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Abstract: We study classes of continuous, open, discrete mappings satisfying some modular
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1 Introduction.

If D C R" is a domain, we say that a map f : D — R" is of finite distortion if f €
WA (D,R"), J; € LL (D) and there exists K : D — [0, 00] measurable and finite a.e. so that

loc loc

|f(@)|]* < K(x)- Jp(x) ae. If f € WD, R") and K € L*®(D), we obtain the known class
of quasiregular mappings. If the homeomorphism f : D — D' between two domains from R"
is quasiregular, we say that f is quasiconformal. For more information about the theory of
quasiregular mappings, we send the reader to [22,23], [30-32].
If z = (x,...,2,) € R", we set x| = (D] $Z2)% and if A € L(R",R"), detA # 0, p > 0, we
i=1

set |A] = sup ARl UA) = inf [A(R)], H(A) = [A[/I(A), Kop(A) = [A]"/|detA], Ki1p(A) =

|detA|/I(A)P, and we put Ko(A) = Kon(A), Ki(A) = K;,(A). If D C R" is a domain,
f D — R"is ae. differentiable on D and J¢(z) # 0 a.e. on D, we can define a.e. the
mappings Ko, (f) : D — [0,00] by Ko,(f)(z) = Ko,(f (z)) a.e. in D and Ky ,(f) : D — [0, 00]
by Kr,(f)(x) = Ki,(f(z)) ae. in D and we set Ko(f) = Kon(f), Ki(f) = Kin(f). If
D C R" is a domain, we define the map H,(f) : D — R, Hr,(f)(z) = Kr,(f (x)) if f is
differentiable in  and Jy(x) # 0, Hy,(f)(z) = 0 otherwise.

If I' is a path family from R", we set F(I') = {p : R" — [0, 00] Borel maps| [ pds > 1
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for every v € I locally rectifiable} and for p > 1 we have the usual p-modulus M,(I") =
ig(fr) [ pP(x)dz. If w: D — [0,00] is measurable and finite a.e., w > 0 a.e., we define the
< R

weight p-modulus of weight w by ME(I") = e11rJ1f : [ w(@)pP(z)d.
P n
A quasiregular mapping is open and discrete zl;;ld the known modular inequality of Poleckii
says that if f: D — R" is quasiregular and K;(f) < K, then M, (f(T")) < KM,(T") for every
path family I from D. This modular inequality is the key for proving most of the important
geometric properties of quasiregular mappings. If f is a map of finite distortion and either
Ki(f) € BMO(D) or exp(Ao Ko(f)) € Li,.(D) for some Orlicz function A, then, using some

weight modular inequalities, in [5-6], [12-15], [18-21], [24-25] are established a lot of geometric
properties in this classes of functions. If f : D — D' is a ring homeomorphism, or if f : D — R®



is a map of finite length distortion, recent results concerning equicontinuity and boundary
extension are established in [16-17], [19], [26-29]. In [7] and [8] we give further extensions of
this type using a generalized Poleckii’s modular inequality of type "M, (f(I')) < My (') for
every path family [ from D” which is established in the new introduced class of mappings.
On the other side, in [9] and Chapter 12 from [19] are established for some classes of
homeomorphisms f : D — D’ (called homeomorphisms with finite mean dilatations), which
are not necessarily quasiregular, modular inequalities of type ” M, (f(I")) < v(M,(I")) for every
path family T" from D, some 1 < ¢ < p and a continuous increasing function v : [0.00) — [0, 00)
with %ii%y(t) = 0, namely (t) = Kt9? for t > 0”. This thing raises the question if for

such mappings (or even for more general mappings) are valid some of the basic properties
of quasiregular mappings. Anyway, for p = ¢ = n we remain in the class of quasiconformal
mappings since in [4] it is proved that if f : D — D" is a homeomorphism between two
domains from R™ so that there exists a continuous, increasing function v : [0,00) — [0, 00)
with 15% v(t) = 0 and so that M, (f(I')) < ~v(M,(I")) for every path family I' from D, then it

results that f is quasiconformal.

We shall show that the answer is positive, especially ini the case n = 2. We show that
if D C R"is adomain,n—1<¢g<p<nand f:D — R"is continuous, open, discrete
so that there exists 7 : [0,00) — [0,00) continuous, increasing with E}% v(t) = 0 and so that

M,(f(I') < ~(M,(T")) for every path family I' from R", then a lot of the classical results from
the geometric theory of quasiregular mappings remain valid in this class of mappings.

In fact we establish more general results and we show that for some mappings satisfying
modular inequalities, which are not necessary quasiregular and which are not a priori in some
of the above mentioned classes of mappings studied in [5-9], [11-21], [24-29], we can prove
equicontinuity, eliminability results, Picard, Montel theorems and we give estimates of the
modulus of continuity.

We denote by u,, the Lebesgue measure from R", by V,, the volume of the unit ball from
R" and by w,_; the area of the unit sphere from R”. If a,b € R", we denote by ¢(a,b) the
chordal distance between a and b and q(a,b) = |a — b|/(1 + |a|?)2 - (1 + |b]?)z if a,b € R™,
qla,00) = 1/(1 + |a[*)z if a € R" and if A € R", we set q(A) the diameter of A considering
the chordal metric on R

If £, F' are Hausdorff spaces and f : £ — F'is a map, we say that f is open if f-carries open
sets into open sets and we say that f is discrete if f~!(y) is discrete or empty for every y € F.
If p:[0,1] = Fisapath and € E is so that f(z) = p(0), we say that ¢ : [0, 1] — FE is a lifting
of p from z if ¢ is a path, ¢(0) = z, foq = p, and we say that ¢ : [0,a) — FE is a maximal lifting
of p from the point € F so that f(x) = p(0) if ¢(0) = x, gis a path, 0 <a < 1, foq = p|[0, a)
and a is maximal with this property. If D C R" is a domain, f : D — R" is continuous, open,
discrete, x € D, p: [0,1] — f(D) is a path so that f(z) = p(0), there exists always a maximal
lifting of p from .

If D C R"is adomain, b € 9D and f : D — R" is a map, we put C(f,b) = {z €
R"| there exists b, € D,b, — b so that f(b,) — 2} and if A C D, y € R", we put
N(y, f, A) = Cardf~'(y) (A and N(f, A) = sup N(y, f, A). Also, if x € D, we set L(x, f) =

yeR"?
[fa+h) —f (@)

lim sup ]

h—0
If D ¢ R"is a domain, E,F C D, we denote by A(E,F,D) = {y : [a,b] — D path
|v(a) € E,~v(b) € F and v((a,b)) C D} and if 2 € D, 0 < a < b, we denote by I', .o p =
A(B(z,a) D, S(x,b) D, (B(x,b) \ B(z,a)) (D) and we set ['y0p = [yaprn. If D C R is
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a domain and f : D — R is a map so that f € L}, (D), we set { f(x)dz = [ f(x)dz/p,(A) for
A A

every A C D bounded.

If p > 1, we denote by I/Vllo’cp(D, R™) the Sobolev space of all functions f : D — R™ which
are locally in LP together with their first order weak derivatives. We say that f is ACL if f
is continuous and for every cube () C D with the sides parallel to coordinate axes and every
face S of Q it results that f|Ps'(y) N Q : Ps'(y)(Q — R™ is absolutely continuous for a.e.
y € S, where Pg : R" — S is the projection on S. An ACL map has a.e. partial derivatives
and if p > 1 we say that f is ACLP if f is AC'L and the partial derivatives are locally in LP.
We see from Prop. 1.2, page 66 from [23] that if p > 1 and f € C(D,R™), then f is ACL? if
and only if f € W,-P(D,R™).

If D cCcR"isa domain, f : D — R" is continuous, open, discrete, x € D and r > 0 is
s0 that B(z,r) € D, we set L, fir) = sup |f(s) ~ f(@)]. o for) = int [1(y) = f(o)],
y—x|=r

ly—x|=r \

H(z, f) = lim S(l)lp ﬁ((i}{if))’ and we know that if f is differentiable in x and J¢(x) # 0,, then
T—

H(x, f) = H(f (2)) = ll(J;((xm))‘). It is known that a homeomorphism f : D — D' between two
domains from R™ is quasiconformal if and only if there exists H > 1 so that H(z, f) < H for
every x € D.

