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Abstract

In this paper we introduce four multigrid algorithms for the
constrained minimization of non-quadratic functionals. These al-
gorithms are combinations of additive or multiplicative iterations
on levels with additive or multiplicative ones over the levels. The
convex set is decomposed as a sum of convex level subsets, and con-
sequently, the algorithms have an optimal computing complexity.
The methods are described as multigrid V-cycles, but the results
hold for other iteration types, the W-cycle iterations, for instance.
We estimate the global convergence rates of the proposed algo-
rithms as functions of the number of levels, and compare them
with the convergence rates of other existing multigrid methods.
Even if the general convergence theory holds for convex sets which
can be decomposed as a sum of convex level subsets, our algo-
rithms are applied to the one-obstacle problems because, for these
problems, we are able to construct optimal decompositions. But,
in this case, the convergence rates of the methods introduced in
this paper are better than those of the methods we know in the

literature.
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1 Introduction

The multigrid or multilevel methods for the constrained minimization of
functionals have been studied almost exclusively for the complementary
problems. Such a method has been proposed by Mandel in [21], [22] and
[10]. Related methods have been introduced by Brandt and Cryer in [7]
and Hackbush and Mittelmann in [13]. The method has been studied
later by Kornhuber in [15] and extended to variational inequalities of the
second kind in [16] and [17]. A variant of this method using truncated
nodal basis functions has been introduced by Hoppe and Kornhuber in
[14] and analyzed by Kornhuber and Yserentant in [19]. Also, versions
of this method have been applied to Signorini’s problem in elasticity
by Kornhuber and Krause in [18] and Wohlmuth and Krause in [26].
Evidently, the above list of citations is not exhaustive and, for further
information, we recommend the review article [12] written by Gréaser and
Kornhuber. For the two-level method, global convergence rates have
been established by Badea, Tai and Wang in [6], and for its additive
variant by Badea in [3]. Also, a global convergence rate has been also
estimated by Tai in [23] for a subset decomposition method.

In [2], a projected multilevel method has been introduced for the
constrained minimization of non quadratic functionals. The convex set
may be a little more general than of one- or two-obstacle type. The
drawback of this method is its sub-optimal computing complexity be-
cause the convex set, which is defined on the finest mesh, is used in
the smoothing steps on the coarse levels. Multigrid methods with op-
timal computing complexity have been introduced in [4] (see also, [5])
for the two-obstacle problems. In these algorithms, the convex level sets
are recursively constructed for each smoothing step of the iterations.
In the present paper, we introduce four multilevel algorithms in which
the convex set is decomposed as a sum of convex level subsets. These
algorithms, like those introduced in [4], have an optimal computing com-
plexity, and are combinations of additive or multiplicative iterations on
levels with additive or multiplicative ones over the levels. Even if the
general convergence theory holds for convex sets which can be decom-
posed as a sum of convex level subsets, these algorithms are applied
for the constrained minimization problems of the one-obstacle type. To
our knowledge, optimal decompositions as sums of convex level sets for
more general convex sets (two-obstacle convex sets, for instance) is an
open problem. The methods are described as multigrid V-cycles, but
the results hold for W-cycle iterations, for instance.

Regarding the convergence study of the classical multigrid method,
an estimate of the asymptotic convergence rate of 1 — 1/(1 + C.J3),
J being the number of levels, has been proved by Kornhuber in [15]
for the complementary problems in the bidimensional space. For these
problems, the same estimate, but for the global convergence rate, is



obtained for the methods in [4] which are of the multiplicative type over
the levels. The methods in that paper which are of the additive type over
the levels have a global convergence rate of 1 —1/(1+CJ*). The global
convergence rates of the methods introduced in this paper are better
than those of the methods in [4]. We found, for the complementary
problems in R?, that the convergence rate of the methods which are
of the multiplicative type over the levels is of 1 — 1/(1 + CJ?), and of
1—1/(1+ CJ?3) for the methods of additive type over the levels.

The paper is organized as follows. In Section 2, we state four al-
gorithms in a general framework of reflexive Banach spaces, and prove
their convergence under some assumptions. In Section 3, we show that
these algorithms can be viewed as multilevel methods for the constrained
minimization of non quadratic functionals, if we associate finite element
spaces to the level meshes and consider decompositions of the domain
at each level. We prove that the assumptions made in the previous sec-
tion hold for convex sets of one-obstacle type. If the decompositions of
the domain are made using the supports of the nodal basis functions
we get, in Section 4, the multigrid methods. This particular choice of
the domain decompositions allows us to obtain better estimates for the
convergence rate of the methods.

2 Abstract convergence results

We consider a reflexive Banach space V' and Vi,..., V], are some closed
subspaces of V, where V; = V. Let K C V be a nonempty closed
convex set, and we assume that there exist some convex sets K; C V,
j=1,...,J such that

(2.1) K=K{+...+K;

The algorithms we introduce will be combinations of additive or multi-
plicative algorithms over levels with additive or multiplicative algorithms
on each level. To this end, we assume that at each level 1 < j < J we
have I; closed subspaces of Vj, Vj;, i =1,...,1;, and we shall write
I = max I,
JeJ

Also, for a fixed o0 > 1, we assume that there exists a constant Cy such
that

J I
(2.2) HZZU@@‘HSC&(Z‘

j=1i=1 j=11

I;
1
[[wyil|7) =

=1

for any wj; € Vji, j=J,...,1,i=1,...,I;. Evidently, we can take, for
instance,

(2.3) Cy=(IJ)



but sharper estimations can be available in certain cases. In the case
when we use multiplicative algorithms on the levels 1 < j < J, we make
the following

ASSUMPTION 2.1. We assume that there exist two positive constants Co
and Cs, and that any w € K can be written as w = Z}'le wj, with
w; € Kj, j=1,...,J, such that

- forany v € K, 4
- and any wj; € Vj; satisfying wj + >y wjr € Kj, 5 =1,...,J,
i=1,...,1;,
there exist vj; € Vi, j=1,...,J,i=1,...,1;, which satisfy
i—1
wj"'zwjk_"vj’ieKj forj=1,...,J, izl,...,lj,
k=1
J I J I J
vw =YY wji and Y Y |[viill” < CSllo—w]|7+C§ D > |wil|”
j=11i=1 j=1i=1 j=1i=1

If we use additive algorithms on the levels 1 < j < .J, we assume

ASSUMPTION 2.2. We assume that there exists a constant Cy > 0, and
that any w € K can be written as w = Z}-le wj, with w; € K, j =
1,...,J, such that for any v € K,

there exist vj; € Vi, j=1,...,J, i =1,...,1;, which satisfy

wj+v; €K forj=1,...,J,1=1,...,1;,

J m J 1
v—w= % v and YD |lill” <GSl — wl|”.

j=11i=1 j=11i=1
REMARK 2.1. In the proofs, for the writing union, we shall consider in
Assumption 2.2 a constant C3 = 0 and inequality ijl Zf’zl l|vji]|7 <
CY||lv—w||” will be written like in Assumption 2.1, Z;-Izl lejzl vsill” <

J I;
CYllv —w||” + CF Zj:l >oilq llwiill?, for any wji € Vj,.

