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Abstract: We study classes of continuous, open, discrete mappings f : D C R™ — R" satisfying
a modular inequality of type My(f(T')) < v(mf(I')). We show that this thing ensures important
geometric properties and we extend known results from the theory of quasiregular mappings like
Picard, Hurwitz theorems or equicontinuity and eliminability results.

Keywords: mappings satisfying generalized modular inequalities.

AMS 2000 Subject Classification: 30C65.

1 Introduction.
If ' is a path family from R", we set F'(T') = {p : R" — [0, 0] Borel maps| [ pds > 1 for every
vy

v € I' locally rectifiable} and if w : R™ — [0, 00| is measurable and finite a.e., w > 0 a.e. and
p > 1, we define the weight p-modulus of weight w by MP(T') = igfp) [ w(z)p?(x)dx for every
peE R”

path family I' from R". If w = 1, we obtain the usual p-modulus M, (I") = ig(fr) [ pP(x)dz for
peE Rn

every path family I' in R", which is a basic tool in the study of quasiregular mappings. The
systematic utilization of the arbitrary weight p-modulus in the mapping theory was initiated
by Cabiria Andreian in [2].

If D ¢ R" is a domain, we say that a map f : D — R" is of finite distortion if f €
WLl (D,R"Y), J; € L} (D) and there exists K : D — [0, 00] measurable and finite a.e. so that
|f (@)|* < K(x)J¢(x) ae., and if in addition f € W,2"(D,R") and K € L>®(D), we obtain the
known class of quasiregular mappings. For more information about the theory of quasiregular
mappings we send the reader to [21-22] and [27-29].

If 2 = (21,....,2,) € R", we set |z| = (3. 22)2 and if A € L(R™,R"), detA # 0, p > 0, we
i=1
set |[A| = El‘lp |A(h)|, 1(A) = Vilr‘lfl |A(R)|, Kop(A) = |AIP/|detAl, Kr,(A) = |detAl/I(A)*.
=1 =

If D ¢ R"is a domain and f : D — R" is a.e. differentiable and J;(z) # 0 a.e., we
can define a.e. the mappings Ko,(f) : D — [0,00] by Ko,(f)(z) = Ko,(f (z)) a.e. and
Kir,(f): D = [0,00] by K7,(f)(x) = Kr,(f (z)) a.e. A quasiregular map is open and discrete,
is a.e. differentiable and J¢(x) # 0 a.e. and satisfies the known modular inequality of Poleckii
which says that M, (f(I')) < K;,(f)M,(I') for every path family I' from D. This modular
inequality is the key for proving most of the important geometric properties of quasiregular
mappings.

If fis a map of finite distortion and either K;,(f) € BMO(D), or exp(Ao Ky,(f)) €
L} (D) for some Orlicz map A, then, using some weight modular inequalities, in [5,6], [13-15],
[20], [23] are established basic geometric properties in this class of mappings. In [7] and [8] is

studied a class of continuous, open, discrete mappings having local AC'L™ inverses for which a



generalized Poleckii’s modular inequality of type "M, f(I') < Mz ( f)(I‘) for every path family
I holds. This thing, together with the condition ” lir% My, ( f)(I‘xﬂ,b) =0 for every x € D and
a— n

every b > 0 so that B(z,b) C D” permits us to reconstruct most of the geometric properties
of the quasiregular mappings. Also, using the modulus method, in [16], [17], [24-26] are estab-
lished for ring homeomorphisms and for mappings of finite length distortion equicontinuity and
boundary extension results.

If D ¢ R" is a domain, E,F C D, we denote by A(E,F,D) = {v : [a,b] — D path
|v(a) € E,v(b) € F and v((a,b)) C D} and if x € D and 0 < a < b we set I'; . =
A(B(x,a),S(x,b), B(z,b) \ B(z,a)). We denote by M (D) = {u : D — [0, 0o] measurable and
finite a.e.} and by A(D) the set of all path families from D.

If D C R" is a domain, we say that M : A(D) — [0, o0] is a modulus on D if:

a) M(¢) = 0.

b) M(I}) < M(T,) if Ty € Ty, T, Ty € A(D).

c) M(UT,) <> M(,)ifI'y,...,I',, ... are from A(D).
p=1 p=1

In a recent paper [9] we investigate the geometric properties of the continuous, open, discrete
mappings f : D C R™ — R” satisfying the condition " M;(f(I")) < v(Mx(I")) for every I' €
A(D)”, where M; and M, are some modulus on R™, respectively D and v : [0,00) — [0, 00)
is increasing so that 15% v(t) = 0. Picard, Montel and Liouville type theorems, modulus of

continuity, equicontinuity and eliminability results are established for very general kind of
modulus M; and My, and the modulus M is of the form My (I") = i?{r) N(p), for I' € A(R"),
pe

where N : M(R™) — [0, 00] is a general convex operator.

In the present paper we study the geometric properties of some continuous, open, discrete
mappings f : D C R™ — R" satisfying a modular inequality of type " M, (f(T")) < v(ME(T)) for
every I' € A(D), somen—1 < ¢,p > 1, aweight w € L}, (D) so that Cll1_r)r(1) MP(T;.0p) = 0 for some

loc

x € D and every b > 0 so that B(z,b) C D and a function ~ : [0, 00) — [0, 00) increasing with
%ir% v(t) = 0”. We continue in this way the researches from [9] and we construct in Proposition
%

2 a class of homeomorphisms f : D — D’ between two domains from R" satisfying a modular
inequality of type "M, (f(I')) < CMUZJ’(F)% for every I' € A(D) and some 1 < g < p, a class
which is larger than the class of homeomorphisms with finite mean dilatations of A. Goldberg
from [10], [11] (see also Chapter 12 from [19]).