If X,Y are metric spaces and W is a family of mappings f : X — Y, we say that the
family W is equicontinuous at a point x € D if for every € > 0, there exists oo > 0 so that
d(f(y), f(z)) <eifd(z,y) < o, for every f € W, and we say that the family W is equicontinuous
if it is equicontinuous at every point x € X. If D C R" is a domain and W is a family of
mappings f : D — R", we say that the family W is bounded if for every K C D compact there
exists M(K) > 0 so that |f(z)| < M(K) for every z € K and every f € W.

We say that ® : [0,00) — [0,00) is a Young function if there exists ¢ : [0,00) — [0, 00)
continuous, increasing so that there exists K > 0 so that ¢(2t) < Kp(t) for every ¢t > 0,

t
(t) = [ ¢(s)ds for t > 0 and lim b(t) = occ.
o —00

Letting By = {p > 0\% is increasing} and Cy = {p > O|% is deacreasing}, we see that
Bg # ¢, Cp # ¢ and if p(®) = sup Bg, ¢(®) = inf Cp, then 1 < p(®) < ¢(P) < oco. We also
have that ®(1)A\P®) < ®(\) < (1)ALD) if A > 1, (1)AM®) < d(N) < (1)NP) if A < 1, and
there exists C' > 0 so that ®(\) < CA® for every A > 0 and ®(At) < ®(t)maz{ \P(®) \(®)}
for A\, t > 0.

2 The My modulus.

We present the modulus used in this paper in the general setting of metric measure spaces,
although we shall use it only on euclidian spaces.

We say that (X, pu,d) is a metric measure space if the Borel sets are measurable, p is
a regular measure and d is a metric on X. If v : [a,b] — X is a path and A = (a =

n—1
to < t1 <,..,< t, =b) € D([a,b]), we set Va(y) = > d(v(t;),y(ti+1)) and if there exists
i=0

b
M > 0 such that Va(y) < M for every A € D([a, b)), we say that ~ is rectifiable and we put

[(y)= sup Va(y). Ify:[a.b] = X isrectifiable, we set s, (t) = l(7][a, t]) for t € [a, b] and we
AeD([ab])

define a reparametrisation 7° : [0, ()] — X of the path v given by v(t) = 7°(s,(t)) for t € [a, b].



Uy)
If v : [a,b] — X is rectifiable and p : X — [0, 00] is a Borel map, we set fpds = f p(y°(t))dt

and if v : [a,b] — X is locally rectifiable, we set f pds = sup f pds, Where the supremum is

taken over all closed subpaths a for 7. We set ./\/l( ) ={u:X — [0, 00]|u is measurable} and
we set A(X) the set of all path families I' from X. If ' € A(X), weset F(I') = {p: X — [0, <]
Borel maps | [ pds > 1 for every v € T locally rectifiable}.
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We say that M : A(X) — [0, o0] is a modulus on X if

a) M(®)=0.

b) If Ty € Ty, Iy, Ty € A(X), then M(L,) < M(T,).

c) IfI'y,....T,, ..., are from A(X), then M({J I',) < > M(T,).
n=1

= n=1
Theorem 1. Let (X, pu,d) be a metric measure space, p : X — [0, 00] measurable and
finite a.e., w : X — [0,00] measurable and finite a.e., w > 0 a.e., ® : [0,00) — [0,00) a
homeomorphism, ¥ : [0,00) x [1,00) — [0,00) a Borel map such that all the maps W,
[0,00) — [0,00) given by W,(t) = ¥(t,s) for ¢ > 0, s > 1 are homeomorphisms for every

fixed s > 1 and let N : M(X) — [0,00] be defined by N(u) = [ w(z)pu) (@(|ul(z)))dz for

u € M(X). Let My : A(X) — [0, 00] be given by My(I') = pellrpl(f:) N(p) for every I' € A(X).
Then My is a modulus on X.

Proof: Using Lusin’s theorem, we can find a Borel function ¢ : X — [0,00] so that

= p a.e. in X. We have to show that if I',...,I',, ..., are from A(X) and I" = Ej I, then

n=1

My (D) < Z Mny(T',). We can suppose that Z Mny(T',) < oo and let € > 0. We can find
=1

Pn € F(Fn) so that N(pn) < My(Ty) + 557 for every n € N. Let p: X — [0, 00] be given by
p(x) = (Vg 0 @)~ (Z (Vg © ®)(pn(x))) for € X. Then p is a Borel map and let i € N

n=1

be fixed. We see that (V) 0 ®)(p(x)) = (We@) © P) (Vg © @)_1(;(\11(1(@ o ®)(pn(x))) =
Y (W) 0 @)(pn(x)) > (Wy(a) © ®)(pi(x)) for every x € X. Since the maps W,y and ¢ are

n=1
increasing for every = € X, we see that p(x) > p;(x) for every z € X.
We proved that p > p; for ¢ € N and this shows that p € F(I"). Then

My() < N(p) = [ @)Wy © D)pla))dr = [ o(o)(¥ygn © D) (plr))de = [ w(r)(¥yen o
B)(Wyey 0 B) (X (Yot ) ()l = [ () i( i) © B pu())de = 3 [ (o) (Wt o
®)(pn(e))dr = 3 [ () (Yo @)(pu())e = 3 N(p) € 5= (Mn(0) + 55) =

= 5% My(T,) e
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Letting € — 0, we find that My (T) < Z ~N(n).

IfX=R"andw=1, ¥(t,s) =t, CID(t):tpfort>O s > 1 and some p > 1, we obtain
the usual p modulus M, given by M,(I") = mf f pP(z)dz for every I' € A(X). If X = R",

U(t,s)=t, ®(t) =t for t > 0, s > 1 and some p > 1, we obtain the usual p modulus of weight



w, ME(T") = ig(fr) [ w(z)pP(x)dz for T € A(X), which is essentially due to Cabiria Andreian
peE Rn

(see for instance [2]).
Hw=1, &)=t V(t,s) =t°fort >0, s> 1, then N(u) f lu(z)|P®dx for u € M(R™)

and for the modulus My given by My (T') = 1%1(fr) [ lp(x) ’”)dx for I' € A(R™) we can use a
peE R”

result from [10] to prove a Fuglede type theorem.
An important particular case we shall have in mind is obtained for w = 1, U(¢,s) = t° for
t >0, s> 1, for which N(u f ®(|ul(z))P@dz for u € M(R™) and for which we have the

modulus My given by MN(F) = 11rw1(fF [ ®(p(x))P@dzx for T € ARM).
RTL

3 Estimates of the modulus My.

From now on the space X will be a domain D from R", u will be the Lebesgue measure from
R" and d the euclidian metric on D. We shall work with a particular operator N : M(D) —
[0,00] of type N(u f\I/ ®(|u|(x)))dx for v € M(D). The map w : D — [0,00] is

measurable and finite a.e., w > 0 a.e., p: D — [1, 00| is measurable and finite a.e., ® : [0, 00) —
[0,00) is a Young function and W : [0, 00) X [1,00) — [0,00) is a Borel map so that all the maps
U, :[0,00) — [0,00) given by W (t) = U(¢,c) for t > 0, ¢ > 1 are Young functions for every fixed
c > 1 and there exists ¢,r,5 > 0 so that ¢ < ¥p;)(1), 1 <7 < p(¥Ypa)) < ¢(¥pr)) < 5 < 00
for every x € D. We shall always keep in mind that the operator N is defined by the functions
w,p, ®, ¥ and the constants ¢,r,s. We also denote by g : [0,00) — [0, 00) the function given
by g(t) =t/ if 0 <t <1, g(t) =t for t > 1.

Theorem 2. Let n>2 D CR"adomain,z € D,0<a<b, N: M(D)— [0,00] given
by N (u f Vo) (@([ul(2)))dz for u € M(D), let C,m > 0 so that ®(At) < CA™®(t) for every

At >0, let B, = B(z,be ™) for k > 0and let A = > [ w(2)Upe)(d(e*/b(k + 1)))dz.
k=0B,ND

Then there exists o € {r, s} so that Mn(Iyapp) < AC*/(Inln(be/a))™™ and a = s if 1 <

C/(Inln(be/a))™ and o = r if C'/(Inln(be/a))™ < 1.

