3.35), (3.39) and (3.40), we get

o—1

(3.43) Co=C(J—1) 7 Sgs(J)

C(J — 1)07_1Sd70(J) for Algorithms 2.1 and 2.2
(3.44) C3=4 C for Algorithm 2.3

0 for Algorithm 2.4

Now, we shall write the convergence rate of the multilevel Algorithms 2.1—
2.4 in function of the number of levels J. In order to be more conclusive, we
shall limit ourselves to a typical example where

(3.45) F) = 2elfg, ~ L), ve W ()

where L is a linear and continuous functional on W17 (Q), ¢ > 1. In this case
(see [1], for instance),

p=2,q=cifc<2; p=2q=2ifc=2; p=o,q=2ifoc>2
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Evidently, we can use the same procedure for other problems, too.
For 0 =2, p=¢q =2and d = 1, 2,3, in view of (2.45), (2.34) and
(3.42)—(3.44), we get

[ CJ3S42(J)?  for Algorithms 2.1 and 2.2
(3.46) i) = { CJ*S42(J)?  for Algorithms 2.3 and 2.4
and, from Theorem 2.1, we have
(3.47) I — ||, < G <1—1>n
' =0T 1 60

where Cj is a constant independent of .J.
For 1 < g =0 <2, p=2andd =1, in view of (2.47), (2.34) and
(3.42)-(3.44), we get

~ cJ for Algorithms 2.1 and 2.2
(3.48) C3(J) =

CJ@ for Algorithms 2.3 and 2.4
Also, for d = 2, 3, we can take

(3.49) C3(J) = C7 for Algorithms 2.1 — 2.4

From Theorem 2.1, we get that

~ 1
(3.50) lu" —ullf, < Co

o—1

(1 + nég(J)>

where, in view of (2.49), we can take
~ 1
(3'51) CQ(J) == 1
14 C3(J)oT
Forp=0c>2,¢g=2,d=1, 2,3 and ¢ < 3, we get

(3.52)

3
cJ

C (J) = CJBSd,a(J) for Algorithms 2.1 and 2.2
T 1 S44(J) for Algorithms 2.3 and 2.4

Also, for ¢ > 3, we have

(3.53) C3(J) =

20+1

CJ = for Algorithms 2.3 and 2.4

{ CJ*  for Algorithms 2.1 and 2.2

Finally, in this case, we have

- 1
(3.54) lu™ —ullf s < Co T

(1 +nc?2(J>)m
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where

(3.55) Co(J) = 1+031(J)0—1

Remark 3.1. 1) The results of this section have referred to problems in
W1e with Dirichlet boundary conditions, and the functions corresponding to
the coarse levels have been extended with zero outside the domains Q;, j =
J—1,...,1. Let us assume that the problem has mixed boundary conditions:
0Qy; =T'yUT,, with Dirichlet conditions on I'j and Neumann conditions on
['n. In this case, if a node of 7, j = J —1,...,1, lies in Int(I',), we have to
assume that all the sides of the elements 7 € 7}, having that node are included
in I',.

2) Similar convergence results with those ones presented in this section can
be obtained for problems in (W1#)2.

4 Multigrid methods

In the above multilevel methods a mesh is the refinement of that on the pre-
vious level, but the domain decompositions are almost independent from one
level to another. We obtain similar multigrid methods by decomposing the
level domains by the supports of the nodal basis functions. Consequently,
the subspaces V,fj, t=1,...,1;, are one-dimensional spaces generated by the
nodal basis functions associated with the nodes of 7, j = J,...,1. We point
out that Algorithm 2.1 represents a classical V-cycle multigrid iteration. Algo-
rithms 2.2-2.4 are some variants in which the smoothing steps are performed
by a combination of multiplicative methods with additive ones. Evidently,
similar results can be given for the W-cycle multigrid iterations.

In this section, we derive sharper estimations than those given in (2.20)
and (2.4) for the constants Cy and fBjx, j, k= J,...,1. Finally, we summarize
the previous results by writing the convergence rates of the four algorithms as
functions of the number J of the levels, for the varied values of the constants
P, q, o and d. In this section, we denote by V,jj, j=4J,...,1,i=1,...,1;, the
above defined one-dimensional spaces generated by the nodal basis functions
associated with the nodes of the meshes.