Now, we consider a Gateaux differentiable functional F : V —
R, which is assumed to be coercive on K, in the sense that 1|~“|S|;|) —

00, as [[v|]| — oo, v € K, if K is not bounded. Also, we assume that
there exist two real numbers p, ¢ > 1 such that

p
— <0<
p—gr1 77"



and that, for any real number M > 0 there exist a s, Bas > 0 for which

ayllv —ul|lP << F'(v) = F'(u),v —u > and

(24) 1F/(6) = F'(w)llvr < Barllo — ulfs-!

for any u,v € V with [|u]],||v|| < M. Above, we have denoted by F” the
Gateaux derivative of F', and we have marked that the constants aj,
and [y may depend on M. It is evident that if (2.4) holds, then for any
u,v €V, ||ull,|]v]] < M, we have

ayllv—ullP << F'(v) — F'(u),v —u >< Ba]jv — ul|?.

Following the way in [11], we can prove that for any u,v € V', [|ul],||v]] <
M, we have

< F'(u),v —u >+ —u|P < F(v) — F(u) <

2.5
(2:5) <F’(u),v—u>+5TMHv—u||q.

Also, using the same techniques, we can prove that if F' satisfies (2.4),
then
l<qg<2<p

We point out that since F' is Gateaux differentiable and satisfies (2.4),
then F' is a convex functional (see Proposition 5.5 in [9], pag. 25).

In certain cases, the second equation in (2.4) can be refined, and
we assume that there exist some constants 0 < B, < 1, Bjx = By,
J, k=4J,...,1, such that

(2.6) (F'(v +vji) = F'(v), o) < BurBiullojil |77 [vwa|
for any v € V, Vi € Vji, v € Vi with HUH, HU—FUJ'Z‘H, HUMH < M,
i=1,...,]5and [ = 1,...,I;. Evidently, in view of (2.4), the above
inequality holds for
(2.7) Bik=1,4 k=J...,1

We consider the variational inequality

(2.8) we K: < F'(u),v—u>>0, for any v € K,

and since the functional F' is convex and differentiable, it is equivalent
with the minimization problem

(2.9) ue K : F(u) < F(v), forany v € K.

We can use, for instance, Theorem 8.5 in [20], pag. 251, to prove that
problem (2.9) has a unique solution if F' has the above properties. In



view of (2.5), for a given M > 0 such that the solution u € K of (2.9)
satisfies ||u|| < M, we have

(2.10) a—MHU —u||P < F(v) — F(u) for any v € K, ||v]| < M.
p

To solve problem (2.8), we propose four algorithms which are either
of additive or multiplicative type from a level to another one, in combi-
nation with additive or multiplicative iterations on the levels. We first
define the algorithm which is of the multiplicative type over the levels
as well as on each level.

ALGORITHM 2.1. We start the algorithm with a v® € K and decompose
it as in Assumption 2.1 with w = u°, u¥ = u(l] + ...+ u?], ug € Kj,
j=1,...,J. At iteration n + 1, n > 0, assuming that we have u™ € K,
we decompose it as in Assumption 2.1 with w = u", u" = uf +...+u’j,
ui € Kj, j=1,...,J. Then, forj € J,...,1

- we successively calculate, the corrections w™t! Vi, uj + w e
Kj, by the multiplicative algorithm: we first write w} = 0, and for i =

+1
J +w”+1 € Kj,

1,...,1;, successively calculate w”Jrl € Vji, u +w;
the solutzon of the inequality

J i—1
_l’_
<F/ Z (u +wn+1)+u?+wj 1 + n+1+zu ;
k=j+1
vji —witt) >0

(2.11)

n_i_il—.l ‘ n+ L n+i1—.1
for any vj; € Vj;, u? +w;  +wj; € Kj, and write w;
n+1

wi,

- then, we write, u

n+‘]7}+1 _ n+ _|_wn+1

The algorithm which is of multiplicative type over the levels and of
the additive type on levels is written as,

ALGORITHM 2.2. We start the algorithm with an v® € K and decompose
it as in Assumption 2.2 with w = u°, u¥ = u? + ...+ ug, u(;- € Kj,
j=1,...,J. At iterationn+1, n > O, assuming that we have u™ € K,
we decompose it as in Assumption 2.2 with w = u", u" = u} + ... +u'},
ui € Kj, j=1,...,J. Then, for j=J,...,1,

- we successively calculate, the corrections w?“ €Vj, uj+ w?“ €

K, by the additive algorithm: we simultaneously calculate w"+1 € Vji,



uy + w}zfl € Kj, the solution of the inequality

J 7j—1
T B S R R A IR
: k=j+1 k=1

o antl
vji —wpt) >0

. 1; .
for any vji € Vi, uj +vji € Kj, and write w;.”'l =730 w?iﬂ, with a
fixzed 0 <r < 1.

. J—j+1
- then, we write, u™"

J—j
T o=u"TT —|—w§L+1.

Now, the additive algorithm over levels and which is of multiplicative
type on each level reads,

ALGORITHM 2.3. We start the algorithm with an v’ € K and decompose
it as in Assumption 2.1 with w = v, u0 = u(l) + ...+ ug, u? cKj, j=
1,...,J. At iteration n + 1, n > 0, assuming that we have u™ € K, we
decompose it as in Assumption 2.1 with w = u", u"™ = u+...+u’}, uf €
Kj,j=1,...,J. Then we simultaneously calculate, forj =1,...,J, the
corrections w?“ €V, uy —i—w;‘H € K;, by the multiplicative algorithm.:

— we first write wi =0, and for v =1,...,1;, successively calculate
i—1

ey " e K. the soluti the i lit
Wy ﬂ,u]-+wj +wﬂ € Ky, e solution of the inequality

.]71 n_i_ﬂ J
/ n n 15 n+1 n
(2.13) (F Zuk +uj +w; +wi + Z up |,
k=1 k=j+1

R 5 §
Uji — Wy, ) >0

,n_,’_z;l

for any vji € Vi, wi +w; 7 +vj € Kj, and write w
n+1

wi,

Then, we write u"t = u" + 5 ijl w?“, with a fized 0 < s < 1.