Proof: Let t, = be™®, Ay = By \ Byyy for k> 0 and let [ € N be so that t,; < a < t;.
Then Ay, C By, k+1 < 1In(be/|z — z|) for z € By, be™ ") < |z — 2| for 2 € Ay, k > 0, hence
1/(|z — x| In(be/|z — z|)) < ¥ /b(k + 1) for 2z € A, k > 0. Let p : R — [0, 00) be defined by
p(z) = (1/Inln(be/a))(1/(|z — z|In(be/|z — z|))) for z € B(z,b) \ B(x,a), p(z) = 0 otherwise.
We see that pXp € F(I'yqp,p) and let az) = q(¥p)) if 1 < C/(Inln(be/a))™, a(z) = p(Vy.))
if C'/(Inln(be/a))™ < 1 for z € D. Then

anwu»swm&»:/@ewmxwmanws

(=) Wy (B((1/ InIn(be/a)))(1/ (= — 2| In(be/|= — 2])))dz <



Z / 2)(C/(Inln(be/a))™)® z)q/p(z)(@(ek“/b(k +1)))dz < AC®/(Inln(be/a))™
F=0penp

The theorem is now proved.
Remark 1. Suppose that in the preceding theorem W(¢,¢) = t¢ for ¢ > 0, ¢ > 1. Then

p(¥,) = q(V,) = ¢ for ¢ > 1 and in this case we see that A = z [ w(z)®PE) (b /b(k +
k=0B,ND

1))dz, N(u) = [w(2)®(Jul(2))P®dz for u € M(D) and we have the inequality My(Lyapp) <
D
AC®/(Inln(be/a))™™ with a € {r,s} and 1 <r < p(z ) <s<ooforzeD.
If in addition p(z) = p for 2 € D, then A = Z [ w(z)®P(e" ™ /b(k + 1))dz, N(u) =

k=0B,ND

J w(2)®P(Jul(2))dz for u € M(D) and My(Tyapp) < ACP/(Inln(be/a))™®.
D
An important particular case is obtained when p(z) = 1 for z € D, ¥(t,c¢) = t, ®(t) = t? for

t>0,c>1. Then N(u) = [w(2)u|(2)Pdz if ue M(D), A= [ w(z)(e"/bk+1))rdz
D k=0BND
and we have the inequality My (I'y op.p) < A/(Inln(be/a))?.
We obtain in this way some modular estimates from [18] and [7].
Theorem 3. Let n > 2, D C R" adomain, z € D, 0 < a < b, m a,l >0, w:

D — [0, 00] measurable and finite a.e., w > 0 a.e. so that [ w(z)dz < ( ) HIn(be/d))>
B(z,0)ND
for 0 < 0 < b and suppose that either m < [, or [ = m and 0 < a < m — 1, and let

C(b) = M(b)b=—"mem Eoek(mfl) (k+1§m*°" Then C'(b) < oo and if N : ./\/l( ) — [0, 00] is defined

by N(u) = fw(z)|u]];“_(z)dz for u € M(D), we have that My (I'; .5p) < C(b)/(Inln(be/a))™.

D
Proof: Wesee that [ w(z)dz < M(b)ble ™ (In(be/be™*))> < M(b)ble ™ (k+1) for ev-
B(z,be~k)
ery k> 0. Then A = " [ w(2)(eF 1 /b(k+1))mdz < M(b)bi=me™ S eklm=0) (k+1§mfa <
k=0B(z,be—k)ND k=0
oo if m<lorifm=17>and 0 <o <m—1. Taking C(b) = A, we see that Mn(Iyqpp) <
C(b)/(Inln(be/a))™.
Another important case is obtained for w = 1, ¥(¢,¢) = t¢, ®(t) =t for t > 0, ¢ > 1.
Corollary 1. Let n > 2, D C R" adomain, x € D,0<a<b<e, p: D — [1,00] measur-
able and finite a.e. so that there exists 7, s > 1so that 1 <r < p(z) < s < nforevery z € D and

let C(b) V,e’b"* Z e~ k(n=s) (k+1 . Then C(b) < oo and if N : M(D) — [0, 00 is defined by
f lu(z)|P*) dz for u € M(D), it results that My (s 4pp) < C(b)/(Inln(be/a)), where

a€ {r s} and we can take a = s if b < ¢ 'a and we can take o = r if e“la <b.

Proof: We sce that ¥ /b(k+1) = ¢ - j = 1fork >0, hence A = Z [ (" /b(k+
k=0 B(x,be—*k)ND

bR

D)PEdz < 3 [ (" /b(k 4+ 1))*dz < Ve Z e~ k(n=s)
k=0 B(z,be=*)nND k=0
C(b) = A and we apply Theorem 2.
Remark 2. We showed in the preceding theorems that My (I';.0.p) < C(b)/(Inln(be/a))™
for some fixed m > 1, some fixed b > 0 and every 0 < a < b. This implies the important fact

(k+1) < o0. We take now



that hH(l) Mn(Ty0pp) = 0. In particular, lir% M,(Tyapp) =0 for b > 0 fixed and p < n and it
a— a—r
can be shown that M,(I'; .5 p) - 0if a — 0 and p > n.
Following the ideas from [19], Chapter 6, we can find some other cases when lin% MP(Ty.ap.0) =
a—

0, for some weight w and p < n. o
Theorem 4. Let n > 2, D C R" a domain, z € D, 0 < b, w : D — [0, 00] measurable

and finite a.e., n : (0,b) — [0,00] measurable and finite a.e. so that [7n(t)dt = oo and
0

fn )dt < oo for every 0 < a < b, let Ay .pp={2€ Dla<|z—2z| <b}for0<a<b

and suppose that lir% [ w(z)n(|]z — x])Pdz/I(a)? = 0. Then hH(l) MP(Ty.ap.0) = 0.
a— AgobD a—

Proof. Let 5 : (0,b) — [0,00] be a Borel map so that § = n a.e. and let 0 < a < b. Let
pa : R" — [0, 00] be defined by p.(z) = 5(|z — z|)/I(a) for z € Ay app, pa(z) = 0 otherwise.

Then p, € F(I'y0p.p) and ME(Ty 0p.p) < f w(2)pa(2)Pdz = f wz)n(lz—z|)Pdz/1(a)? — 0
Rn Az,a,b,D
ifa—0.

b
As in [19], Chapter 6, we can take n(t) = 1 for ¢ € (0,b) and then I(a) = [ % = In(b/a)

b
for 0 < a < b, and we can take 7(t) = 7 for ¢t € (0,b) and then I(a) = [ 7= = InIn(b/a)

for 0 < a < b If welet @ : R" — [0,00], @(2) = w(z) if 2z € D, ©(z) = 0 otherwise
and we set wy(t) = f @(2)dg@y for 0 < t < b, then J(a) = [ w(z)n(]z — z)Pdz =
S (z,t) Az.,ab,D

b
Wn—1 [ we ()" P (t)dt for a < t < b.
We find now some lower bounds for the modulus My (A(FE, F, D)) in some particular cases.

Lemma 1. Let p : R" — [0, 00] be a Borel map, let D C R"™ be a bounded domain, let
the functions p, ¥, ® and the constants ¢, r, s be as in the definition of the operator N and let
d > 0 be so that d < f,o )dz. Then N(p) > min{q, ¢2=*)/"®*(d)g(uun(D))}.

Proof: Let M = mm{l fin (D )<r—8>/r} D, = {x € D|®(p(x )) > 1}, Dy = {z € D|®(p(z)) <
1}. Then @7 (d) < @"(f p(z)dz) < f<I>7" )dz hence fq)’" )dz > O"(d)pn (D).

Using Holder’s inequality, we have f D%(p(2))d= > f D" (p(2))dz) S/T (D)(T—S)/T. We

see that N(p f\IJ ))dz = f\If ( (2))) dz—|— f\I! (@(p(2)))d= bewp(z)(l)
Do) p<z>>dz+f\11pz> (D020 > g [ & (ol + [ @ (p(=)de).

It results that N(p) > ¢ if f O"(p(2))dz > 1.

If [ @ (p())dz < 1, then N( ) > q(( [ @ (p(2))dz)"" + f o7 (p(2))dz)*/ (D) T=/m) >

D1 Dy
gM(( [ ®"(p(2))dz)*/" + f(IDT ))d2)*m) > qgM20=9)/r( [ <I>7" Ndz + [ @ (p(2))dz)¥" =
D1 Dy Dy

gM2=9)/7( chT )dz)s/r > qM2U =90 (d) pu,, (D))" = q2(“s’/”1>3(d)g(ﬂn(D))-

Remark 3 If U(t,c) =t fort >0, c>1, then ¥, (1) =1 for ¢ > 1 and if also p = 1, then
fCID ))dz > ®(d)p, (D).