We prove equicontinuity and eliminability results and we extend the theorems of Picard
and Hurwitz in the new introduced class of mappings. A basic tool in our proof is a known
result from the theory of quasiregular mappings, established in [27] for the M,, modulus in R"
and by P. Caraman in Theorem 4 from [3] for the p-modulus in R". Caraman’s result shows
that if F, F' are disjoint subsets from R™ so that S(z,t) N E # 0, S(z,t) N F # 0 for some
r € R" and every a < t < b, then there exists a constant C'(n,p) depending only on n and p
so that M,(A(E, F, B(x,b) \ B(x,a))) > C(n,p)(b" P — a™P) if p > n — 1, p # n, whether the
classical result from Theorem 10.12, page 31 from [26] says that M, (A(E, F, B(x,b)\B(z,a))) >
C(n)In(%).

If p > 1, we denote by VVli’f(D, R™) the Sobolev space of all functions f : D — R™ which
are locally in LP together with their first order derivatives. We say that f is ACL if f is
continuous and for every cube () C D with the sides parallel to coordinate axes and every face
S of Q it results that f|Pg'(y)NQ : P5'(y) NQ — R™ is absolutely continuous for a.e. y € S,
where Ps : R®™ — S is the projection on S. An ACL map has a.e. partial derivatives and



we say that f is ACLP if f is ACL and the partial derivatives are locally in LP. We see from
Proposition 1.1.2, page 6 from [22] that if p > 1 and f € C(D,R™), then f is ACL? if and
only if f € W,2P(D,R™).

If D CR"isa domain, f : D — R" is continuous, open, discrete, x € D and r > 0 is
so that B(z,r) C D, we set L(z, f,r) = sup [f(y) — f(z)|, Uz, f,7) = ‘ inlf |f(y) = f(2)],
y—x|=r

ly—x|=r

H(z, f) = limsup L(z, f,r)/l(x, f,r). We know that a homeomorphism f : D — D’ between
r—0

two domains from R" is quasiconformal if and only if there exists H > 1 so that H(x, f) < H
for every x € D, and we also know that if f is differentiable in a point z € D and Js(z) # 0,
then H(z, f) = |f (z)|/I(f (z)). If D C R" is a domain, p > 0 and f : D — R" is a map,
we define the map Hy,(f) : D — R by Hy,(f)(z) = K;,(f (z)) if f is differentiable in x and
Jp(x) # 0, Hrp(f)(x) = 0 otherwise.

If D C R"is a domain, b € dD and f : D — R" is a map, we set C(f,b) = {z € R"|
there exists b, € D,b, — b so that f(b,) — z} and if A C D, y € R", we put N(y, f,A) =

Cardf~'(y) N A and N(f, A) = sup N(y, f, A). We also set L(z, f) = limsupw if
yeR™ h—0

z e D. If p>0and A is a Borel set from R", we set m,(A) the p Hausdorff measure of A and
we set f1,(A) the Lebesgue measure of A. If a,b € R", we denote by ¢(a,b) the chordal distance
between a and b and q(a, b) = |a—b|/(1+|a|?)/2(1+]b*)*/?if a,b € R", q(a,00) = 1/(1+]|a|?)*/?
if o € R" and if A C R", we set g(A) the diameter of A considering the chordal metric on R".
Also, if A C R™, we set d(A) the diameter of A considering the euclidean metric on R™.

If £, F' are Hausdorff spaces and f : £ — F' is a map, we say that f is open if f carries
open sets into open sets and we say that f is discrete if f~!(y) is discrete or empty for every
ye F. If p:]0,1] — F is a path and € FE is so that f(z) = p(0), we say that the path
q:[0,1] — E is a lifting of p from z if ¢(0) = =z and f o ¢ = p and we say that ¢ : [0,a) — E
is a maximal lifting of p from z if ¢ is a path, ¢(0) =z, 0 < a <1, foq = p|[0,a) and a is
maximal with this property. If D C R™ is a domain, f : D — R" is continuous, open, discrete,
p:[0,1] — f(D) is a path, z € D is so that f(z) = p(0), there exists allways a maximal lifting
of p from z. If ¢ : [0,a) — R" is a path, we say that a point z € R is a limit point of ¢ if
there exists ¢, — a so that ¢(t,) — =.

If M is a modulus on R™ and E C R", we say that E is of zero M modulus (and we write
M(FE) = 0) if the M modulus of all paths having some limit point in F is zero. We say that
E = (A,C) is a condenser if C € A C R", C is compact and A is open, and if p > 1, we

define cap,(E) = inf [ |Vu[P(z)dz the p capacity of E, where the infimum is taken over all
Rn
u € CP(A) sothat u > 1on C. If C C R" is compact we say that cap,C = 0 if cap,(A4,C) =0

for every open set A so that C C A C R", and the definition does not depend on the choice
of the open set A so that C C A. If K C R", we say that cap,K = 0 if cap,C = 0 for every
compact set C' C K. We know from Prop. 11.10.2, page 54 from [22] that if C' C R™ is closed,
then cap,C = 0 if and only if M,(C) = 0.