n+4- n+g
J

Finally, the algorithm which is of additive type over the levels as well
as on each level is written as,

ALGORITHM 2.4. We start the algorithm with an v’ € K and decompose
it as in Assumption 2.2 with w = u°, v¥ = u(l) + ...+ ug, ug € Kj,
j=1,...,J. At iteration n + 1, n > 0, assuming that we have u" € K,
we decompose it as in Assumption 2.2 with w = u", u" = ui + ... +u'},

uy € Kj, j =1,...,J. Then we simultaneously calculate, for j =
1,...,J, the corrections w}“’l €V, uj + w;-”Ll € Kj, by the additive
algorithms:



— we simultaneously calculate w;“Ll € Vi, u + w”Jrl € Kj, the
solution of the inequality

J
(2.14) Zuk +uf + w"+1 + Z up | v — w?z-+1> >0
k=j+1
for any vj; € Vj;, u;‘ +vj; € Kj, and write wj =7 ZZ 1 w”“, with a
fized 0 < r < 1.

Then, we write u" T = u™ + 5 Z;-Izl w}”l, with a fired 0 < s < 1.

Evidently, inequalities (2.11)—(2.14) are equivalent with the following

minimization problems:

n_,_u

n+1 oo I n+1 .
— find wy; € Vi, uff +w; +wy € Kj

F|u"+ Z w"+1 " —i—w;-lfl <
k=j+1
(2.15) J* |
n+lj_-1
Flu” + Z wn+1 T4+ Vji
k=j+1
n+1;1
for any vj; € Vi, u” + w, 4wy € Kj,

— find wl;™ € Vﬂ, u?t +wlit € K;

Flu"+ Z w”“—kw?i“ <

(2.16) A

Fldu"+ Z w”“—l—vﬂ
k=j+1

for any vj; € Vji, u” + vy € Kj,
n+

n+1 I; n+1 )
—find wi;™ € Vi, uf +w; 7w € K

1) Flwsw T 4 nw T
. u" +w, +wj; <Flu + w; + vy

i—1
for any v;; € Vi, u” + w.

i—1

n—+

i g + vy € Kj,
— find w}?l € Vﬂ, u —f—w”“ € K;

(2.18) F (u + w"“) < F (u" +vji)

8



for any Vj; € Vji, u;L +vj; € Kj,
respectively.
The convergence result is given by

Theorem 2.1. We consider that V' is a reflevive Banach, Vj, j =
1,...,J, are closed subspaces of V, and Vj;, © = 1,...,1;, are some
closed subspaces of V;, j = 1,...,J. Let K be a non empty closed
convex subset of V' decomposed as in (2.1) where K; are closed convex
subsets of Vi, j =1,...,J, and F be a Gateauz differentiable functional
on V which is supposed to be coercive if K is not bounded, and satisfies
(2.4). Also, we assume that Assumption 2.1 holds for Algorithms 2.1
and 2.3, and Assumption 2.2 holds for Algorithms 2.2 and 2.4. On these
conditions, if u is the solution of problem (2.8) and u™, n > 0, are its
approzimations obtained from the above described algorithms, then there
exists M > 0 such that ||ul|, [|[u"|| < M, n >0, and the following error
estimations hold:
(i) if p = q = 2 we have

n Gy
(2.19) F(u™) — F(u) < (C& o

(2.20) Hu”—uHQS2< & ) [F(u®) — F(u)],

Qg él—i-l

where C is given in (2.34), and
(i) if p > q we have

(2.21) F(u") — F(u) < Flu?) = Flw) —
[1 +nCy (F(u0) — F(u))’q’—;ﬂ v

(222) HU—UnHPS ai F('LLO)_F(U) —,
[1 +nCy (F(u0) — F(u))%} p

where Cy is given in (2.38).

Proof. Step 1. We first prove the boundedness of the approximations
u™, n >0, of u. For Algorithm 2.1, from (2.15), we get

J J i
Flum+ > wp +wl | <Flur+ Y wift+w, V) <
k=j+1 k=j+1
J
n n+1
Flu"+ Z Wy,
k=j-+1



Also, for Algorithm 2.2, from the convexity of F' and (2.16), we have

Flu"+ Z w”+1+wj”+1 =

k= j+1
Fu+zwn+1+ an+1 < Fu+Zw"H
k=j+1 k=j+1
—ZF u" + Z fuJ”J“l—l—w;‘iJrl <F|u"+ Z wi

k=j+1 k=j+1

Consequently, for Algorithm 2.1 and 2.2, we have
J
F(un—i-l) - F un+zw;t+l < F(un)

By a similar proof, using the convexity of F' and equations (2.17) and
(2.18) we find the same equation for Algorithms 2.3 and 2.4,

J
F(u"'H) 32 Wt

J
(1 - s)F(u") + 3 SR 4wt < F(u™),

In view of the coerciveness of F', if K is not bounded, it follows that
there exists an M > 0, such that [[u"| < M, n > 0, for all Algorithms
2.1-2.4.

Step 2. Now, we study the boundedness of Z . Zl 1 Hw”“Hp. For

Algorithm 2.1, in view of (2.5) and (2.11), we have

n—&-il_—_l
aM||wn+1Hp<F u” + Z wn+1+wj J _
k=j+1
o
u" + Z witt + I

k=j+1

ie.,

Z|’wn+l”p<F um + Z wn-i—l

(2.23) k=
Flu" +Zw"+1

10



Also, for Algorithm 2.2, from (2.12), we get

OéMH n+1Hp<F u” + Z wn+1 —Flu" + Z wn+1+w?i+1
p k=j+1 k=j+1

But,

1;

Fu+§:wn+1+wn+1 _Fu+§:wn+1 }:n+1
k=j+1 k=j+1 =1

(1—— "+ Z wpt ZF u" 4+ Z w"+1+w;7i+1

k=j+1 k=j+1

From the above two equations, we get

TOZM ZH n—&—IHp <F u™ + Z wn+1

(2.24) k=

u” + Zw"“

By a similar proof, for Algorithm 2.3, using (2.13), we get
(2.25) Z [wlH P < F (") — F (u + w"“)

and, in view of (2.14), for Algorithm 2.4, we have,

(2.26) ”‘MZH P < F () = F (" + )t

Now, let us write

for Algorithm 2.1
for Algorithm 2.2
for Algorithm 2.3
7 for Algorithm 2.4

(2.27) t =

oo Qe ~I3

For Algorithms 2.1 and 2.2, in view of (2.23) and (2.24), we can write

I;

J
(2.28) tO‘TM SNl E < F () — F (uY)
J=1

=1 =1

11



With ¢ in (2.27), the same equation holds for Algorithms 2.3 and 2.4.
Indeed,

J J
Fu"™)=F|u —i—ijjH S(l—s)F(u)—i—jZF(u —|—wj+1>
=1 j=1
and (2.28) follows from (2.25) and (2.26).