Theorem 5. Let n > 2, 2 € R", 0 <a <b, D= B(x,b)\ B(x,a) and let N : M(D) —
0,00], N(u) = [U,)(®(|ul(2)))dz for u € M(D). Then My(Tyapp) > min{g,q20 /"
D

(I)S(vn(bnoilanl) )g(Va (b —a™))}
Proof: Let Q = [0,7]"2 x [0,27] and let € : (0,00) x @ — R" be the polar coordi-
nates. We know that if ¢ > 0 and f : S(0,¢) — R is continuous, then [ f(2)dgoy =
5(0,t)
ff (t,y))Jo(t,y)dy. We can suppose that x = 0 and let p € F(I'yapp). We define f :

b
S(0,1) — R by f(y) = [t" p(ty)dt for y € S(0,1)and let v, : [0,1] — R"™ be defined
by 7,(t) = ty for t € [a,b] and y 6 S(0,1). Then vy = 7, for every y € S(0,1) and
1< [ pds= fp ty)dt, hence a™* < ft” Lo(ty)dt = f(y) for every y € S(0,1).

Yy

Integratmg over y € S(0,1), we have aw,o < fly)dy = ff (1,y)Jo(1,y)dy =
0,1

5(0,1)

b b -
S p(0(L y)tdt) Jo(1,y)dy = [ [ p(0(t,y))Jo(t, y)dtdy = [ p(z)dz, hence g2t <
Q a Qa D
< f p(2)dz

D

We use now the preceding theorem to see that My (T, 45.p) > min{q, ¢-20=9/m®3( n(bnw_"anl))
9(n (D))}

Remark 4. Using Remark 3, we see that if U(¢,¢) =t for t > 0, ¢ > 1 and p = 1, then

Mn(Dyap) > @(%)Vn(bn —a").

Theorem 6. Let n > 2, H; and H, be parallel hiperplanes from R™ with d(H;, Hy) = h > 0,
P : R™ — H; be the projection on Hy, let By C Hy with p, 1(FE;) > 0, By = Hy N P7Y(E)),
let D be the set of all points from P~'(E;) between the hiperplanes H, and H2 and let I' =

A(E1, Fy, D). Then, if N : M(D) — [0,00] is given by N(u f\lf O (|ul(2)))dz for

u € M(D), it results that My (') > 0.
Proof: We can suppose that £y, C R"™!, Ey = E| + he,, D = {x € R"|0 < z,, < h and
(1, .o, Zn_1) € E1}. Let p € F(T') and let Yy 1 [0,h] = D, v,(t) = p(y + te,) for ¢t € [0, R,

y € Ey. Thenvy, €l and 1< [ pds = fp y + te,)dt for y € Fy. Integrating over y € E; we
Yy

obtain that p,—1(E;) < [ fp Y+ te,)dtdy = fp )dz, hence + < fp
E 0

Using Lemma 1 we see that M, (I") > mln{q, g2 (1) g (,un,l(El) h)} > 0.

Theorem 7. Let n > 2, FE, F be disjoint sets from R" so that E contains a ball By =
B(zy,m) and p,(F) > 0, and let I' = A(E, F,R"™). Then My(I") > 0.

Proof: Since p,(F) > 0, there exists o € F'\ E so that w,(F N B(zz,r)) > 0 for every
r > 0. Let d be the line which joins x; and xs, let 7 > 0 be such that d(x1,z9) > 61, 3r <1
and let D = {z € R"|d(#,d) < r}. We can find hyperplanes H; and H; perpendicular on d so
that xy € Hy, d(zq, Hy) <7 and p, 1(HoNFND)>0. Let By =H ND, Ey=H,NDNF.
Then Ey C E, By CF, p,—1(Es) > 0 and let I'y = A(E4, Ey, D). We see from Theorem 6 that
My(T1) > 0 and since I'y C T', we find that My (T") > My(T';) > 0.

Theorem 8. Let E, F be disjoint sets from R”, z € R*, 0 < a < b, D = B(x,b) \ B(x,a)



so that S(z,t)NE # ¢, (:L‘ ONF #¢fora<t<bletl’=A(E,F,D)andlet N: M(D) —
[0, 00| be defined by N (u f U, (@(|ul(2)))dz for u € M(D). Then, if n = 2, it results that

My(T) > C(q,r,s,a,b) >0 and if n > 2 and My = M, then My(I') > C(n,p)(b" P —a™P) if
n—1<pandp#nand My(I') > C’(n)ln% if p=n.

Proof: We know from Theorem 10.12, page 31 from [30] that My (") > C(n)In? and we
see from [3] that if n — 1 < p <n or if p > n, then M,(I") > C(n,p)(b" P — a™P).

Suppose now that n = 2. We can suppose that x = 0 and let 6 : [0, 7] x [0,27] — R? be
the plane polar coordinates. Let p € F(T') and a < t < b. We can find a path v; : [a;, b] — R?
so that Imvy, C S(0,t), v € ', and 7 (u) = 0(t,a; + %) for u € [0,t(by — at)] We have

Uve) t(bt—at)
1< [pds = [ p(p(w)du = [ p(0(t,ar + §))du = tfp Jp))dp < ftp t,@))de.
Yt 0 0 at
b 2w
Integrating over ¢ € (a,b) we obtain that b —a < [ [ p(8(t,¢))Jp(t, ¢)dtdp = [ p(z)dz, hence

a O D
1/m(a +b) < fp(z)dz. Using Lemma 1 we see that My(I) > min{qg, ¢2"~*/"®*(1/7(a +

D
b)g(m(b* — a?))}.
Remark 5. If U(t,c) =t fort > 0,c > 1and p = 1, then My (T) > 7(b*—a?)®(1/7(a+D)).

4 Generalized quasiregular mappings.

Let n > 2, D C R" a domain and f : D — R" be continuous, open, discrete. We
say that f is a generalized quasiregular mapping if there exists M7, My modulus on D and
v :[0,00) = [0,00) with lii%v(t) = 0 so that M;(f(I")) < v(My(T")) for every path family I'
from D.

We give now an example of a mapping satisfying a modular inequality:

Proposition 1. Let n > 2, D C R" a domain, 1 < ¢ < p, f € ACLYD,R"), [ ae.
differentiable so that there exists K : D — [0, oo] measurable and finite a.e. so that |f (z)|P <
K(x)|J¢(z)| ace., K € LY®=9(D), N(f, D) < oo and let C = N(f, D)¥/P([ K (x)9/#=0dz)P=a)/p,

D

Then M,(T) < C(M,(f(T)))%? for every path family I' from D.

Proof: Let I' be a path family from D and let p° € F(f(T')). Let p : R* — [0,00],
p(z) = p (f(x)) - L(z, f) if z € D, p(x) = 0 otherwise and let ['y = {y € ['|f 0 4° is absolutely
continuous}. Using Fuglede’s theorem (see [30] Theorem 28.2, page 93), we have M, (I') =
M,(T'y) and from Theorem 3.3, page 93 from [30], we see that p € F'(I'g). Using the change of
variable formulae (3) from [11] and Hélder’s inequality, we have

[ @iz = [ gris@tte. pras = [ pra)lf @ds < [ 5K @) 5 s <

D D D D

/pp N Js(x)|dz) Q/p/K Q/p qu)(p 0/r <

< ([ N(y, £, D)p"(y)dy)"*( | K(z)¥P~Ddx)P=0/> < C( [ pP(y)dy)¥>.
/ e /o

R



It results that M, (T') = M,(Lo) < [ pl(z)dz < C( [ pP(y)dy)?? and hence that M,(T) <

D R"
COM,(F(T))). 4
Proposition 2. Let n > 2, 1 < ¢ < p, D, D" domains from R", h : D" — D a home-
omorphism, f = h~! so that f € ACLY(D, D ), is a.e. dlfferentlable and Js(z) # 0 a.e.,
in D, Hr,(h) € LP/?®=9(D") and let C' = ([ Hy,(h)(y)?/®*~Ddy)®=2/P. Then M,(h(I")) <
D

C(M,(I"))%? for every path family I'" from D".