The proof of (2.3) can be found in [22] and it essentially stands on the
simple inequalities

hiy 2 hiy 2
vjillo.o,suppo) < C(GE) 7 vjillo.e and [vjil1osuppu) < C(5E) 7 [vjil1o

for any d > 1, 0 > 1, vj; € Vi, vy € Vi owith j < k, jik = J,...,1,
i=1,...,]5and [ =1,..., 1. Writing

1
ry'k’-_]lg
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in view of (3.1), we get
(4.2) [|vjil

where C' is independent of the meshes or their number. In this way, we get
that (2.3) holds for

(43) 6]6]2’7]3;17 kaJ:Jval
We point out that

0,0,supp(vg) < C’ij”vjiHO,aa ’Uji 1,0,supp(vi) < C7kj|vj7j|1,a

J ’Yi J ’Yﬁ%
D omi S =g —and 3 By < ——
j=1 o =1 j=1 yate —1

forany k= J,...,1.
The constant C; in (2.19) is given by the following

Lemma 4.1. Let us consider c > 1, n € N, n—1 <o <n, and wj; € Vhij,
j=4J,...,1,i=1,...,1;. Then,
N
Cy = (n)zC"% (1 o )

=1

where C' is the constant in (4.2).

Proof. For the writing simplicity, we prove the lemma for the norm ||-||o,. The
proof for the derivatives in the seminorm |- [o, is identical. With ~;; defined
in (4.1), in view of (2.42), for any 1 < m < n — 2, we have the following
recurrent inequality

J Ijn—nL+1

1
Z Z (/ ’wjn—m+lin—m+l‘o.)n'
Q

Jn—m+1=1 | in—m41=1

J L
ea oL
Y Y inm D (/Qle'n_min_ml )RR

Jn—m=1 In—m=1
n n—m-+1
J Ij1 n—m-41 "
= 1
o\ =
"'Z'v;;le/ Wy |7) ™ <
J1=1 i1=1 Q
1
_ ne L
J [jn_m+1 n
1
E g . . g\~
(/ ’w]n7m+lznfm+l‘ )'n
jnfm+1:1 _in—m+1:1 Q
J J Lip—m
g - 1
n > > n ...
Z Z ’yjnferl]‘nfm : : (/S\] |w.7nfm7/n7m| )n
jn7m+1:1 _jnfmzl in—m=1
n—m

n
n—m

n

3=

J o, Iy
o Z ’ngjl Z (/Q ’wjlh ) <

Ji=1 i1=1
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S=

n—2=1
I DO wsill§,
=1 i=1
J J . Iy )
Y | e 2 il
Jn—m+1=1 | jn—m=1 In—m=1
n—Iim
Y 2 s <
j1=1 =1 79
1
) ’Y% J 1 n J Ly X
n—1. =
et DD DI IR D SR I DY NI L
o =1 553 nem=1 | in_m=1 7€

Jn—m—1=1 in—m—1=1
n—m
n

J o jn—m—l |
Z ’Y;:L77njn7m71 Z (/Q |wjn7mflin7m71 |U)E T
" _

n—m

J - Iy L
3 ()

ji=1 i1=1

Now, since o < n, we have

J I I J I "
el

IS wilio = (DYt = [ |0 fosh¥| <

j=1 i=1 Q=1 i=1 Q| j=14=1

J 1 " J Ik, J I
g g g

JADI LN EED D SRED SD Dl AT RN

2 \j=1i=1 kn=lin=1 kj=li;=1"%

., k1) can be transformed in (j,,...,j1) with j, <

By a permutation, (k,, ..
., k1) from each such

... < j1. Also, by permutations, we get n! terms (k,, ..
a (Jn,-..,71). Therefore, we can write
J I J L g lina J Iy
D SAFEED 3D DD DD DD DD DY RIAAERRIPE
=1 i=1 jn=1in=1jn_1=jnin_1=1  ji=joir=1"
From here, in view of (4.2) and the recursive inequality from the beginning of
this proof with m =1,...,n — 2, we get
J I A L a J 1
122 willfe SmCT0 3 0 30 D )l

Jj=11i=1 Jn=lin=1jn_1=Jn in—1=1 Jj1=j2 i1=1
% o\ % oyt oV <
Vg Q\wjnin\ )y ( Q\wjm\ )7 ( Q\wju'l! )n | <
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J

S Jn 1
n!C’UT Z / ‘w]nzn‘ Z.

Jn=1 |in=1
J o I, 4 Iy
n - oV
YOI T SRY ATTRRRRUEINS SB 3 o1} AWEH =
jno1=1 in_1=1 7§ ji=1 =1 7
n—2
d n-2[ 5 I e
n—1 n—1 n
e (I A ) D> lwjillg o :
yn —1 j=11i=1
]2 N J J1 L
/|wJ222| " 27]231 /’whn’ ) <
J2= 1 ig=1 ji=1 i1=1
d n—1 I;
n=l ., yr
loar 1( . > Do lwiillgo
yr—1 j=11i=1

O

As in the previous section, we can estimate the convergence rate of the
Algorithms 2.1-2.4 as functions of the number of levels J for the example in
(3.45). From the above proofs, we can conclude that, in the case of the multi-
grid methods, we can consider €1 and maxy— . S Z 1 Bij as some constants
independent of J and mesh parameters. Also, using the estimations of Cy and
C3 in (3.43) and (3.44), respectively, we can write the error estimations in
Theorem 2.1 of the four algorithms in function of J.