If X,Y are metric spaces and W is a family of mappings f : X — Y, we say that the
family W is equicontinuous at a point x € D if for every ¢ > 0, there exists o, > 0 so that
d(f(y), f(z)) <eif d(x,y) < 0, for every f € W.

If X is a separable metric space and (A;);cn is a collection of sets, we define the superior
limit of the collection (A;);en to be limsup A; = {z € X]| every neighborhood of x contains
points from infinitely many sets A;} and we define the inferior limit of the collection (A4;);en
to be liminf A; = {z € X]| every neighborhood of x contains points of all but a finite member



of sets A;}. If for a collection (A;);eny we have limsup A; = liminf A;, we say that 4; — A,
where A is the common value of limsup A; and liminf A;. We know from Theorem 7.1 [30],
page 11 that every sequence of sets (A;);en contains a convergent subsequence and from [30]

page 15 we see that if (A;);cn is a convergent sequence of compact connected sets so that |J A;
1eEN
is compact, then, if A; — A, it results that A is compact and connected.
If D C R" is a domain, x is an isolated point of 0D and f : D — R" is continuous, open,

discrete, we say that x is an essential singularity of f if there exists not lim f(z) € R"
Z—T

2 Examples of mappings satisfying generalized modular
inequalities.

Proposition 1. Let n > 2, D C R" a domain, 1 < ¢ <p, f € ACLYD,R"), f a.e. differen-

tiable so that J;(z) # 0 a.e., a, 8 € [0,1] so that o+ 8 = 1, Ko ,(f) € L1/®P=9(D), N(f, D) <

oo, and let C' = N(f, D)V?([ Ko, (f)(x)1/®P=Ddz)P=2/P Then M,(I') < C(ME(f(I))¥?) for
D

every I' € A(D), where w = Hy,(f~1)°.

Proof: Let I' be a path family from D and let p € F(f(I')). Let p : R* — [0,00],
p(x) = p(f(z))- L(x, f) if z € D, p(x) = 0 otherwise and let 'y = {7 € I'|f 0 +° is absolutely
continuous}. Using Fuglede’s theorem (see [27], Theorem 28.2, page 95), we have M,(I') =
M,(T'y) and from Theorem 5.3, page 12 from [27], we see that p € F(I'y). Using the change of
variable formulae (3) from [12] and Hélder’s inequality, we have

/ p()dr = / pU(f (@) Lz, f)idz = / PUF@)If (2))de <

D D D

< /p‘q(f(fv))Hf,p(f_l)(f(w))ﬁq”’Ko,p(f)(ZE)“"/lef(fv)I‘I/pdw <

D

< (/ p‘p(f(x))Hz,p(f‘l)(f(ﬂf))ﬁln’f(x)Idfv)q/”(/ Kop(f) (@) @ Ddz) =0/ <

< (/ pP(y)Hp,(f ) (y)P Ny, f, D)dy)q/p(/ Ko (f)(x)9/ =0 dg)P-a/p <

Rn

< C(/ PP () Hip(f) () dy) V>

R”

It results that M,(T') = M,(Ty) < [ p?(x)dx < C( [ pP(y)w(y)dy)¥? for every p' € F(f(T)),
D R"
hence M,(T') < C(ME(f(T))/P).

We used here the fact that Hy,(f~1)(f(x)) = Ko,(f)(z) in every point € D so that f is
differentiable in x and Jg(x) # 0.

Proposition 2. Let n > 2,1 < ¢ < p, D, D" domains from R", h : D" — D a homeomor-
phism, f = h~! that f € ACLY(D, D), f is a.e. differentiable and J;(z) # 0 in D, «, 8 € [0, 1]
with a4+ 8 =1,y = pga/(p— Bq), C = ([ Hr,(h)(y)?=PD/ =0 qy)e=D/P and let w = Hy,(h)P.

e

Then M, (h(I")) < C(ME(T"))¥? for every I € A(D").

4



Proof: Let A = {z € D|f is differentiable in = and J;(z) # 0} and B = {y € D'|h is
differentiable in y and J(y) # 0}. Then f(A) C B and u,(CA) = 0. Using the change of
variable formulae (3) from [12] we see that

/Ko )/ (P=D) g = /(|f( )P /| (z z)|)ed/ (P=a) _/|f (z)|pac/ (= q)/|J( )|/ P=D) g =

A

= [ @) 00 1 () - gy o) o <
< / ’Jh(y”(pfﬁq)/(pfq)/l(h‘ (y))pqa/(pfq)dy < /‘Jh(y”(pﬁq)/(pq)/l(h‘(y))pqa/(pq)dy _

= [Qh@lcn pye-sore- qdy_/HI ) () =P -0 gy,

B

Let I" € A(D) and I' = W(["). Then I" = f(I') and using Proposition 1, we see that
My(h(I%)) = My(T) < C(ME(F(T)?» = C(ME(T))2.