Proof: Let A = {z € D|f is differentiable in z and J;(z) # 0} and B = {y € D'|h is
differentiable in y and J,(y) # 0}. Then f(A) C B and p,(CA) = 0. We have, using the
change of variable formulae (3) from [11] that

Ko q/p Dy — ’f ‘p/‘Jf( )|)q/(p Dy = \f |pq/p q)/Uf( >|q/(p Dy —
/ [ /

= / (Jn(f (@)D U (f ()P P D)) Ty () |da < / | T () [P/~ J1(R () )Po/ P=Ddy <

A f(A)

/ )P/ 0 () = / ()10 )7~ dy =

/HI p/p q>dy<oo

Let T be a path family from D" and let I' = h(I""). Then I' = f(I') and using Proposition
1, we see that M,(h(I'")) = M,(T') < CM,(f(I))4P = C M, (I")¥/?.

Proposition 2 is closely related to Theorem 3 from [9] and the class B(G) from [9].

We give now an example of a homeomorphism A : (0,1)" — D" which is not quasiconformal,
but is a generalized quasiregular mapping, since it satisfies a modular inequality M,(h(I")) <
C M, (I")9/? for every path family I from (0,1)" and some 1 < ¢ < p. The example is from [9].
See also [19], page 240.

Example 1. Let D = (0,1)", 1 < ¢ < P 0<c<(p—q)/(pg—p) and let h : D — R"
o Ty) € D. We see that h is a
homeomorphism onto a domain D’ from R" and h € C*(D, D"), J,(z) = 2¢ # 0, I(h'(z)) = ¢,
|h'(z)| = 1 for every x € D, hence H(x,h) = |h'(z)|/l(h(z)) = z,° — oo if z — 0 and hence
h is not quasiconformal. We have Hr,(h)(z) = |Ju(z)|/I(h (2))? = 2287 for x € D and let

1
C = ([ Hy,(h) (z)P/ =0 dz)P=9/P Then C' = (f xﬁC(l—q)/(p—q)dxn)(p—q)/p = ((p— q)/(pc — pgc +

be defined by h(z1,....,2n) = (T1, .., Tpo1, T ) for v = (4, ...,
(

D 0
p—q))P~9D/P < 00, and from Proposition 2 we see that M, (h(I')) < CM,(I'")¥/? for every path
family I'" from D.

5 Geometric properties of generalized quasiregular map-
pings.

We shall prove first some geometric properties of generalized quasiregular mappings in the
general setting of the operator N in dimension n > 2.
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Theorem 9. (Generalization of Schwarz’s lemma and modulus of continuity).

Let n > 2, D C R" a domain, f : D — R" continuous, open, discrete and bounded,
let M be a modulus on D so that there exists ¢ : (0,00) — (0,00) continuous, increasing
with 12% o(t) =0 and M(I';.p) < ¢(1/Inln(be/a)) for every x € D and every b > 0 so that

B(x,b) C D and let 7 : [0,00) — [0, 00) be continuous, increasing with %in% v(t) = 0 and so that
H

My (f(I')) < ~(M(T)) for every path family I" from D.
Then there exists 6 > 0 and F : (0,00) — (0, 00) continuous, increasing with PHéF(?f) =0
—

and so that I(z, f,a) < F(1/Inln(be/a)) for every x € D and every 0 < a < b so that
B(x,b) C D
Proof: Let d = df(D) and let hy : (0,d) — (0,00) be defined by hy(t) = % for
€ (0,d). Then 1133 hy(t) = 0 and hy : (0,d) — (0, 00) is an increasing homeomorphism. There
exists 09 € (0,d) so that hy(dy) = 1 and hy(t) < 1if t € [0,00], ha(t) > 1 if t € (09, d). Let
Co = @2U=9)/7®3(1). Let hy : (0,8] — R, hi(t) = Co(ha(t))*"® g(V,,(d* — ")) for t € (0, ),
hy i (0o, d) — R, ho(t) = Co(ha(t))P® g(Vi,(d® — ")) for t € (6p,d) and let h : (0,d) — (0, c0)
be defined by h(t) = hy(t) for t € (0,00, h(t) = ho(t) for ¢t € (do,d). Then h is continuous on
(0,d) and let ¢ € (0,d) be so that V,,(d" — ") = 1.

Suppose first that 0 < ¢ < &. Then hy(t) = Co(t" w1 )P (1/(V, (d" — 7)1 @) if t €
(0,¢), hi(t) = Co(t" twy_1)* 1P (1/(V,,(d™ — t7))*d®)=3/7) if t € [¢, dy), and since sq(®) — 1 > 0,
sq(¢)—s/r > 0, we see that h; is strictly increasing. Also, ha(t) = Co(t" w,_1)P® (1/(V, (d" —
t"))*P(®)=s/7) if t € (8, d), hence hy is strictly increasing and let v = 11_{% ha(t). Then b : (0,d) —

(0, @) is an increasing homeomorphism.

Suppose now that &, < c. Then hy(t) = Co(t" ‘w,_1)*® (1/( ( ”))5‘1 “Hif 0 <
t < 8o, hence hy is strictly increasing and hy(t) = Co(t" ‘w,_1)* (1/( (dn — 7))@=
if 6 < t < cand hy(t) = Co(t" ‘wn_1)P®(1/(V,(d" — t"))P®)=s/7 if ¢ < t < d. Since
sp(®) —1 >0, sp(P) — s/r > 0, we see that hy is strictly increasing and if o = chlz ho(t), we

see that h : (0,d) — (0,«) is an increasing homeomorphism. We proved that in both cases
h:(0,d) — (0, ) is an increasing homeomorphism.

Let hs : (0,d) — (0,00), hs(t) = q2U=)/"®%(hy(t))g(V,(d" — t*)) for t € (0,d). We see
that fiy(1) = 4200 ({01 (= 1) > 20 (Dg(V(d" — ) mindh() ")
hy(t)*?®)} = h(t) for t € (0,d). Let 8 = min{q,aq2"~*)/"} and let § = exp(1 — exp(1/(y o
©)"Y(B))). Let z € D and b > 0 be so that B(x,b) C D and 0 < a < b, and let U be the compo-
nent of f~*(B(f(x),l(x, f,a))) containing . We see that U C B(z,a) and let I'" = T}y 162, .).d-
Let I' be the family of all maximal lifting of some paths from I" starting from some points from
U. Then T > T, .5, I' > f(I') and from Theorem 5 we see that min{q, ¢2"~*/"h3(I(z, f,a))} <
My(I") < My(F(T)) < 1(M(T)) < 7(M(Ts0)) < 7((1/ Inln(be/a))) < 6 < g

This implies that ¢20=9/"hs(I(z, f,a)) < y(e(1/Inln(be/a))) < B < aq2=9/" hence
h(l(z, f,a)) < hs(l(z, f,a)) < ¢ '267/"y(p(1/Inln(be/a))) < a. Let v : (0,a) — (0,d)
be the inverse of h : (0,d) — (0,a). Since ¢~ 1267"/"y(p(1/Inln(be/a))) € Imh, we can
take F' = v(qg~'267/"y 0 ) and we see that F' is continuous, increasing, llgé F(t) = 0 and
Iz, f,a,) < F(1/Inln(be/a)) if B(x,b) C D and 0 < a < bJ.

Remark 6. Suppose that in the preceding theorem we additionally have the relation
"L(z, f,a) < a(l(z, f,a)) for some continuous, increasing function « : (0,00) — (0, 00), every
x € D and every 0 < a < bd so that B(z,b) C D”. Then, if 2 € D is so that B(x,b) C D and
0 < a < bj, we see that L(z, f,a) < a(l(z, f,a)) < a(F(1/Inln(be/a))). We obtain in this case
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that if x € D, b > 0 is so that B(z,b) C D, then |f(y) — f(z)| < a(F(1/Inln(be/|y — 2|))) if
0<|y—z| <.

Theorem 10. (Generalization of Liouville’s theorem) Let n > 2, f : R — R" a function
which is either constant, or continuous, open, discrete and bounded, let M be a modulus on
R™ so that there exists ¢ : (0,00) — (0,00) continuous,, increasing with lg% p(t) = 0 and

M(Typap) < @(1/Inln(be/a)) for every x € D and b > 0 so that B(z,b) C D and let v :
[0,00) — [0, 00) be continuous, increasing with 11_{% 7(t) = 0 and so that My (f(I")) < ~y(M(I))
for every path family I' from D. Then f is constant.