Step 3. We now estimate F(u"!) — F(u). For a given j € J, we

I I;
write T =377 wiht!

. i - Evidently, for Algorithm 2.1, we have

J
Fu™) =F [u"+> wit
j=1

For Algorithm 2.2, we get,

J
F(un+1) —F | +§Zw§l+l <

It is clear that for Algorithm 2.3, we have

J
Fu™)y < (1- %)F(u") + %F u St

j=1

Finally, for Algorithm 2.4, we get,

From the above four equations we conclude that

J
(2.29) Fu™) < (1 —t)F(u") +tF (u"+ > wit!
j=1

where t is given in (2.27). With v = v and w = u", we consider a

" I : . :
decomposition ijl >l vg of u — u™ as in Assumption 2.1, in the

12



case of Algorithms 2.1 and 2.3, or as in Assumption 2.2, in the case
of Algorithms 2.2 and 2.4. In Assumptlon 2.1, we take wj; = w;"H
j=4J,...,1,i=1,...,1;, which are obtained from Algorithms 2.1 or

2.3. In view of (2.5), we have

j=1
J J
(230)  (F w4+ > @it |ty wit —w) =
j=1 j=1
J I J
5 9) WIok (NS oLt Ir ey
k=1 i=1 j=1

Jj=1
J -1
—_ I
(F' | u™ + ot w, T wl ) -
l=k+1
J
/ n —n+1 n n+1
F'lu +ij U — Wi ) <
j:1

ﬂMZﬂk; Z [ H 1 fog; — wi |
j=1

Above, we have added and subtracted the missing terms between
nt+i=t
F’ (u” 3 T a + w"“) and F’ (u + Z] 1@"“)

Also, for Algorithm 2.2, from (2.12), we have

7=1
r J
(F' u"+f Z +w”+1 —F' lu +an+1 Um_wlrcb;rl><
]Zk—i—l
mMZﬁk]annﬂuq o — |

7=1

13



Here, we have added and subtracted the missing terms between F”'(u")
and F’ (u + Ej 1 w”+1 + w”“) between F’(u™) and

F’ (u + ijl @;LH), and used the fact that 7 < 1. Similarly, we get

the above inequality from (2.13) for Algorithm 2.3, and from (2.14) for
Algorithm 2.4. Consequently, in view of (2.30), we can write for all the
four algorithms

’LL +Z—n+1 ) 04M|| n Z _qug

<

J
Z Z g1 Z [k, —wi | <
1 k=1 i=1

=1

o~

”M“

a—1
+p q+1 J J Ik n+1 1 Ij n+1|p !
2801 DA B O Mok — w17 | D Tt <
j=1 \k=1 i=1 =1
1
Lk
d < n+1 1
20\ Z Zﬂkj levm—wk 17)=
k=1 =1
J I p—g+l o—1_ g—1 J
Z Z Hwn+1||p < 25M17+ JT—T(kEaXJngj).
j=1 1=1 U =
J ] J IJ
QD I = w177 2 3 Il 1)
j=1i=1 J=11=1

Above, we have used the inequality (see Corollary 4.1 in [24])
(2.31) Azl < (max Y | Ayl 1o
J

where A = (A;;);; is a symmetric matrix. In view of (2.2), Assumptions
2.1 and 2.2 and Remark 2.1, we have

J I J
1 L
QD Mo —witHI7)e ZZII%II + QD )7
j=11i=1 Jj=11i=1 7j=11i=1
J I )
(CgHu—u”H”CgZZHw”“ + OO w1z
7j=1 =1 7j=11i=1
J I 1
Collu —u™[ + (14 C3)O D |lwit|7)7 <
J=11i=1
J p—o IJ 1
Collu—u™ = Y@+ (1 + C1Co + C3) (1) 7 ( [Aglk
j=1 j=1i=1

14



Therefore, we get

J

J
o
RPPLIREEOAS LRI
j=1 j=1

p—gqtl <1+1 o=1_g-1
2177 g (kirllngz:ﬁkj)‘

J J I

Collu —u" ZW‘“HZZHW“H”
7j=11i=1

p—o J U q

(14 C1Co + C)(ID) 5 (30w [)s
7j=11=1

But, for any ¢ > 0, p > 1 and x,y > 0, we have zy < exP + —& ypﬁl.
ep—T
Consequently, we have

J J
—n+1 apn —n+1
F(u"+) wi" )—F(u)+—|yu"+zw7+ —ulP <
7j=1

+1 o—1
2/3M[T+pq I | max Zﬁkj

J J I
Coellu — u" Z w] [P ZZ\ w7 5=+
7j=11i=1
P g J IJ q
(1+C1Cy + C3)(1 Z [
Jj=11i=1
for any € > 0. With
1
(2.32) e= M
p o=1, p—qtl q+1 o—1_g-1 J
2CyBuT ~ J (kifllfQX’JZﬁkj)
the above equation becomes,
J aM
u” + w S _pb
jZ; ) 026
J 1 o J 1
Z [P+ (L4 GG+ C)ID) 5 (30 [l 7)?
7j=11i=1 Jj=11i=1
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From this equation and (2.28)

J aym
o C: g-1
n —n+1 p 2 n nt1 —
F(u +Z;U1] )_FW(U)chi28 w(F(U)—F(u ))P
I= P
(1+CiCs + C?;)(IJ) be F(u™) F(un—i-l))%
(t22r)s

with ¢ in (2.27) and € in (2.32). In view of the above equation and (2.29),
we have

XM

Fun1) — Fu) < 5H(Fu?) — Fum+)) + -
CQ n n+1 %
—(F(u") — F(u Pt
(2.33) ezfl(t"‘,,M)gl( e
(1+C1Ca+ C3)(I]) 7 r

(1%0)?