For o =2, p=¢q=2and d = 1, 2,3, in view of (2.45), (2.34) and
(3.42)—(3.44), we get

(4.4) &1 (J) = CJS42(J)*  for Algorithms 2.1 and 2.2
' ! CJ?Sg2(J)?  for Algorithms 2.3 and 2.4

and the error estimation is given in (3.47).
Forl<g=0<2,p=2andd=1,
(3.42)—(3.44), we get

2, 3, in view of (2.47), (2.34) and

(4.5) () = CJ(4 = 1)SdJ(J)2 for Algorithms 2.1 and 2.2
. 3 =
g SdU(J) for Algorithms 2.3 and 2.4

and the error estimation is given in (3.50) with Co(J) in (3.51).
Forp=0>2 g=2and d=1, 2, 3, we get

20—-3 .
(4.6) Co() = CJ; 1 Sdg({)ﬂ T for Algothhms 2.1 and 2.2
CJ*Sqe(J)7o-T for Algorithms 2.3 and 2.4
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and the error estimation is given in (3.54) with Co(J) in (3.55).

We make now some remarks on the above error estimations of the four
algorithms.

First, as we have expected, the multiplicative (over the levels) Algorithms
2.1 and 2.2 converge better, with a 1/J factor than their additive variants,
Algorithms 2.3 and 2.4. Since the totally or partly additive Algorithms 2.2—
2.4 are more parallelizable, they can be sometimes used successfully instead of
Algorithm 2.1. Excepting Algorithm 2.1, which is a standard monotone multi-
grid method in the sense of Kornhuber (see [13] and [10]), to our knowledge,
Algorithms 2.2-2.4 are new, at least in point of view of their convergence
analysis. Also, we point out that the above convergence results give global
rate estimations. Moreover, our analysis refer to two sided obstacle problems
which arise from the minimization of non quadratic functionals. Consequently,
only in the case p = ¢ = ¢ = d = 2, we can compare the convergence rates
we have obtained with similar ones in the literature. In this case, from (3.47)
and (4.4), we get that the global convergence of Algorithm 2.1 is 1 — ﬁ
For the truncated monotone multigrid method, an asymptotic convergence
rate of 1 — Hﬁ’ and under some conditions, of 1 — Hﬁ’ is found for the
complementary problem in [13] and [10]. The same estimate, of 1 — ﬁ, is
obtained in [13] for the asymptotic convergence rate of the standard monotone
multigrid methods for the complementary problem. In [10], it is mentioned

that this asymptotic rate may be of 1 — ﬁ, or even of 1 — H%’ under
some conditions.

5 Appendix

If we construct the convex sets K, j = J,..., 1, as in the following definition,

Definition 5.1. For a given w € K, we recursively introduce the convex sets
Kij,j=J, J-1,...,1, as
-atlevel J: Ky={vy€Vy:w+wvy; € K} and consider a wy € K
-atalevel J—12>j>1: Kj={v; €V; : w+wy+...+wjp1 +vj € K}
and consider a w; € K;

then, Assumption 2.1 is satisfied. The resulting Algorithm 2.1 with this def-
inition is that one presented in [2]. Since, in this case, we use the convex set
K for the iterates on the coarse levels, the algorithm has a sub-optimal com-
puting complexity. Algorithm 2.1 in the present paper, in which the convex
sets K; are defined in (3.14) and (3.15), has an optimal computing complexity
and therefore, it improves the algorithm in [2].

In [2], the convex set K is assumed to satisfy a little more general Property
3.1. If K is of two-obstacle type, then it has this property. For the one- and
two-level methods, Propositions 3.1 and 4.1 in [2] shows that the assumption
made to prove the general convergence theorem is verified for such convex sets.
However, this property does not suffice to prove that this assumption hold in
the case of the method with more than two levels, and equations (5.22) and
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(5.26) in the proof of Proposition 5.1 are not true. By the introduction of the
level convex sets in (5.22) and (5.26) in the present paper, we have avoided
this difficulty because the conditions wj; +...+wj;—1 +uj € K; in the proof
of Proposition 3.2, and uj; € K in the proof of Proposition 3.3, can be proved
by verifying that they are satisfied only at the nodes of 7.
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