Remark 1. Of course, the most natural case we can have in Proposition 2 is when g = 0,
i.e. when the weight w = 1. In this case we obtain Proposition 2 from [9], which is in connection
with the class of homeomorphisms with finite mean dilatations of A. Goldberg from [10] and
[11]. However, we can find an example of a homeomorphism h : D" — D and 1 < ¢ < p,
a,f € [0,1] so that p/g < pa + B < p and so that if v = pga/(p — Pq), it results that
Hr.(h) € Lw=P0/®e=0(D") and Hy ,(h) ¢ LP/P=9(D’) and this shows that Proposition 2 extends
Proposition 2 from [9]. Tt also shows that if w = Hy,(h)?, then M,(h(I'")) < C(MP(I"))%/? for
every I € A(D"), where C' = ([ Hr ., (h)(y)®=P0/ (=0 qy)e=a)/p,

Example 1. Let D = (0,16)”, l<g<p, apfel01]sothata+p =1 p/¢g<pa+p<p
and let v = pga/(p — Bq). We see that pg —p > 0, pga + B¢ —p > 0, (p — q)/(pq — p) <
(p —q)/(pga + Bq —p) and let (p —q)/(pg — p) <c < (p—q)/(pga+ fq—p) and h: D — R"
be defined by h(xy,...,z,) = (1, ..., Tp_1, :C) for v = (zq,...,2,) € D. We see that h is a
homeomorphism onto a domain D' from R”, that h € C*(D, D"), Jy(z) = 2 # 0, [(h' (z)) = x¢
|h'(x)| = 1 for every x € D, hence H(x,h) = |f (2)|/I(f (z)) = x,,¢ = o0 i r — 0 and hence
h is not quasiconformal. Also, Hj,(h)(z) = 23~ and let J = fH[,q )(z)P/P=Ddz. Then

1
J = [V dg, and since p—q < c(pg—p), we see that 2= 11 < 0 and hence J = oo.
0
Let now [ e fHI,’Y (x)(p_BQ)/( - )da’;

1
Then I = fx Jp=ba)/(p= q)da:n = fxﬁ(p_ﬁq_pqa)/(p_q)dxn, and since %jw +1>0, we

0
sce that T = (p — )/(p — q — c(pqa + g — p)) < o0
We denote by W, ,,~(D) = {f : D - R"D C R" is a domain, f is continuous, open,

discrete, 1 <n—1<gq,p>1lwe€ L} (D), v:[0,00) — [0,00) is increasing with lir%y(t) =0
—
and M, (f(I")) < y(ME(T)) for every I' € A(D)}. We also denote by Qpw~(D) ={f:D —
R"|D C R" is a domain, f is continuous, open, discrete, n —1 < ¢, p > 1, w € L} (D),
v : [0,00) — [0,00) is increasing with tlim Y(t) = oo and M, (f(I')) < ~v(ME(I')) for every
—00



[ € A(D) so that T' = A(E, F,G) with G' a domain so that G C D and E,F C G compact,
connected}.

We showed that the class W, ;. (D) is nonempty if ¢ < p and we found in Proposition 2 a
map f € Wy, w~(D) which is not quasiconformal.

3 Geometric properties of the mappings satisfying gen-
eralized modular inequalities.

We shall study the geometric properties of the functions from the class W, , . ,(D). The
following lemma, together with Caraman’s result from [3] will be an important instrument for
proving this things.

Lemma 1. Let 1 <n—1< ¢, E C R" closed so that cap,(E) > 0, 6 > 0 and let Q,, be
compact, connected subsets from R" so that Q,, N E = ¢ and q(Q) > o for every m € N.
Then there exists € > 0 so that M (A(Qy,, £,R")) > € > 0 for every m € N.

Proof. If ¢ = n, the theorem holds due to Lemma II1.2.6, page 65 from [22].

Let now ¢ > n—1, ¢ # n and suppose that the theorem is false. In this case we can find sets
Qm,, k € N so that M,(A(Qm,, E,R")) — 0 and using Theorem 7.1, page 11 from [30], we
can find Q ¢ R" compact, connected in R" and a subsequence (kap )pen so that kap — Q.
We can suppose that Q),,, = @ and M (A(Q,, E,R")) — 0 and we show that we shall obtain
a contradiction.

We suppose first that () is compact in R", and in this case we can suppose that we find
R > 0 so that Q,, C B(0,R) for every m € N and cap,(E N B(0,R)) > 0. Let [y =
A(E N B(0,R),S(0,2R), B(0,2R)). Then there exists §; > 0 so that M,(Ty) > d; and there
exists d > 0 so that d(Q,,) > d for every m € N. Let 65 = C(n,q)d(n — q)(1/3R)4"*! and
let 83 = C(n,q)(n — q)R(1/2R)4™ "1 where C(n,q) is the constant from Caraman’s result
(see Theorem 4 from [3]). Then e = 5;min{d1,d, 3} > 0 does not depend on m. Let T,
A(Qmm, S(0,2R), B(0,2R)) and let I', = A(EN B(0, R), @, B(0,2R)) for m € N. We fix now
m € N. We choose now a,,,b,, € Q,, so that |a,, — b,| > d, let d,, be the line determined
by the points a,, and b,, and let ¢,, € S(0,2R) N d,, be so that b,, € (am,cn). We see that

S(Cm,t) N Qu # ¢, S(cm,t) NCB(0,2R) # ¢ for every |b,, — ¢m| < t < |aym — ¢n| and using
Caraman’s result from [3] we have that M,(T,,) > C(1, q)(|cm — G| = by — €| ~7) > 65 > 0.