Step 4. We prove error estimations (2.19)—(2.22). First, using (2.10),
we see that error estimations in (2.20) and (2.22) can be obtained from
(2.19) and (2.21), respectively. Now, if p = ¢ = 2, then o = 2, and from
the above equation, we easily get equation (2.19), where

Ci=—+—|—+14C1Cy+ C5| with
t Cote | €
QM

~ _l—t 1 [CQ

(2.34) £ =

7
QCzﬁMI(kjlllé}_X p > Bry)
e

Finally, if p > ¢, from (2.33), we have

(2.35) F(un‘H) — F(u) < é3(F(u”) _ F(un—i-l))%
where

~ 1—1¢ p— oM C

Cs =~ (F(u) = F(u)»= + g [t

2 Epj(touu)pj

(2.36) s

A+ G+ CO)UT) ™ 0y )yt

(tO‘TM)E
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with € in (2.32). From (2.35), we get

1 p=1

(Fu"™!) = F(u)s" < F(u") = F(u),

Fu"™h) = Fu) + —=
o
and we know (see Lemma 3.2 in [24]) that for any » > 1 and ¢ > 0, if

z € (0,20] and y > 0 satisfy y + cy” < z, then y < (c;(:if_ll; +3¢1*7’)ﬁ_
0

Consequently, we have F(u"t1) — F(u) < [C’Q + (F(u™) — F(u))Z%‘f]Z%;,
from which,

(237)  Fu"™) — F(u) < [(n+1)Cy + (F(u®) — F(u))e1]ar,

where
(2.38)  Ch= —— —
(p = D(F () = F(u)) =t + (¢ — HC
Equation (2.37) is another form of equation (2.21). O

3 Multilevel Schwarz methods

We consider a family of regular meshes 7y, of mesh sizes hj, j =1,...,J
over the domain Q ¢ R%. We write Q; = Ufefhj 7 and assume that Thj "
is a refinement of 7,; on €y, j =1,...,J —1,and &3 C Qy C ... C
Qy = Q. Also, we assume that, if a node of 7, lies on 9€);, then it
lies on 0211, too, that is, it lies on 0. Besides, we suppose that
disty; , 1node of Th, s (€j+1,9Q5) < Chy, j =1,...,J — 1. In this section,
C denotes a generic positive constant independent of the mesh sizes,
the number of meshes, as well as of the overlapping parameters and
the number of subdomains in the domain decompositions which will be
considered later. Since the mesh 75, , is a refinement of 75, we have
hjt1 < hj, and assume that there exists a constant 7, independent of
the number of meshes or their sizes, such that

(3.1) l<y< 2 <Cy, j=1,...,J—1.
hj+1
At each level j = 1,...,J, we consider an overlapping decomposition

{Q;}lgig 1; of 2, and assume that the mesh partition 75, of 2; supplies

a mesh partition for each Q%, 1 < i < I;. Also, we assume that the
overlapping size for the domain decomposition at the level 1 < j < J
is 0;. In addition, we suppose that if wjq is a connected component of

Qi j=1,...,J—=1,i=1,...,1; then

(3.2) diam(w},,) < Ch;

17



Since hj41 < 041, from (3.1), we also have

b
(3.3) L <Cr, j=1,...,J -1
0j+1
Finally, we assume that I; = 1.
At each level j = 1,...,J, we introduce the linear finite element
spaces,

(3.4) Vi, ={v € C(y) : v|; € Pi(7), T € T;, v =0 on 9Q;},

and, for i = 1,...,I;, we write
(3.5) Vi, = {v € Vy, s v=01in Q;\Q}}.
The functions in Vy, j =1,...,J—1, will be extended with zero outside

2; and the spaces will be considered as subspaces of Who 1 <o < oo.
We denote by || -|]o,» the norm in L?, and by ||-||1+ and |- |1, the norm
and seminorm in W17, respectively.

We consider the obstacle problem

(3.6) uwe K: < F'(u),v—u>>0, forany v € K,
where
(3.7) K={veV,, : p<uv},

with ¢ € V},,. We shall prove that Assumptions 2.1 and 2.2 hold for this
type of convex set, and explicitly write the constants Cy and C3 as func-
tions of the mesh and overlapping parameters. We can then conclude
from Theorem 2.1 that if the functional F" has the asked properties, then
Algorithms 2.1-2.4 are globally convergent.

We first introduce the operators Ip,; : Vi, ., — Vi, j=1,...,J -1,
defined as follows. Let us denote by z;; a node of 7y, by ¢;; the linear
nodal basis function associated with z;; and 75, and by wj; the support
of ¢ji. Given a v € V., we write [j;v = minge,; v(z). Finally, we
define Ihj’U = E:cjinode of Thj (IJZU)(,Z%I(.%)

REMARK 3.1. 1) In [23], similar operators, Ij,; : Vi, — Vj,, are defined.
For a v € Vj,,, we write as above, [j;v = mingey,;, v(r) and I, v =
Zxﬂnode of T, (Ijv)¢ji(z). These operators have the disadvantage that
Iy, v can not be computed from I, ,v. For this reason, in the case
of the multigrid method, their definition is modified in [12] by taking
Ijiv = min, g, v(z) in the place of [jjv = mingeu;, v(x).

2) Since the finite element spaces are linear, for a v € V} ;» We can
take [0 = min v(x) in the place of Ij;v = minge,,, v(7)

r€w;;, v node of Th; 14

in our above definition.

3) In [2] some more general operators Ihj : th 1 th have been
introduced. They coincide with those above defined ones for v > 0.
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For a v € V3, we recursively define
(3.8) v/ =vand v/ =L, vt j=T-1,...,1
Writing

1 fd=oc=1

1<d<o<
(3.9) Cao(H,h) = " -1 .Or - o
’ (Iny+1)« ifl<d=o0<o0

d—o
(&%~ if1<o<d< oo,

~—

we have the following result

Lemma 3.1. Let v/, w’ € Vi 3 =J,...,1 defined as in (3.8) for some
v,w € Vy,, respectively. Then, for j = J,...,1, we have

(3.10) v/ — w5 < CCo(hy, hy)lv —w

1,0

Proof. Equation (3.10) is evident for j = J. Fora j=J —1,...,1, let
wj(z;) be the support of the nodal basis function in V},; corresponding
to the node x; of 7j,,. Then there exist two nodes of 7, x]l, :1:? € wj(z;),
such that

(3.11)  |od — |

) < Ch?_UKU‘j _ w])(le) _ (ij — wj)(x?”a

ag
1owj(x;
and let us assume that

(3.12) |07~ w) () — (7 — ) (@h)] = (o9 —w)(a}) — (&7 — w)(a)

Now, we have

(v) —wI)(zj) — (o) —w?)(aF) =

(I 07T = Dy w? ) (@) + (Tnw! ™ — I, 0740 (25)
and let

Iy (a}) = wit (2)1) and Ty, (a2) = ) (a2 )

where a:}H € wj(a;}) and m?H € wj(xi) are two nodes of 7p,,_,, wj(a:})
and wj(sz) being the supports of the nodal basis functions in Vj,, corre-

sponding to the nodes x]l and x?, respectively. Consequently, we get

(v —w)(z}) = (v — wi)(a?) <
(Wt —with(@l,) — (I —with)(ad,,)
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Repeating the above reasoning, we get that, for k = j,...,J — 1, there

exist ¥ € wy (k) and 25T € wy(28) are two nodes of Thpsrs wi(zh)

and wy (%) being the supports of the nodal basis functions in V},, cor-
responding to the nodes xlf and :cé , respectively, such that