Proof: Suppose that f is not constant. Then f is continuous, open, discrete and bounded
and let x € R™ and 0 < a be fixed. Using the preceding theorem, there exists 6 > 0 and a
continuous, increasing function F': (0,00) — (0, 00) with Iltg%F(t) = 0 and so that {(z, f,a) <

F(1/Inln(be/a)) if 0 < a < bd. Letting b = ma with m > 6!, we see that I(x, f,a) <
F(1/Inlnm) — 0 if m — oco. It results that [(x, f,a) = 0 and this contradicts the fact that f
is open, discrete. We proved that f is constant.

Definition. Let D ¢ R™ a domain, M a modulus on D and E C R". We say that E is of
zero M modulus (and we write M (FE) = 0) if the M modulus of the family of all paths passing
through some points from FE is zero.

If v € D, b>0is so that B(z,b) C D and (lll_r)r(l) M(T';.p) = 0 (and such a condition holds in

Theorem 2,3,4), then M({z}) = 0. If A C D is at most countable and M ({z}) = 0 for every
xz € A, then M(A) =0.

Theorem 11. (Generalization of Picard’s theorem). Let n > 2, E C R" closed, f :
R"\ E — R" continuous, open, discrete, M a modulus on R" so that M (E U {oo}) = 0, let
v :[0,00) — [0,00) be so that v(0) = 0 and My (f(I')) < ~(M(T")) for every path family I'
from R™. Then p,(Cf(R*\ E)) = ¢.

Proof: Suppose that there exists ' C C'f(R"\ E) so that p,(F) > 0. Let K C R*"\ E
be compact so that Intf(K) # ¢. Then f(K)NCf(R*"\ E) = ¢ and let I = A(f(K),
Cf(R"\ E),R") and I" be the family of all maximal lifting of some paths from I" starting from
some points from K. Then I > f(I') and since every path from T" has at least a limit point
in £ U {0}, we see that M(I') = 0, and from Theorem 7 we see that My (I") > 0. We have
that 0 < My(T") < My(f(T)) < v(M(T)) = v(0) = 0, and we reached a contradiction. We
therefore proved that u,(Cf(R*\ E)) =0.

6 Stronger geometric properties of generalized quasireg-
ular mappings.

As we can see in the classical case of quasiregular mappings,which satisfies a modular
inequality of type My (f(I')) < v(M(T')) with My = M = M, and 7(t) = Kt for t > 0, an
essential step in proving some basic geometric properties in this class of mappings is the fact
that M, (A(E, F,B(z,b) \ B(z,a))) > C,In2 = C(a,b,n) > 0 for every z € R" and every
E,F C R"so that S(z,t) N E # ¢, S(x,t) N F # ¢ for every a <t < b.

We proved in Theorem 8 such a result in the case n = 2 for the operator N : M(D) — [0, 0o]
given by N(u f V@) (@ (Jul(x))dx for u € M(D) and in the case n > 3 for My = M, with

p>n—1, and so we can expect that also for some other generalized quasiregular mappings
some similar results can hold.
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Throughout this chapter the operator N : M(D) — [0, 00] will be given in the case n = 2
by the formulae N(u f‘llp(x O(|u|(z)))dx for u € M(D), with the functions ¥, ®,p and

the constants ¢, 7, s as before and if n > 3, then My = M, with p > n — 1.

Theorem 12. (Generalization of Schwarz’s lemma and modulus of continuity). Let n > 2,
D C R" a domain, f : D — R" continuous, open, discrete and bounded, let M a modulus
on D so that there exists ¢ : (0,00) — (0,00) continuous, increasing with 15% o(t) = 0 and

M(Tyap) < @(1/InIn(be/a)) for every x € D and every b > 0 so that B(x,b) C D, let
v :]0,00) — [0, 00) be continuous, increasing with Pr% v(t) = 0 and suppose that My (f(I")) <
—

v(M(T)) for every path family I from D. Then there exists 6 > 0 and F' : (0,00) — (0, 00)
continuous, increasing with lir% F(t) = 0 and so that |f(y) — f(z)] < F(1/Inln(be/|y — x|))
—

for every x € D and every 0 < |y — x| < b§ so that B(z,b) C D, and we can take § =
exp(l —exp(1/(yo ) (q))) if n=2and § =1if My = M, with p >n — 1.

Proof: Let d = df(D), let z € D and b > 0 be so that B(z,b) C D and let y € B(x,b).
Let y; € S(z,|y — x|) be so that L(x, f,|y — z|) = |f(y1) — f(x)], and let P be the point
from the line determined by f(x) and f(y1), opposite to f(y;) and so that |P — f(z)| = d.
Let E = f(B(z,|y — 2|)), F = CB(f(x),d) and let I' = A(E, F,R"). Let I' be the family
of all maximal lifting of some paths from I'" starting from some points of B(x, |y — x|). Then
I'> f(0), I >0, yupand S(P)NE#¢, S(P)NF #¢ford<t<d+|f(y)— f(x)].

Suppose that n = 2. From Theorem 8 we have
min{q, ¢2U~"®*(1/m(2d+| f (y1) = f (2)]))g (7w (d+]f (1) f ()])*—d?) < My (I") < My(f(T)) <
(D)) <A (Tagy-012)) < 1L/ Inlafbe/ly ~ ) < g if |y - a] < bo.

This implies that if 0 < |y — 2| < bd, then
Q2= (1/m(2d+| (1) — F (2) ) g (L (1) — £ ()| L) — F@))) < 1(2(1/ In ey —
z[))) and hence q20 =/ ®*(1/37d)g(n|f(y) — f(2)*) < v(o(1/InIn(be/ly — xl))).

Letting F' = (7~ 'g~ (¢~ 126=")/7 (1/37Td)’}/0g0))%, we see that F' is continuous, increasing,
PmF(t) =0and |f(y) — f(x)] < F(1/Inln(be/ly — x|)) if 0 < |y — z| < bd and B(;E b) C D.

Suppose now that My = M,,. Then MN( )= M,(T")>C(n )111(%) > C(n)In(14+

HW=1Gl) > €0 () — f(2)], hence S2|f(y) — F(@)] < Mu(T") < My(f()) < 7(M(D)) <
A(M(Tspye1a)) < 201/ Wn(be/ly — 2]))) i |y — ] < b and B(z,b) C D.
Letting F' = %fyow, we see that F': (0,00) — (0, 00) is continuous, increasing, PI%F@ =
—

0 and |f(y) — f(z)| < F(1/Inln(be/|y — z|)) if * € D, B(x,b) C D and 0 < |y — z| < b.

Suppose now that My = M, with p > n—1, p # n. Then My(I") = M,(T") > C(n,p)((d+
) — F(@))? — d™ ) > Cln,p)((d + () — F@))" — d) > Cln,p)(n — p)| () —
f(z)|(2d)"P~1. Tt results that
Clr,p)(n = )4y "110) — S0 < M) < M(F(0) < 2D) < M Tyaa) <
v(o(1/InIn(be/|y — x]))) if |y — x| < b and B(x,b) C

Letting F = (1/(C'(n,p)(n — p)(2d)"P~1))y o ¢, we see that F : (0,00) — (0,00) is contin-
uous, increasing, Ilfl_r)rolF( )=0and |f(y)— f(z)] < F(1/Inln(be/|ly — x|)) if x € D, B(z,b) C D
and 0 < |y — z| < b.

Theorem 13. (Generalization of Picard’s theorem). Let n > 2, E C R" closed, f :
R" \ E — R" continuous, open, discrete, M a modulus on R" so that M(E U {oco}) = 0 and
let v : [0,00) — [0, 00) be so that v(0) = 0 and My (f(I')) < y(M(I")) for every path family I'
from R™. Then C'f(R™\ E) is totally disconnected.

Proof: Suppose that there exists F' C C'f(R"\ E) compact, connected so that CardF > 1
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and let K C R"\ E be compact, connected with Cardf(K) > 1 and f(K)NF = ¢. Let
I = A(f(K),F,R") and let T' be the family of all maximal lifting of some paths from I"
starting from some points from K. Then I > f(T'), M(E U {oo}) = 0 and since every path
from T" has at least a limit point in E'U {00}, it results that M (I") = 0. Using Theorem 8, we
see that My(I") > 0, hence 0 < My(I") < My (f(I')) < 4(M(T)) = ~(0) = 0 and we reached
a contradiction. We therefore proved that C'f(R” \ E) is totally disconnected.