Let p € F(I',,) and suppose that 3p & F(I'y) and 3p ¢ F(I',,). Then there exists paths oy,
joining E N B(0, R) with S(0,2R) in B(0,2R) and f,, joining Q,, with S(0,2R) in B(0,2R)
so that [ pds < L and [ pds < i. Let A,, = A(Imay,, ImB,,, B(0,2R) \ B(0,R)). Using

3 3
Am ﬁ

again Caraman’s result from [3], we see that M,(A,,) > C(n,q)((2R)""?— R"™7) > 63 > 0. Let
Om € A, We can find a subpath d, of a,,, a subpath g, of 3,, and a subpath ¢,, of v,, so
that the path Uy = Gm \ @ V B € T'io. We see that 1 < f pds = [ pds+ [ pds+ [ pds <

am Pm Bin
[ pds+ [ pds+ fpds< + [ pds, hence 1 <3 [ pds foreverymeA
Qm, Pm $m Pm
It results that 3p € F(A,,) and we proved that M,(T',,) = }JHIE : [ pU(x)dz > + mm{M
pe m)Rn

(To), My (L)), My(A)} > € > 0 for every m € N. We reached a contradiction, since we
supposed that M, (A(Qm, E,R™)) — 0, and on the other side we see that M,(A(Q.m, E,R")) >
M,(T,,) > € >0 for every m € N.



Suppose now that () is not compact in R". We can suppose in this case that there exists
R > 0 so that cap,(E N B(0,2R)) > 0 and Q,, N S(0,t) # ¢ for R <t < 2R for every m € N.
We see that d(Q,, N (B(0,2R)\ B(0, R))) > R > 0 for every m € N and cap,(ENB(0,2R)) > 0
and using the preceding argument, we can find € > 0 so that M, (A(ENB(0,2R), Q,, B(0,4R)\
B(0,2R))) > € > 0 for every m € N. We reached again a contradiction and the theorem is now
proved.

Theorem 1. (Generalization of Picard’s theorem). Let 1 < n —1 < ¢, E C R" closed,
f:R"\ E — R" continuous, open, discrete, M a modulus on R" so that M(E U {oco}) = 0
and M,(f(T")) =0 for every I' € A(R™\ E) with M (') = 0. Then cap,C(f(R"\ E)) = 0.

Proof. Let K C R™\ E be compact, connected so that CardK > 1. Since f is continuous,
open, discrete, we see that f(K) is compact, connected so that Cardf(K) > 1, and we also
see that f(K)NCf(R*\ E) = ¢. Let I' = A(f(K),Cf(R*\ E),R") and let T' be the family
of all maximal lifting of some paths from I starting from some points of K. Then I"" > f(I")
and since every path from I' has at least a limit point in E U {oco}, we see that M(I") = 0.
Using the hypothesis, we see that M,(f(T')) = 0, hence M,(I") = 0. On the other side, if
cap,Cf(R"\ E) > 0, we see from Lemma 1 that M,(T") > 0 and we reached a contradiction.
We therefore proved that cap,Cf(R"\ E) = 0.

The following equicontinuity result extends Corollary 2.7, page 66 from [22]. It also extends
Theorem 14 from [9] in the case My = M, with ¢ > n — 1.

Theorem 2. Let 1 <n—1< ¢, Q C R" with cap,Q > 0, D C R" a domain, x € D, M
a modulus on D so that Cllig%]\J(Fgw,b) = 0 for every b > 0 so that B(z,b) C D, 7 : [0,00) —

[0, 00) increasing with Pr% v(t) = 0, let W be a family of continuous, open, discrete mappings
—

f:D — R"\ @ so that M,(f(I')) <~y(M(I")) for every I € A(D) and every f € W. Then the
family W is equicontinuous at x, and we take on D the euclidean metric and we take on R"
the chordal metric.

Proof. Let ¢ > 0 be so that B(z,e) C D. Suppose that the family W is not equicontinuous
at #. Then there exists § > 0, 7, — 0 and f,, € W so that q(fn(B(z,7,,))) > § for every
m € N and let G,, = fon(B(x,7,,)) for m € N. Since Imf,, N Q = ¢ and Imf,, are open
sets, we see that Imf,, N Q = ¢, hence G,, NQ = ¢ for m € N. Let ', = A(Gn, @, R") for
m € N and let ', be the family of all maximal lifting of some paths from I starting from
some points from B(x,r,,) for every m € N. Since every path from T, has at least a limit
point outside B(z,¢€), we see that I',, > I',,. .. We also see that T, > f([',,) for m € N
and from Lemma 1 we can find @ > 0 so that M,(T,,) > « for every m € N. We obtain
that M,(T,,) < M,(f(T)) < v(M(T,,)) < y(M(Tyy,, ) — 0if m — oo, and we reached a
contradiction. It results that the family W is equicontinuous at z.

Remark 2. If in the preceding theorem we take M = MP with p > 2 and w € L}, (D)
and the family 1 is a family of homeomorphisms, we can use Lemma 7 from [8] and Theorem
16 from [9] to extend a known result from the theory of quasiconformal mappings from [27],
Theorem 19.2, page 65.

Theorem 3. Let 1 <n—-1<gq,p>2, D CR"adomain, x € D, w € L}, (D) so that
MP({z}) =0, let v : [0,00) — [0,00) be increasing with 11_{% v(t) =0, and let W be a family of
homeomorphisms f : D — Dy C R" so that there exists § > 0 so that for every f € W there
exists points as, by & Imf with ¢(as,bs) > 0 and suppose that M,(f(I')) < v(ME(I")) for every
I' € A(D). Then the family W is equicontinuous at z, and we take on D the euclidean metric,
and we take on R the chordal metric.