(0% — wh)(@f) — (v —wh)(af) <

(3.13) (vk‘H o wk-i—l)(l,IlCJrl) — (Uk—irl _ wk+1)($§+1)

From (3.11), (3.12) and (3.13), we get
B18) W w0 < OHT 0~ w)(ah) — (0 - w)(@))”

Since the radius of wy is less than Ay, and in view of (3.1), it follows
that dist(z;, ), dist(xj,25) < hj+ (hj+ ...+ hj1) < Q1 +1+2 4

1 291, : .
oot ,yJ_l_j)h] <5 hj. Therefore, if we write

wj(w;) = U T,

TEThj s dist(m]’,‘r)gﬁh]’

then 21, 2% € @;(x;). Subtracting and adding (v —w)(z), x € ©j(z;), in
the right hand side of (3.14), integrating over w;(z;), in view of Lemma
4.1 in [2], we have
(Bhy) o) —wl|] ) < ChY? [H(v —w)(z;) = (v = w)@)IF 5 5,05t
(v = w)(@2) = (v = )@ 5,0 | <
ChY =7 (225 h)7 Ca o (28 hy, hy)7 v — wl]

1,0’,@]' (Jﬁj)’

ie.,

1,0,@j(xj)

9 =l € CCoalhs i)l =0

Finally, since the mesh 75, is regular and ~ is independent of J and of
the mesh parameters, then w;(x;) and @;(z;) contain a bounded number
of simplexes of 7j,, which is also independent of J and of the mesh
parameters. Consequently, we get (3.10). O

Another result we shall utilize is given by the following lemma.

Lemma 3.2. For any v,w € Vy,,, j=J —1,...,1, we have

(315) HU —w — Ihjv + Ih].wHoﬁ < Chdeva(hj, hj+1)|’() — w‘l,a'
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Proof. As in the proof of the previous lemma, we denote by w;(x;) the
support of the nodal basis function ¢; in Vj,; corresponding to the node
xj of Tp,,. For a 7 € Ty, we have

v —w — Ip;v+ In;wlloer =
Y. v—w—=(Inv— Inyw)(@)]dillosr <
z; node of 7
> v —w—(Inw = Iyw) (@)oo

z; node of 7

From the definition of I, there exist two nodes of 7, ,, le-ﬂ, mJQ-H €
wj(z;j), such that (Inv)(x;) = v(x}ﬂ) and (In,w)(z;) = w(:n]z+1).
Therefore,

||U —w— Ihjv + Ihjw||070'77— <

Yo o —w—v(ag) Fw@i)lloew ;)
z; node of 7

Now, let wj(z;)T = {z € w;(z;) : v —w — v(m}ﬂ) + w(x?_i_l) > 0} and
wj(z;)” = {z € wj(xj) v —w — U(wjl-ﬂ) + w(:L‘?H) < 0}. From the
above equation, the definition of /j,; and Lemma 4.1 in [2], we get

||U —w — Ih]U + Ih]‘wHO,O',T S
S [l - w = v(@h) + 0@l gy T

z; node of 7

r/aﬁ

Hw -V — 'U)(fl??Jrl) + U(‘T?Jrl)Hg,o',wj(azj)*
1/o

Ch]Cdp—(h], h_j+1) Z |:|,U - w‘io’,w]’((ﬂj)+ + ‘U) o ,U|io'7wj(xj)7 -
z; node of =
Ch;jCao(hj, hj+1) Z [V = w00,y

z; node of =

Since the mesh 7j, is regular, w;j(z;) contains a bounded number of
simplexes of 7, which is independent of J and of the mesh parame-
ters. Consequently, inequality (3.15) can be obtained from the above

equation. n

Now, we consider a decomposition of p = p;+...+¢1 with p; € V3,
j=4J,...,1, and define

(3.16) Kj={veVy  :pj<v}, j=J...,1
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In this way, we get a decomposition of K as in (2.1). For a v € K, with
the notation in 3.8, we write

UJ:(PJ‘F(U_‘P)j_(U_SO)]i%J:Ja72

(3.17)
v =1+ (v =)
Evidently,
(3.18) vyeKj, j=J,...,1, andv=v5+...+ v

We have the following

Lemma 3.3. Ifvj,w; € Kj, j = J,...,1, are defined as in (3.17) for
some v,w € K, respectively, then

(3.19) [vj = wjl1,0 < CCae(hj—1,hy)lv —wlie
and
(3.20) lvj = willoe < Chj1Cao(hj, hy)lv —wh o

where we take hg = hy for j = 1.
Proof. For j = J,...,2, in view of (3.10), we have

lvj —wile=[(v—0) —(v—p) = (w—0p) +(w—p) i, <
ClCao(hj, hy) + Cao(hj—1,hy)llv — w10

ie., (3.19) holds for j = J,...,2. Also, by a similar proof, we get that
(3.19) for j = 1. Now, using (3.15) and (3.10), for j = J,...,2, we get

[v; = wjllo,e =

(v = @) = In,_,(v—=¢) —(w—¢)] +In,_, (w = p)]Jo,; <
Chj-1Cao(hj—1,h)|(v = ) = (w =) |1, <
Chj—1Cao(hj-1,h;)Cao(hj, hy)lv — w6

and therefore, (3.20) holds for j = J,...,2. For j = 1, from the classical
Friedrichs-Poincaré inequality and (3.10), we have

o1 — willoe = [|(v — ) = (w — )]0, <
Ch1|(’l) — (,0)1 — (w - 80)1‘1,0 < Chlcd,a(hthMU - w’LUv

ie., we obtained (3.20) for j = 1. O
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To prove that Assumption 2.1 holds, we associate to the decomposi-
tion {2} }1<Z<[ of Q;, some functions 0’ e C(Qy), 9’]7 € Pi(r) for any
TG’]}L,Z—l -, I;, such that

0<6;<1onQy,

(321) 02 - O Ij Ql Qz 02 =1 Qz I]' Ql
5 =00on UL, Q\Q5, 05 =1o0on O\ UL,

Also, for Assumption 2.2, we associate a unity partition to each domain

decomposition {Qé}lgiglj, j=4J...,1,
1

(3.22) 0<@<land » 0} =1on9,
i=1

with 9’ e C(Q)), 91]7 € Pi(r) for any 7 € Ty;, i = 1,---,I;. Such
functlons 9; with the above properties exist (see [2] or [25] p. 59, for
instance). Moreover, since the overlapping size of the domain decompo-

sition on a level j = J,...,1is ¢;, the above functions 9; can be chosen
to satisfy
(3.23) |8xk9;| < C/dj, ae. in )y, forany k=1,...,d

Finally, we recall some interpolation properties. For a v € V},; and a
continuous functions 6 which is of polynomial form on the elements of

7 € Tp,;, we have (see [8] and [27]),
H@v — th ((91))”0,0 S Chjw'l}hp and ’Lh]. (9’1))‘170 S 0‘91)‘110

where Ly, is the Pj-Lagrangian interpolation operator which uses the
function values at the nodes of the mesh 771j- Therefore, we have

(3.24) 1L, (00)l[10 < Cl00]]1,0

Now, we can prove

Proposition 3.1. Assumption 2.1 holds with the constants Co and Cs
are given in (3.30) for the convex sets K;, j = J,..., 1, defined in (3.16).