The following equicontinuity result extends Corollary 2.7, page 66 from [23].

Theorem 14. Let n > 2, D C R" a domain, M a modulus on D so that il_% M(Tyap) =0

for every x € D and every b > 0 so that B(z,b) C D, let v : [0,00) — [0,00) be increasing so
that Pr% v(t) = 0, let W be a family of continuous, open, discrete mappings f : D — R" so
—

that there exists 0 > 0 and sets My C CImf so that Mf is compact, connected, C’ardﬁf > 1,
q(My) > ¢ for every f € W and suppose that My(f(I')) < v(M(T')) for every path family
I' from D and every f € W. Then the family W is equicontinuous, and we take on D the
euclidean metric and we take on R" the chordal metric.

Proof: Let x € D and € > 0 so that B(x,e) C D. Suppose that the family W is not
equicontinuous at x. Then there exists a > 0, r,,, — 0 and f,, € W so that ¢(f,n(B(z,7,,))) > a
for every m € N and let Q,, = fin(B(2,7)) for m € N. Since Imf,, N My, = ¢ and Imf,,
are open sets for every m € N, we see that Imf,, N My, = ¢, hence Q,,, N My, = ¢ for every
m € N. Let I',, = A(Qm, My, ,R™) and let T, be the family of all maximal lifting of some
paths from ' starting from some points of B(z,7,,) for m € N. Since every path from I',, has
at least a limit point outside B(z, €), we see that I, > T',,. . and we also see that ', > f(T,,)
for every m € N. Using Theorem 7.1, page 11 from [33], we can find compact, connected sets

Q and Y so that ¢(Q) > «, ¢(Y) > § and so that lim Q,, = Q, lim M; =Y. We can
m—00 m—00

therefore find z € R™ and 0 < a < b such that S(z,t)NY # ¢, S(z,t)NQ # ¢, for a <t < b.
This implies that we can find my € N so that S(z,t) N Q,, # ¢, S(z,t) N My, # ¢ for every
a <t <band every m > my.

Using Theorem 8, we can find a constant C so that My(T,,) > C > 0 for every m > my, and
C =Cl(q,r,s,a,b)ifn=2 C=C(n,a,b) if n >3 and My = M,, C = C(n,p,a,b) if n > 3
and My = M, with p > n — 1, p # n. It results that if m > mg we have 0 < C' < My(T,,) <
Mn(f(Ty) <y(M(T)) <y(M(Typ,.c) — 0if m — oo, and we reached a contradiction. It
results that the family W is equicontinuous at x.

Theorem 15. (Generalization of Montel’s theorem). Let n > 2, D C R" be a domain, M
a modulus on D so that (1113(1) M(Tyqp) = 0 for every x € D and every b > 0 so that B(z,b) C D,

let v : [0,00) — [0,00) be increasing so that linol v(t) = 0 and let W be a bounded family of
—>

continuous, open, discrete mappings f : D — R" so that Mx(f(I")) < ~(M(I")) for every path
family I' from D and every f € W. Then W is equicontinuous, and we take the euclidian
metric on D and the chordal metric on R".

Remark 7. An important particular case of Theorem 14 is when M; =Y for every f € W,
i.e. when there exists a single set Y avoided by every map f € W and so that Y is compact,
connected and CardY > 1.

Another important particular case of Theorem 14 is obtained when every map f from the
family W is a homeomorphism, extending a known result from the theory of quasiconformal
mappings from [30], Theorem 19.2, page 65.

Theorem 16. Let n > 2, D C R" be a domain, M a modulus on D so that CILI_I)I[l) M(Tyap) =

0 for every x € D and every b > 0 so that B(x,b) C D, let v : [0,00) — [0, 00) be increasing so
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that Pr%fy(t) = 0 and let W be a family of homeomorphisms f : D — D; C R” so that there
%

exists 6 > 0 so that for every f € W there exists points ay,by ¢ Imf so that g(ay,by) > 0 and
suppose that My(f(I')) < v(M(T)) for every path family I" from D and every f € W. Then

W is equicontinuous, and we take the euclidian metric on D and we take the chordal metric on
=N

R

Proof: Let z € D and € > 0 be fixed so that B(x,e) C D. Let f € W. Since f|S(z,¢) :
S(xz,€) = f(S(x,¢€)) is a homeomorphism, we use Jordan’s theorem to see that R™\ f(S(x,¢))
has exactly two components Ay and By. If f(B(x,€)) N Ay # ¢, then f(B(x,e)) = Ay and
hence ay, by € By. It results that By is a domain so that ¢(Bf) > § and By N f(B(x,€)) = ¢
for every f € W. Let W, = {f|B(z,¢)|f € W}. Using Theorem 14 we see that the family W,
is equicontinuous at x, hence the family W is equicontinuous at x.

Remark 8. Asin [30] Theorem 19.4, page 66, we can prove that we can replace in Theorem
16 the condition "there exists § > 0 such that fort every f € W there exists points af, by & Imf
so that ¢(ays,br) > §” with one of the following conditions:

a) there exists 6 > 0 and z1, x5 € D such that for every f € W there exists a point ay ¢ Imf
with g(ay, f(z;)) >9,i=1,2.

b) there exists 6 > 0 and points x1, z2, z3 so that ¢(f(z;), f(x;)) > 6 for i # j, 4,5 =1,2,3
and for every f e W.

We also have the following eliminability result, which is a partial extension of Theorem 2.9,
page 66 from [23].

Theorem 17. Let n > 2, D C R" be a domain, x € D, M a modulus on D so that
(IZEI(%M(FMLJ,) = 0 for every b > 0 so that B(z,b) C D, let v : [0,00) — [0,00) be increasing

so that lin% v(t) = 0 and let E C D closed in D and nowhere disconnecting so that x € F
H

and M(E) = 0. Let f: D\ E — R" be continuous, open, discrete so that My(f(I')) <
~v(M(T)) for every path family I from D \ E and suppose that there exists r, > 0 and a set
Y C Cf(B(x,r,) \ E) so that Y is compact, connected and CardY > 1. Then there exists
lim f(z) € R".

Proof: We can suppose that B(x,r,) C D. Suppose that CardC(f,x) > 1 and let by, by €
C(f,x), by # by. Let x;,y; € B(z,1,) \ E be so that z; # y; for j € N, f(z;) — b1, f(y;) = b2
and let r; — 0 be so that z;,y; € B(z,7;), 0 < r; < r, for every j € N. Since E is nowhere
disconnecting, we can find a compact, connected set C; C B(x,r;) \ E so that z;,y; € C; for
every j € N. Let § = |b; — by|. We can suppose that ¢(f(C;)) > A, q(Y) > A for every j € N
and some 0 < A < 1. Since f(B(z,r,)\ F) is an open set and Y N f(B(z,r,) \ F) = ¢, it results
that Y N f(B(x,7,) \ E) = ¢ and hence f(C;)NY = ¢ for every j € N. Using Theorem 7.1,
page 11 from [33], we can find a compact, connected set () so that f(C;) — @ and ¢(Q) > Ad.
We can therefore find z € R" and 0 < a < b such that S(z,t) NY # ¢, S(z,t) N Q # ¢ for
a <t < b, hence we can find jo € N so that S(z,t) N f(C;) # ¢ for every a < t < b and every
J = Jo-

Let T'; = A(f(C)), Y, R") and let T'; be the family of all maximal lifting of some paths from
r j starting from some points from C; for j € N. Let I'1; = {¢ € I'|p has at least a limit point
in £} and let I'y; = {¢ € I'|p has at least a limit point outside B(x,r;)} for j € N. We see
that M(Flj) = O, that Fj = Flj U ng, ng > FI,TjJ’:c and F; > f(FJ> for everyj € N. USiDg
Theorem 8, we can find a constant C' > 0 so that MN(I‘;-) > C > 0 for every j > jo, and
C =C(qrs,a,b)if n =2 C=C(n,a,b)if n >3 and My = M, and C = C(n,p,a,b) if
n >3 and My = M, with p >n — 1, p # n. It results that 0 < C' < My(T;) < My(f(T;)) <
VM (D)) = y(M(Ty; U Ty;)) < y(M(Ty;) + M(I'y;)) = v(M(Ty;)) < v(M(Tep,r,)) — 0 if
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7 — oo and we reached a contradiction.
It results that CardC(f,x) = 1 and hence there exists lim f(z) € R".
Z—T

Remark 9. The most important case in Theorem 17 is when z is an isolated singularity
of D, i.e. when E' = {z}. In this case, due to the condition ” lir% M(Ty4p) = 0 for every b > 0
a—

so that B(z,b) C D", it results that M ({z}) = 0.