The following eliminability result extends partially Theorem 2.9, page 66 from [22]. It also



extends Theorem 17 from [9] in the case My = M, with ¢ > n — 1.

Theorem 4. Let 1 <n—1<g¢, D C R" a domain, z € D, M a modulus on D so that
lir% M(Ty0p) = 0 for every b > 0 so that B(z,b) C D, let v :[0,00) — [0,00) be increasing so
a—r

that 111% ~v(t) =0 and let £ C D be closed in D and nowhere disconnecting so that z € E and
—
M(E)=0. Let f: D\ E — R" be continuous, open, discrete so that M,(f(I')) < (M(I"))

for every I' € A(D \ E) and suppose that there exists r, > 0 so that B(z,r,) C D and
cap,C f(B(x,7,) \ E) > 0. Then there exists lim f(z) € R".
Z—T

Proof: Suppose that CardC(f,z) > 1 and let by,by € C(f,x), by # by and let x;,y; €
B(x,r;) \ E be so that z; # y; for j € N and f(z;) — b1, f(y;) = ba. Let r; > 0 be so that
0 <r; <ryand z;,y; € B(x,r;) and let C; C B(z,r;) \ E be compact, connected so that
zj,y; € C; for j € N. We can find 6 > 0 so that ¢(f(C;)) > ¢ for every j € N and we see
that f(C;) N Cf(B(z,r,) \ E) = ¢ for every j € N. Let I'; = A(f(C;), Cf(B(x,72) \ E),R")
for j € N and let I'; be the family of all maximal lifting of some paths from F;- starting from
some points from C; for j € N. Let I';; = {¢ € I'j|p has at least a limit point in E'} and let
I'y; = {p € I'j|p has at least a limit point outside B(x,r,)} for j € N. We see that M (I'y;) =0,
that I'; = T'y; U Ty, gy > Iy, and F; > f(I';) for every j € N. Using Lemma 1, we can
find € > 0 so that M,(I";) > € for every j € N. It results that 0 < e < My(I';) < My(f(T;)) <
YM(T))) = y(M(Ty; UTy)) < y(M(Ty;) + M(Iy)) = v(M(T'y;)) < y(M(Tep,r,)) — 0 if
J — oo and we reached a contradiction.

We obtained that CardC(f,z) =1 and hence that there exists 21_1?910 f(z) eR".

Using the preceding theorem, we have the following extension of Theorem 18 from [9] in the
case My = M, with ¢ > n — 1.

Theorem 5. Let 1 <n—1 < g, D C R" adomain, x an isolated point of 9D, M a modulus
on D so that lel—% M(Tyqp) = 0 for every b > 0 so that B(x,b) \ {z} C D, v : [0,00) — [0, 00)

increasing with PII(I) v(t) =0, let f: D — R"™ be continuous, open, discrete such that x is an
—

essential singularity of f and suppose that M,(f(I")) < y(M(I')) for every I' € A(D). Then
cap,C f(B(x,b) \ {z}) = 0 for every b > 0 so that B(z,b) \ {z} C D.

If f is of finite multiplicity, we can use Theorem 19 from [9] to prove the following elim-
inability result:

Theorem 6. Let 1 < n—1<gq,p>2 D C R"adomain, w € L} (D), z € D,
v : [0,00) — [0,00) be increasing so that %1_1)1(1) v(t) = 0, E C D closed in D and nowhere
disconnecting so that x € E and MP(E) = 0. Let f : D\ E — R" be continuous, open,
discrete so that there exists U, € V(z) and n, € N so that N(f,U, N (D \ E)) < n, and
M,(f(I) <~(MP(T)) for every I' € A(D \ E). Then there exists ll_rgf(z) =R".

Remark 3. If the modulus M from Theorem 2,4,5 is of the form M = MP with w € L], (D)

loc
and p > 2, we see from Lemma 7 from [8] that the condition ” lir% MP(T;0p) = 0 for every fixed
a—

b > 0 so that B(z,b) C D” is equivalent to "MP({z}) = 07, and if w = 1 and p < n, then
M,({x}) = 0. It results that if in Theorem 4 we have M = MP? with p > 2 and w € L}, .(D), the

loc

condition ” MP(E) = 0” also implies the condition ” lin(l) MP(T;.0p) = 0 for every fixed b > 0 so
a—r

that B(z,b) C D” for a point x € E. Of course, the most important case we have in mind for
the singular set E' from Theorem 4 and Theorem 6 is when F = {x}, i.e. when z is an isolated
singularity of f. We see from Theorem 2 from [7] that MP({x}) = 0 if there exists a > 0 so

that B(z,a) C D and either [ exp(Aow)(z)dz < oo for some Orlicz map A, or there exists
B(z,a)



M>0and 0 <a<n-—1sothat { w(z)dz < M(In(ae/r))* for 0 <r < a.
B(z,r)
Also, using Theorem 3 from [9] we see that MP({z}) = 0if w € L, (D), p > 1 and there

loc

exists b > 0 so that B(z,b) C D and p <l so that [ w(z)dz <C(b)r'if 0 <r <b.
B(z,r)