Proof. Let us consider v, w € K and let vj,w; € Kj, j = J,...,1, be
their decompositions defined as in (3.17), respectively. Also, let wj; €
V}jj such that w; +wj1 +...+wj; € Ky, j=J,...,1,1=1,...,1;. Now,
for j = J,...,2, we define

1= Ly, (0] (v — wy) +( — 0 )wj1)

Vji = Lh (QZ Z’Uﬂ )wﬂ) = 2, .. .,Ij
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with ¢ in (3.21). Like in Proposition 3.1 in [2], where we take v = v;
and w = wj, we can prove that

UjiGV}zj, wj+wj1+...+wji71+vﬁ€Kj,izl,...,Ij
1

vV —w; = E Vji
=1

We point out that here, the condition w; +wj1 + ... +wj—1 +vj € K;
can be proved by verifying that it is satisfied only at the nodes of 7j,.
At the level j = 1, we do not have a domain decomposition, I; = 1, and
we take

(3.25)

V11 = V1 — wW1.

From this equation, (3.18) and (3.25), we get that the first two conditions
of Assumption 2.1 are satisfied.
We estimate now the constants Cp and C3. The above vj;, j =

J,...,2,i=1,...,1;, can be written as
i
(3.26) Vji = th (9;)1(% - wj) + Zﬁfiwjk), 1= 1, ey Ij
k=1
where

9?2- = 0]1-, 931-1» =1 —9;- and

0 _ pi i—1 N\ pi _ i ok _ _pi i—1 k
Hji—Hj(l—Gj )-~-(1—0j), Hji—l—Qj, Hji——Gj(l—Oj ) (1 =67,
fori=2,....I;, k=1,...,i—1

In view of (3.21), we have

1041 <1 and |0,,00] <C(I; —1)/6;, i=1,...,1;,1=0,....i, k=1,...,d.

kg1

It follows that

I —1
18550ll0.0 < Ilollog,  1650h0 < (vl + ~=—lvloo)

< 5;

and therefore, using (3.24), we get

I; -1
[1Ln, (050)l 11,0 < C(lvh,o + (1 + 35' )vllo.o)
J

foranyv e Vp,,j=J,...,1,i=1,...,[jand [ =0,1,...i. We use this
inequality to estimate the norm of the terms in (3.26).
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First, since w;; have the support included Q; and vanishes at least on
a part of its boundary, in view of (3.3), (3.2) and the classical Friedrichs-
Poincaré inequality, we get

hj—l
0j

1L, (O5iwin) 1T,y < C(L+ (I = 1)=5=)7 lwspl] o < CI7lwnl{,

forany j=J,...,2,i=1,..., ] and k = 1,...,i. Now we use Lemma
3.3. For j = J,...,2, we have

o o I—1 o o
12, (0% (v; = w)lIS < Cllvy = wyl] + (1 + 52) oy = wyfg,) <
I —1
ClCuohjm1,hs)" + (1 4+ L) hS 1 Cag (hy, h) o = wlfp <
J
hj—110 o o
Cll+ (I = 1)=5717Cao(hj1, hy)7|u — wlf , <

CI?Cyo(hj—1,hy)?u — w7,
Consequently, from (3.26) and the last two equations, we have

I;
(327)  vullf, < CI7S Cag(hjr, hy)u—wlT oy + > wikl],
k=1

forany j = J,...,2 and 7 = 1,...,I;. At the level j = 1, from Lemma
3.3, we have

(3.28) [v11]|7 5 < CCa(h1, hy)7|v — w7,

From (3.27) and (3.28), we get

J I J 1
1
S illf, <cI7t D lwjilf o+
=1 i=1 Jj=2 1=
(3.29) !
Z Cd,(f(h’jflv hJ)U ‘U - w‘(lT,O'
=2

Consequently, from (3.29), we get that the constants Cy and C3 can be
written as

J
o+1
(330) 02 = CI% ch,o'(hj*17h<])a
j=2
Cy = CI%
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Concerning Assumption 2.2 we have

Proposition 3.2. Assumption 2.2 holds with the constants Co and Cs
are given in (3.33) for the convex sets K;, j = J,...,1, defined in (3.16).

Proof. Let us consider v, w € K, and let vj,w; € K;, j = J,...,1, be
their decompositions defined as in (3.17), respectively. Now, we define

vji:th(Hé(vj—wj)), ’i:l,...,Ij, fOl"j:J,...,Q,

(3.31)
and v1; = v — wy

with 0; in (3.22). In view of (3.18) and (3.31), we get that the first two
conditions of Assumption 2.2 hold.

We estimate now the constants Co and Cs. For j = J,...,2, from
(3.23) and (3.24), we get

1
[10jillT.e < Cllvj = wjlf o + (L + =) v; = willg,)
j
Using this equation, the proof is similar with that of the previous propo-
sition. For j = J,...,2, in view of (3.19) and (3.20), we have
[[vjill{ < CCuo(hj—1,hs)7[v —wl|{,

and we use (3.28) for the estimation of ||v11][1,,. From these equations,
we get

<.

(3.32) >

=11

1; J
l0jillf o < CT | Cag(hjr, )| o —wl],
1 =2

Consequently, the constants Co and C3, can be written as

J
1 1
Cy=ClI> Cyo(hj_1,hy)]=
(3.33) 2 [;:2 do(hj—1,h1)7]

Cs3=0
0

The constants Cy and Sy, j, k = J,...,1, can be taken as in (2.3)
and (2.7), but better choices are available in the case of the multigrid
methods in the next section. As we see form the above estimations, the
convergence rates given in Theorem 2.1 depend on the functional F', the
maximum number of the subdomains on each level, I, and the number
J of levels. The number of subdomains on levels can be associated with
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the number of colors needed to mark the subdomains such that the sub-
domains with the same color do not intersect with each other. Since this
number of colors depends in general on the dimension of the Euclidean
space where the domain lies, we can conclude that our convergence rate
essentially depends on the number J of levels.