Definition. If D C R" is a domain, x € 9D is an isolated point of 9D and f: D — R”
is continuous, open, discrete, we say that = is an essential singularity of f if there exists not
liin f(z) e R™
’ xUsing Theorem 17, we obtain as in the classical case of quasiregular mappings the character-
ization of the behavior of a continuous, open, discrete mapping satisfying a modular inequality
near an essential singularity.

Theorem 18. Let n > 2, D C R" be a domain, = an isolated point of 9D, M a modulus
on D such that (11111(1) M(Ty.q) = 0 for every b > 0 so that B(z,b)\ {z} C D, v :[0,00) — [0, 0)

be increasing with %ina v(t) = 0, let f: D — R™ be continuous, open, discrete so that z is
_>

essential singularity of f and suppose that My (f(I')) < v(M(I")) for every path family I" from
D. Then Cf(B(x,b) \ {x}) is totally disconnected for every b > 0 so that B(x,b) \ {z} C D.
If in Theorem 17 the map f : D\ E — R™ is a homeomorphism (or even a map of finite
multiplicity), we have the following eliminability result, which extends a known result from the
theory of quasiconformal mappings from [30], Theorem 17.3, page 52.
Theorem 19. Let n > 2, D C R" be a domain, x € D, M a modulus on D so that
Llli_r)r(l) M(Tyqp) = 0 for every b > 0 so that B(z,b) C D, let 7 : [0,00) — [0,00) be increasing so

that linéy(t) =0 and let £ C D be closed in D and nowhere disconnecting so that x € E and
ﬁ

M(E)=0. Let f: D\ E — R" be continuous, open, discrete so that there exists U, € V()
and n, € N so that N(f[U, N (D \ E)) < n, and so that My(f(I')) <~(M(I')) for every path
family T’ from D \ E. Then there exists lim f(z) € R"

zZ2—T

Proof: Let b > 0 be so that B(z,b) C U, N D, and we can suppose that there exists
points z1,xs,...,x,, € B(z,b) \ E so that f(x;) = f(x2) = ... = f(x,,). Let U; € V(x;)
be so that U; C B(x,b) \ E and f(z;) € f(OU;) for i = 1,..,n,. Let 7 > 0 be so that
B(f(z1),7) N f(OU;) = ¢ for i = 1,...,n,, and let V = B(f(x1),r). Let Q; be the component
of f~Y(V) containing wz; for i = 1,...,n,. Then Q; C U; and f(Q;) =V fori =1,....,n,. Let

g=fl(U.N(D\E))\ Lj Q). Since n, is the maximal multiplicity of f on U, N (D \ E), we
i=1
see that ImgNV = ¢ and from Theorem 17 we find that there exists lim g(z) € R". Tt results

—n zZ2—T
that there exists lim f(z) € R".
Z—T

Remark 10. We worked in this paper with continuous, open, discrete mappings f : D C
R™ — R" satisfying a modular inequality My (f(I')) < (M (T")) for every path family I from
the domain D, where v : [0, 00) — [0, 00) is increasing with 11}n(1) ~(t) = 0 and M is a modulus on

—

D so that lim M(Fmb) =0 for every b > 0 so that B(z,b) C D. The operator N : M(D) —
[0, 00] is glven by N(u f\IJ @ (|u|(z)))dx for every u € M(D), where p : D — [1,00] is
measurable and finite a.e., <I> [0, oo) [0,00) a Young function, W : [0,00) x [1,00) — [0, 00)
a Borel map so that all the mappings U, : [0,00) — [0,00) given by W.(t) = U(t,c) for t > 0,

¢ > 1 are Young functions for every fixed ¢ > 1 and so that there exists ¢,r,s > 0 so that
¢ < Ve)(1), 1 <r < p(Vpa)) < @(Vpa)) < s < oo for every o € D. The modulus My is given
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by My(T') = inf N(p)if I" € A(D).
peF ()

The stronger results were established in the case n = 2 or if n > 3 and My = M, with
p > n — 1, and a key result used for proving the geometric properties of our generalized
quasiregular mappings is that from Theorem 8 which says that My (A(E, F, B(z,b)\B(z,a))) >
C(q,r,s,a,b) >0if x € D and S(xz,t) N E # ¢, S(z,t)NF # ¢ for a <t <b.

It is obvious that if we can have such a result in dimension n > 3 for more general modulus
My, then all the theorems from this paper hold also in this cases.

In fact, for a quasiregular map f : D — R"™ we have the known modular inequality of
Poleckii which says that M, (f(I')) < KM,(I') for every path family I from D and every
K > K;(f), i.e. we can take My = M,,, M = M,, and the function v : [0, 00) — [0, 00) given
by v(t) = Kt for t > 0.

Also, in [5], [6], [12], [13], [14], [15], [20], [21] are considered mappings f : D C R™ — R"
of finite distortion so that exp(A o Ko(f)) € L}, (D) for some Orlicz map A, in [18], [19],,
[24], [25] are considered mappings of finite distortion so that Ky(f) € BMO(D) and in [7],
[8] are considered open, discrete mappings having local ACL™ inverses. All this mappings
satisfy a modular inequality of type My(f(I')) < M(') for every path family I" from D
and some weight w so that (1113(1) M"*(Tyap) = 0 for every b > 0 so that B(x,b) C D, where

w= Ko(f)" ' orw = K;(f), hence in all this cases we can take My = M,, and M = M. In all
this papers the whole work needed for proving boundary extension theorems, equicontinuity,
eliminability and modulus of continuity theorems is done using mainly the modular inequality
My(f(T)) < 4(M(T)) together with the fact that i{%M(Fx,a,b,D) = 0, and following the

methods from the present paper. It results that the facts from the above mentioned papers are
particular cases of our theory.

Coming back to the classes of homeomorphisms with finite mean dilatations f : D —
D' between two domains from R" studied in [9] and presented in Proposition 2, for which
the modular inequality M,(f(I')) < v(M,(I')) holds for every path family I' from D, some
1 < ¢ < p and some continuous, increasing function v : [0,00) — [0, 00) with 15% v(t) = 0,
it results that the properties established in this paper are valid in this class of mappings if
1<n—-1<qg<p<n.

Let us see for instance the particular case of Theorem 12 in this class of mappings.

Theorem 20. Let n > 2, n—1<qg<p<n, D adomainin R", f: D — R" continuous,
open, discrete so that there exists v : [0,00) — [0, 00) continuous, increasing with P_r)%’y(t) =0

so that M, (f(T")) < v(M,(I")) for every path family I' from D. Then there exists F : (0,00) —
(0, 00) continuous, increasing with Pn(l) F(t) =0so that |f(y) — f(z)| < F(1/Inln(be/|y — x|))
—

for every x € D so that B(z,b) C D and every 0 < |y — x| < b.

Theorem 21. Letn > 2, n—1< ¢ <p<n, D, D domains in R*, h: D' — D a
homeomorphism, f = h~! so that f € ACLY(D,D’), f is a.e. differentiable on D, J;(z) # 0
a.e. in D and Hy,(h) < LP/?°=9(D"). Then there exists F : (0,00) — (0,00) continuous,
increasing with Ilf% F(t) = 0 so that |h(y) — h(z)| < F(1/Inln(be/|y — z|)) for every x € D’ so
that B(z,b) C D" and every 0 < |y — z| < b.

In a future paper we shall study the boundary behavior of the generalized quasiregular
mappings.

Natural extensions of our results can be established on abstract metric measure spaces. For
instance, the condition M,(A(E, F, (B(z,b)\ B(z,a)))) > C(p,a,b) > 0 holds if S(x,t)NE # ¢,
S(z,t) N F # ¢ for a <t < band if p > n — 1 in some abstract metric spaces, as we can see
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from [1], Proposition 4.7. See also Chapter 13 from [19] and Chapter 2 from the present paper.
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