We also see from Theorem VII.1.15, page 166 from [22] that if n — 1 < ¢ <nand A C R"
is so that cap,A = 0, then m;(A) = 0 and hence A is totally disconnecting. It results that
Theorem 1 generalizes Theorem 13 from [9], Theorem 2 extends Theorem 14 from [9], Theorem
4 generalizes Theorem 17 from [9] and Theorem 5 generalizes Theorem 18 from [9] in the case
My = M, with n —1 < ¢ < n. Also, if in Theorem 4 and Theorem 6 we take M = M, with
p > 1, then we also see from Theorem VII.1.15 from [22] that m,_(£) = 0 and hence that £
is nowhere disconnecting. In this case, Theorem 4 has the following form:

Theorem 7. Let 1 <n—-1<¢q,1 <p<n, D CR"adomain, £ C D closed in D with
M,(E) =0,z € E, v:[0,00) = [0,00) increasing with 11_1}157(13) =0,let f: D\ E — R" be
continuous, open, discrete, so that M (f(I')) < v(M,(I")) for every I' € A(D \ E) and suppose
that there exists 7, > 0 so that B(x,r,) C D and cap,Cf(B(x,r,)\ E) > 0. Then there exists
lgl; f(z) e R".

We showed in Theorem 12 from [9] that if f € W, ,.~(D) and there exists ¢ : [0,00) —
[0,00) continuous, increasing with 11_1;% o(t) = 0 and so that MP(I'y.p) < ¢(a/b) for every

x € D and b > 0 so that B(x,b) C D, then there exists a constant C(b) so that |f(y) — f(z)| <
C(b)yop(ly—=|)ifz € Dand 0 < |y—a| < b, B(z,b) C D. We found in this way an estimation
of the modulus of continuity of the mappings from the class W, (D) and we can use again
Theorem 2 from [7] or Theorem 3 and Theorem 4 from [9] to establish some conditions of type
"MP(Ts.00) < @(a/b), with ¢ : (0,00) — (0, 00) continuous, increasing with %g% o(t) =0".

We give now a lower estimate of the distortion of a homeomorphism from the class @, ..~ (D),
extending in this way Theorem 4.4, page 89 from [19] and Lemma 7.7, page 142 from [19].

Theorem 8. Let f € Q,,.,~(D) be injective and let x € D and r > 0 be so that B(x,r) C
D. Then there exists ¥ : (0, 5) — R increasing with %g% U(t) =0and |f(y)— f(x)] > V(ly—=x|)
for every y € B(x,5) and ¥(t) = L(z, f, 5)exp(—( (f )w(z)dztlp)%) for t € (0,%), where

B(xz,r
C(n) is a constant depending only on n.

Proof: Using Brouwer’s theorem, we see that f is homeomorphism onto a domain D from
R". Let z € S(x,%) be so that L(z, f,5) = |f(2) — f(z)| and let S € S(x,r) be so that
|f(z) = f(S)| = L(z, f,r), and let y € B(x,%). Let P be the plane determined by the points
x,y, z and let C' be the circle under the intersection of P and S(y, |y—z|). Let B be the tangency
point to C' of a ray emerging from z, let C; be the shortest arc from C' joining x and B and
let By = C1 U [B,z]. Then E; is compact, connected, £y \ {z} C B(z,3), f(£1) is compact
and connected, joins f(x) with f(z) and f(E1)\{f(2)} C B(f(x),L(x, f,5)). We take a line d
perpendicular on the plane P at the point y and let M € dN.S(z,r) and Ey = [y, M]U S(z, 7).
Then E, is compact, connected, By C B(z,7) and f(E,) is compact, connected and joins f(y)
with a point f(5) € f(S(x,r)) and d(E1, E3) > |y — x| > 0.

Suppose that f(y) € B(f(z), L(x, f,5)). Since B(f(x), L(x, f,%)) C B(f(x), L(z, f, 7)), we
see that |f(z) — f(2)| < [f(x) — f(S)], hence S(f(z),t) O f(Er) # ¢,5(f(x),1) 0 f(E) # ¢
for |f(y) o f(l‘)| <t< L<I7f7 %) Let I = A(f(E1)7f<E2)7B(f(‘r)7 L(l’,f, %) \B(f(l’), |f<y) -
f(x)]))). Let T be the family of all maximal lifting of some paths from I'" starting from some
points of Ej.



Let ¢ : [0,1] — R™ ¢ € T". Then ¢([0,1)) N f(F2) = ¢ and let ¢q : [0,a) — R" be a
maximal lifting of ¢ from a point xy € £y with 0 < a < 1. Then f(¢0([0,a))) N f(E2) = ¢ and
since Imyy is connected and ¢o(0) = g € Ey C B(xz,r), it results that ¢o([0,a)) C B(x,r).
Indeed, otherwise we can find 0 < ¢ < a so that py(c) € S(z,r), hence f(po(c)) € f(S(z,7)) C
f(E,), and this contradicts the fact that f(po([0,a))) N f(Ey) = ¢. Let b be a limit point of
wo ¢ [0,a) — B(x,r). If b € S(x,r), then f(b) = p(a) € p([0,1)) N f(E>) and this contradicts
the hypothesis that ¢([0,1)) N f(Ey) = ¢, and if b € B(x,r), this contradicts the maximality
of the path ¢ : [0,a) — R". It results that @ = 1 and if b is a limit point of ¢g : [0,1) —
B(z,r), then f(b) = p(1) € f(E>) and since f : D — D" is a homeomorphism, it results that
be fYf(Ey)) = E,. We proved that if ¢y € T, ¢q : [0,1] — D, then ¢y joins a point from F;
with a point from Fs, hence, if ¢q is locally rectifiable, it results that {(pg) > |y — z|.