We first estimate the constants C1—C53 as functions of J. To this

end, in the remainder of this section, C' will be a generic constant which
1

does not depend on J. Writing Sg(J) = [Z;}ZQ Ca,o(hj-1, hJ)“} ° from

(3.1) and (3.9), we can consider

(J—1) ifd=oc=1

orl <d<o< >
cJ fl<d=oc<o
c’ ifl<o<d<oo

(3'34) Sd,a(J) =

in our estimations. In this general framework, we take Ci, and Bj,
J, k=J,...,1,as in (2.3) and (2.7),

J
o—1
(3.35) C;=CJ s and kgl’a”).(’sz::lﬁkj =J

Also, from (3.30) and (3.33), we get
(3.36) Cy = CSae(J)

(3.37) Oy = { C for Algorithms 2.1 and 2.3

0  for Algorithms 2.2 and 2.4

REMARK 3.2. 1) The results of this section have referred to problems
in W1¢ with Dirichlet boundary conditions, and the functions corre-
sponding to the coarse levels have been extended with zero outside the
domains Q;, j = J —1,...,1. Let us assume that the problem has
mixed boundary conditions: 9Q2; = I'y U I';,, with Dirichlet conditions
on I'y and Neumann conditions on I',. In this case, if a node of 7,
j=J—1,...,1, lies in Int(T",), we have to assume that all the sides of
the elements 7 € 7;,; having that node are included in T',.

2) Similar convergence results with those ones presented in this sec-
tion can be obtained for problems in (W 1*)d,

4 Multigrid methods

In the above multilevel methods a mesh is the refinement of that one
on the previous level, but the domain decompositions are almost inde-
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pendent from one level to another. We obtain similar multigrid meth-
ods by decomposing the level domains by the supports of the nodal
basis functions. Consequently, the subspaces V,fj, t=1,...,1;, are one-
dimensional spaces generated by the nodal basis functions associated
with the nodes of 75, j = J,..., 1. In this case Algorithms 2.1-2.4 are
V-cycle multigrid iterations in which the smoothing steps are performed
by a combination of multiplicative methods with additive ones. Evi-
dently, similar results can be given for the W-cycle multigrid iterations.

In this section, we show that the estimations given in (2.3) and (2.7)
for the constants C7 and 8, j, k = J,...,1 can be improved in the case
of the multigrid methods. Finally, we summarize the previous results
by writing the convergence rates of the four algorithms as functions of
the number J of the levels, for the varied values of the constants p, ¢, o
and d.

Concerning the constants (ji, j,k = J,...,1, in (2.6), we can prove
(see [4] or [5], for instance) that, in the case of the multigrid methods,
there exist such constants such that

J
max E i =C
k=1,....J 4 Brs
Jj=1

where C' is a constant independent of the meshes and their number.
Also, the constant C; in (2.2) is estimated in Lemma 4.1 in [4] or [5],

n—1

d o
C1 = (n))=C™ (I o >

=1

where n € N, n — 1 < 0 < n, and C is a constant independent of the
meshes and their number.

Now, we shall write the convergence rate of the multigrid Algorithms
2.1-2.4 in function of the number .J of levels. To this end, we write the
error estimations in Theorem 2.1 of the four algorithms using the above
estimations of C7 and maxj—j;_ 1 Z;-Izl Brj, and Cy and C3 given in
(3.36) and (3.37), respectively. In order to be more conclusive, we limit
ourselves to a typical example where

(1) F) = 2lfg, — L), ve W' ()

where L is a linear and continuous functional on W17(Q), ¢ > 1. In
this case (see [1], for instance),

p=2,q=cifc<2;, p=2,q=2ifoc=2; p=o,q=2ifoc > 2

Evidently, we can use the same procedure for other problems, too.
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For 0 =2 and p = ¢ = 2, in view of (2.34), (2.27) and (3.36)—(3.37),
we get

~ CSy9(J)? for Algorithms 2.1 and 2.2
42)  Ou(J) = { 42(J) &

CJSa2(J)? for Algorithms 2.3 and 2.4

and, from Theorem 2.1, we have

s 1 n
4.3 "eullfy<Co|1- ———
(1) o =itz < o (1= 55 )

where Cj is a constant independent of .J.
For 1 < ¢=o0 <2 and p =2, in view of (2.36), (2.27) and (3.36)—
(3.37), we get

(c-1)(2=0)

CJ o Sis(J)? for Algorithms 2.1 and 2.2

(4.4) Cs(J) = 2(0-1) ) ,
CJ o S40(J) for Algorithms 2.3 and 2.4

From Theorem 2.1, we get that

- 1
(4.5) lu" = ullf, < Co

— o—1

(1 +néz(J)> o

where, in view of (2.38), we can take

(4.6) Co( )= — L
14 C3(J)1

For p =0 > 2 and q = 2, we get

CJ%Sd,U(J)ﬁ for Algorithms 2.1 and 2.2

(47)  Cs(J) = o’ .
CJSqs(J)o1 for Algorithms 2.3 and 2.4

Finally, in this case, we have

- 1
(4.8) [lu" = ull7 ; < Co T

(1 +né2(J))E

where

(4.9) Co(J) = Hébl(ﬂﬂ

We make now some remarks on the above error estimations of the
four algorithms. First, we point out that the above convergence results
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give global rate estimations. As we have expected, the multiplicative
(over the levels) Algorithms 2.1 and 2.2 converge better than their addi-
tive variants, Algorithms 2.3 and 2.4. For the complementary problems,
we can compare the convergence rates of the four multigrid algorithms
with the similar ones in the literature. In this case, p=q¢=0c=d =2
in the above example, from (4.3) and (4.2), we get that the convergence
rate of Algorithms 2.1 and 2.2 is of 1 — ﬁ, and that of Algorithms

2.3 and 2.4 is of 1 — ﬁ These convergence rates are better, with a
factor J, than those of the similar algorithms introduced in [4], which

are of 1 — —L— and 1 — respectively. For the truncated mono-

1
1+CJ3 +CJ%
tone multigrid method, an asymptotic convergence rate of 1 —

1
1+CJ%
and under some co;nditions, of 1 — ﬁ, is found in [15] and [12]. An

estimate of 1 — ;7775 is also obtained in [15] for the asymptotic con-
vergence rate of the standard monotone multigrid methods. In [12], it

is mentioned that this asymptotic rate may be of 1 — or even of
1 —

1
1+CJ?>
H%’ under some conditions.
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