Let p = (1/]y — #|)XB(zr)- Then p € F(T') and since f(F) >I", we have C(n)In(L(x, f,%)/

[f (W)= f(2)]) < Mn(T7) < My (f(T)) < 7 (ME(T ]; pP(2)dz) < V(B(f | w(z)dzp).
This implies that |f(y) — f(x)| > L(z, f, 5) exp(— f w(z)dz = x|p) (n)) if |y — 2| < 5.
B (z,7)
The preceding inequality holds also if L(z, f,5) < [f(y) — f(z)], hence we can take now
U:(0,%) = R, ¥(t) =Lz, f,5) exp(—y( [ ( )d %)ﬁ) ort € (0,%) and the theorem is

B(z,r)
now proved.

We use now the preceding theorem to prove a Hurwitz type theorem in class Qw0 (D),
extending in this way Theorem 21.9, page 73 from [27] and Corollary 37.3, page 125 from [27].

Theorem 9. (Hurwitz’s theorem in the class @y, 0~ (D)). Let f, € @y pw~(D) be homeo-
morphisms so that f,, — f uniformly on the compact subsets of D. Then f is either a constant
map on D, or f: D — f(D) is a homeomorphism in the class @y, p ..~ (D).

Proof: Suppose that f is not discrete at a point # € D and let 7 > 0 be so that B(z,r) C D.
There exists points z; € B(x, 5) so that x;, # x and f(x;) = f(x) for every k € N and suppose
that there exists y € B(z, g) so that f(y) # f(x). Let § = |f(y) — f(z)] > 0. We can
suppose that |fy(y) — fr(z)| > $ for every k € N and let o = |y — z|. Then L(z, fy, %) >
L(z, fr,a) > |fi(y) — fu(x)] > g for every k € N and let Uy : (0,2) — R be given by

w

)
Ui(t) = L, fr, 5) exp(—( (f (2)dz 5 ) o) for t € (0,3). We see from Theorem 8 that
B(z,r)

' 2
|fe(2) — fr(x)| > \Ifk(|z — x|) for z € B(x, §) and every k € N, hence

| fr(2) = fu(x)] > Sexp(—y( [ w(u )du|z x|p) () 7) for every z € B(x, ) and every k € N.
B(z,r)
Letting z = x,, in the preceding inequality, we find that

o) = o) = Gesp(r( [ wldi——)

m Ilp
B(z,r)

1
C(n))’ forkkme N (1)

We fix now m in (1) and letting k — oo we find that

0= 1f(m) = 1) = Jexp(—( [ wlwd

B(z,r)

1 1
u
|z — 2P C

, and we reached a contradiction.

We proved that if B(z,7) C D and x, — x, 7 # =, o3 € B(x,r) and f(x;) = f(z) for
every k € N, then it results that f(y) = f(z) for every y € B(z, 5). We therefore proved that
if x € D, then either f is discrete at z, or f is constant on a neighborhood of z.

10



Suppose that f is constant on a neighborhood of a point € D and let Q = {y € D| there
exists U, € V(y) so that f(z) = f(x) for every z € U,}. Then @ is open in D and suppose
that 0pQ@Q # ¢, and let y € Op@Q). Then there exists x; € @, rx — y and from what we have
proved before we can find U, € V(y) so that U, C D and f(z) = f(x) for every z € U,, and we
reached a contradiction, since we supposed that y € 0pQ. It results that 0pQ = ¢ and since
D is a domain, we find that D = @, i.e. f is constant on D. We therefore proved that either
f is a constant map on D, or f is a discrete map on D.

Suppose that f is not constant on D. Then f is a discrete map and since f,, — f uniformly
on the compact subsets of D and every map f,, is injective, we see from [4] that f: D — f(D)
is a homeomorphism.

Let now G a domain so that G C D and E,F compact, connected so that E,F C G
and let I' = A(E, F,G). Since f,, — f uniformly on G, we see that there exists my € N so
that f(G) C f.(G) for every m > my (see for instance the first part of the proof of Theorem
21.9, page 73 from [27)). Then My(A(fn(E), fon(F), F(G))) € Ma(A(fun(E), fin(F), fn(G))) =
Mo(ful D(E, F, G))) < 1(MB(A(E, F, G))) = y(ME(T) for every m > mo.

Using Lemma 6 from [5] or Lemma 6 from [8] we obtain that M, (f(I")) = M,.(f(A(E, F,
G))) = Mo AGF(E), F(F). F(G)) = lim M(A(fu(E), fu(F). £(G))) < 7(ME(T)), henee f €

anpvwﬂ’(D)‘

Remark 4. Natural extensions of our results can be established on arbitrary metric measure
spaces. Indeed, the important modular inequality of Caraman from Theorem 4 from [3] used
in our Lemma 1 on R™, holds also on Ahlfors regular metric spaces (see Proposition 4.7 from
[1]).

In a future paper we shall study the boundary behavior of the mappings from the class
WQ»ZLWW(D)‘
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